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1. What Is the Essence of Smarandache’s Notion?

* What can be acknowledged by mankind?
TAO TEH KING Cazmz) said:

All things that we can acknowledge is determined by our
eyes, or ears, or nose, or tongue, or body or passions, I.e., these
Six organs.

* What is this sentence meaning? The non-visible world
can be only known by the other five organs, particularly,
the passion.
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* What are these words meaning?

unkown

deduced by man

Here, the theoretically deduced is done by logic, particularly,
Mathematical deduction.



The combined positive and negative notion in TAO TEH
KING comes into being the idea of S-denied In the
following, I.e., a proposition with its non-proposition.

d

proposition

Smarandachely
denied axioms:

An axiom Is said smarandachely denied (S-denied)

If In the same space the axiom behaves differently,
I.e., validated and Invalided, or only invalidated

but in at least two distinct ways.



® How can we know the non-visible world? We can only know
It by mathematical deduction. Then HOW TO?

Smarandache multi-space:
A Smarandache multi-space Is a union of n different spaces
equipped with some different structures for an integer n=2.
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Applying it to mathematics, what we can obtain?



Combinatorial Conjecture(Mao,2005):
Every mathematical science can be reconstructed from
or made by combinatorization.

* Why is this conjecture important?
It means that:

(1) One can selects finite combinatorial rulers to reconstruct or
make generalization for classical mathematics and

(i) One can combine different branches into a new theory and
this process ended until it has been done for all mathematical
sciences. Whence, It produces infinite creativity for math..

* How Is it working? See the following sections.



2. A Review of Homomorphism Theorem on Groups

A set G with a binarv operation “o® |, denoted by (G o), 1s ealled a group

it xoy € G for Yo,y € G such that the following conditions hold.
(i) (zoy)oz—=xolyoz) for Yo, y.2 € G,
(71) There 15 an element lg, lg € & such that x o lg = x;

(#11) For Yo € G, there 1s an element y,y € G, such that z oy = 14,

For two groups GLG let o be a mapping from G to G I
Tlroy) — alx)oalyl,
for Y.y = G. then eall o a homomorphisine from G to G The émage Imeo and the
cernel Kero of a homomorphism o @ &G — G are defined as follows:
Ime — G —{olx)| o = G},

Kero—= x| “r e G, glz) = lag }.

Hﬂﬂlﬂlﬂﬂl‘phiﬂﬂl Theorem. Fet -G — G he a .'I.-'|'.'.i‘.'.'rJ.r.'.n'r.'."ln'-'.'l.'.-'.‘-i.l'.'.-' from €& to &
r.l!r-'lllllr. lllI

(o) Weroa = Ime.




3. Definition of Multi-systems

3.1. Aleebraic Systems. Let & he a set and o an operation on . 1f o
J’f‘ A .._'?j — ,ff(_ 'i,,[",_ [,'][]:'“.I'Il [l][‘]l W ['FI” iﬂ:{ 1l |'.'|{.|'J'f |'-Jj"r.'.H' ."i.|",|'."i.'||l I |'!'|'H.'r|' r HH I'.'Jl'.'l' j"r.l.".fr.l.'.'
o, denoted by (& 0). For example, let @ = {1, 2,3}, Define operations x, x5 on
A by tollowing tables,

A1
I
2
3

Then we get two algebraie svstems (& %) and (& %5).




3.2, Multi-Operation Systems. A multi-operation system 1s a pair (A Ol

—

with a set 7 and an operation set 0 = {o; | 1 <@ < [} on A such that each pair

(A 0;) 15 an algebraie system. A multi-operation system (7 0) 15 associativ

T

i tor Ya b.e e #. Fop.00 £ 0, there is
(noyb)ogec=aoy(boyc).

Two multi-operation systems (24 Oll and (A5 Oy are called homomorphie if
there 15 a mapping w : # — #; with w Ol Og snch that tor aq. by € A and

o hOl there exists an operation o, '|~1|—OE|'1]¢1IIH that




4. Extending to Algebraic Systems

Lt [:.'F’fi -Z-:I be an ellL{i*] ralc sysLeln and @ ~ & For Ya = & define a coset a o
of B ine by ao@B = lachlvhec B). Define a quotient set & = of /@ consists
of all cosets of # in & and let R be a minimal set with & ={r o #|r € R}
Theorem 4.1. [f (28 0) s a subgroup of an associative system (& o), then

(i) forva,be @ (ac B )M (boB) = orachB —boPB, i.c., & s a partition
r.'__.'ll '

(72 rJrr.,Ir.".'H an operation e on & by

(ao#)eboHA) —(ach) oA,
then (G o) a5 an associative algebraie system. called a quotient system of & to 2.
Particularly. of there is a1 presentation R whose cach element has an moerse in

(@ o) wnth unet 1y, then (Gre) s a group. called a quotient group of & to 3.




Proof For (i). notice that if {(aoc &) N {bo HB) +

i . _ e
W for a,b € &/, then there are
clements ¢y, ea © 4 such that a o ¢

boey By assumption. (%:o0) is a group
[ (o:0). we know that there exists an inverse el Le B boc
of (@ o). we know that there exists an inverse element ¢~ £ %, 1o, a - 2
o ¢ ! Therefore, we get tl

ocy . Lherelore, we get that

a0 %B — (boeyoc]t) o B

{(bocyoe, ') oeve e B)
tbocVece B} = bo B
Bv definition of ¢ on & and (7), we know that (&:e) is an alzebraic svstem
For Ya. b, c = &, by the associative laws in (o o), we find that
(lac ) e bo@B)) e (cof) ((ach) o) elco A
((acbhboc)o@ =(ac(boc)) o
(aoAB)e((bo#)e(coF)).

Now 1f there is a representation B whose each element has an inverse in (& o)

with unit 1. then it is easv to know that 1,048 is the unit and a ! o 28 the inverse
clement of ao %8 in &, Whenee, (G;e) is a gronp. O




Now let @ @ @) — @b be a homomorphism from an algebraic system (2 0y

with nmit 1., to (@h;oq) with mit 1.,,. Define the mverse set @ az) for an

i ) - _ l.- . _ "_r_- LY e ) B !
|f|'l|' o Il”l ﬂ-ﬂ E Fjﬂ ]]1, T |..ﬂ2_.| {ﬂl = *gf”wl.ﬂ-l _.I “2}‘ ]}.511[1(']1]&1] h 11 ﬂ-g ]_-,.-3- 1.]]['-

imverse set @ (1, ) is important in algebra and ealled the Eernel of  and denoted
]lfn' ]{:al'I:E:I. a normal hll]n&i]'mlh of [:&f]Z '2'1:I if it 1s associative and each element 1
Ker(@) has inverse element in (& oy)

Theorem 4.2. Let @ a) — a be an onto homoemorphism from associative

sesteims [:ic?'fl'.-:-ﬂl fo Iqﬁ'} Og | with units | A s ] o Then

d\[Ker(m) = (ah; o)
,.'lllr |rr,l|".'l.' cle mend I'-'.|r ['-.;l']'l::mjl .,'I.r_l_i (i Ineerse i I:J?fl'_ ':'1:].

Pi'ur{.'r We hiave known that ]{.-]'I:ETJ is a subgr M of ':‘F“';l" 01). Whence ‘FEHI;HMI[ZE:I

'i_j-, ; f]]l[][il']]l h:'l.-f"lt["]“-- ]:}[1[i1][-. a 1]],:]_[']]]]]I_ul f‘; q'?'jfljl.']"'l:['-]_'limj —* 51@ ]I1|.




(o oy Ker(w)) = wla).

We prove this mapping is an somorphism.  Notiee that ¢ 15 onto by that @ 1s
an onto homomorphism. Now it a oy Ker{w) # boy Ker(w). then @(a) # w(bh).
Otherwise, we find that a oy Ker(@m) = b oy Ker(z). a contradiction.  Whenee,
¢la oy Ker(m)) # ¢lb oy Ker(m)). 1o, ¢ is a bijection from &) [Ker(@) to o,
SInce s a ll"]]]Hllli]l'[‘lllih]ll_ W ool that
¢({a oy Kerl@)) oy (boy Ker(m)))
¢laoy Ker(w)) og ¢(bo; Ker(w))

wla) oy wlh),

is an isomorphism from @) /[Ker(w) to (@ og).




5. Extending to Multi-Systems

Asstme (4:0) < (#.0). ForYa € # and o, 2 0. where 1 < < [ define a
coset a0; 9 by ao; 9 = {ac b for the 4}, and ot

M U no@.
acRocPrO
Then the set

2={acYacRocPcO

15 called a quotient set r{,f'";_ff m A with o presentation par er P‘I denoted ]uj{

%HP“ﬂﬂnmﬂmmm4ymﬂmmdmmmmmm.




Theorem 51, Let (#.0) be an associatiwe multi-operation system with a unil

| for Yo e O and 4 C .

S S

[f 4 15 closed for operations m O and for Ya € 9,0 € 0, there exists

an nverse element a— b (4 0), then there s a representation pair (R, P) such

—

that thi quotient set %Lfﬁ py b partition rJ_,f"._?Z'f’_ LE., for a. b & # Foyp.09 = (0,

ey @) 1iboy@)=Vorao ¥ =boy 9.

(21) For vo € O, define an operation o on f: ,
1, . 7

(ao1 %) olboy¥) =(ach o1 9.

Then I__ d (R.P) OI 15 an associative multi- r.'}'.'fj'r'!.-'n'.'H system. Particularly, if there s
a representation par IR PI such that for o € P any element i B has an meerse

in (A:0'), then (2] g.p),0') is a group.




Let 20O be the set of all units 1,0 € O i a mmlti-operation svstem (#7; 0.
Define a multi-kernel Kerw of a homomorphism w : (24 0y) — (#5:05) by

S

Ketw ={ ac | wla)=1,2I(0,) ).

Theorem 52, Letw be an onto homomorphism from associative systems (#3; Oy
fo I}ﬂﬂgﬁl with IJIDEI Oql (n rh{n"f braie system with unit 1, - .j"u."'?'-:- e {{_}2 il
inverse 1) for vr € Irl_.lr{jgﬁl i Irlfl_.l"fjgﬁl'cl I. Then there are representation pairs

I:Hl.ﬁljl and I:Rg.lﬁgjl where Fl (). Fj D.E such thal

(A7 Dll [:Jﬁ:iiﬁ

iy |R P T' : .-.—,-'-\-I - |IH P:.I
(Kerw: Oy) ™ (7(04):05) "

if ench element of Kerw has an inverse in (#1;0) foroc Oy




Proof Notice that Kerw 1s an associative subsvstem of (24, 0y). In fact, for

Tk, ks € Kerw and vo € Oy, there 1s an operation o~ € Oy such that

e

';-'J-"II:IECJ. 0 ,{1‘2] .;,;_,'I:.Ei'ljl 0 -i.:;'l:k'g:l & _.lf_”jg :|

since 2{(04) 15 an algebraic system. Whenee, Ketw is an associative subsystem of

(.#1; O1). By assumption, for any operation o € Oy each element o € Kerw has an

inverse a ' in (H];0). Let w: (44, 0) — (A0 ). We know that

wlaoa l] wia)o wla l:I |-,

Le wle ) = wla)tin (A 0). Because T(0y) is an algebraic system with an

mverse 1 for Yo € T(Oq) in ((Z(0y); 07 ), we find that w(a ) € T(0y), namely,

a e Kew.




{ #: GI ( #: f_-.:"gl
e ‘ i —'in—l-l'— 3
Define a mapping o : Ky (R1B) 7 ] ,rg;.f_}£|| Ry

ala o Kew) = ala) o I(0y)

for Ya € Ry.o€ Py, where w (A 0) — (Ao ). We prove o s an 1w1nmphmu
Notice that ¢ 15 onto by that w 15 an onfo homomorphism. Now 1f a o Kerw
b o, Ker(w) for a.b € By and o105 € Py. then w(a) o I(0y) # w(b) o5 T(0s).

o et ! 1,09 € [ a) o LiUy) 7 wib) 0y Lily,

Otherwise, we find that a o; Ketw = b oy Kerw, a m]m'mlivliu m. Whenee, a{a o
(H#y:0y)

| —— ~

II*.E]LL D| | |IJL-['I jDI I”I:Gz}:ﬂj:|||ﬁ2-P2J

Ketw) # (b oy Ketw). ie., g is a bijection from O




Since w is a homomorphism, we get that

ol (a0 Ketw) o (boy Ketw))

ala oy Ketw) o~ a(boy Kew)

(wla) o I(0:)) o (w(b) or T(0,))
'. ) 11.02.. . b 91.02..

al{aop Ketw) o alhog Ketw),

JFG|I I-‘i’}Dgl

Le. 15 all 1SO1 |]]‘.|]HH1]] i]ll]]] |I~.E'm [J||||H P|| Lo |”|fJ |U;| (Ra, Pi .




Corollary 571, Let (A Oll | Ogl be multi-operation systems with groups
(g 01), (A o) for Fo, € Oy, Fog € Oy and w = (H:0y) — (H#5:04) a ho-
.I'|'.l'|'-'.i'|'.'r-’.i"}'.'fl.l'."."i.l'ff. rJluu'l.'l' I .'lu'l.'l'.i"l" fdre T JI'J.i"f .‘i|'|'.l'.'lr.'.'l."|'.'|'.l' Jl'.'l'.'.".i".‘i |R1.p11| |'.'|'.'|'.'il |rH2.PE.I| |'|"|'I.l'|'."|'
Jﬁl _ {5'1152 _ 59 such that
(A,:0y) L (0
|]u~1w C'lllﬁ' i) |Jf||’_}a| Dg

||H‘,.-_l P,gl

CUI‘UH;II‘}-‘ 572 Lt I_}'é;’r OI he o multi- -operation system a nid w Ir}fy{TI — I:ic?f'_-:-ﬁl
a onto homomorphism from IJ'ETGI to a group (& 0). Then there are representa-

fron pairs IRPI P () such thai

(-0

Ty (o).
(Kerw: O)




e i

An algebrawe multi-system 1s a pair (@ €) with

m m

1-;?;:. UJ?; and @ U':}g

i—=1 i=1

snech that for any integer 4, | < m. (7 0;) 15 a mlti-operation system.

T

Theorem 5.3, Let () €)). (g, €5) be algebraie multi-systems, where =,
m . m

U ‘__j;f:k €, U L’"JE-_E‘-' for k 1.2 and o : (& O — (@h €5) a onto homomor-
i—=1 i=1

IJ.".'e'.*I-'.' unth L'.'-'a'-'r-"-“-_fj'-"rh'!',“ ':f-f'. C}f:' for any nteger 2, 1 i < m. Then there ar

representation pars ':Rl- -Pl | il | R.E F:E:' such that

() €

(Ker(a): O}

|.1H'..Jﬁ. )

_— m
||-||| . r-._.'.-'.-"] W ."] Y T T WA
where (Z(Oy): Og) = [ JIZ7:O7).
i=1
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