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1. INTRODUCTION
In On the Order of Magnitude of the Difference between Consecutive Prime Numbers [1, p.
27], 1937, Harald Cramér conjectured, using a heuristic method founded on probabilistic arguments,

that
(1.a) lim supM =1,

ne=  (logp,)?
to see also Richard K. Guy’s book: Unsolved Problems in Number Theory [2, p. 11].
In this paper, we prove that

(1.b) lim 223t " Pn

n=e= (logp, )’ _
result which is stronger than the Cramér’s conjecture.

2. PRELIMINARES

The Rosser’s theorem [3] states that p,, is larger than nlogn. This can be improved by the
following pair of bounds:

(1)logn + loglogn —1 < P < logn 4+ loglogn,
n
forn = 6.

3. LEMMA AND THEOREMS
THEOREML.For n € M_,, then
Ppns1 — Pn

— < \E{Enz — [21,"1“1(1“1 +1)+ l]n + 2yn(n+ 1]}.
W Fn
Proof. In previous paper [4, p.__], we discover that
(Ejy" Pus1 — ﬁ.."ﬁ = ""fz[\"'fﬂ +1-— ‘v'lﬁ)‘vf%r
for n € M_..Squaring the inequality (1), we have
(3]pn+1 + P — Eﬁ,l.'lpn-l-ipn <2Zn (Zﬂ‘—l_ 1- 2'\."?‘1(?‘1 + 1])
= Ppsr TPy <2 PPy + 20 (Eﬂ +1—-2yn(n+ 1])

Multiplying (2) by 2,/p,,, we find

(4j 2'\-" PrsilPn — Eprz = 2‘“'{5(_""“’” +1- fﬁ)"";?_i“\-'!p_n
= 2,/Pps1Pn < 2p, + 2»’3[\-’?1 +1-— w,fﬁ)\,f':r_tu-ﬁ.

From (3) and (4), we obtain
(5)  Ppsr1 P, <2p, +2V2(Vn+1— Vo /p, + 2n [ETH- 1—2yn(n+ 1]}
= sy —Pn < 2V2(VR+ 1 — VR)V/p, + 2n [zn +1—2nln+ 1]].
Dividing both members of (5) by ,/p,., we encounter
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- — | pr— — —_— zﬂ —————
M{“ 2‘0'12{1," [:ﬂ+ 1)- "ﬂ)w,"ﬂ+|,—_[2ﬂ+1—2-\."1“1[:ﬂ+1j).
wfpn "l,,." pn
On the other hand, we have thatmax,,__ % - ﬁ < max,.y_ % = % 50
M{C 2\-'12{1,‘." (ﬂ+ 1]— "ﬂ)\."ﬂ+ f—_(2ﬂ+1—2ﬁ~."ﬂ(ﬂ+1j)

"pn *\"l Pn

}_{2?1 +1-2n(n+ 1]}

<2v2((m+1) - fn) /n + 2n max
?‘!ENEEMl;pn

—_—

2(
< 2y E{g (n+1) —n
2(

,1_{2n +1—2ynln+ 1]}

nEMs, M'Ip?‘!

n 4+ 2n max

)y
=2vz2 (4 [:ﬂ+1j—'\."'_) fn+%[2n+1—2wfn(n+ 1)]
A"
)

2{1, (n+1) —+n)yn +n‘»’§(2ﬂ—|— 1—2ynln+ 1])

E{Zn — [an(n-l- 1) + l]n + 24y n(n+ 1]}
THEOREM2.For n € M_,, then
Ppsy —Pp < (Vn+1- ‘u’@ﬁ@-
Proof. Multiplying (2) by,/p,,+, and ,/p,,.separately, we obtain
(6)Pys1 — \/Prs1Pn < ‘"E[‘”;m - ‘vfﬁ)”v“'ﬁw“mr
and
(D Prr1Pn —n <V2(Vn+ 1 —Vn)Vn/p,.
Summing (6) with (7), member by member, we have
(B)ppey — Py < »*E[fm - w,-'ﬁ)a,fﬁ[fm + waﬁ).
From (1) and (8), we find
(9)Pps1 —Pn < "*E[‘*'I'm - ﬁ)ﬁ&m + x’ﬁ)
< *-.-"E{*-.-"?H-—l - *-.-';}*-.-q(«,;"{ﬂ + 1 logln + 1) + (n + 1) loglogln + 1) + .\,-"'n logn + nlog lngn)
<V2(Va ¥ 1 -V ({26 + Dlogln + D + /2Znlogn)
=2(vn+1-vnhn (.‘.-"(n + Dlogln + 1)+ /n ll:ngﬂ).
Since y/ (n + 1 logln + 1) =, /nlagn, we find
Prss —Pp < 2(yn+1- ﬁ)ﬁ(wﬁ} =dn(ynt1- \-’ﬂﬁ@- =
THEOREM 3 (Stronger Cramér’s conjecture).
Pn+1 = Pn <1

n= (logp,)’
Proof. In Theorem 2, see [6], we have

P - - -

r &

9_2 2 ) (nlogn + nloglogn),

By — 85 g
(10) ( E o2 ‘) (nlogn + nloglogn —n) < g(p,,) ~=‘:( E

where k = :“ to be a k modulus. In other words,
mn+i
Eu: - E:: E’] - E
(11) ( = Py ){ﬂlngﬂ +nloglogn —n) <P,y — Py < ( Py )(ﬂlagﬂ+ﬂlaglagﬂ]
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Dividing (11) by ag;f; (nlogn + nloglogn), we encounter
8

nlogn +nloglogn—mn h Pas1 — Pn
(12) <\ : : <1
nlogn +nloglogn B — 8,/ nlogn +nloglogn
ergo,
logn + loglogn — 1 B3 -
(13) o8 g log b ] P+t — P -1
logn + loglogn gy — 6, Jnlogn + nloglogn
But, by the Rosser’s theorem, we find
n+Dlogln + 1)+ & + 1) loglogln +1) —n—1 —nlogn —nloglogn+n I
nlogn + nloglogn = nlogn +nloglogn
(n+1)logln +1) + (n + 1 loglogin + 1) —nlogn —nloglogn
= nlogn + nloglogn !

(14)

wherefore,
(1) (n+1logln + 1)+ (n + 1) loglogln + 1) —nlogn —nloglogn —1 Pus1 — Pn
=

nlogn+ nloglogn nlogn + nloglogn
(n+1)logln + 1) + (n + 1) loglogin + 1) —nlogn —nloglogn
= .

nlogn + nloglogn

Dividing (15) by (13), we find
logn + loglagn —1 gt
n+1)logln + 1)+ (& + 1 loglogin + 1) —nlogn —nloglogn—1 = 8l — 87
nlogn + nloglogn
RCYEY log(n + 1) + (n + 1) loglog(n + 1) —nlogn —nloglogn’

From (12) and (16), we have
( j( logn + loglogn — 1 ] Pn+1 = Pn
17 (n+1logln+ 1)+ (& +1)]loglogin + 1) —nlogn —nloglogn — 1/ nlogn + nloglogn

(16)

IE":: ) Pn+r — Pn
= — — =1,
B; — 85 /nlogn + nloglogn

therefore,
[18"1( logn + loglogn — 1 ] Prsr — Pn
“Mnr+1)legin+ 10+ (n+1)loglogin +1) —nlogn —nloglogn— 1/ nlogn + nloglogn

consequently,
Pnar— Pn - m+1legn +1)+ (n+1)loglogin + 1) —nlogn —nloglogn—1

(1%)
nlogn +nloglogn logn +loglogn — 1
On the other hand, applying the Rosser’s theorem, we obtain
(20 (logp, 1 ) P nlogn + nloglogn

< - <= =
nlogn +nloglogn  nlogn + nloglogn  nlogn + nloglogn
Dividing (19) by (20), we encounter

Pps1 —Pp (n+1)log(n+ 1)+ (n+ 1)loglog(n+ 1) — nlogn — nloglogn —1

21 -
(21) (logp, )? logn +loglogn — 1
Applying the limit as = — <2 in both members of inequality above, we obtain
Pnit — Pn n+ 1)logln + 1} + (n + 1) loglogin + 1) —nlogn — nloglogn — 1
lim ———— =< lim =1.0
n—= (logp,)?  no= logn + loglogn —1
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