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The previ ous Japanese enperor is said to have asked this question.
Today nmany students and scientists still ask it, but the traditional
canon of mathematics at school and university needs to be w dened for

the answer. Wefindit inthe works of Ham | ton, Grassmann and Cl i fford.
Ham I ton introduced quaternions i,j,k, with

and

ij =—-ji =k, jk=-kj =1i, ki = —-ik =]
for 3Drotations. Grassnmann i nvented t he out er product of oriented line
segnents (vectors) a,btogivethedirectedorientedareaof the encl osed
par al | el ogram

aAb = -bAa.
Clifford unified their work with the geonetric product
ab = a-b + aAb,

| eadi ng to geonetric al gebras.

In two di nensi ons we have orthogonal, unit vectors e, e, as vector
space basis with

The associ ative geonetric nultiplicationof the oriented directed unit
square

gi ves:

ll = e1e2e1e2 = el( eZel) e2 = el( e2 - el+e2/\el) e2 =
= e,(0-e,Ae,)e, = —e,eee, = —1.



NB: W only used
e,"e, = e e, =0 and ee, =e,Ae, = —e,Ae, = —e.e,.

So the square of the oriented unit area i is —1. Enough to satisfy the
enperor’s curiosity!

But today’'s politicians ask for an application. As an answer we
cal cul ate:

ie, = eee, = —eee, = —e,
and
ie, = eee, = e,
whi chis aclockw se 90° rotation. We can al so cal cul ate (NB: the order!)
eji = eee, = e
and
e,i = eee, = —-eee, = —e,

which is an anticl ockwi se (mathematically positiv) 90° rotation. For

a general rotation in two dinmensions, we sinply add trigononetric
coefficients:

a(cos(a)+i sin(a))

rotates the real vector a by o degrees. Noweven apoliticiancanrotate vectors
wi t hout using (or even knowi ng) matrices.

O what use may the geonetric product be for sonme new advanced
t echnol ogy vent ure busi ness? As an applicationto |l aser beamoptics | et
us i magi ne a |l aser beamwith direction vector ahittingamrror surface

el ement approxi mated with unit normal vector n (n°=1). We can wite a
i n conponents parallel and perpendicular to n:

a,An =0,
because parallel vectors span no parallelogram and
a, n=0,

because of perpendicularity. So we must have



an =a, n+ 0 = n-a, + 0 =na,,

and
a,n=0+a,An =0 -nAa, =-na,.

Refl ection only changes the sign of a,. Therefore

’

a = -a +tay = -nn(a ,-ay)= -n(na,-na;) =

= -n(a,n+ta;n)= -n(a +ta;)n = -nan

isthereflectedvector. Inacavity we may want totrace many refl ecti ons
at a sequence of surface el ements wi th nornmal vectors n, n,, ... n,which
simply results in

a'=(-1)° n,... n,nann,... n.

Nanosci ence is a nodern buzz word. On this scale nechanics meets
quant umnechani cs. Geonetric al gebra provi des conpl ete tools for both.
From el enentary geonetry we know that two reflections at planes with
normal vectors n, mencl osing the angle 6/2result in arotation by angle
0:

a’=m anm
The general rotation operator (rotor) is
R=nm=n-m+ nAm = cos(6/2) +i sin(6/2) = exp(i 6/2)

with unit area element i in the n, m rotation plane. Two rotations are given by the geometric
product of two rotors RR’. A second 6" =360° rot ati on poduces

RR = Rexp(2mi /2 = Rexp(mi) = R (cos(m)+i sin(m)= R(-1+i0)= -R

The rotor R itself behaves therefore like the first known quantum
particle, i.e. the electron described by a Pauli spinor

Ceonetric algebra answers fundanental questions, which the
traditional canon of mathematics taught at schools and universities
can’t. It further provides great nethodol ogical sinplifications and
geonetricinsight inapplicationsto physics, nol ecul ar geonetry, i nmage
processi ng, conputer graphics, robotics, quantum conputing, etc.
Geonetric al gebrais an excel | ent candi date to restructure mat hemati cal
syl labi onall (fromschool to post graduate) | evel s. | proposetherefore
to establish a research institute, dedicated to further devel op



geonetric cal cul us (with geonetric al gebra as mat hemati cal grammar) as
a general tool for teaching, research and application.
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