Equation reconstruction of prime sequence

Zhen Liu

Abstract The theorem for equation reconstruction of prime sequence is presented
and proved. This theorem is that the prime sequence could have the determined
general term formula through diophantine equation reconstruction of prime number.

Using the theorem, the Goldbach Conjecture and Twin Primes Conjecture are proved.

1 Introduction

Because it can not be divisible except 1 and itself, primes are difficult to be described
by appropriate expressions. This property makes prime sequence be difficult to be
described such as arithmetic progression, geometric progression with the determined
term formula. However, this property can make prime number establish some
diophantine equations. And prime numbers can be decided by whether there is
positive whole number solutions of these diophantine equations. Therefore, the
expressions for solutions of these diophantine equations and its transform are used to
describe the divisible property of prime number, and forming an equivalent sequence
for the property. Thus, this will be easy to find the key node and the law implied to
solve the problem. To this end, the theorem for equation reconstruction of prime
sequence is presented and proved in this paper. And according to the theorem, the
Goldbach Conjecture and Twin Primes Conjecture are proved. It could be hope to
provide an idea and methods to solve similar problems.

In this paper, all parameters are positive whole number except where stated.
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2 Proof of the theorem for equation reconstruction of prime sequence

The theorem for equation reconstruction of prime sequence: The prime sequence
could be equivalent to the sequence with the determined general term formula through
equation reconstruction of prime number for the divisible property.

Proof.

Any prime number ccould be expressed as 3a+1(a is an positive even), 4a+1 or
6a=tl.

Proof is carried out the following in the case of 3a+1 first.
If 3a£1 1is aprime number, it certainly can not be written 3a +1=(3x, £1)(3x, £1),

otherwise, and vice versa.

Case 1:3a+1
3a+1=08x, +D)Bx, +1) =9x,x, +3(x, +x,) +1
or
3a+1=3x] —1)(Bx, —1) =9xx) = 3(x] +x},) +1
Where, let —x/ =x,, —x, =x,.
Then there is a =3xx, +(x, +x,).
It is easy to see that whether 3a +1 is a prime number depends entirely on the a.
Namely 3a+1 is a prime number that is equivalent x, and x,are both positive
whole number in a =3x,x, +(x, +x,).
Let x,+x,=-q, xx,=p
According to Vieta's formulas, equation (1) is established.

¥ +gx+p=0 (1)

—q*+q’ —4p

2

Then there is x,, =

Therefore, ifx, and x,of equation (1) roots are not both positive whole number,

3a+1 must be a prime number. Otherwise, it will be a composite number.



There is

a=3p—q
Obviously, if 3a+1 isa prime number, gand+/g° —4p are not both even numbers.
Therefore, in the divisible property of prime number, ¢, in prime sequence {c,} is
equivalent to a, =3p, —gq, in sequence {a, }, namely prime sequence {c,} is
equivalent to sequence {a, }.

Here g, and /¢ —4p, arenotboth even numbers.

In order to facilitate the expression, let g=2s, p=2r.

Here s and r are real numbers.

Sox, =sEs? =20 (12)
Let +s®—2r =t

There 1s

a=12st—12t* - 2s
Therefore, a, =3p,—q, in sequence{a,} (g, and /g7 —4p, are not both even
numbers) is equivalent to a =12s¢, —12t> =25, in sequence {a'} (s, and ¢, are

not both positive whole number solutions) .

Namely, in the divisible property of prime number, prime sequence {cn} is

equivalent to sequence {a’}.

It is obvious that

2s—a 2

Let s*+ —e

Then there is

a=3s>+2s -3¢



Therefore, a/=12st —12t> —2s, in sequence{a’} (s, and ¢, are not both positive
whole number solutions) is equivalent to a!=3s?+2s, -3¢’ in sequence {a’} (s,

n

and e, are not both positive whole number solutions) .
Namely, in the divisible property of prime number, prime sequence {cn} is

equivalent to sequence {a"}.

It is obvious that

—1++/3e*+3a+1

3

Let 3¢’ +3a+1=(3h+1)
Then there is

3a+1=03h+1) -3e?
a=3h*+2h—-e’
Therefore, a’=3s?+2s, —3e? in sequence {a’} (s, and e, are not both positive
whole number solutions) is equivalent to 3a”+1=(3h, +1)° =3¢’ in sequence {a"}
(e; and h, are not both positive whole number solutions) .
Namely, in the divisible property of prime number, prime sequence {cn} is

equivalent to sequence {a"}.

n

Case 2: 3a-1

3a—1=3x; +1)(3x; —1) =9x/x, +3(x, —x/) -1
Where, let —x] =x,, x, =x,.
Then there is a=-3x,x, +(x, +x,).
Namely3a —1 is a prime number that is equivalent x,and x, are both positive whole

number in a=-3xx, +(x, +x,).



Let x, +x, =—q, x,x,=p.Here p isnegative whole number.
According to Vieta's formulas, equation (2) is established.
¥ +gx+p=0 (2)

—qEVg —4p

Then there is x,, = 5

Therefore, ifx, and x, of equation (2) roots are not both positive whole number,

3a—1 must be a prime number. Otherwise, it will be a composite number.

There is

a=-3p—q
Obviously, if 3a—1 is a prime number, gand+/g° —4p are not both even numbers.
Therefore, in the divisible property of prime number, ¢, in prime sequence {c,} is
equivalent to a, =-3p,—q, in sequence {a,}, namely prime sequence {c,} is

equivalent to sequence {a, }.

Using the same argument as in the case 1, we can easily get

a=12t> —12st —2s
Therefore, a, =-3p, —q,in sequence{a,} (g, and /¢’ —4p, are not both even
numbers) is equivalent to a =12¢2 —12s., —2s,in sequence {a’} (s, and 7, are
not both positive whole number solutions) .
Namely, in the divisible property of prime number, prime sequence {cn} is
equivalent to sequence {a'}.

It is obvious that

2s+a

Let s*+ —e

Then there is



a=3e" 35" -2s
Therefore, a/ =127 —12s,¢, —2s, in sequence{a.} (s, and ¢, are not both positive
whole number solutions) is equivalent to a!=3e? —3s> —2sin sequence {a’} (s,
and e, are not both positive whole number solutions) .
Namely, in the divisible property of prime number, prime sequence {cn} is

equivalent to sequence {a"}.

It is obvious that

B —1++/3e* =3a+1

B 3

Let 3¢’ -3a+1=(3h+1)
Then there 1s
3a—1=3e*—(3h+1)
a=e’ -3h’-2h
Therefore, a!=3e?-3s? —2sin sequence {a”} (s, and e, are not both positive

"
n

whole number solutions) is equivalent to 3a”—1=3e’ —(3h, +1) in sequence {a"}

(e; and h, are not both positive whole number solutions) .
Namely, in the divisible property of prime number, prime sequence {cn} is

equivalent to sequence {a"}.

The prime sequence that prime number ccould be expressed as 4a+1 or 6a=*1,
have equivalent methods that are similar to the case of 3a £ 1. It can be proved in the
same way as shown in the case of 3a+1 before. Of course, some new equivalent
sequences are reconstructed through establishing other forms equations.

This completes the proof.

According to above proof, in the divisible property of prime number, the prime

sequence {c,} without term formula is analyzed by using the sequence {a,}. {a’}-

n

6



{a"}. {a"} with term formula. This will be easy to find the key node and the law

n

implied to solve the problem.

3 Proof of the Goldbach Conjecture

The Goldbach Conjecture:

Conjecture(A): Every even integer greater than 4 can be expressed as the sum of two
primes.

Conjecture(B): Every odd integer greater than 7 can be expressed as the sum of three
primes.

The proof of conjecture(A).

For even less than 10, thereare 4=2+2, 6=3+3, 8=5+3.

Therefore, Conjecture (A) holds for even less than 10.

For even greater than 10, it proves Conjecture (A) with the reduction to absurdity
follows.

If Conjecture (A) is not true, it becomes: there is at least one of even 2n greater than
10 that can not be expressed as the sum of two primes.

For even greater than 10, there is

3a+3b+2
2n=Baxt)+(@Bbt1)=45 3a+3b
3a+3b-2

Where, a and b are both positive even numbers, then 3a+1 and 3b+1are odd
numbers.

There are three cases for 2n. Proof'is carried out the following in the case 1.

Case 1: 2n=QCBa+1)+(Bb+1)=3a+3b+2

According to the theorem for equation reconstruction of prime sequence, let
3a+1=0x,, +1)(3x, +1)=9x,x,, +3(x, +x,)+1

or

3a+1=0Gx), -DGx,, - =9x/ x, =3(x), +x/,)+1



3b+1=(3x,, +1)(3x,, +1) = 9x,,x,, +3(x,, +X,,)+1
or
3b+1=(3x}, —)(3x), —1)=9x),x;, = 3(x}, +x},) +1
Where, let —x/, =x,, —x,=x,,,
Then there is
a=3x,x,+(x,+x,,)
b=3x,x,, +(x, +x,,)
Let

{xal +X, =79, {xbl + X, =79,
b

XaXe = Py XpiXpo = Py
Then there is
a=3p,—q, 3)
b=3p,—gq, 4)

According to Vieta's formulas, equation (5) and equation (6) is established.

x2+q,x,+p,=0 &)
x; +q,x,+p, =0 (6)
The roots of equation (5) are
_—q,%\q,-4p,
xal 2 2
The roots of equation (6) are
_—4,tq, —4p,
Xp1o = 5

According to the theorem for equation reconstruction of prime sequence, if 3a+1
and 3b+1 are prime numbers, equation (5) and equation (6) have integer solutions.
Therefore, at least one of equation (5) and equation (6) has integer solutions.

Since 3a+1 and 3b+1 are both odd numbers, and a+5 1s an even number. a

and b are both even numbers.



And according to equation (3) and equation (4), p, and g, are both even numbers,

p, and ¢, are both even numbers.

Since and +/q> —4p, are both even numbers, g, and +/¢; —4p, are both
qa a a b b b

even numbers. x, and x,, are both even numbers, x,, and x,, are both even
numbers.
Let g, =2s,, p,=2r,, q,=2s,, p,=2r,.
Then, there are
2
X0 =8, Tqls, —2r,
2
Xyo =8, £4/s, =21
And s, and /s’ —2r, are both even numbers or both odd numbers, s, and
\s; —2r, are both even numbers or both odd numbers.

Therefore, s’ and (s} —2r,) are both even numbers or both odd numbers, s; and

(s; —2r,) are both even numbers or both odd numbers.

Let s —2r, =t,, /s, =21, =t,, a+b=2m.

Then, it is easy to see that 7, and 7, must be even numbers.

And there are

0<t, <335, =P =1+ £ = \/(3s,,—1>2—1+sﬂ

0<t, S,/(3sb—1)2—1+%”, by = '/(3%—1)2—14-%}

d=(6s,t,—6t>—s,)+(6s,t, —6t; —s,), S, >t,, §,>1,
a b
§:6sata —6t2 s, §:6sbtb —6t) —s,

Set sequence {J,}, J, =65t —6t' —s., i=123,n.

n

Then, there are J, :ﬁ, J,i=—=.
2 2



And there is

d=J,+J, ,=J +J, , ==J +J, =, +J,

i+1 i+A

Where, J, can be seen as a constant.
It is easy to see thatonly s, and ¢, corresponds to a unique J,.
It 1s also easy to see that there are
d :ﬁ+£:Jl. +J .
2 2

+”f7-‘=(Ji+1>+(J,,_i—1>

a+2 b -2 a,,
= + =
2 2 2
And the like, there is
a, +2A b -2A a,, b
+ = +
2 2 2

d

d:

EA =(J,+A)+(J,, - A)

Since at least one of equation (5) and equation (6) respectively corresponding to a,, ,
and b_, must has integer solutions, at least one of J,+A=J,, and
J —A=J in sequence {J,} must hold.

n—i Y on-i-A

J +J
‘; ”} together, there

Namely, for sequence {H,} consists of {Jn} and {Jn—

i n+l1

are H, = J (i< ) .

: Jl.;tJn_l.—Jz" , H,#H

J J+A

Then, sequence {H m} must have H,+A=H ,,.
And sequence {H, | must be an arithmetic progression.

Therefore, sequence {H m} corresponding to equation (5) and equation (6) must be

an arithmetic progression.

If »n is an even number, iHj :Zn:Jl. - Zn: & —iJl.’.
i=1 . i=l1

= a2
2
If n isanodd number, iHj :Zn:Jl. - Zn: J2” —iJl.’.
Jj=1 i=1 P i=l
2

10



Where, ZJI’ is that the sum of all term J, =J, , - J2” .
i=1

According to sequence {H, }, it follows

i‘,H CJIH10J, 424 (sP—25-8) -t (sT—25-8)-t.. -J,
= _ _

= 8 8 32
> H, =is2tf’m,x —is%fnax +is3trnax +§s2t3nax —ﬁstfnax +36t" _ﬁsztmax
< 16 16 3 8

27 3

+7stfmlx —Etfnax +5° +60st— 60t +10s+¢t, +24

Here ¢, :[1/(3s—1)2 -1 +ﬂ

Therefore, the highest degree of the sum of the first m terms in sequence {H }is

fifth degree.

It is easy to see that this is in contradiction with the necessary and sufficient condition
the arithmetic progression, in which the highest degree of the sum of the first m
terms is second degree.

Therefore, Conjecture (A) is true for Case 1.

This completes the proof for Case 1.

Case2: 2n=QCBa-1)+(Bb-1)=3a+3b-2

According to the theorem for equation reconstruction of prime sequence, let
3a—-1=Gx), +DGBx,, - 1) =9x/ ,x, +3(x, —x/,) -1

3b-1=(x,, +D(3x,, - 1) =9x,,x,, +3(x,, —x;,)—1

' r r_ ro_
Where, let —x, =x,,, X, =X,, —X,;, =X,, X,, =X,,.
Using the same argument as in the case 1, we can easily get

a b
§:6t3 —6s,t,—s,, —=6t] —6s,t,—s,

And there are

61 61
0<s, <—"—, S,m = “
‘6t +1 6t, +1

11



2 2
0<sbS6L, Sp . = 06|
61, +1 61, +1

Set sequence {Jn}, Ji:6ti2_6sjtj_sja i=1,23,n.
Therefore, at least one of J,+A=J, ,andJ, ,—A=J, ., in sequence {J,} must

Y on-i-A

hold.

n
2

J+J
Namely, for sequence {H,} consists of {J } and {J e ‘2 ”} together, there

i . on+l

) .

,LfiJ;—J",HfiH
i n—i 2 J

J+A

Therefore, sequence {H,} must be an arithmetic progression.

If »n is an even number, iHj :Zn:Jl. - Zn: J2” —iJl.’.
i=1 .n i=l1

=l i=—+1
2

J

;—;L-

If n 1is an odd number, iH}. :Zn:Jl. - Zn:
J= i=1 ol
2

Where, ZJI’ is that the sum of all term J, =J , - J2” .
i=1

According to sequence {H, }, it follows

5if{__Jf+10Jn+24_(s%X—2smx—S)t_js%x—2smx—8)¢-Jn
’ 8 8 32

L 21
> H, =isfnaxt2 —isfmﬁ +Lsfmt+£s§mt2 —gsmaxﬁ Y + g2t
716 16 32 8 8 2 16

3 3 > S
+§s -t +—s  ——sS_ t+—t _Zsmax +t+3

Therefore, the highest degree of the sum of the first m terms in sequence {H  }is

fifth degree.
It is easy to see that this is also in contradiction with the necessary and sufficient
condition the arithmetic progression, in which the highest degree of the sum of the

first m terms is second degree.

12



Therefore, Conjecture (A) is true for Case 2.

This completes the proof for Case 2.

Case 3: 2n=Q3a+1)+(3b—1)=3a+3b

The equation reconstruction of 3a+1 can be gotten in the same way as Case 1.

There are

3a+1=0x,, +1)(3x, +1)=9x,x,, +3(x, +x,)+1

or

3a+1=0Gx), -DGx,, - D=9/ x, =3(x,, +x/,)+1

The equation reconstruction of 356 —1 can be gotten in the same way as Case 2.

There is

3b-1=(x,, +D(3x,, - 1) =9x,,x,, +3(x,, —x,,)—1

Using the same argument as shown before, we can easily get

2= 6s,t, —6t> —s,
2
% =61, —6s,t, -5,
For equation (7), there are
, 25 —a
s, T4/ "3
t, =
2
25 —
Let s +=20 % _p2
Then, there is
—lidej +3a+1
S =
‘ 3

Let 3e’ +3a+1=(3h, +1)’. Namely it makes s, be a positive whole number.

Then, there is
3a+1=(3h, +1) -3¢’

a=3h>+2h, e’

(7)
(8)

13



Set sequence {Han }, H,= 3hjl. +2h, — ejl, , i=123,n.

For equation (8), there are

2s, +b
s, s§+7s”
t, = 3
’ 2
2
Let s; + S”+b:e,f
3
Then, there is
—1+4/3¢e; —3b+1
S, =

3
Let 3e; —3b+1=(3h, +1)°. Namely it makes s, be a positive whole number.

Then, there is
3b—1=3e; —(3h, +1)°
b=e—3h>—2h,
Set sequence {H, }, H,, = ey —3h, —2h,, i=123:-m.

b,

a.
Then, there are H Z?l, Hy = ?]

Therefore, sequence {H, } and sequence {H, } merge into sequence {H,}. Here

H, =3} +2h, —e;

, H, #H, ,.
, a, b, : .
Since d =—-+-_,thereis i+ j=N.
2 2
Then, thereis d=H,+Hy ,=H, ,+Hy , =-=H, +H,,  , =H,+H,.

Where H, is a constant.

It is easy to see thatonly /4, and e, correspondsto aunique H,.

It 1s also easy to see that there are

14



42 b, -2 4 b
:al+ I :a1+1+ ]:(Hk+1)+(HN—k_1)

d + I
2 2 2 2

And the like, there is

a +2A b, =2A g b. .
d=— +- =—tA 4 Jo —(H, +AN+(H, , —A
5 5 5t (Hy +A)+(Hy = A)

Since at least one of reconstruction equations respectively corresponding to a,,, and

b_, must has integer solutions, at least one of H,+A=H, 6 and

1

H A=H in sequence {H, } must hold.

N—k — 2~ N_fa

Then, sequence {H,} must be an arithmetic progression.
Therefore, sequence {H N} corresponding to reconstruction equations must be an

arithmetic progression.

According to sequence {H, }, it follows

N n m F
>H, =Y H,+Y H, > H"
k=1 i=1 Jj=1 7=l

: e 1, 1, 1
ZHW. 222(3}15 +2h, —ef):hjea +§hfea +§haea ——e ——el——e,

i hy=le =1 2 2 3 2 6

m e My 1 1 4

S H, =3 S (e2 =382 2k, =2 hel —hle, + et~ e, ~ 2 e, - 5h,
j=1 e, =3 hy=1 3 2 2 3

Where, HYis term H, = H, of sequence {H,} and sequence {H, }. That is
H7=H,=H,.

Namely, 3(h—A, ) +2(h—A,)-(e+A, ) =—(3h% +2h—¢*).

Then, there is H 7 =3h,A,, —%Azlf +A, +eA,, +%A22f.

Where, A, and A, are both even numbers.

Here

15



A Ay

ZH”’—ZZZZ(%A IR A eh, +;A ]

A=2A,=2h=1 =l

:ithA+ he’ AN, +— heAA
16 16 8
1 3 3 3 2 3 2 7
—gheA]Az +Zl’l€A]A2 +—6h€A]A2 ——6h€A]A2 +4—8]’l€A]A2

Therefore, the highest degree of the sum of the first N terms in sequence {H, } is

sixth degree.

It is easy to see that this is also in contradiction with the necessary and sufficient
condition the arithmetic progression, in which the highest degree of the sum of the
first m terms is second degree.

Therefore, Conjecture (A) is true for Case 3.

This completes the proof for Case 3.

Taking above three cases, Conjecture (A) is true.

The proof of Conjecture (A) is now completed.

The proof of conjecture(B).

Since Conjecture (A) is true, every even integer greater 2n than 4 can be expressed
as the sum of prime number 3ag+1 and prime number 3b=*1.

It is easy to see that every odd integer greater 2n+3 than 7 can be expressed as the

sum of 3, prime number 3¢ +1 and prime number 3b+1.
Namely 2n+3=3+3a+1)+(3bx1).

Therefore, Conjecture (B) is true.

The proof of the Goldbach Conjecture is now completed.

4 Proof of the Twin Primes Conjecture

The Twin Primes Conjecture: There are infinitely many primes that differs from
another prime number by two.

Proof.

It proves the Twin Primes Conjecture with the reduction to absurdity follows.

If Conjecture is not true, it becomes: there is an even number a large enough that

16



makes at least one of every twin odd numbers no less than 3a+1 be a composite
number.

According to the theorem for equation reconstruction of prime sequence, there are

3a—1=(3x, +1)3x, 1) )
3a+1=(3x/ +1)3x, +1) or 3a+1=(3x —1)3x, 1) (10)

Where, a=2[, [ ispositive whole number.

Therefore, when a is large enough, at least one of equation (9) and equation (10)
has integer solutions.

Using the same argument as in the proof of the Goldbach Conjecture, we can easily
get this statement fellows.

For equation (9), there are

a 2
—=6t"—06st, —s
2 1 1%1 1

2s,+a
Let s +——=¢’

Then, there is

—1+4/3e} —61+1

3

S =

Let 3¢’ —6/+1=(3h +1)°, Namely it makes s, be a positive whole number.
Then, there is

61 —1=3e} —(3n, +1)’

a=2l=e’ -3h’ —2h,
Set sequence {H'}, H!=el—3h—2h,, i=1,23:-n.

For equation (10), there are

a 2
—=6s,t,—6t; —s
2 22 2 2

17



t:szi sy + 3
? 2
2 —
Let s2+22-9_ 2
3
Then, there is
—1+./3e; +6[+1
§, =

3
Let 3e2 +6[+1=(3h, +1)°, Namely it makes s, be a positive whole number.
Then, there is
6l +1=(3h, +1) —3e2
a=2[=3h] +2h, —e;

Set sequence {H” }, H = 3h22j +2h,, —622]., i=1,23,m.

m
Therefore, at least one of H/=a,and H}=a, is true for a, in sequence la,}

consists of a.

Then, sequence {H'}and sequence {H'"} merge into sequence {H,}. Here

m

H, =i’ +2h-¢’

, H #H,, .And H, is large engouh.
Therefore, there must be H, =a, forany a, large engouh.

Since {a, } is an arithmetic progression of 2, sequence {H,} is an arithmetic

progression.

According to sequence {H, }, it follows

IASWIES WIS
k=1 i=1 7=l

J=1

e n

'S (€2 =32 =2k )~ H{(g)

e =3 h=1

> -
i=1

1 1 4
=—he —h'e +—he’ — >
3 2

Ehlze] —Eh]e] —5]’1] —H]’(g>

Where H|(g) is the sum of all terms less than H, in sequence {H'}.

n
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ZH" 22(3h2+2h e2)-HIg)

hy=1e,=1

5 3 1, 1, 1 ,
=hje, +§h22€2 +§hze2 —geg —5622 —gez -H{(g)

Where H[(g) is the sum of all terms less than H, insequence {H”}.

m

HY is term H]=H7 of sequence {H'} and sequence {H"} . That is

m

H'=H=H!=H,=H,,.

Namely, 3(h—A, ) +2(h—A,)-(e+A, ) =—(3h% +2h-¢*).
Then, thereis H7 =3hA,, —%Azlf +A +e A, +%A22f

Where, A, and A, are both even numbers.

Here

A Ay

ZHW ZZZZ(%A ——A +A +eA, +;A ] H{(g)

A=2A,=2h=1 e=1

:ithA+ he* AN +— heAA
16 6 8

——heA3A +— heA A3 3 — heA A —iheAzA +lheAA ~H'(2)
8 24 16 16 Trlag

Where H[(g) is the sum of all terms less than H, and satisfied H, ‘3h2 +2h —ez‘

in sequence {H”}.

Therefore, the highest degree of the sum of the first N terms in sequence {H, } is

sixth degree

It is easy to see that this is also in contradiction with the necessary and sufficient
condition the arithmetic progression, in which the highest degree of the sum of the
first m terms is second degree.

Therefore, the Twin Primes Conjecture is true.

This completes the proof.
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