Circularly polarized beam carries the double angular momentum
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We consider two different types of angular momentum of electromagnetic
radiation. 1) Spin; its origin is a circular polarization. 2) Moment of linear momentum,
which is an orbital angular momentum. It is shown that a circularly polarized light beam
with plane phase front and the dipole radiation carry angular momentum of both types,
contrary to the standard electrodynamics. These two types of angular momentum are
spatially separated.
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1. Spin of light
It was suggested as early as 1899 by Sadowsky [1] and as 1909 by Poynting [2] that
circularly polarized light has angular momentum density. If j_ [J .s/m3] and w [J/m3 ] are the z -

component of the angular momentum and energy volume density, U, [J/m?] and 1. [W/m?] are the
z -components of the angular momentum and energy flux density, then, according to Poynting,

j 1
LB 2 (1.1)
w o f, ©
(f denotes the Poynting vector [3, p.96]). So, a torque T [J] acts on a body, which absorbs at least a

part of the light or/and changes its polarization state, and [, is z -component of the torque density,

T, = juzda .

Beth [4] wrote: “The moment of force or torque exerted on a doubly refracting medium by a
light wave passing through it. The torque per unit volume produced by the action of the electric
field on the polarization of the medium is 7/V = PXE ”. So, if a half-wave plate is rotated in its
own plane, work is in progress. This amount of work must reappear as an alteration in the frequency
of the light (in the energy of the photons), which will result in moving interference fringes in any
suitable interference experiment [5,6].

Feynman [7, 17-4] explains that circularly polarized light carries an angular momentum and
energy in proportion to 1/® because photons carry spin angular momentum /% and energy #®. So,

the angular momentum density j, is the spin density, s, = j_, S, = Ijde ,and U, is z-

component of the spin torque density (S is spin). So we may rewrite (1.1) as

LA (1.2)
w f, ©
Also Carrara [8] wrote: “If a circularly polarized wave is absorbed by a screen or is transformed
into a linearly polarized wave, the angular momentum vanishes. Therefore the screen must be
subjected to a torque per unit surface equal to the variation of the angular momentum per unit time.
The intensity of this torque is £ '/ ®”. We noted [9] that the spin torque density W, produces a

specific mechanical stress in the absorbing screen, and this effect may be tested experimentally
[10].

We used the Beth’s formula in [11] for a circularly polarized plane wave, which died down
in a dielectric (the mark brave indicates complex numbers):

E = expli(kz — on)|(x +iy)E,, B =—iVeE,

< _ 12 2 o1’ a” 72 172 ”o G rq” _ _ _ (13)
E=k2/0°, k=K +ik”, kK>=k">—k">+2ik’k”, c=g,=p, =1.
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T /V =PxXE=e"R{P.E }=R{E-DEE,} = exp(-2k")R{(E - 1)(—i —i) }E; /2

(1.4)
= exp(=2k"2)I(E - 1)E; = exp(=2k"2)2k’k"E; | °.
Then the torque per unit surface z =0 is
t/a=["exp(-2k")2k kK "Ejdz | © = K'E] 10 (1.5)

The densities s, and @, (or rather s =es_, L) =e, W, ) can be expressed in terms of
the electromagnetic fields of the light wave as components of the spin tensor (density) [12,13,9]:

YA = (APQMAM 4 TIPQMITH), ds™ =Y av2, (1.6)
where A* and IT* are magnetic and electric vector potentials, which satisfy 20,A,, =F,,

28[HHV] =—e .F™ (sometimes we mark densities with the symbol ‘wedge’ A [9]). So we have
sV =YY" =(,ExA+IIxHu,)/2, dS* =Y"dV, (1.7)
WY =Y = —AUY A IR ID!, dt® =Y™da.,  (1.8)

where d,A =-E, d,I1 = H. However, the two addends in (1.7), (1.8) are equal to each other for

pvop

most cases (€,ExXA and IIxXHp, supplement each other in standing waves [12,13]).

The result (1.5) may be repeated as the angular momentum flux density (1.8) if we will
consider vacuum at z <0 [11]. The wave (1.3) is provoked by incident and reflected waves:

E, = (1+k/o)expli(wz — o) |(x +iy)E, /2, B, =—iE,, (1.9)
E, = (1-k /o) expli(—0z — o)|(x +iy)E, /2, B, =iE,. (1.10)
Now substitute A" =~ E'dr =—[(E' + E})dt, A’ =—[E’di==[(E +E3)dt into
Y™ =-R(A9_ A" —A’9d _A")/2. Because of E* =iE" and consequently A” =iA",

A9 A’ =-A"9 A" =iA"d A", and Y™ =-R({A'9_A"), (1.11)
As a result we have sequentially:
A" =—iE* /o=—i(E] +E})/ o, 9.A"=(E'-E). (1.12)
Y =RUE + ES)NE —EDY o=[E 1> =1 E} ']/ 0+R(—EE} + E;E")/ ®
=[lA+k/®)P =1(1-k /) *1E} /4w . (1.13)

=[1+k/0) + k" /o) —(1-k'/0)* — (k”/m)z]Eg /4w = k'Eg /.
You see (1.13) coincides with (1.5).
In the same time, the first addend of spin volume density (1.7), ¢, EX A, is widely used.

Jackson [14]: “The term i—:oj.d ’x(ExA) is identified with the ‘spin’ of the photon”. Ohanian [15]:
“The term
S=g,[ExAd’x (1.14)

represents the spin”. Friese et al. [16]: “The angular momentum of a plane electromagnetic wave
can be found from the electric field E and its complex conjugate E* by integrating over all spatial

elements d°r giving J = (g, /(2i0)))Id *rE*xE”. Crichton & Marston [17]: “The spin angular

momentum density, s, = E ;‘ (—ig;; )E, /(8nw), is appropriately named in that there is no moment

"

arm .

2. Orbital angular momentum of a light beam with plane phase front
However, an angular momentum of another nature exists at the lateral surface of a circularly
polarized wave, i.e. at the surface of a circularly polarized beam. The point is that there are
longitudinal components of electromagnetic fields near the lateral surface of a wave because the
field lines are closed loops [15]. It entails a rotary mass-energy flow and, correspondingly, an



orbital angular momentum volume density 1= (rxf)/c?, which is determined by the moment arm
r.

L=i2j(rxf)dv 2.1)
C

is the orbital angular momentum of the beam.
Heitler [18]: “It can be shown that the wall of a wave packet gives a finite contribution to
L. Simmonds and Guttmann [19]: “The electric and magnetic fields can have a nonzero z -
component only within the skin region of this wave. Having z -components within this region
implies the possibility of a nonzero z -component of angular momentum within this region”.
The cylindrical beam has the form [14]

E=exp(ikz—iwt)[x+iy+%(iax—ay)]EO(r), r’=x"+y’, B=-iE/c, (2.2)
z -component the orbital angular momentum volume density was found to be [20,21]
I, =-¢,rd,E;(r)/20. (2.3)
Energy volume density in the beam (2.2) is
w=¢,E;. (2.4)

Therefore the ratio between the densities,
I rd,Ey(r)

L= , 2.5
w 260E§ (r) 23)
has a sharp maximum near the beam boundary, in contrast to (1.2).
Despite of the difference in the distributions, spin (1.14) and orbital angular momentum
(2.1) of a piece of the beam are equal to each other:
S=L, sJ(ExA)dV:%j(rxf)dV. (2.6)
c
Integrating of energy density (2.4) over the same piece as well gives
S=L=W/o. (2.7)
Thus the total angular momentum
J=S+L=2W/wm. (2.8)

3. Moment of momentum is not spin

Famous equality (2.6) is usually referred to as a Humblet equality [22]. On the ground of the
equality, an inference was made that spin (1.14) and orbital angular momentum (2.1) are the same
matter in spite of the fact that they are spatially separated. Ohanian: “This angular momentum (2.1)
is the spin of the wave” [15].

Jackson [14] and Becker [23] tried to generalize the equation (2.6) to a free electromagnetic
radiation produced by a source localized in a finite region of space. They applied the Humblet
transformation with the integration by parts for fields produced a finite time in the past and obtain
the equality (2.6).

But they were mistaken! The integration by parts cannot be used when radiating into space.
A straight calculation presented in [24] for the radiation of a rotating dipole gives

2S=L, 2eojExAdv=i2J'(rxf)dv. 3.1)
C

Somewhat such result must be expected because when radiating into space photons are
variously directed, and their spins are not parallel to each other as in a beam. As a result, equality
(3.1) proves the moment of momentum is not the spin!

The spatial separation of quantities €,EXA and (rxf)/c” is obvious for a light beam. The
separation for the radiation of a rotating dipole is depicted in Figure (partly from [25]). In this case
moment of momentum, (rxf)/c?, is radiated mainly near the plane of rotating of the dipole (Fig.



a), while spin, € EX A , exists near the axis of rotation (Fig. c¢), where the radiation is circularly or
elliptically polarized [26].

Figure. (a) Angular distribution of z-component of the moment of momentum flux, dL_/dtd € o< sin> 6.
(b) Polarization of the electric field seen by looking from different directions at the rotating dipole.
(¢) Angular distribution of z-component of the spin flux, dS_ /dtd € o< cos’ 0.

Note that our result, dS_ /dtd€Q o< cos’ 0, for the angular distribution of z-component of the

spin flux was obtained by Feynman [7] beyond the standard electrodynamics. Really, the
amplitudes that a RHC photon and a LHC photon are emitted in the direction 0 into a certain small
solid angle dQ are [7, (18.1), (18.2)]

a(l+cos0)/2 and —a(l—cos0)/2. (3.2)
So, in the direction 6, the spin flux density is proportional to
[a(14cos0)/2]* —[a(1—co0s0)/2]* =a’cosH. (3.3)

The projection of the spin flux density on z -axis is
dsS./dtdQ o< a® cos’ 0. (3.4)
Thus, according to Feynman, spin (3.3), (3.4) is not a moment of momentum.
There is another important circumstance, which prevents the interpretation of (rxf)/c? as

spin density of a radiation. The Poynting vector of a radiation is parallel to the wave vector and to
the position vector, (EXH)Xk =f xk =fXxr =0. Therefore E & H - fields used in

L= I(r xf)dV /c?> must be non-radiative fields; they are proportional to 1/ 7> in the case of a

radiation into space. This indicate non-radiative nature of the moment of momentum while spin is
an attribute of a radiation and must be calculated by the use of fields, which are proportional to 1/r
only. Heitler, when defending the spin nature of the moment of momentum, refers to a subtle
interference effect on this subject [18]. But this explanation seems to be not convincing.

Conclusion
Simmonds and Guttmann [19] claimed: “A classical quantity associated with the
electromagnetic field does not necessarily indicate the value of that quantity which will be
measured. The angular momentum density of the wave was zero at the center, yet when we
attempted to measure it there the classical field adjusted themselves and produced a nonzero
measurement”. We explain this magic trick.
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