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¢ ABSTRACT: We study a generalization of the zeta regularization method applied to the

<)

case of the regularization of divergent integrals J'xsdx for positive 's’, using the Euler
0

Maclaurin summation formula, we manage to express a divergent integral in term of a
linear combination of divergent series , these series can be regularized using the
Riemann Zeta function {(s) s >0, in the case of the pole at s=1 we use a property
: . . e ] ' .
of the Functional determinant to obtain the regularization z = ——( a) , With
n=0 (n + a) r

the aid of the Laurent series in one and several variables we can extend zeta

00

regularization to the cases of integrals If (x)dx , we believe this method can be of
0

interest in the regularization of the divergent UV integrals in Quantum Field theory
since our method would not have the problems of the Analytic regularization or
dimensional regularization

e Keywords: = Riemann Zeta function, Functional determinant, Zeta regularization,
divergent series .

ZETA REGULARIZATION FOR DIVERGENT INTEGRALS:

Sometimes in mathematics and physics , we must evaluate divergent series of the form

00

z n* , of course this series is divergent unles Re (k) >1 , however cases like k=1 or

n=1

k=3 appear in several calculations of string theory and Casimir effect , for the case of

> 1
Casimir effect [3] the result Z n’ = 120 2ppears to give the correct result for the
n=1



herr

240a*
plates , c and h are the speed of ligth and the Planck’s constant. The idea behind the
Zeta regularization method is to take for granted that for every ‘s’ the identity

- F . :
Casimir force j’ == here A is the area and ‘d’ the separation between the 2

z n~ ={(s), follows although this formula is valid just for Re (s) > 1, to extend the
n=1

definition of the Riemann Zeta function to negative real numbers, one need to use the
functional equation for the Riemann function

-5 Orts O T
1-s)=2(2m T Fra-s)=
Z0=5)=2(27) " Fs)cos [ (5) Ori=-9=orfs )
. . . - 0 — _ 1 - —__ 1 - 2 O
This gives the expressions ;n =75 ;n BERT) and ;ﬂ =0 due to the pole

[

at s=1 , the Harmonic series Z n~' is NOT zeta regularizable, although it can be given

n=

00

a finite value Z n”' =y =0.577215.. ,this value can be justified by using the theory of

n=

Zeta-regularized infinite products (determinants) , as we shall see later in the paper

o Zeta regularization for divergent integrals:

Letbe f(x)=x""" with Re(m-s) <-1, then the Euler-Maclaurin summation formula
(see [1] and appendix A formula (A.2) )for this function reads

00

_°° f(a)+f(°°) < BZk 2k-1 2k
n;lf(n) _‘a[f(X)dx_ 2 +; (2k)'(f( )(OO) f( )(Cl))

2

m-—s

j'xm"“dx = ]o'x’”'l"" dx+{(s—m)— i "+ dm
‘ ‘ N aON  (3)

(=) — + 0o
Z BT (m=s+1) (m=2r+1- S)Ix"’_zr_sdx
S 2T (m-2r+2-s) )

Here in formula (2) all the series and integrals are convergent, formula (2) is usually
oo 1-k

worthless , since it is trivial to prove that J’x_kdx =

-1 for Re(k) >1 ,and the Riemann

<)

zeta function {(m—s)= Z "™, so nothing new can be obtained from (2) , the idea is

to use the Functional equation (1) for the Riemann and Zeta function to extend the
definition of equation (2) to the whole complex plane except s=1 , in case (m-s) is
positive there will be no pole at x=0 , so we can put a=0 and take the limit s — 0"



o B, m!(m=2r+1)" .
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;fx"’dx = %ijxm_]dx +{(-m) -

Formula (4) is the Analytic continuation of formula (3) with a=0 and can be used to
obtain a finite definition for otherwise divergent integrals ,apparently this recurrence
equation has an infinite number of terms but the Gamma function has a pole at x= 0 and

—_ a
at X being some negative integer , also if the function is of the form JO)=x" Gith

02a>-1 we can us the Euler-Maclaurin formula directly, since the sum J(@)+ f(a)
and its derivatives are finite.

00

some examples of formula (4) Z, =J'x”dx
0
I —Z(O)+1—}dx I =1 +{( 1)—}xdx
0o~ - 1~ A~ —-1) =
0 2 0

0,

=y e DEF Layl, szdx (5)

1= ;EE(I +{ (- 1)) a211 H"’Z( 3) = B,a, 1, :jjx3dx

So our method can provide finite ‘regularization’ to divergent integrals , with the Aid of
the zeta regularization algorithm. Also our formulae (3) (4) and (5) are consistent with
N

the usual summation properties , in fact if J'x’”dx is finite for finite A and we use the

property of the Riemann and Hurwitz Zeta function [ | to get the sum of the k-th
A-1 ©
powers of n on the interval [0, A] Z i"={(-m)={(—-m,\) , {(s,N)= (n+N\)"

defined for Re(s) >1 (of course for positive ‘s’ as A — o the second term goes to 0 )

frris=g [ e dom=gom= B

B
For integer ‘m>  {,,(-m,x) = —%(lx) we find the Bernoulli Polynomials , the powers
m

A m+l

of A would cancel the integral J'x’"dx = "
0

, 0 in the end in formula (6) we would

_B,.(0)
m+1

+1
get the usual definition of Zeta regularization {,,(—m) = for integer ‘m’. Of

course one could argue that a ‘simpler’ regularization of the divergent integrals should



s+l ©

and 1(-1) =J'dx(x +a)” =—loga | this is just dropping
0

be 1(s) = [dx(x+a)’ :—jﬂ
0

out the term proportional to 10g® or «o**' inside the integral to make it finite, however

if wi plugged this result into the Euler-Maclaurin summation formulae (3) (4) or (6) the
terms involving ‘a’ would cancel and we would finally find that {,,(—=m) =0 for every

‘m’ which clearly is against the definition of zeta regularization of a series, for the case
of the logarihmic divergence , obtained from differentiation with respect to the external
parameter ‘a’ this is a result of taking the finite part of the integral ,which apparently

works. For the case of the integrals J'xm_s log" (x)dx , we can simply differentiate k-

times with respect to regulator ‘s’ inside (3) in order to obtain finite values in terms of
{(=s) and {'(=s) for negative values of ‘s’ unless m=-1 (for other negative values of
m we can make a change of variable xq =1 ) | this is treated in the next section

o Zeta-regularized determinants and the Harmonic series:

Given an operator A with an infinite set of nonzero Eigenvalues { /\n} ::0 we can define

a Zeta function and a Zeta-regularized determinant , Voros [10]

0 dd,(0)C

Tl A7) =¢,(s)= i/\ det(4) = ﬂ A =exp T (7)

S

The proof of the second formula inside (7) is pretty easy, the derivative of the
= log A
the logarithm log(a.b) =loga +logb and take the exponential on both sides.

n

Generalized zeta function will be {,'(s) =~ now let s=0 , use the property of

For the case of the Eigenvalues of a simple Quantum Harmonic oscillator in one
dimension [10] A, =n+a | the Zeta function is just the Hurwitz Zeta function, so we
can define a zeta-regularized infinite product in the form

ﬁ(n+a):exl)§—%% %ﬂogrw)—log(\/ﬁ) (8)

In case we put a=1 we find the zeta-regularized product of all the natural numbers

[

|_! (n+1)=~2m see [5] if we take the derivative with respect to ‘a’ , we would find

1 '
=——(a) a>0

the same regularized Value Ramanujan did [2] precisely Z (1+a) r

Harmonic series appear due to a logarithmic divergence of the integral I , if we
0

(n+a)

put m= -1 inside formula (3) , using a regulator ‘s’, s — 0 we have the Euler
Maclaurin summation formula
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Since s >0 the integral and the series inside (9) will be convergent, now we can integrate

s

over ‘a’ inside (9) and use the definition of the logarithm lim -l =logx ,to
50" S

° cix r—v
regularize the integral Im as s — 0" interms of the function —?(a) plus
0

some finite corrections due to the Euler-Maclaurin summation formula.

A faster method is just simple differentiate with respect to ‘a’ inside the integral

dl 1
=——, now this integral is convergent for every ‘a’ and equal to — ,

jo'(n vaf  da g g y qual to

integration over ‘a’ again gives the value —loga +c¢ plus a constant ‘¢’ that will not

depend on the value of a inside the integral in question , the proof that ‘c’ is unique no

matter what a is comes from the fact that the difference }dx 0! - L o log aas
w )
: vta x+bd o CHab

d{., (0,0
For the case a=0, the derivative of the Hurwitz Zeta is % = —log( N2 ) so if
s

we approximate the divergent integral by a series, then we can get the regularized result

o

I— = z P =0 . Apparently it seems that using two different regularizations we get
n=0

some different results , the idea is that if we use the Stiriling asymptotic formula
approximation for the logarithm of the Zeta function

1—2n

logl(z) = Ez ﬁogz z+—10g 27T Zz > _1 (10)

If we take the derivative with respect to ‘z’ inside (10) , is now more apparent that for
“ dx C

the logarithmic derivative J'm =log E%E here ¢ =log U is a constant obtained from
0

differentiation with respect to ‘a’ to regularize the divergent integral , this constant ‘c’
must be related to some physical constant or in case the quantity ‘a’ has dimension of
Energy then # must have also dimensions of energy so the logarithm is dimensionless,
this constant ‘c’ would be the only free adjustable parameter that would appear inside
our calculations to regularize integrals.

If ‘a’ is negative there is an extra term due to the value log(=1) =77, for more complex

*log“(x+a dx 1 2 OuC
logarithmic integral one can use the definition I g ( ta ) STl log“" Hg E with

the same energy scale ¢ =logu



So if we take formula (3) and the identity inside Zeidler [12], page 55

. EZH(s,a) SDC\{ 1}
Z(nw)"‘ =0 _MN@  _
- [(a)

then we can regularize any divergent integral
J'(x +a)"dx
0 to get a finite result by analytic continuation. This result is justified by

taking the limit 5 — 0" inside the formula for the Digamma function
WO ()= (1" T (s +1){, (s +1,2)

o Regularization of divergent integrals Idxf (x) :
0

In general, the divergent integrals that appear in Quantum Field Theory [11] are

. . . d'p dp I

invariant under rotations, for example _[ 5 5|2 or I > o, ifwe
[ p* +m’] ((p=q)+m*| p

use 4-dimesional polar coordinates we can reduce these integrals to the case

2

r (—d / 2) Id’”f (r)r ‘! then the UV divergences appear when 7 — ©  here d=4 is the
0

dimension of the spacetime, depending on the value of ‘d” we can have several types of

N
divergences Id’f (r)r" =alN"" +blog\ | if b=0 for m =2 the UV divergences are
0
quadratic if m =0 the divergences are linear , in case a =0 and b =1 the divergences are
d'p
pz + mz)

dimension 4 , for a lower value of the dimension (d=3) this integral exists.

of logarithmic type , for example I( 2 has only a logarithmic divergence in

To study the rate of divergence , we can expand the function into a Laurent series valid
n=k

for z > | f(x)= Z c,(x+a)" ‘K’ is a finite number and means that the function

f(x) has a power law divergence for big ‘x’ , then the idea to compute a divergent
integral would be this, we add and substract a Polynomial plus a term proportional to

n to split the integral into a finite part and another divergent integral, in both cases
x+a

we must also introduce a regulator (x+a)~° for natural number ‘a’ so we make the
integrals converget for some Re(s) >0

° dx O : b B S faray (2
[Grap O b+ = Lo Y e o d b [t A

Also we can use the change of variable (x+a) - x |, so the new limits of integration

would be (a,%) | since ‘a’ is a natural number , then the following indentity



a-1

Z (nta)™ Z n"" ={(m-s)+ Z 7" holds for every positive ‘a’ and ‘m’ in the
n=0

n=0
sense of a zeta regularized series.

00

Now, we have to regularize the integrals inside (11) Ix”dx =1, , this can be made

using formula (3) to get only FINITE results for these integrals /, , see (5) , in general

for every ‘n’ this divergent integral in the limit s — 0 will be of the form z ¢:¢ (=) ,

where ‘1’ runs from 0 to n-1, for the logarithmic divergent integral, we can regularize it

00

by using the identity n'=y plus the Euler-Maclaurin summation formula so we

get only finite (regularized) results, we are using zeta regularization plus formula (3) to
get only finite results this is the main key of our method.

Of course inside (11) in our substraction we can include non-integer powers of ‘X’ since
the recursion formula (3) is still valid for them.

The number of terms ‘k’ is chosen so the first integral is FINITE , this first integral can
be computed by Numerical or exact methods and yields to a finite value , the rest of the
integrals are just the logarithmic and power-law divergences, they can be regularized
with the aid of formulae (3) (4) (5) (7) (9) to get a finite value involving a linear

0 0{,(a,0)

combination of {(-m) m=0,1,2,....,k and another value proportional to 5
s a

“ dx C
~ 10 . . . .
or JO'—x s g %E for example we can analyze this simple divergent integral a > 0

“xdx O Z(0) a 1
= x4t
J;x+1 .[x H 2 T2

_ o Bzr aZr 1 1 |:| ~ l
?(a) ;(21’)!(9uzr1 + B < 1)+

I
(=]

Ca+1[C
The first integral in (12) is convergent and have an exact value of log B—E , in order
a

<) 1 r '
to regularize the logarithmic integarl we have used the result Z (1+a) = —? (@) plus
S(nta

the Euler-Maclaurin summation formula . The mathematical justification of this is the

[

following, given a divergent integral Idxf (x) we introduce a regulator

. dx
F(s) :If (x)? so the integral F(s) exists for some big ‘s’ , if we add and substract

powers of the form x*™ for integer k and (x + a) - , we can split F(s) into a convergent

00

integral I (s) valid for s — 0" and some divergent integrals of the form J'Xm_sdx and
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S+1 , using formulae (3) (4) (5) and (9) we can express these integrals in terms
0

= 1 1
of the series Z W and Z W , which will be convergent for

Re(s —m)>1 and Re(s +1) >1 | now using the Functional equation for the Hurwitz
and Riemann Zeta function we can make the analytic continuation of both series to
s — 0" avoiding the pole at s=1 by the use of Riemann Zeta function at negative

integers {(—n) plus some corrections involving —?(a) of course the rules for change

[

of variable and still valid so Idxf (x+ a)( x+ a ' Id“f (w)u™ this can be used to
avoid some IR dlvergences atx = 0 by sphttlng the integral into an IR divergent part

and an UV divergent part Idu Idu +Idu For other types of divergent integrals like

Idx log” (x)x” for positive @ and B one could differentiate with respect to ‘m’ or ‘s’
inside formula (2) in order to obtain a recurrence equation for the integrals

=)

Idx log” (x)x“ , this recurrence equation is finite (approximately) since for Re( p) >1

J’d
identities can be ( 1+x

o n+l
x>0 logx= 22 2n1+1 BX—IE to make logarithms more tractable , also we could
n=0

use Laurent expansions to handle complicate non-Polynomial expressions like

log

is finite and do not need to be regularized provided a > 0 . Other useful

2

)1/2 =1+ g - % or the expansion of the logarithm valid for any

k
(x” + ,u") by expanding it for big ‘X’ into asymptotic (inverse) power series.

REGULARIZATION FOR IR DIVERGENT INTEGRALS:

If the integrand has a pole at ¥ =@ so is a IR divergent integral , we can make the
Taylor substraction

A-1

U
o (x)=» b,(x—a)"
J'def "ZO H ij'dx x—a " b _ " (@)
(x=a)’ "ol (13)

0

For the case 4 =1 we have



dx (x+a) _

-!(x—a):o!-(x a) (x+a) I(x —a) J(x —a)

(14)

To avoid the pole at x =a we inserta n small complex quantity Epsilon so @ — @ Ti€ |
then formula (13) can be griten

X _ dx dx
J;(x—a—is) _-()[(x+a+i€) -'-ZJ()C2 —(a+i€)2)

(15)

Then inside (14) we have only a UV logarithmic divergence , for A>1 there are only
IR divergences , if we use the Binomial theorem

de  _ LD (atie)x
= d
[e=ay ;Efﬂ T (7 = (a+ieyy (16)

Integrals inside (15) and (16) can be evaluated with the expression

Om+10

" dx (l)rln_ ia m+1 2r FH—H

I(a,m,r) -0 (17)

I(xz—(a+is)2) E( On+lQ0
0 2sin r=nir
B 2 "B
tdx
o Regularization of integrals ° . mz1.

There are 2 cases, for m=1 we have

“dx _“Tdx(x+a) . dx “ dx
-[7 Ix x+a Ix+a+ I(l+ua)

0

Where we have made the change of variable X% =1 inside the last integral to turn the
IR divergence into a Logarithmic UV divergence.

For M >1 we introduce a regulator X" to make the IR divergent integral to converge

e N e E

0 17a xu=1 (18)

The last integral inside (18) is divergent in the limit S — 0 and can be regularizad with

— A - A2 _ Am
formula (3). If many IR divergences appear (r=a)  (r=ay) s (x=a,) we must

perform the Taylor substraction (13) on each point (x—a;)



REGULARIZATION OF MULTIPLE INTEGRALS:

In general in QFT there will be also multi-loop (multiple) integrals so we will also have
to regularize integrals in the form.

00

4 4 4 1
[(s):J'd qu'd Goyeeverenne J' d qnum]:(%’%’ ..... .4,)  (19)

i

Here we have introduced a regulator depending on an external parameter ‘s’ in order the
integral (19) to converge for big ‘s’ and then use the analytic regularization to take the
limit s - 0" , this regulator must be chosen with care in order not to spoil any
symmetries of the Physical system.

Another method is to consider the multiple integral as an interate integral and then make
the substraction for every variable for example

The symbol 0g, means that the integral is made over the variable ¢, keeping the other
variables constant , the number ‘k’ is chosen so the first integral is finite , this integral
will depend on  7(q;,.--.... .4,) , the divergent integrals (even for the logarithmic case
i=-1) can be regularized.

Now we have regularized the first integral, we have reduced in one variable the
multiple integral, repeating the iterative process for the functions @;(q,,........ »4q,)

Using (20) and (21) on every variable we can reduce the dimension of the integral until
we reach to the one dimensional case, which is easier to handle.

If the integrand F'(q,,4,,.-.-... .4,) had no singularities for every ¢; >0 | we may
expand this integrand into a multiple Laurent series of several variables, and then

sl,s2,....,sn
perform the substraction z Cotmm (ql +bl)m1 ( g, +b, )m2 ...... ( q, +b, )m" in

order to define a finite part of the integral

sl,s2,....sn

D m m mn [
[d'q,[d" Gy d“anF— S Cuwewn(d +8)" (@ +5)" (g, +8) C

ml,m2,....., mn=-1

10
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Plus some corrections due to divergent integrals I(% +b)"dq, m=-1,0,1,......
0

In many cases although the integrals given in (22) and (23) are finite they will have no
exact expression or the exact expression will be too complicate, in this case we can use
the Gauss-Laguerre Quadrature formula (in case the interval is [0 ©) ) to approximate

with the weigth expressed in terms of Laguerre Polynomials and their roots
X,

(ﬂ+1) (L, (x)°
unAs an example we will regularize the simples 2-loop integral
f I L ik
k (k+ p) (k+1)y
We introduce the 2 zeta regulators k° [° to get finite results and avoid divergences, the

regulator will be eliminated after calculations. Integration over ‘I’ gives (here ‘p’ is a
constant)

, L,(x)=0 " (23)

S A °rdl S0rtdl
,f(k 1) == ).r(k+l)(l+1) 6rz+1

(24)

To perform integration over ‘k’ we will need to regularize the integrals

“ k'dk (1-k)dk © dl x
A——— = -
‘([k(k+p)2 I(k+p) kl/SI(k+l)(l+1) 4 .Orx+1 L@y

“ u'”du
The first integral becomes an logarithmic UV divergent integral I—)z with the
tup

change of variable xu =1 ( as always the regulator ‘s’ tends to 0 ), this can be
> dx
regularized by addition and substraction to this integral of the factor I_x 1 this
0

logarithmically divergent integral can be regularized with the Euler Maclaurin formula

ANNTR <1 S
and the identity Z; =V.
n=1

reg

To evaluate the second integral we will use the Laguerre quadrature formula in order to
simplify calculations

°(-k)dk > dl » w, (1= k)dk
[oeprdlaenaen = 2] G pralirs [iex)

J

(26)

Expression (26) is legitimate since the integral over ‘I’ is convergent, with a change of
variable xu =1 each integral of the sum inside (26) becomes a logarithmic divergent

11



°° wu(u—1)du
. dk J
integral '0[ (+up) ( I+ uxj)

, this is again a logarithmic divergent integral and can be

? dx
evaluated by adding /substracting a term of the form J'm . Using the equations (23
0

-26) we have shown an example of how a 2-loop integral can be { —regularizad , by
applying the zeta regularization method of our paper on each variable , first over ‘I’
keeping ‘k’ constant and then over ‘k’ to get finite results

CONCLUSIONS AND FINAL REMARKS:

We have extended the definition of the zeta regularization of a series to apply it to the

00

Zeta regularization of a divergent integral J’x’"dx 1> m >0 by using the Zeta
0

regularization technique combined with the Euler Maclaurin summation formula. For a
good introduction to the Zeta regularization techniques , there is the book by Elizalde
[4] or the Book by Brendt based on the mathematical discoveries of Ramanujan and its
method of summation equivalent to the Zeta regularization algorithm [2] , another good
reference (but a bit more advanced) is Zeidler [12] , for the case of Zeta-regularized
determinants [7] is a good online reference describing also the process of Zeta
regularization via analytic continuation and how it can be applied to prove the identity

|_| (n+1)=logV2rm . Apparently there is a contradiction, since the Riemann Zeta
n=0
funciton has a pole at s=1 so the Harmonic series could not be regularized, however

00
n

using the definition of a functional determinant |_| E, =n+aone gets the finite

n=0
. : . = 1 _ T'a)
result for the Harmonic (generalized) series Z =-
S nta (a)

Euler-maclaurin summation formula this result for the Harmonic series can be used to

00

, with the aid of the

give an approximate regularized value of the logarithmic integral Idx for the
0

x+a’

0

case of other types of divergent integrals Idx ( x+ a) " we can use again Euler-
0

Maclaurin summatio formula to express this divergent integrals in terms of the negative
values of the Hurwitz or Riemann Zeta function {,(s,1)={(s) {,(-m,1) (UV)
m=0,1,2,34,.......... and the value of the derivative of Hurwitz zeta function along s =0
0.{,,(0,a) (logarithmic UV), these values encode the UV divergences [11]. For the

dx

- one could make a change of

case of the IR (infrared ) divergences in the form Ix”’
0

00

variable X — ; to re-interpretate these integrals as Iqm_z_sdq for the case m=1 we
0

have a logarithmic divergence both at x=0 an as X — ® so we must split the integral

12



“dx " dx
into a IR and an UV divergent part I— —I — +I — after a few simple calculations

dx
this integral will be equal to J.? =2log U | since we can simply introduce a formal UV
0

A
and IR regulator so /1\11130 I — =2log ( /\UV) , an UV regulator is introduced to ensure

that the integral will be convergent .We also believe that a similar procedure can be
applied to extend our Zeta regularization algorithm to multiple (multi-loop) integrals

J’d4q1_[d4q2 --------- I d*q,F(q,qy s »4, ), one of the main advantages of this algorithm
is that the dimension of the space does not appear explicitly so our method does not

have the same problems as dimensional regularization, and can be used when the Dirac
matrices Vs =1V, ¥V, Vs appear . The imposition in formula (2) that ‘a’ must be a natural

number is in order to avoid oddities in the process of Zeta regularization with the Zeta
and Hurwitz Zeta function, since unless ‘a’ is a positive integer the equality

{(-lLa)= Z)(n+a)¢Zn+Za—E Edoesnothold

Another advantage is that we get only finite quantities, whereas in dimensional

1
regularization you will always find poles of the Gamma function I'(z) ==+ y+0(z2) in
z

the limit Z — 0 this expression blows up.

The main advantage of our Zeta regularization method is that due to formula (3) and the

- 1 _ T
2va T
between dimensional regularization and dimensional regularization is recovered if we
use the following definition for the logarithmic divergent integral

regularized identity for the Digamma function , the relationship

J’cfx =LIJ(1)+l+log(47T)+2log/J s -0 (27)
X N

1

Where we have introduced the Energy scale

APPENDIX A: HOW TO OVERCOME THE POLE {(1) =

In this paper we have seen how due to the pole of the Riemann zeta at the point s = 1 we
dx
could not regularize the integral I— unless we use the result for the Harmonic series
X
0

rl
YT

( ) fro a > 0 and finite, then if we introduce this result inside the

X
Euler-Maclaurin summation formula we can get finite results for I; .

13



Another alternative is to use the identity

00

Z( :)J'x log"(x) (A.1)

n=

1=e"i(_x)” I .

In this case we can evaluate the integrals inside (A.1) by the Euler Maclaurin formula

a)+ (oo hd
Z f(n)= _[f(x)dx J@r ), ,Z Zk'(f(zk D (e) = £ (a))
& 2 (26)! “2)
Here The Bernoulli numbers on the last side of (A.2) are the coefficients of the Taylor
X log" (x
1) = g_()

expansion of € ~1 if we insert inside (A.2) the expresion

“dxlog"(x) _log"(a)

B ) log (z) ° B, 0”7 Oog (x+a)D
I ¥ - a1—a ( )Z()(l a) Z

2 2o Hxra) .,

(A.3)
Here @ is an small non integer, so the zeta function and its derivatives ¢ (1-a) are
FINITE

Another alternative is to look for a Pade or Rational approximation for the square root
of ‘x’ for example.

G0 g CD@nl e

O(x) & (1-2n)(n!)*4"
“dx P(x) _
In this case (A.4) we have the approximation I 32 = I— now if we apply the
O(x)
formula
“ dx OP(x) o, 0 & ®

. d.
[l Lo gy for el ()

I a

Inside (A.5) now there are no logarithmic-divergent integrals , so the pole {(1) will not
now appear

14



[1]

[2]

[3]

[4]

[3]

[6]

[8]

[9]

[10]

[11]

[12]

References

Abramowitz, M. and Stegun, I. A. (Eds.). "Riemann Zeta Function and Other
Sums of Reciprocal Powers." §23.2 in “Handbook of Mathematical Functions”.
New York: Dover, pp. 807-808, 1972.

Berndt B. “Ramanujan's Notebooks: Part Il “ Springer; 1 edition (1993) ISBN-10:
0387941096

Dowling Jonathan P, "The Mathematics of the Casimir Effect", Math. Mag. 62,
324-331 (1989).

Elizalde E. ; “Zeta-function regularization is well-defined”, Journal of Physics
27 (1994), 1L299-304.

Elizalde E. ; “Zeta regularization techniques with applications “ Ed. World
Scientific Press ISBN 981-02-1441-3

Mizuno, Y. "Generalized Lerch Formulas: Examples of Zeta-Regularized
Products.” J. Number Th. 118, 155-171, 2006.

Muiloz Garcia, E. and Pérez Marco, R. "The Product Over All Primes is 4 T
Preprint IHES/M/03/34. May 2003.

http://inc.web.ihes.fr/prepub/PREPRINTS/M03/Resu/resu-M03-34.html.

Pavel E "Note on dimensional regularization", Quantum fields and strings: a
course for mathematicians, Vol. 1,(Princeton, NJ, 1996/1997), Providence, R.1.:
Amer. Math. Soc., pp. 597-607, ISBN 978-0-8218-2012-4 (1999)

Prellberg Thomas, *“ The mathematics of the Casimir Effect” a talk avaliable at
e-print at http://www.maths.qmul.ac.uk/~tp/talks/casimir.pdf

Voros A. “ Zeta functions over zeros of zeta functions” Ed. SPRINGER (2010)
ISBN: 978-3-642-05202-6

Zee, A. (2003).” Quantum Field Theory in a Nutshell. “Princeton University
ISBN ISBN 0-691-01019-6.

Zeidler E. “ Quantum Field Theory I : Basis in Physics and Mathematics” Ed :
Springer Verlag ISBN: 3540347623

15



