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ABSTRACT

We create new formulas for proving Lindelof Hypothesis from Zeta Function.

1. INTRODUCTION
In [1], we encounter that Lindel6f, in his paper [2], showed that the function_ue] is
decreasing and convex. This led him to conjecture thatu (3) = 0, and consequently that
1
(1.1) ((E+ it) < tF,
Whatevere = 0.
In this paper, we will demonstrate that
1
(1.2){(£+ it) < t*,
Whatsoevere > 0 and any t € R.,.
2. PRELIMINARES

In [3] we have a convergent series representation for {(s.g), defined when g = —1 and any
complex s # 1, which was given by Helmut Hasse, in 1930 [4]:

G50 == —— ) D(}) @+ B

n=0

This series converges uniformly on compact subsets of the s-plane to an entire function. The
inner sum may be understood to be the nth forward difference of g*™=; i.e.,
T

e = (0 () @@+ 0,

Wherea denotes the forward difference operator. As soon, we may write
1 O (-1
2.3){(s,q) = Angls
(23)¥(sa) =_——3 S nt 1 q
n=
1 log(1+4) .
s—1 A O
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In [5], we see that the complex exponentiation satisfies
(2_4) (a—i- bijcﬂii — (a: 1 bz:]':cﬂ'd}.fﬂei':c+id}arg':ﬂ+ib}!
Wherearg(z) denotes the complex argument. We explicitly written in terms of real and imaginary
parts, as follows

(2.5)(a+ bi)c¥e = (g% + p?)e/?
1 - - 1 " n
X {cns [c -arg(a +ib) + 3 dlog(a” + b‘j} +isin [c -arg(a + ib) + > dlog(a” + b‘j“n

THEOREM 1.Let Re(s) = 0 and s # 1, then

3
22 {ls3
(26)¢(s) =55+ EE _31),

Where{ (=) is the Riemann zeta function and { (s, a)is the Hurwitz zeta function.

Proof. See [6]. O

3. LEMMAS AND THEOREMS
LEMMA 1.Fort € R.,, then

() Y 2 0 ()Y e
S S e (Y e )

i ) o () (B e s ()

Y D ()Y s ()

Where{ (s, a) is the HurW|tz zeta function.

Proof: Let s = 3

-+ﬁaqu=%inQ1)

(3'236( T _)_ 1+z;rzn+1zt_ D" (2k+3)
=—1izu_~ ( i:jii)zn+ 12[_ (EIHE)
- —4?;4;:: Z + 12(_ D" (Ek +3)

On the other hand We evaluate, using (2.5), that

1 .
2k + 12 2k + 312
(1@( ) =( ) "
2 2
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x{ [1 (2k+3) 1 (2k+3)]+. . [1 (2k+3) 1 (2k+3)”
COS > arg > og > isin > arg > og > .

) = 0; we set this in (3.3)

Since k = 0,1,2,3, .., then arg (%>

(2 = feoneton(P ] ¢ o108 ()]

1/2

2 cfafron ) (2]

Substituting (3.4) in (3.2), we ¢ encounter

oo (b ed) = (Ermy S ()
cfoslrn(22)] -confron (]

(A S S QY o)
" O )

1/2

=
1/2

BT Z +1Ztj D" E}( kz )
4::‘;1 ;ni1z(_1)k$)(2k+3

2k+3
cos [t lng( )

1/2

) CoS [t log

2k + 3)]

.,

2 2
At = 2k 4 34,12 2k +3
Y LN e () () s [rog ()]
4t2 +1 n+1 2 2
n;D k:l}
2i 1 2k + 3,12 2k+3
_ k :
+4t:+1’<zn+12( 1) )( 5 ) Sm[ﬂog( 5 )]
Dcn:D ?J;:D
2t 1 2k + 3,12 2k+3
[ - _ s
4t:+1><2 12, () ol (5]
2k + 3,12 2k+3
&
el Z +1Z< 0 () (F5—) sin[0(=5—)]
2k + 3,12 2k +3
P4 .
o Z +1ZE () (55 s [e1og (5]

it n 1/2
A Y QY welros(E ] e
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THEOREM 1.Fore = 0and anyt € R.,, then
1

(3.6) f,’(£+ i::) < t=.
Proof: Hereinafter, we will use the reduction ad absurdum to prove (3.6).
Stepl. We assume, by hypothesis, that

1
[3.?)((5 + it) = t*,
Whatsoevere = O and any t € R, .Lets =

1 Z%HE { {1 + L-,_L’E
(3.8)¢ (E+ u) h

227 -1 277 1

Substituting the right-hand side of (3.8) in (3.7), we obtain

1 .
2:+:t .-: +it, = (J‘ + it, _
(3.9) T + (1 E) >tf =204+ —+ —( — 2) 2IELE,
277 1 27 g V2 V2
Step 2. We defined

(3.10) c(t) i= i )k (:} (Ek;— 3)1f2 o [t lng(zk; 3)}

k:

+ it in (2.6)

_“*--"‘».-.u_n

+zr

and
oo n 1/2
(3.11) S(t) := Z n—J1r1 (—1)* {:) (Ek; 3) sin [:: log (Ek; 3)]
using this in (3.1) e - .
(3.12) f(lﬂtg) 4r2+1 ()_au +1 (j+4r +1 S~ 32 ifm

2t
=— c(t) +25(t
4::9+1[(]Jr (]]+4 +1

Step 3. We use (2.5) for evaluate 2°, as follows
(3.13)2" = cos(tlog 2) +isin(tlog2).
Step 4. From (3.9), (3.12) and (3.13), we obtain

[5(2) — 2tc(8)].

e e J7i
3.14) cos(tlog 2) + isin(tlog2) + — — “1C(e) +25(t
(3.14) cos(tlog 2) + isin(t log :]+1,E FYCI [c(t) + (j]+4t2+1

= cos(tlog2) - t* +isin(tlog2) - t%,

[5(2) — 2tC(1)]

SO
t* V2t L V2i
(3.15) cos(tlog 2) +E_ preaneh [C(t) + 25(t)] +isin(tlog2) + 211
= cos(tlog2) - t* +isin(tlog2) - t%,
Step 5. We compare the real and imaginary part separately of (3.15). Therefore, for the real part, we
find

[5(t) — 2tC(t)]

te V2t

3.16)cos(tlog2) + —— —
(3:16) cos(tlog2) + == -
te [2

=cos(tlog2)+ — = cos(tlog2)  t5 + —
(gjgz (tlog2) pre

-[C(t) + 25(t)] = cos(tlog 2) - t*

- [c() + 25(8)]
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cos(tlog2) V2t
=:-—-|-— = cos(tlog 2) + -[c(t) + 25(8)].

te V2 (4t? + 1)t°
and, for the imaginary part, we encounter
|ll_

(3.17) sin(tlog 2) +

[5(::] — 2t (t)] = sin(tlog 2) - t=

vz 2673
= tlog2 S(t) =sin(tlog 2) - ¢* (L),
sin(tlog2) + 1z S > sin(tlog2) +° + 5 €0
Step 6. Real part. We divide the inequality (3.16) by t**¢
cos(tlog 2) 1 cos(tlog2) V2t
. - - -t 25(t)]-
( j tzus+1} t2+EV|'E pite [4]:: + 1]t2|~5+1} [ [::J‘F (:]]

We evaluate the limit when ¢t — +oo of (3.18)
cos(t log 2) 1 coslt log 2) V2t
[ I +t=+f~ﬁ] { e VG DeED - [c(®) +?5{ﬂ]}

_ Jeosltlog2) . 1 . [eosl(tlog2) V2t
I [ galert] ]+ ST (t“f*ﬁ] > hm [ t+e ] r-,+={{=}t + Dezle+D)’ [ + ?S{ﬂ]}
Note 1: We calculate, for any >0 and k=0123,..: 1° when t— +co, then
— 0; 2.°) when t — +co, then ——— — 0;3.%) when t — +co, then % — 0;4.°) and when

{cos[tlog(2‘+3]]+25m [tlog(¥2)]} = 0.S0, our hypothesis is false,

(3.19) rllm

cosltlog 2)
2 e+1)
VIt

t =+, then —/————-
L4t + 1= 4

because 0 # 0; but, 0 = 0.
We evaluate the limit when ¢ — 07 of (3.18)

cos(tlog 2) 1 cos(t log 2) V2t
3.20) I — li . Cle) + 250t
3:20) tim [“22B2 e ]> tm (2TE R (e 42501

cos(t log2) 1 u:u:us{t lu:ugﬂ V2t
im |——m— li ( J} Cle) + 250t
i [+ i () 1 [+ i (s e 0 0]

Note 2: We calculate, for any e>0 and k=10,123,..: 19 when t —+ 0%, then
Sees — +00; 2.%) when t — 07, then ——— +00; 3.9 when t — 07, then ““'””5 — +00;4.%) and
It

when t = 0%, then —————" {cns[tlog(ZHEJ] + 2sin [tlog(z‘”)]} — +oo. So, we hypothesis is

false, because o + oo #* oo + oo; but, 00 + 00 = 00 + 00,

Conclusion 1: we conclude, from Note 1 and Note 2, that our hypothesis for the real part is
false.
Step 7. Imaginary part. We divide the inequality (3.17) by t**¢

cosltlog )

sin(tlog2) V2 sin(tlog2) - t* 2t3/2
3.21 = = —5(t) = = = — Ot
( j t¢+E [41" _|_ 1:]t;+E [: :] t2 24e ["-H" _|_ 1:]t;+E [: :]
gin(tlog 2 V2 gin(tlog 2 2642
g2 s> oD 22 oy,
p2te (412 +1)t2%= t2 (412 + 1)t2%=
We evaluate the limit when t — +0 of (3.21)
sin(tlog 2) V2 ~ |sin{tlog 2} 202
(3.22) Jim 2+ (4]:2 A 1) t2+55{ﬂ > lim = + (4]:2 i 1) tzﬂciﬂl
in(t log 2) 2 _ (tlog2) 2672
i [RS8, i | s> i [ |20y
=+ t £ =+ (4t2 _|_ 1) t2+E =4z t—.|+== (4r2 _|_ 1) t2+E
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Note 3: We calculate, for any e}ﬂ and k

gin(tlog2)
LT+E

smlrlugﬁl

Lt'\.

=0123,..
2k +3

1. when t — +co, then

- 0; 2.% when t — +00, then Wsm [t lc-g(f)] — 0; 3. when t — +co, then

— 0; 4.°) and when t — +co, then

false, because 0 # 0; but, 0 = 0.
We evaluate the limit when t — 07 of (3.18)

R aECos [t lng( ":’3}] — 0. So, our hypothesis is

sin(tlog2) V2 sin(t log 2) 2142
(3.23) lim St} = lim c|
g0t tte (-’-1-1_‘2 + 1) pite =0 t2 (41‘2 + 1:] pite ]
sin(tlog 2} V2  [sin(t lc-g E] 2tV2
£-0 t o (42 + 1) ¢ t—0 s (4 +1)¢

Note 4. We calculate, for any =0 and k—0123,...: 1. when t— 0%, then

gin(tlog2) ¥ vz 2k +3 ¥
— 0 2.°) when t = 07, then msm [t log( 3 )] — o0; 3.% when t — 07, then
gin(tlog2) ZE2 2k+3

— 00; 4.°) and when t — 07, then )] — 0, S0, we hypothesis is

2 (et 41)e2+E cos [t log( 2
false, because oo + oo # oo + co; but, o0 + 00 = o0 + oo,
Conclusion 2: we conclude, from Note 3 and Note 4, that our hypothesis for the imaginary
part is false.
Step 8. We evaluate any particular limit of (3.7), it follows that
lim (( +L't) = llm t==N"=1,
ta Nt =Nt

forN € BY; we con3|der N = 1, and we obtain

(G+i)::=1

Conclusion 3: numerically speaking, our hypothesis is:
0.143936427077 ... —0.722099743532 ...i = 1,

This is false; because, for real part:0.143936427077.. < 1;
—0.722099743532...i =0 -i.

Step 9. Thus, from Conclusion 1, 2 and 3, we show that{ [3—|— it] = t*, for whatsoevere = 0 and
any t € E.,.0

and, for imaginary part,
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