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Smarandache Quasigroups
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Abstract In this paper, we have introduced Smarandache quasigroups which are Smaran-
dache non-associative structures. W.B.Kandasamy [2] has studied Smarandache groupoids

and Smarandache semigroups etc. Substructure of Smarandache quasigroups are also studied.
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1. Introduction

W.B.Kandasamy has already defined and studied Smarandache groupoids, Smarandache semi-
groups etc. A quasigroup is a groupoid whose composition table is LATIN SQUARE. We define

Smarandache quasigroup as a quasigroup which contains a group properly.

2. Preliminaries

Definition 2.1. A groupoid S such that for all a, b € S there exist unique x, y € S such that
ax = b and ya = b is called a quasigroup.
Thus a quasigroup does not have an identity element and it is also non-associative.

Example 2.1. Here is a quasigroup that is not a loop.

U= | N[ W | &= Ww

=N | W | | Ot Ot

U | = W N | =

N | |~ |ot|w |~
WO =~ N[N
IS IR 2 B S B (R TSN

We note that the definition of quasigroup @ forces it to have a property that every element of () appears
exactly once in every row and column of its operation tables. Such a table is called a LATIN SQUARE.
Thus, quasigroup is precisely a groupoid whose multiplication table is a LATIN SQUARE.

Definition 2.2. If a quasigroup (@, *) contains a group (G, ) properly then the quasigroup is
said to be Smarandache quasigroup.

A Smarandache quasigroup is also denoted by S-quasigroup.
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Example 2.2. Let @ be a quasigroup defined by the following table;

ao ai az as a4

ap | ap | ar | as | a4 | G2

al al ao az as a4

a2 as a4 (51 as ao

a3z | a4 | az | ao | a1 | as

a4 az as a4 ao ax

Clearly, A = {ao,a1} is a group w.r.t. * which is a proper subset of Q. Therefore @ is a Smarandache
quasigroup.

Definition 2.3. A quasigroup @ is idempotent if every element x in @ satisfies x *x x = z.

Theorem 2.1. If a quasigroup contains a Smarandache quasigroup then the quasigroup is a
Smarandache quasigroup.

Proof. Follows from definition of Smarandache quasigroup.

Example 2.3. (Q,x*) defined by the following table is a quasigroup.

*11]12]3|4
11113 4]2
2412|113
31214131
4131|214

(Q, %) is an idempotent quasigroup.
Definition 2.4. An element = in a quasigroup @ is called idempotent if z.x = x.

Consider a quasigroup;

U | = | W | N |~

ORI B I RS O A OUI
[SCIN I, B N I R I )
GU | = [N | W& | W
IS BGURN S B A= B O R TSN
N[ w kot

Here 2 is an idempotent element.
Example 2.4. The smallest quasigroup which is neither a group nor a loop is a quasigroup of

order 3 as given by the following table;

q1 | g2 | g3

q1 | 91 | 42 | g3

q2 | 93 | 1 | G2

g3 | 92 | g3 | q1
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3. A new class of Quasigroups

V.B.Kandasamy [2] has defined a new class of groupoids as follows;

Definition 3.1. Let Z, = {0,1,2,--- ,n— 1}, n > 3. For a, b € Z, define a binary operation *
on Z, as: a*b=ta+ ub (mod n) where t, u are two distinct element in Z, \ {0} and (¢,u) = 1. Here
+ is the usual addition of two integers and ta means the product of two integers ¢ and a. We denote
this groupoid by Z, (¢, u).

Theorem 3.1. Let Z,(t,u) be a groupoid. If n = ¢ + u where both ¢ and u are primes then
Zn(t,u) is a quasigroup.

Proof. When t and u are primes every row and column in the composition table will have distinct
n element. As a result Z,(¢,u) is a quasigroup.

Corollary 3.1. If Z,(t,u) is a groupoid and ¢ + u = p, (t,u) = 1 then Z,(t,u) is a quasigroup.

Proof. Follows from the theorem.

Example 3.1. Consider Z5 = {0,1,2,3,4}. Let t =2 and u = 3. Then 5 =2+ 3, (2,3) = 1 and

the composition table is:

S lw o= o
Wl |k~ |lNp|o|o
— el |o|w]| R~
Ao [o|lw|~ |
N | O w = e w
O | W [ [N

Thus Z5(2, 3) is a quasigroup.

Definition 3.2. Let Z, = {0,1,2,--- ,n— 1}, n > 3, n < co. Define % on Z, as a*b = ta + ub
(mod n) where t and u € Z,, \ {0} and ¢ = u. For a fixed integer n and varying ¢ and u we get a class
of quasigroups of order n.

Example 3.2. Consider Z5 = {0,1,2,3,4}. Then Z5(3,3) is a quasigroup as given by the
following table:

S lw ||~ | o

N || =Wl oo
SN | &= |+ |W]|H+
W | O N =N
=W | O N W
SRkl Ww | O

Definition 3.3. Let Z, ={0,1,2,--- ,n— 1}, n > 3, n < 0o. Define * on Z, as a *xb = ta + ub
(mod n) where ¢t and v € Z,, \ {0} and t =1 and uw = n — 1. For a fixed integer n and varying ¢t and u
we get a class of quasigroups of order n.



16 Arun S. Muktibodh No. 1

Example 3.3. Consider Zg = {0,1,2,3,4,5,6,7}. Then Zs(1,7) is a quasigroup as given by the
following table:

*

= | O ||| o x|

N|lo|la|lsa|lw| o~ |o
N|lo|la|ls|lw| | =|lo|lo
olua|la|lw|lvw|r|ol~|—
gl |lw|lv|l~r|lo|lw|o |
Alwlv|iRr|lolwlo|o|w
N = lolN|o|lole|w|ox
—mlolNwN|lo|la|s|lw|vw|o
ol~wN|lo|lua|lke|lw| ||~

w [N

Definition 3.4. Let Z, ={0,1,2,--- ,n— 1}, n > 3, n < co. Define x on Z,, as a xb = ta + ub
(mod n) where t and u € Z, \ {0} and (¢{,u) =1, t + v = n and |¢ — u| is a minimum. For a fixed
integer n and varying t and u we get a class of quasigroups of order n.

Example 3.4. Consider Zg = {0,1,2,3,4,5,6,7}. Then Zs(3,5) is a quasigroup as given by the
following table:

*

N (OO s W N =O

N | N~ |RrODwWw | OO
N | T (| =[O |WwW|Oo |0 |-
N RO |lw oo |N
=W o || N || w
= || W | O | NN
olw|lo|lvo|vw ||k |+~
W OO I N [N R DD
S| N [N [ H DWW |3

Definition 3.5. Let (Q,*) be a quasigroup. A proper subset V of @ is called a subquaisgroup

of @ if V itself is a quasigroup under .

Definition 3.6. Let Q be a quasigroup. A subquaisgroup V of @ is said to be normal subquais-
group of @ if:

1. aV =Va
2. (Va)y =V(zy)
3. y(@V) = (yz)V

for all a, z, y € Q.
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Example 3.5. Let @ be a quasigroup defined by the following table:

*

= |00 | || O | Ut

N |00 | T ||| W=
([N |O | Ot | W ([N |- [N
L[ |00 | | N[ | w|w

| O N[00 [ |[H W[N]k~

Rl W (NdD|[J|[0 OO O

N[ [ W[ ot [ |0 [
WIN [ [ [O|Ot][0 | |0

O[O [ Ok | W (N |+~

2
3
4

Here V = {1,2,3,4} is a normal subquasigroup of Q.
Definition 3.7. A subquasigroup is said to be simple if it has no proper nontrivial normal

subgroup.

4. Substructures of Smarandache Quasigroups

Definition 4.1. Let (Q,*) be a Smarandache quasigroup. A nonempty subset H of @ is said to
be a Smarandache subquasigroup if H contains a proper subset K such that k is a group under .
Example 4.1. Let Q = {1,2,3,4,5,6,7,8} be the quasigroup defined by the following table:

*

4
4
3
2

1

N |00 [T |O [ [ W ([N
oI |t | W k|||
GO [0 | N[N ||| Ww|w

W ([N | = [0 | |0 || ot

s W IN[J |||t

N [ [ W[t | |0 |3
W I |~ [k |O|OCt]00 ||

0[N |O W N

8
7
5
6

Consider S = {1,2,3,4} then S is a subquasigroup which contains a group G = {1,2}. Therefore S is
a Smarandache subquasigroup.
Example 4.2. There do exist Smarandache quasigroup which do not posses any Smarandache

subquasigroup. Consider the quasigroup ) defined by the following table:

*

O | = |t w |~
[SUIN G, B N I O I I
U = | N | W& Ww
B W | O =N
=N | w | ot

1
2
3
4
5
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Clearly, @ is Smarandache quasigroup as it contains a group G = {2}. But there is no subquasigroup,
not to talk of Smarandache subquasigroup.

Definition 4.2. Let Q be a S-quasigroup. If A C @Q is a proper subset of ) and A is a subgroup
which can not be contained in any proper subquasigroup of QQ we say A is the largest subgroup of Q.

Example 4.3. Let Q = {1,2,3,4,5,6,7,8} be the quasigroup defined by the following table:

11121345 ]|6|7]|8
111123465 |8]|7
2121114 |3|5|6]7]|8
31314112 |7|8]6]5
4141321 |8|7|5]|6
5165|781 |2]3]|4
6|56 |8|7|23[|4]|1
7187|653 |4]1]2
8|7 1856|4123

Clearly, A = {1,2,3,4} is the largest subgroup of Q.

Definition 4.3. Let Q be a S-quasigroup. If A is a proper subset of () which is subquasigroup of
Q@ and A contains the largest group of QQ then we say A to be the Smarandache hyper subquasigroup
of Q.

Example 4.4. Let @ be a quasigroup defined by the following table:

*

=00 | || O |t

N |00 | T ||| W ([N ||
(| | Ot | W |~
UL |00 | | N[ | W[+ w

w|lN|o|o|x|w|o| =
ool |~ | s |w|
— e |lw |||l |lo|o|lo
Nl |lw| oo |||~
w vk | |lo|lo|w]|~|o

=W N

Here A = {1,2,3,4} is the subquasigroup of @ which contains the largest group {1,2} of Q. A is a
Smarandache hyper subquasigroup of Q.

Definition 4.4. Let Q be a finite S-quasigroup. If the order of every subgroup of @ divides the
order of the S-quasigroup @ then we say @ is a Smarandache Lagrange quasigroup.

Example 4.5. In the above example 4.4, @ is a S-quasigroup whose only subgroup are {1}
and {1,2}. Clearly, order of these subgroups divide the order of the quasigroup Q. Thus @ is the
Smarandache Lagrange quasigroup.

Definition 4.5. Let @ be a finite S-quasigroup. p is the prime such that p divides the order of
Q. If there exist a subgroup A of Q of order p or p', (I > 1) we say @ has a Smarandache p-Sylow
subgroup.
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Example 4.6. Let Q = {1,2,3,4,5,6,7,8} be the quasigroup defined by the following table:

*11]12(|3|4]5]|6|7]|8
1112|3465 |8]|7
21211 (4|13|5|6]7]|8
31314112 |7|8]6]5
4141321 |8|7|5]|6
5165|781 |2]3]|4
6|56 87|23 ]4]|1
7187|653 4]1]2
81718564123

Consider A = {1,2,3,4} then A is a subgroup of @ whose order 22 divides order of Q. Therefore Q
has a Smarandache 2-Sylow subgroup.

Definition 4.6. Let Q be a finite S-quasigroup. An element a € A, a C Q (A a proper subset
of @ and A is the subgroup under the operation of @) is said to be a Smarandache Cauchy element of
Qifa” =1, (r > 1) and 1 is the unit element of A and r divides the order of ) otherwise a is not a
Smarandache Cauchy element of Q.

Definition 4.7. Let @ be a finite S-quasigroup if every element in every subgroup of @ is a
Smarandache Cauchy element of @) then we say that @ is a Smarandache Cauchy quasigroup.

Example 4.6. In the above example 4.6 there are three subgroup of Q. They are {1}, {1,2} and
{1,2,3,4}. Each element in each subgroup is a Smarandache Cauchy element as 12 =22 =32 =4% =1

in each respective subgroup. Thus @ is a Smarandache Cauchy group.
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