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Including Bessel’s
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Just as | have shown earlier that y = € is not just the solution for the constant coefficients,
linear homogeneous ordinary differential equation (LHODE), but for any LHODE of the form:

y"+ Py +[-k(P+k)]y = 0 ; the solution to the general elementary HLODE is not limited
to that LHODE.

My writing style isto leave math in there | feel is necessary to at least fairly easily follow
the flow of derivation, rather than skip over it all and put some prose in there. | expect anyone
who needs less, or smply wishes to skip over derivation portionsisfree to do so; and that is
expected. But if nagging questions arise, the reader may return to dispel those. It isthere for
clarity, not either to impress nor to repel the reader. | feel that prose often makesit more
difficult to reproduce derivation results, which | feel is asimportant as the results themselves. |
write asif writing to the Krell of ' The Forbidden Planet’, because | am. | am writing to higher
dimensional beings and lower dimensional beings reaching and struggling for higher
dimensionality; to those enraptured with a fascination and infatuation for elevation.

Again, as shown earlier:

s=aP+b:
A Py s QY= 0 Q= —aP' —a(a+ 1P? — b2a+ 1P b?
But, also:
y = (@P+b)y

y' = [(@P+Db)*+aP'Jy
So, for any function R (even non-continuous, or even non-integrable function R):
y +Ry =[(aP+b)*+aP' +R@P+b)Jy
=Yy +Ry' +[-(@P+b)*-aP' -R@P+b)Jy=0

When an ODE does not have these expressed forms, but is similar; the following technique
may yield exact solution.

Recall that any 2nd order ODE has 2 linearly independent solutions, and that given one
solution, the 2nd may be found by the reduction of order technique.

So, if ageneral elementary LODE issimilar, 2 linearly independent solutions y; , y2 are
known.

Because the solutions are linearly independent, consider them as coordinate axes, and
transform them to another coordinate system.

Let:



_ u v
Yy = Uy1— W2 }@ Yi= (u2+v2)Y”+(u2+v2)Yv

Yoo et v = (e Yo+ (e )Y

for u,v constants, or carefully chosen functions: Y, & Y, arelinearly independent, as

well.

When vy, , y, satisfy:
Y1 = r1y1 +S1y2
Yo = I2y1 + Sy

Y1 = (ry+r3+r281)y1 + (S + S1S2 + [151)Y2
-

Y2 = (2 +T1r2 +1282)y1 + (S + S5+ 1281)y2
Examples of such functions:

(2):
Let:
. _ eZ/ W _ g z/W
sing(z,w) = 2w
congtzw) = €7 5T
Note that:
sing(z,1) =sinz , cong(z,1) = cosz
sing(z,—1) = sinhz , cong(z,—1) = coshz
Note, also, that:
sing(zw) = ﬁsin(z‘/w) , cong(z,w) = cos(z,/w )
But these expressions don’t express the fact that
sing(z,w) and cong(z,w) arerea valued functions,
Vz,w € R.
They can be used to more compactly write the possible
solutionsof y'+ iy =0
(whether A ispositive or negative):
y = Cising(z 1) + Cacong(z,1).
Real-valued functions;
with real period, whenever: 1 > 0,
while, no real period, whenever: A < 0.
(2):
Let:



ma(U,V; zZ,w)

ue? + veW

"= (us—vr) (smy —vmz)

my(r,s,Z,w) = re? + seV

m; = (U +uz)er+ (V +w)e"

my, = (r' +rz)e* -

(s +sw')e"

W (rmg —smy)

~(us—wr)

my = (U +uz')e’ + (V' +w')e”
_ u +uz v +w u' +uz v +w
= (us vr) (us—vr erl+[_( us—vr )Vt \us—wr )S M2
m, = (r +rZ )eZ (s +sw')eV
_ r'+rz s + sw r'+rz s +sw
= (us Vg us— vr )r}mlJr[_(us—vr V= us—vr ) |me
! 1 / / / / /
m; = (ﬁﬂs*“vzr) (2 )r me + | (U8 )s— (Y= )r [ ma+
u 4+ uz vV 4w I (U +uZ vV +ww
t- (us—vr )V+(us—vr S |mz + us—vr )Vt us—wr S |M2
[ (u+uZ e _ (VW ][ /U +uzZ o (V +wW
= us=vr )5~ \us=vr ) || Vus=wr )5S~ os=wr )F M+
[ (U +uZ vV +ew' Y, | u +uz v +w/
L us=vr )ST us=vr )" | " Lus=vr )V (Cus=vr S M2
[ (U +uZ v +w/
+_(us—vr )S (us—vr F]m+
— ! / / [ / / / /
[ -(E v+ (YNl )s | (2% )s+ (S0 )r [mu+
(U +uZ vV 4w (' +rZ \,, (S +sw
L us=vr )V Los=wr S| Lus=wr )V us=wr JS M2+
[ (U +uZ v +ww
L ous=vr )V osmwr S |2
_ u + uz G vV +w/ r u + uz G vV +w/ rl 4+
usS— Vr ws—vr ) |\ us=wr US— Vr
u+uz \e_ (V+wW
+[( US— Vr )S ( us—wvr )l |
u' +uz v +w [ (1 +rZ s +sw
+[_( US— Vr V+(us—vr S| \us=w St {(us=wr )f |y M+
/ / / / / / / /
+ [ (U2 )s- (Y2 )r ] [-(H2E v (e )s ]+
u +uz vV +w ] r'+rz s +sw
+[_( US— )V+(us—vr S|LI-(us=wr V- us=wr )|+
(U +uZ v+ W _}
+[ (us—vr )V+(us—vr S|y me
! / / ! ! / / ] /
ms = [ (=% )s+ (S0 )r me + [ ({2% )s+ (S0 )r [ ma+
(1 +rZ Y\, (S +sw I (1 +rZ Y\, (S +sw
+[ (us—vr )V (us—vr S |m2 + us—vr )V~ us=vr JS M2
etc.




Examples:
Define:

Mio(U,v;¥) = m(u,Vv,v,—y)
Mxo(r,S;w) = Mp(r, S v, —y)

So, returning to the generality:

Mio(5,—519p) = Sing

Mo(+,5;ip) = cose

Mio(5,-5;¢) = sinhe
mo(3,4;¢) = coshe

mlo(l, O;(p) = e’
mzo(o, 1;(p) =e¢?

Y, = W1+ Uy2

— u
Y, = Uuy1— VW2 } yi= (u2+V2)Yﬂ+
—

Y1 = r1y1 +S1y2
Yo = I2y1 + SY»2

Y1 = (ry+r3+r281)y1 + (S + S1S2 + [151)Y2
-
yg = (r’2 + Il + I’zsz)yl + (5/2 + S% + I'zS]_)yz

Y! +PY, = (w1 + uy2)" + P(vy1 + uyz)’

{ Y+ PY, = (Uy1 —vy2)" + P(Uy1 — vy2)'

Y, +PY}, = (Uy1+ Uy} —V'y2 = )+ P(U'y1 + Uy; — V'y2 — Vyb)

TV PY = s WUz )+ PV S W U )
( Y, +PY), = u'y1 + 2u'yy + uyy —V'y2 — 2V'y, — vy; +
Ny +P(U'y1 +uy; —V'y2 — wyh)
Yy +PY, = V'y1 + 2V'yy + vy + U'ys + 2U'y5 + Uy; +
X +P(V'y1 + vyy + U'y2 + uyh)




let:

I

W > w>
< =

<

U

(1Y) +PY, = [(U" + PU)ys + (2u + Pu)y; + uyi] +
2 = [(v" + PV)y2 + (2v' + PV)y + V5]
Yy +PY, = [(v' + PV)y1 + (2V' + PV)y; + vy ] +
+[(u" + Pu")yz + (2u" + Pu)y, + uys]
( Y, +PY, = [(U" +Pu)ys + (2u' + Pu)(rays + s1y2) +
+U[(rh + 124 T2S0)Y1 + (Sh + S1S2 + F1S1)y2] | +
— [V + PV)y2 + 2V + PV)(rays + Soy2) +
+V[(ry +rar2 +r28)y1 + (S, + S5 + rzsl)yz]]
S Y, +PY, = [(v” +PV)y1 + (2V' + PV)(riy1 + s1y2) +
+V[(rL +1r2 4+1281)y1 + (S) + 152 + rlsl)yz]] +
+ [(u” + Pu)yz + (2U' + Pu)(rays + Spy2) +
+U[(ry +T1r2 +r28)y1 + (Sp + S5 + rz$1)Y2]]
. Yy +PY, = [(U+PU)+ U +Pu)ry+u(ry + 12 +155,) +
— (V' +PV)ra —v(ry+rarp + r252)]y1 +
— [+ PV) + 2V + PV)s; + (S, + S3 + TaS1) +
—(2u' + Pu)s; — u(s; + 152 + rlsl)]yz
) Y, +PY, = [(V” +PV) + 2V +PV)ry +v(ry +r3 +r,81) +
+2u +PWwra+u(ry +rarp + rgsz)]yl +
+ [(u” +PU) + (2u' + Pu)s; + U(S, + S5 + r2S1) +
L +(2V + PV)s; + V(S| + S1Sp + I’151):|y2
(U +PU) + U +Pu)ry+u(ry +r3+rz81) — (2V + PV)ra — v(rh + rirz + r2Sp)
(V" +PV') + (V' + PV)sy + V(S, + S5 + r2S1) — (2U' + Pu)s; — U(S) + S1S2 + r1S1)
(V' +PV) + (V' + PV)ri +v(ry +r# +rz81) + (2u' + Pu)ra + u(ry + rarz + r2sp)
(U +Pu’) + (2u' + Pu)sz + U(Sy + S5 + r2S1) + (2V' + Pv)s1 + (S} + S1S2 + 151)

Yy + PY, = Ay1—BLy-
Y, + PY, = Ayy1 + B,y




If:

= B,

YZ+PYL=A~[(uzﬁvz)Y~+(uz+vz)YJ*
e ) (whe )]

YC+PY/V=AV|:(ﬁ)Y (u2+2) J

> o (@) (whe)¥)

Vi Py, = [A (uz+v) (uzwzﬂY

Mew) e I
et ) et ) e
\ [ (te) ()

~AY & B =AY
Y, +PY, - ALY, =0
Y. +PY, -Aly, =0

Now, as aremembering:

() B (h) 0o
u2 + v2 K u2+v2u

)

u? + v2

Bl
u? + v2

1 . 1 .
X 2myo(1,0;ix) = X 2e™
y = 1 . 1 H
X 2my(0,1;ixX) = x 2e ™™
aso:
1 . 1 .
X ZMyo(4,—2;ix) = X"z sinx
y= -1 1 1.; -1
X zmzo(—,7;|x) = X 2 COSX

Note correspondence to the Bessal functions:

NE (x)— / X"z sinx = /lx‘%mlo(%,—%;ix)

J1(x) = / X"Z COSX = /% X~ Mao(

Now, consider transformations:

Yu = %J% —J,%
_ 1
Yv J%+ XJ—%

"1

= y”+%y/+ |:—

()
}3y”+%y’+[— Z +1Jy




4
A= dx2-1 B, = (Zx2-1)x*
B.=AxX & B, = A+
( (3’
Y, +PY, +]| - )2(2 +1:|YH =
= < = S 2
Y/ +PY, +| — (iz) +1JYV =
L L
Thus pu=2 ,v=-2 ie
J% = %J% —J_%
J5=03+53,
So, o far: Jer 0 Jus have been determined without resort to infinite series
methods.
Now, generalizing, for:

Yu = U1y1 + Vay2 } PN (W)Y + <V1U2— uivz )Y

Yo = UoYs +VoY2 Yz = (vamg —upv ) Yo + (o= tvz )
for ui,uz,v1,v2 constants, or carefully chosen functions: Y, & Y, arelinearly
independent, as well.

When vy; , y, satisfy:
y’l =TI1y1 + S1y2
Yo = Y1+ S2Y2

{ Y1 = (ry+r13+7r281)y1 + (S) +S1S2 + 1S1)Y2 ‘
s

= (ry+ 112 +125)y1 + (S5 + S5 + 251)y2

{ Y}, + PY, = (U1y1 +V1y2)" + P(U1y1 + V1y2)'

Yy + PY, = (U2y1 +Vay2)" + P(Uzys + vay2)'




Yy, + PY}, = (Upy1+ Usys +ViY2 +Viys)' + P(Uyy1 + sy} + Viy2 +V1Y5)

Yy +PY,, = (Uby1 + Uz} + Vb2 + VaYs) + P(Uby1 + Uy + Vhy2 + VaY5)

Yi+ PY, = Ulys + 2upy) + Uay] - Viya — 2Vhy) — Vay} +
+ P(u1y1 + U1ys + Viy2 + Viys)
Yy + PY, = U3y + 2Upy) + Uy + VY2 + 2V5Y5 + Vayj +

+ P(Uoy1 + U2y + VaY2 + Vays)

Yy + PY), = [(U] + Pul)y: + (2u} + Pup)ys + uys] +

+ [(V] + Pvi)y2 + (2v) + Pv1)ys + viy5]

Y, + PY, = [(us + Pub)y1 + (2u5 + Puz)y; + Uzyy] +

+[(V2 + PV2)yz + (23 + PV2)y; + Vays]

Y.+ PY, = [(U] + Pul)y: + (2u} + Pup)(r1ys + S1ya) +

+Ug[(ry +ri+r251)y1 + (S + S1S2 + r151)y2]:| +

+ [V + PVh)yz + (V4 + Pvi)(rays + Saya) +

+Vi[(rh +rar2 +128)y1 + (Sh + S5 + rgsl)yz]]

Y. +PY, = [(u) + Pub)ys + (2uh + Pup)(r1ys + S1y2) +

+Up[(ry + 8 +r251)y1 + (S + S1S2 + r151)y2]:| +

+ [(Vh + PVh)yz + (2Vh + Pv2)(rays + Saya) +

+Vo[(rh + 112 +12S2)y1 + (Sh + S5 + rgsl)yz]]

Yo+ PY, = [(Uf + Pub) + (2u} + Pus)ry + us(ry + 12 + 1,5 +

+ (ZVQL + Pvi)ra + V1(I”2 +rira + rzsz)]y]_ +

+ [(v{ +PV)) + (2v] + Pv1)Sy + Vai(S, + S5+ 281) +

+ (2u3 + Pup)sy + uy(sy + S18p + rlsl)]yg

Y. +PY, = [(u) + Pub) + (uh + PUp)ry + Ua(r + 3 +1281) +

+ (2V,2 + Pv2)ra + V2(I”2 +rira+ rzsz)]y]_ +

+ [(vg +PV,) + (2v5 + Pv2)Sp + Vo (S, + S5 + 2S1) +

+ (2U5 + Puz)sy + Ua(Sy + S15p + rlsl)]yg




(U/]f + PU;L) + (ZUIJ_ + Pul)rl + Ul(r& + r% + I’281) + (2VéL + PV1)F2 + V1(f’2 +riro + I’2$2)
= (V&, + PV’l) + (2V,1 + PV1)82 + V]_(S’Z + S% + r281) + (ZU& + PU]_)S]_ + U]_(S’l + S1S2 + I'151)
= (Ug + PU’Z) + (2U’2 + PUz)rl + Uz(l’ll + r% + I'le) + (2V,2 + PV2)r2 + V2(I"2 +riro+ I'zSz)
= (Vg + PV’z) + (2V,2 + PV2)52 + V2(S’2 + S% + rzsl) + (2U’2 + PUZ)S]_ + UZ(SS_ + S1Sp + I’]_Sl)

Y, +PY, = Ay + By

Y, +PY, = Ayy1 + B)y>

YZ + PY’H = A,u|: W\IZ\&U:L)Y + (vluz—v2u1 )Y :|

+Bul (vimp 2oz )Y + (v — vz ) V7
Yy +PY, = A (vioBnm ) Yo +(v1u2—v2u1>Y]
. +BV[ v1u2—u1v2 )Y +<v1u2—Elu1v2 )YV}
Yo+ PY, = [-Au (v 2vamr ) + Be(vimg 2oy ) Yo+

+[A v1u2—v2u1> B <v1u2—v2u1>]Y
Yy +PY, = [-A (v 2 ) + B (v v ) Yo+

+[A (vimr2vaur ) ~ B (v =vanr ) ]

=

<

w > w>

<

=

~

If:

A(w) Bu W) = ~A (Vi 2var ) + B (vams = v )
=B, =As- & B, =A<

Y) + PY’# ~ A Yu =0

1v _
Yy +PY, A Y, =0

Under the specific transformations:
Ui =uj|Vvy =-V
U=V Vo =1U
_ u v
Yu = Uy1—Vy2 } yi= (u2+v2)Y”+(u2+v2)Yv
=
- Y,

Y, = W1 + Uy2




Y, +PY,,

= [ +PU) + (U + Puyry + u(ry + 13 +1281) +

— (V' + PV)r2 = Wy + Tar2 + 128) Jys +

- [(v” +PV) + (2V + PV)S2 + (S, + S5+ 2S1) +

—(2u’ + Pu)s; — u(s; + S1Sp + rlsl)]yz

Y. +PY, =

[+ P+ 4 - Purs v 1 4 s

+ QU +Pwra+u(rs+rarz + rzsz)]yl +

+ [(u” +PU’) + (2u' + Pu)s; + U(S, + S5 + I281) +

n (2V/ +Pv)s: + V(Sl +S$1Sp + rlsl)]yz

,u—

B. =

(u” +PU) + (2" + Pu)ry + u(ry + r1 +1251) — (2V + PV)ro = v(rs + rirz +rssp)
(V" + PV') + (V' + Pv)sz + V(S) + 52 +1281) — (2u' + Pu)s; — U(S; + S1S2 + r151)

A, =N +PV)+ 2V +PV)ry+v(ri + rl +1281) + (2u' + Pu)ro + u(ry +rirz +r2sp)
B, = (U +PU)+ (2u + Pu)s; + U(S, + S3 + I251) + (2V' + PVv)sy + V(S| + S1S2 + I'1S1)
NOTE: s, =11 & rp = -5 = A, =—B & B, A

Y, +PY, = Auy1+BLy>2
s
Yy +PY, = Ayy: + Byy>
.
_ u v
YZJFPY,“_A”[(UZ VZ)Y“+(u2+v2>YJ+
e (e ) (e )
_ u? +v 24y
oo al e ) (e ]
u?+v
w8 -(wte 2) (7 )]
+V 24y
e u
i !
Y“+PY“:[A“(UZ+VZ) (u2+v2)JY
(At ) et ) v
_ u?+v 24y
Y/ PY’Vz[AV( u ) B( )Y
i u? + v2 u? + v2
(Al ) elate) I
L u?+v?2 24v2

0-A(4= )-8 (L)
u? +v2 u? + v2

10



Y, +PY, -A, Y, =0
-
Yi+PY, -Aly, =0
Now, as aremembering:
1 . 1 2
X 2myo(1,0;iX) = x 2e 1
X" 2mp(0,1;iX) = x 2e ™ X
also:
X TmMyo(L,—L:ix) = Xz sinx 1)
y = - AR =y + Y+ E—+11]y=0
X Zmo(3,5;iX) = X7 COSX X
Note correspondence to the Bessal functions:
J1(x) = / X2 Sinx = /l x‘%mlo(%,—ii'ix)
J_%(x) = /% X7 COSX = / 2 x- 2m20( ,ix)
Now, consider transformations:
Yu=xJd3—bly u=ax?tu =-ax?2 | u’ =2ax3
f—2g
Y, =bl:+8J, v=b |V =0 V' =0
2 X 2
J% = —%%J% +J1 _ ry = —%X_l s1=1 ry = %X_z rf =—x32
J. = —J% - %%J_% r,=-1 Sy = —%X_l S, = %X‘Z s, = X3

Ay
-B,
A,
B

v

So, for: P =x1:

(
(u" +Pu') + (2u' + Pu)s, + u(s, + S5
NOTE: s =11 & ro=-s1 = A, =-B, & B,

=A,

Au = S+ (cax2)(-3x ) + (axH(Bx2 - 1) + (bxh) - bx )

B, = (bx—l)(—%x—l) + b(%x—2 - 1) — (-2ax2 + ax2) — (ax 1) (-x1)
1) - (-2ax 2 + ax?) + axt(xh)
+ (ax?) (%X_Z — l) +bxt + b(—x1)

A, = (x1b) (—%X_l>
B, = ax2+ (- aX‘2)<

A= [(3) -1

-B, = [(l+2
(2o

X2+

+ b(l
3
2

a )X‘Z 1}v = A

- B,

1}v

1,2
X

11

+Pu) + (2u' + Pu)ry + u(ry + r1 +1281) = (2V + PV)ra — V(rs +rira +r2sp)
+PV) + (2V + Pv)sy + V(s, + 52 +1281) — (2u' + Pu)s; — u(S; + S1S2 + r1S1)
v” +PV) + (2V +PV)ry+v(ry + r1 +1281) + (2u' + PU)ra + u(ry +rara +rssp)
+1281) + (2V' + Pv)sy + V(S; + S$1S2 + 1S1)




Since a & b areequal constants, they areirrelevant, so choose a = 1 to define J
Thus u=2 ,v=-3 ie:
J J

N

1
X
Js=J

2
So,sofar: Juy , Jiz i (Jizma : ne0,1})

have been determined without resort to infinite series methods.
Any J, a1 My be determined in this manner, as follows.

_(_1\n 1 - iff .
Define: pol(n) = 1-CD° { , iff n isodd

+ %J,

1
2

N[

2 0 ;iff n iseven
Let:
(" n—pol (n)
2 .
_ _ A2i+pol(n)
Jap = Undy —Ved oy U= 2 oy
< n—2+pol(n)
2 Do
_ _ 2i+1-pol(n)
Jzg =Vndy +Und y | Vo= ~ yaepol(n)
L -

12

+

3
2



n—pol(n)
2
Un = Z aZi+poI(n)X7[2i+p0|(n)]
i—0
n—2+pol(n)
2
Vn = Z b2i+1—po|(n)X7[2i+17pOI(n)]
i—0
n—pol(n)
2
UA = Z _[ZI + pOI(n)]a2i+po|(n)X7[2i+l+pOI(n)]
i—0
< n—pol(n)
2
Up= XS 2+ pol(m)][2 + 1+ pol(n) Jazpoimx 220
i—0
n—2+pol(n)
2
Vo= 3 {20+ 1 pol(N)]bzisspoieyX 1242 PO
i—0
n—2+pol(n)
2
Vi = [21 + 1= pol (n)][2i + 2~ Pol (1) Jbai1- ol 2437
L i—0
J’% = —%%J% +J1 r = —%X_l s;=1 ry= %X_z ry=-x3
=
11 _ 1. _ 1. .
JL%——J%—EY\]_% -1 Sz——§X18/2—§X2 S%——X3
A, = (Ul +Pup) + (2up + Pun)( % ) Y (%x -2 1) + (V) + PVn) — Va(XD)
B, = (V4 + PVy) + (2Vh + Pp) % ) +v (%x 2—1) = (2uh + PUn) = Un(-x1)
Since: So=r1 & ro=-s1 = A, = & B, = A, ; thisissufficient.
So, for: P =x1:
A, =Up+ %unx*2 — Un + 2V,
B, =vp+ %an_z —Vh — 2Uj
For targets of Bessel LHODES:
(A2 —=LDun = A, =up+ %UnX‘2 — Un + 2V,
(A2 -1)vp = -B, = vy + %vnx*2 —Vp — 2Up,
So:
A?— % X"2Un — Up = 2vy,
A?— % X"2Vp — Vp = —2Uj
So:
n—pol(n)

[0

—) [2i + pol(n)][2i + 1+ pol(n)] }a2i+p0|(n)X‘[2‘+2+p°'(”)] =

13




n—2+pol(n)
2

= -2 [ZI +1- poI(n)]b2i+1_p0|(n)X‘[Z”Z‘pO'(”)]
i=0
Separating into evens and odds,
for even n > 0:
n
7 1 _ 21
2[ (/12 1Y i+ 1] }aZix—[ZHZJ 2 3 [2i + 1]ba.ax 242
i=0 i=0
[(z?-l [n)[n + 1] Janxt™? +
1 2
4 Z [(,12 £ ) - 1211020 + 1] Jaax @42 = 2 37 [20 + 1]bg,x 242
i=0
2_ 1 _.2n+1
(,1 1) =mnn+1]-0= 2 - =204
[n(n+ 1) - 2i2i + D]az = -2[2i + 1]bosz {i el|0<is<d- 1}
forodd n> 0 :
i
2
> [n(n+1) —[2i + 1][2i + 1+ 1]]agx2+3] =
=0 n2:1 n1
2
-2 Z 2I +1- l b2|+1 1X [2+1] — -4 Z IbzX [2i+1]
i= i=0
= [n(n+1)—[n][n+ ]] nX (2]
n—1

T -1
+ Z [n(n+ 1) — [2i + 1][2i + 2]]azax P+ = -4 Z i x12+1]
i=

1 n—1
2
= 2 [N(n+1) —[2( - 1) + 1][2( - 1) + 2]Jazj-1ysax PO+ = -4 Z ibgix12+1]
E ni n;l.:o
2 2 2
= > [n(n+1)-[2 - 1][2]]]agax @ = -4 3 ibax @ —4 3 ibyx 12+ + 0
=1 i=0 i=1
= [n(n+ 1) — [2i][2i — 1]]az1 = —4iby , {i el |1<i< n;zl}
Likewise, for: (}LZ - %)x*vn —Vp = —2Up :

n—poI (n)

[(12 L)~ 20+ 1= pol ()][21 + 2= pol ()] bz poigyx 23T

n—pol(n)
2
=2 > [2i + pol(n)]azipol(nyX 12 +polm]
i=0
Separating into evens and odds,
foreven n> 0 :
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;22[ 2 _ }b [2i+3] Z%: [2i+1]
A [2i + 1][2i + 2 X843 = 2521 ayx 14+
> n( 1) -2+ 1021 + 2] bz > | n] 2
? - .
= > [(#2-21) -2+ 1102 + 2] Jbarax 43 - 43 fazx 241 4 0
-0 i1 )
H H
=3 [(#-31) - [26- 1)+ 1126 - 1) + 2] Jbag x4 = 43 iagx 2]
1?1 n i=1
H
= Y [n(n+1) — [2] — 1][2j]]bgj_1x 13+ = 4Z|a2ix*[2”1]
=1 i=1
= [n(n+1) - [2i — 1][2i]]bz1 = dia , {. el1<i<d
forodd n> 0:
n-1
2
3 [(/12 - %) [2i +1-1][2i +2-1] }bznl,lxﬂ”&l] -

Iy
o

i
n-1

= .
=2 Y [2i + 1]agix 2+l
i-0
n-1

2
= > [n(n+1)—[2i][2i + 1]]byx2+2] =
i=0 1
2 _
=2 Z [ZI + 1]8.2i+1X_[2'+2]

i=0
= [n(n+1)—[2][2i +1]]ba = 2[2i + 1]ag+1 , {iel | 0<i< %1}
Tabulating the results:

n even:
[N(n + 1) — [2i][2i — 1]]ba1 = diay {i el |1<i< %}
[n(n+1) - [2i](2i + 1)]az = —2[2i + 1]bzin {i el o=<i<f- 1}
n odd:
[n(n + 1) - [21][2i - 1]]az1 = —4iby fier)1<ic 51}
1

[n(n+ 1) — [2i][2i + 1]]ba = 2[2i + 1]azi1 {i el|0<i< Nz

We aready have Jima 1 Ne {0,1} , so asexamples:
n=2:

b, = a {i€H|lSi§1}
—3ag=b; | {iel | 0<i<O}
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(=2}

s =(U2)d1—(v2)J1 |u2= —ao(i - )

2 X2

Vo = —ao%

J_% = (Vz)J% + (Uz)J_%
( Clearly, the standard value isfor: ap = —1)

n=3:

10a1 = —4b, | {iel | 1<i<1}

12bg=2a; |{iel|0<i<1)

6b2 = 6as
Js = (U2)Jg - (V2)dy Uz = 52 (Lg_g)
35 = (2)ds +(U2)d s Vo= —8.3(

( Here, clearly, the standard valueisfor: az = 15)

Tabulating the results:

n even:
b1 = an

_ [n(n+1)-[2i1](2i + 1)][n(n+ 1) - [2i][2i — 1]] , . .
Dais1 = = 8i[2i + 1] bps| {iel1sis§-1}
g = nin+1) —4[iZi][2i — 1] boi-1 {i el | 1<i< % —1}
bl=_n(n;l) 2

WhICh may be summarized:

2 pi n(n+1) - [2i][2i — 1] b
U 1) § [ 4 } X

< "

n(n+1) - [2i]2i + ][N+ 1) —

[2i1[2i -

1]]

— 1 -1
n = X - Z X2|+1
i=1

8i[2 + 1]

where:

[n(n+ 1) — [21](2i + D]In(n+ 1) - [21][2i - 1]], _
8i[2i + 1] 2

b1 = —

n odd:
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_n(n+1)—4[iZi][2i—1] a1 = by {ie]I | 1§isn;21}
[n(n+1) - [2i][2i gig[r(ln]+1>—[2i][2i—mazi_l:am fier]1=i<n-1)
n(n+ 1)by = 2a;

which may be summarized:
/

n-1
_a 2 asq [ [N(n+1)—[2i][2i + 1]][n(n+ 1) —[2i][2i — 1]]
) Un= X+ X e 8i[2i + 1] J
n1
B 2 2 asq [ N(n+1)-[2i][2i - 1]
\Vn: n(n+1)a1_,§ ;Zil[ 4 }
where:
., _ NN+ 1) — [20][2 2&2[1‘({‘]”)‘[2'”2"1” as {ieT|12i<D51)
With these assignments:

Jaa =Undi —Vnd 2
2 2 2

J_ 2 =Vpdi +Ud 2
2 2 2

establishes the solutions for the odd half-integer Bessel equation solutions.

Although any odd half integer Bessel equation solution may be obtained from the first, and
the Recurrence formula: Jy-1 + Jn1 = 2_)?‘]” the above has reduced the problem to calculating

and tabulating the recurrence relations for %1 numerators over the powers of x .

The theory and confirmations above give confidence that this linear algebratechnique
provides a useful method of obtaining exact solutions to homogeneous linear ordinary
differential equations.

The Bessel half integer solutions, being long well known, have been used here to verify with
confidence the above linear independence technique for solving ordinary differential equations.

The Bessel second order LHODE has been used, here, as an example application of this
vector space transformation technique. Clearly, it may be used on other non-general elementary
second order LHODE, such as the Legendre, Laguerre, Hermite and other second order
LHODE's. Using the two linearly independent solutions of a second order linear homogeneous
ordinary differential equationsinsures that the two functions are linearly independent. However,
any two linearly independent functions may be used, and the two resulting differential equations
need not be the same, as was the case for the Bessel’ s above. In fact, clearly, the technique may
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also be used for higher order LHODE's, since there are N linearly independent solutions of an
N-th order LHODE there would be an equal number of transformation equations.
So, the process proceeds analogously to the above.

Yn= DUy < Y=Uy < y=U1Y
=1
n

Yh = ;rLyj =y =Ry
=
efc.
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