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Abstract In this paper, we define Smarandache seminormal subgroupoids. We have proved

some results for finding the Smarandache seminormal subgroupoids in Z(n) when n is even

and n is odd.
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81. Introduction and preliminaries

In [5] and [6], W.B.Kandasamy defined new classes of Smarandache groupoids using Z,.
In this paper we define and prove some theorems for construction of Smarandache seminormal
subgroupoids according as n is even or odd.
Definition 1.1. A non-empty set of elements G is said to form a groupoid if in G is defined a
binary operation called the product, denoted by * such that a xb € G Va,b € G. We denote
groupoids by (G, *).
Definition 1.2. Let (G, %) be a groupoid. A proper subset H C G is a subgroupoid if (H, *)
is itself a groupoid.
Definition 1.3. Let S be a non-empty set. S is said to be a semigroup if on S is defined a
binary operation * such that

1. for all a, b € S we have axb € S.
2. for all a, b, c € S we have a x (bxc) = (a*b) xc.

(S, *) is a semi-group.

Definition 1.4. A Smarandache groupoid G is a groupoid which has a proper subset S such
that S under the operation of G is a semigroup.

Definition 1.5. Let (G,*) be a Smarandache groupoid. A non-empty subgroupoid H of G
is said to be a Smarandache subgroupoid if H contains a proper subset K such that K is a
semigroup under the operation .

Definition 1.6. Let G be a Smarandache groupoid. V be a Smarandache subgroupoid of

G. We say V is a Smmarandache seminormal subgroupoid if aV =V foralla € G or Va =
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V for all a € G.
e.g. Let (G, *) be groupoid given by the following table:

* (e%)) aq as as a4 as

do | Qo | @3 | Gg | G3 | Go | a3

ay a9 as a2 as as as

a2 [ A4 | G1 | Q4 | Q1 | Q4 | Q1

asz | ag | az | ag | Gz | Go | a3

(o7} ag as ag as an as

as | Q4 | Q1 | Q4 | Q1 | Gq | Q1

It is a Smarandache groupoid as {as} is a semigroup. V = {aj,as,as} is a Smarandache

subgroupoid,also aV' = V. Therefore V is Smarandache seminormal subgroupoid in G.
Definition 1.7. Let Z, = {0,1,...,n — 1}, n > 3 and a,b € Z,\{0}. Define a binary

operation x on Z, as follows:

axb=ta+ub (mod n) where t,u are two distinct elements in Z,\{0} and (¢,u) = 1. Here '+’

is the usual addition of two integers and “ta’ means the product of the two integers ¢ and a.
Elements of Z,, form a groupiod with respect to the binary operation *. We denote these

groupiod by {Z,(t,u),*} or Z,(t,u) for fixed integer n and varying t,u € Z,\{0} such that

(t,u) = 1. Thus we define a collection of groupiods Z(n) as follows

Z(n) = {{Z,(t,u),*}| for integers t,u € Z,\{0} such that (¢,u) = 1}.

§2. Smarandache seminormal subgroupoids when n is even

When n is even we are interested in finding Smarandache seminormal subgroupoid in
Zn(t,t+1).
Theorem 2.1. Let Z,(t,t+1) € Z(n),niseven,n >3 and t =1,...,n—2. Then Z,(¢t,t+1)
is Smarandache groupoid.
Proof. Let x = Z. Then

5"

xxx = zt+az(t+1)

2xt 4+ x

(2t + 1)z =2z mod n

. {x} is a semigroup in Z,(t,t + 1).
o Zp(t,t+ 1) is a Smarandache groupoid when 7 is even.
Remark: In the above theorem we can also show that beside {n/2} the other semigroup is
{0,n/2} in Z,(t,t +1) € Z(n).
Proof: When t is even
O*t+ 5 *(t+1) =% mod n.
xt+0x(t+1)=0modn.

xt+ 5 (t+1) = § mod n.

0|3 I3
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0xt+0x(t+1)=0modn.
Therefore,{0, 5 } is semigroup in Z, (¢, + 1).
When ¢ is odd
O*t+ 5 *(t+1)=0modn.
#t+0x%(t+1) = § mod n.
xt+ 5 (4 1) = § mod n.
0xt+0x(t+1)=0modn.
Therefore,{0, 5 } is a semigroup in Z,(t,t + 1).
Theorem 2.2. Let n >3 beevenand t=1,...,n— 2,

03 3

1. If % is even then 4g = {0,2,...,n—2} C Z, is Smarandache subgroupoid in Z,(t,t+1) €
Z(n).

2. If § is odd then A; = {1,3,...,n—1} C Z, is Smarandache subgroupoid in Z,(t,t+1) €
Z(n).
Proof.
1. Let 5 is even.
= % € Ay
We will show that Ag is subgroupoid
. Let x;,z; € Ag and z; # ;. Then

rikx; = zit+a;(t+1)

(x; +xj)t+2; =z, mod n

for some xy, € Ag as (z; + x;)t + x; is even.
Sxixx; € Ag

Thus Ag is subgroupoid in Z,(¢,t + 1).

Let x = 5. Then

TxT xt+ax(t+1)

(2t+ 1)z =x mod n

. {x} is a semigroup in Ay.

Thus Ay is a subgroupoid in Z, (¢t,t + 1).
2. Let 3 is odd.

=5 €4

We will show that A; is subgroupoid.

Let x;,z; € Ay and x; # x;. Then

rixx; = mit+axi(t+1)
= (z;+z;)t+2z; =2 modn

for some zy, € Ay as (z; + x;)t + z; is odd.
STk xy; € Ay
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Thus A; is subgroupoid in Z, (¢, + 1).
Let x = 5. Then

at+ a(t+1)
(2t + 1)z =x mod n

T *xT

. {x} is a semigroup in A;.
Thus A; is a Smardandache subgroupoid in Z,(¢,t + 1).

Theorem 2.3. Let n >3 beevenand t =1,...,n—2,

1. If § is even then 4¢ = {0,2,...,n -2} C Z, is Smarandache seminormal subgroupoid of
Zn(t,t+ 1) € Z(n).

2. If § is odd then A; = {1,3,...,n — 1} C Z,, is Smarandache seminormal subgroupoid of
Zn(t,t+ 1) € Z(n).

Proof. By Theorem 2.1, Z,(t,t + 1) is a Smarandache groupoid.

1. Let % is even. Then by Theorem 2.2, Ag = {0,2,...,n — 2} is Smarandache subgroupoid
of Z,(t,t+1).
Now we show that either adg = Ag or Aga = AgVa€ Z,={0,1,2,...,n—1}.
Case 1: t is even.
Let a; € Ag and a € Z,, ={0,1,2,...,n— 1}. Then

axa; = at+a;(t+1)

= ajmodn

for some a; € Ay as at + a;(t + 1) is even.

saxa; € Ay V a; € Ap.

cLaAy = Ag.

Thus, Ap is a Smarandache seminormal subgroupoid in Z, (¢,t + 1).
Case 2: t is odd.

Let a; € Ag and a € Z,, = {0,1,2,...,n —1}. Then

aixa = ait+a(t+1)

= a;modn

for some a; € Ag as a;t + a(t + 1) is even.
a;xa € Ay Va; € Ap.
Aoa = Ao.

Thus Ay is a Smarandache seminormal subgroupoid in Z,(¢,t + 1).

2. Let % is odd. Then by Theorem 2.2, A; = {1,3,5,...,n—1} is Smarandache subgroupoid
of Z,(t,t+1).
Now we show that either aA; = Ay or Ayja=A,Va€ Z,={0,1,2,...,n—1} .
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Case 1: t is even.
Let a; € Ay and a € Z, = {0,1,2,...,n — 1}. Then

axa; = at+a;(t+1)
(a+a;)t+a;

= a;modn

for some a; € Ay as (a + a;)t + a; is odd.

saxa; € ALV oa; € Ay

coaA = Ay

Thus A; is Smarandache seminormal subgroupoid in Z, (t,t + 1).
Case 2: t is odd.

Let a; € Ay and a € Z, ={0,1,2,...,n—1}. Then

a; x a a;t+a(t+1)

= a; modn

for some a; € Ay as a;t +a(t+ 1) is odd.

Sa;xa € ALY a; € Ay

Ala = Al.

Thus A; is Smarandache seminormal subgroupoid in Z, (¢t + 1).

By the above theorem we can determine the Smarandaache seminormal subgroupoid in Z,, (¢, t+

1) of Z(n) when n is even and n > 3.
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§3. Smarandache seminormal subgroupoids depending on

t and © when n 1s even

When n is even we are interested in finding Smarandache seminormal subgroupoid in
Zn(t,u) € Z(n) when t is even and u is odd or when ¢ is odd and u is even.
Theorem 3.1. Let Z,(t,u) € Z(n),if n is even,n > 3 and for each t,u € Z,,if one is even and
other is odd then Z, (¢, ) is Smarandache groupoid.

Proof. Let x = 5
Then

rxr = xt+xu

(t+u)z =2 modn

. {z} is a semigroup in Z,(t, u).

. Zn(t,u) is a Smarandache groupoid when n is even.

Remark: In the above theorem we can also show that beside {n/2} the other semigroup is
{0,n/2} in Z,(t,u) € Z(n).

Proof:

1. When ¢ is even and u is odd,
O*t—i—g*uzgmodn.
%*t—i—O*uzOmodn.
%*t+%*uz%modn.
O0xt+ 0xu=0mod n.

Therefore,{0, 5 } is semigroup in Z, (t,u).

2. When t is odd and u is even,
0xt+ 5 *u=0modn.
g *xt+0xu= g modn.
g *xt+ 5 *u= 75 modn.
0*t+0%*u=0modn.

Therefore,{0, 5 } is semigroup in Z, (¢, u).

Theorem 3.2. Let n > 3 be even and t,u € Z,,

1. If % is even then Ay = {0,2,...,n — 2} C Z,, is Smarandache subgroupoid of Z,(t,u) €
Z(n) when one of t and u is odd and other is even.

2. If § is odd then A; = {1,3,...,n — 1} C Z, is Smarandache subgroupoid of Z,(t,u) €
Z(n) when one of ¢ and u is odd and other is even.

Proof.

1. Let 5 is even.
= 5 € Ao
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We will show that Ag is subgroupoid
. Let x;,z; € Ag and z; # ;. Then

T xx; = Tit+rju=x,modn

for some x), € Ag as z;t + x;u is even.
sxixx; € A

. A is a subgroupoid in Z, (¢, u).

Let x = 5. Then

rxr = xt+axu

z(t+u) =2z modn

. {x} is a semigroup in Ay.
Thus, A is a Smarandache subgroupoid in Z,, (¢, u)

2. Let % is odd.
=5 €A
We will show that A; is subgroupoid.
Let x;,z; € Ay and x; # x;. Then

Tixx; = Xt +axju =2, modn

for some zy, € A as x; + zju is odd.
STk xy; € Ay

.. Ay is subgroupoid in Z,, (¢, u).

Let x = 5. Then

xTxxT xt + xu

z(t+u) =z mod n

. {z} is a semigroup in A;.

Thus A; is a Smarandache subgroupoid in Z, (¢, u).
Theorem 3.3. Let n >3 beevenand t=1,...,n—2.

1. If § is even then Ay = {0,2,...,n —2} C Z, is Smarandache seminormal subgroupoid of
Zn(t,u) € Z(n) when one of ¢ and v is odd and other is even.

2. If § is odd then A; = {1,3,...,n — 1} C Z,, is Smarandache seminormal subgroupoid of
Zn(t,u) € Z(n) when one of ¢ and v is odd and other is even.

Proof. By Theorem 3.1, Z,(t,u) is a Smarandache groupoid.

1. Let % is even. Then by Theorem 3.2, Ag = {0,2,...,n — 2} is Smarandache subgroupoid
of Zn(t,u).
Now we show that either aAg = Ag or Aga = AgVa€ Z,={0,1,2,...,n—1}.
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Case 1: t is even and w is odd.
Let a; € Ap and a € Z,, = {0,1,2,...,n — 1}. Then

a*xa; = at+a;u

= ajmodn

for some a; € Ag as at + a;u is even.

axa; € Ay Voa; € Ap.

CLA() = Ao.

Thus, Ag is a Smarandache seminormal subgroupoid in Z, (¢, u).
Case 2: t is odd and w is even.

Let a; € Ag and a € Z,, ={0,1,2,...,n— 1}. Then

a; xa = a;t+au

aj mod n

for some a; € Ay as a;t + au is even.

Sa;xa € Ay Voa; € Ap.

s Aga = Ag.

Thus, Ap is Smarandache seminormal subgroupoid in Z,, (¢, ).

2. Let % is odd then by Theorem is A; = {1,3,5,...,n — 1} is Smarandache subgroupoid
of Z,(t,u).
Now we show that either a4y = A; or Ayja=4A,Va€e Z,={0,1,2,...,n—1}.
Case 1: t is even and w is odd.
Let a; € Ay and a € Z, = {0,1,2,...,n —1}. Then

a*xa; = at+a;u

= ajmodn

for some a; € Ay as at + a;u is odd.

axa; € Ay Va; €A

coaA = Ay

Thus, A; is a Smarandache seminormal subgroupoid in Z, (¢, u).
Case 2: t is odd and w is even.

Let a; € Ay anda € Z, ={0,1,2,...,n— 1}

a; xa = a;t+au

aj mod n

for some a; € A1 as a;t + au is odd.

a;xa€ A1 Y a; € Af.

Ala = Al.

Thus, A; is a Smarandache seminormal subgroupoid in Z, (¢, u).
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By the above theorem we can determine Smarandaache seminormal subgroupoid in Z, (¢,u) €

Z(n) for n > 3, when n is even and when one of ¢ and u is odd and other is even.

n|n/2|t Zn(t,u) Smarandache seminormal
subgroupoid in Z,(t,u)
4 2 1 Z4(1,2) {0,2}
2 Z4(2,3)
1 Z6(1,2), Zg(1,4)
6 3 2 Z6(2,1), Zs(2,3), Zs(2,5) {1,3,5}
3 Z6(3,2), Zs(3,4)
4 Zs(4,1), Zs(4,3), Zs(4,5)
5 Z6(5,2), Zg(5,4)
1 Zs(1,2), Zg(1,4), Zs(1,6)
2 Z3(2,1), Zs(2,3), Zs(2,5),
Z3(2,7)
8 4 3 Z5(3,2), Zs(3,4) {0,2,4,6}
4 Zs(4,1), Zs(4,3), Zs(4,5),
Zg(4,7)
5 Z3(5,2), Zs(5,4), Zs(5,6)
6 Z5(6,1), Zg(6,5), Zs(6,7),
7 Z3(7,2), Zs(7,4), Zs(7,6),
1| Z10(1,2), Z10(1,4), Z10(1,6),
Z10(1,8)
2 | Z10(2,1), Z10(2,3), Z10(2,5),
Z10(2,7), Z10(2,9)
3| Z10(3,2), Z10(3,4), Z10(3,8),
10| 5 |4 Zio(4.1), Z10(4,3), Z10(4,5),
Z10(4,7), Z10(4,9) {1,3,5,7,9}
5| Z10(5,2), Z10(5,4), Z10(5,6),
Z10(5,8)
6 | Z10(6,1), Z10(6,5), Z10(6,7),
7| Z10(7,2), Z10(7,4), Z10(7,6),
Z10(7,8)
8 | Z10(8,1), Z10(8,3), Z10(8,5),
Z10(8,7), Z10(8,9)
9| Z10(9,2), Z10(9,4), Z10(9,8)
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n|n/2|t Zn(t,u) Smarandache seminormal
subgroupoid in Z, (¢, u)
1 Z12(1,2), Z12(1,4), Z12(1, 6),
Z12(1,8), Z12(1,10)
2 Z12(2,1), Z12(2,3), Z12(2,5),
Z12(2,7), Z12(2,9), Z12(2,11)
3 Z12(3,2), Z12(3,4), Z12(3,8),
Z12(3,10)
4 Z12(4,1), Z12(4,3), Z12(4,5),
Z12(4,7), Z12(4,9), Z12(4,11)
121 6 | 5| Zi2(5,2), Z12(5,4), Z12(5,6),
Z12(5,8) {0,2,4,6,8,10}
6 Z12(6,1), Z12(6,3), Z12(6,5),
Z12(6,7), Z12(6,11)
7 Z12(7,2), Z12(7,4), Z12(7,6),
Z12(7,8), Z12(7,10)
8 | Z12(8,1), Z12(8,3), Z12(8,5),
Z12(8,7), Z12(8,9), Z12(8,11)
9 Z12(9,2), Z12(9,4), Z12(9, 8),
Z12(9,10)
10 | Z12(10,1), Z12(10,3), Z12(10,7),
Z12(10,9), Z12(10,11)
11 | Z12(11,2), Z12(11,4), Z12(11,6),
Z12(11,8), Z12(11,10)

84. Smarandache seminormal subgroupoids when 7 is odd

When n is odd we are interested in finding Smarandache seminormal subgroupoid in

Zn(t,u) € Z(n).We have proved the similiar result in [4].
Theorem 4.1. Let Z,(t,u) € Z(n).

If n is odd, n > 4 and for each t = 2,...,";1

u=mn—(t—1)(t,u) =1, then Z, (¢, u) is a Smarandache groupoid.

Proof. Let z € {0,...,

n — 1}. Then

rxx=xt+zu=(n+1)xr =2z modn.

. {x} is semigroup in Z,.

. Zn(t,u) is a Smarandanche groupoid in Z(n).

and
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Remark: We note that all {z} where z € {1,...,n — 1} are proper subsets which are semi-
groups in Z,(t, u).

Theorem 4.2. Let n >4 be odd and ¢ = 2,..., %% and u = n — (t — 1) such that (t,u) =1

it s = (n,t) or s = (n,u) then Ay, = {k,k+s,...,k+ (r—1)s} for k=0,1,...,5s — 1 where

r = 2 is a Smarandache subgroupoid in Z,(t,u) € Z(n).
Proof. Let z,,z4 € Ai. Then
Tp =k +ps
R b p,q €{0,1,...,r—1}.
zg=k+gs
Also,
TpxTg = Tpt+xqu

= (k+ps)t+(k+gs)(n—(t—1))
= kn+)+((p—q@)t+qg(n+1))s
= (k+1s)modn

z; mod n

x; € A as xp = k + s for some I € {0,1,...,7r —1}.

SoTp ¥ g € Ay

.. Ay is a subgroupoid in Z,(t,u).

By the above remark all singleton sets are semigroup.

Thus, Ay, is a Smarandache subgroupoid.

Theorem 4.3. Let n >4 be odd and ¢t = 2,..., %% and u = n — (t — 1) such that (t,u) =1
(n,t) or s = (n,u) then Ay = {k,k+s,...,k+ (r—1)s} for k=0,1,...,s — 1 where
is a Smarandache seminormal subgroupoid in Z,(t,u) € Z(n).

if s =
r==
Proof. By Theorem 4.1, Z,(t,u) is a Smarandache groupoid Also by Theorem 4.2, Ay =

{k,k+s,....,k+ (r—1)s} for k=0,1,...,s — 1 is Smarandache subgroupoid of Z, (¢, u).

1. If s = (n,t)
Let z, € Ay and a € Z,, = {0,1,2,...,n — 1}. Then

a*xxp = at+xpu

at + (k+ps)(n—t+1)

= k(n+1)+[(a—k)vy + (pn — pt + p)]s where t = vy s
k +1s mod n

x € Ay as xy =k + s for some | € {0,1,...,7 — 1}
Soaxx, € A
coax Ay = Ay,

Thus, Ay, is a Smarandache seminormal subgroupoid in Z, (¢, ).
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2. If s = (n,u)
Let z, € Ay and a € Z,, = {0,1,2,...,n — 1}. Then

Tpxa = Tpt+au
= (k+ps)(n—u+1)+au
= k(n+1)+4[(a—k)va + (pn — pu+ p)|s where t = vgs
= (k+1s)modn

x; € A as x = k + s for some [ € {0,1,...,r —1}.
Soaxx, € A
Soax A=Ay

Thus Ay, is a Smarandache seminormal subgroupoid in Z,(t, u).

By the above theorem we can determine Smarandache seminormal subgroupoid in Z, (¢, u) when
n is odd and n > 4.
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Zn(t,u)

s = (n,u)

or s = (n,t)

r=mn/s

Smarandache seminormal

subgroupoid in Z, (t,u)

Zo(3,7)

3 =(9,3)

Ao =A{0,3,6}

A ={1,4,7}

Ay ={2,5,8}

15

13

Z15(3,13)

3= (15,3)

Ao ={0,3,6,9,12}

Ay ={1,4,7,10,13}

Ay ={2,5,8,11,14}

11

Z15(5,11)

5= (15,5)

Ao = {0,5,10}

A ={1,6,11}

Ay ={2,7,12}

Ay = {3,8,13}

Ay = {4,9,14}

Z15(7,9)

3 = (15,9)

Ay = {0,3,6,9,12}

Ay = {1,4,7,10,13}

Ay ={2,5,8,11,14}

21

19

Z51(3,19)

3= (21,3)

Ay = {0,3,6,9,12,15, 18}

Ay = {1,4,7,10,13,16,19}

Ay ={2,5,8,11,14,17,20}

15

Z91(7,15)

7= (21,7)

Ay = {0,7,14}

Ay ={1,8,15}

Ay = {2,9,16}

As = {3,10,17}

Ay ={4,11,18}

As = {5,12,19}

Ag = {6,13,14}

3 = (21,15)

Ay ={0,3,6,9,12,15, 18}

Ay = {1,4,7,10,13,16,19}

Ay ={2,5,8,11,14,17,20}

13

Z1(9,13)

3 =(21,9)

Ay = {0,3,6,9,12,15, 18}

Ay = {1,4,7,10,13,16,19}

Ay ={2,5,8,11,14,17,20}




References

[1] G. Birkhoff and S.S. Maclane, A Brief Survey of Modern Algebra, New York, U.S.A.
The Macmillan and Co., (1965).

[2] R.H. Bruck, A Survey of Binary Systems, Springer Verlag, (1958).

[3] Ivan Nivan and H.S.Zukerman,Introduction to Number theory,Wiley Eastern Lim-
ited,(1989).

[4] H.J.Siamwalla and A.S.Muktibodh, Some results on Smarandache groupoids, Scientia
Magna,Vol.8(2012),No.2,pp 111-117

[5] W.B. Vasantha Kandasamy, New Classes of Finite Groupoids using Z,,, Varamihir
Journal of Mathematical Science, Vol. 1, pp 135-143, (2001).

[6][ W.B.Vasantha Kandasamy,Smarandache Groupoids,
http: //www/gallup.unm.edu~/smarandache/Groupoids.pdf.

15



