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1. Why Is It Combinatorial?

● Ames Room—It isn’t all right of our visual sense.



● Blind men with an elephant

The man touched its leg, tail, trunk, ear, belly or tusk claims that the 
elephant is like a pillar, a rope, a tree branch, a hand fan, a wall or a 
solid pipe, respectively.  All of you are right! A wise man said.



 What is the structure of the world?

It is out order? No! in order! Any thing has itself 
reason for existence.



 A depiction of the world by combinatoricians

How to characterize it by mathematics? Manifold!  



2. What  is a Combinatorial Manifold?

Loosely speaking, a combinatorial manifold is a combination 
of  finite manifolds, such as those shown in the next figure. 



2.1 Euclidean Fan-Space



2.2 Topological Combinatorial Manifold



2.3 Vertex-Edge Labeled Graphs





2.4 Fundamental d-Group



Choose a graph  with vertex  set being manifolds labeled by its 
dimension and  two manifold adjacent with a label of the dimension 
of the intersection if there is a d-path in this combinatorial manifold.
Such graph is denoted by Gd. d=1 in (a) and (b), d=2 in (c) and (d) 
in the next figure.







2.5 Homology Group



3. What is a Differentiable Combinatorial Manifold?
3.1 Definition



Explains for condition (2)



3.2 Local Properties of Combinatorial Manifolds



3.3 Tensor Field



3.4 Curvature Tensor





4. What is a Principal Fiber Bundle?

4.1 Covering Space

A covering space  S’  of  S  consisting of 
a space  S’  with  a continuous  mapping  
p : S’ → S  such that each point    x ∈ S 
has an arcwise connected neighborhood 
Ux  and each arcwise connected component 
of p−1(Ux) is mapped topologically onto Ux

by  p.  An opened  neighborhoods Ux that  
satisfies  the condition just stated is called  
an  elementary neighborhood and p is often 
called a projection from S’ to S.



4.2 Principal Fiber Bundle



Lie Group: A Lie group (G,·) is a smooth manifold M such 
that (a , b)   → a·b-1 is C∞-differentiable for any a, b in G.  



5. A Question

For a family of k principal fiber bundles 

P1(M1,G1), P2(M2,G2),…, Pk(Mk, Gk)

over manifolds M1, M2, · · ·, Ml, how can we construct 

principal fiber bundles on a smoothly combinatorial 

manifold consisting of  M1, M2, · · ·, Ml underlying  a 

connected graph G?



6. Voltage Graph with Its Lifting

6.1 Voltage Assignment

Let G be a connected graph and  (G, o ) a group. For each 
edge e∈E(G), e = uv, an orientation on e is an orientation on 
e from u to v, denoted by e = (u, v) , called plus orientation 
and its minus orientation, from v to u, denoted by e−1 = (v, u). 
For a given graph G with plus and minus orientation on its 
edges, a voltage assignment   on G is a mapping α from the 
plus-edges of G into a group (G, o ) satisfying α(e−1) = α−1(e), 
e∈E(G). These elements α(e), e∈E(G) are called voltages, 
and (G, α) a voltage graph over the group (G, o ) .



6.2 Lifting of Voltage Graph



6.3 Voltage Vertex-Edge Labeled Graph with Its Lifting



Example:



6.4 Lifting of Automorphism of Graph



7. Combinatorial Fiber Bundle

7.1 Definition



7.2 Theorem

Can we introduce differential structure on combinatorial 
Principal fiber bundles? The answer is YES!



8. Principal Fiber Bundle(PFB)
8.1 Lie Multi-Group



8.2 Principal Fiber Bundle (PFB)





8.3 Construction by Voltage Assignment





8.4 Results



9. Connection on PFB





10. Applications to Gauge Field

Whence, we can find infinite combinatorial gauge fields 
by application of principal fiber bundle.
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