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ABSTRACT

This paper is to find by proof the first derive of known tetration functions, fixed base iterated
functions b™x , general case for b"\f(x) and variable base with variable height iterated function
x"x. although the case of b"x is already known by using the base change method but its derive
function f(x) is still depend on the derive of f(x-1) which gives a shortcoming derivation. However,
in the coming proofs, the resulted derivative functions are proved by applying differentiation
elementary concepts step by step up to the final first derive ,but an unknown limit and a non-
elementary product part of the resulted derivative function still needs study, Although I included
approximation method for numerical solutions.

INTRODUCTION

Tetration derivation is still difficult process, it is more complicated than any other exponential
function, nevertheless here is a method to determine the first derive of the mentioned functions in
the title, their proof will depend on differentiation elementary sequence starting from delta x which
refers to a very small amount approaching zero. Each proof is written separately but the second and
third proof will point out to a certain steps in the first proof as a part of its evidence to avoid
repeating. There are also some important points that should be carefully red so that proofs steps
would be clearly understood.

IMPORTANT INPUTS

Here are some tetration properties, the logarithm limit and functions as shorthand which have to be
considered before starting any of the next proofs.

Properties of tetration:
For base b > 0 in all cases.

1. expft(1) = expf(expi(1)) x,z are real
2. expl(a) =a



expX(1) = b5 D for all real x
hmAx—)O(explex(l)) =1
limAxﬁo(exPlex_l(l)) =0

—17qy _ In(expf(1)
(1= In(b)

o 0k~ w

expy forallreal x

The logarithm limit:
It is known that natural logarithm can be expressed as:

(a)Ax -1

In(a} = Aljicr_r}o Ax

(@)
From property No. 5 ,natural logarithm can be also shown as:

(@)exPs™ () — 1

Ina) = Alalcr—r>10 expp* (1) (i)

which can also be expressed as:
lim (a)®?5" ' = lim expy (1) *In(a) + 1 (iii)
Ax—0 Ax—0

Functions as shorthand:

Here is an assumed iterated function and a super exponential limit (as shorthand) :

a

Py(a) = l_[ expp (1) ,whenonly a € N ,otherwise approximation will take place. (iv)

n=1
_ In(expl(1))
Rp(a) =, lim ~——F— (v)
In fact, R, (a) results from the following limit:

-~ expy (D) .
Ax—l}g,l;lz—»O Ax (Ul)
The above limit will appear during proofs steps.

From tetration property No. 6, | obtain.
ln(exp{,‘(l))
lim —eng_l(l) = lim _ () _ lim ln(expg(l)) _ R (vii)
Ax—0,a—0 Ax " Ax—0,a-0 Ax "~ am0a-0 AxIn(b) In(b)

P,(a)and R, (a) are not solvable by elementary methods, however approximation solutions will be
discussed after the next proofs...



DERIVE PROOF OF BAMX

The first proof will be for

y =expi(1) ,b>0 (D
By adding a very small value Ax to x will lead to:

Yy + Ay = expj (1) (2)

From equation No. (1) and equation No. (2) | obtain:

Ay _expy*™(1) — expj (1)

Ax Ax (3)

Applying property No. 1.

Ay _expy(expp*(1)) — expy (1) .

Ax Ax (4)

Applying property No. 3.

Ay expy (bexp%x_l(l)) —expp (1)

Ax Ax )

By applying logarithm equation (iii) in equation No. 5. :(let a = b)

Ay expy (expb*=1(1) * In(b) + 1) — exp¥ (1) ¢

Ax Ax (6)

Ay  expi 1 (exph* 1 (1) *xIn(b) + 1) — expf(1)

= (7)

Ax Ax

from property No. 1 | get:

A_'y exle)C—l (bexpﬁx_l(l)*ln(b)"'l) — expl’)c(]_)

Ax Ax (8)

Ay expy~! (b * bexpﬁx_l(l)*ln(b)) — expi (1)

Ax Ax ©)
x-1 In(b))e¥P5" (D) x

Ay €XDh (b x (pIn®)) ) —exp} (1)

Ax Ax (10)

By applying logarithm limit No.(iii) method.

Ay  expit(b(expb* (1) * In(b"™®) + 1) ) — exp¥ (1)

Ax Ax (11)



Ay expi'(b * expp* (1) * In(h))? + b ) — expy (1)
Ax Ax

Ax—1

Ay expi? (bb*epr (1)*(ln(b))2+b) — expi (1)
Ax Ax

Repeating the same steps from equation No. (8) to (13)

Ay expy? (b“’ <ln<b>>2*exv£"‘1(1>+b>) — expf(1)
Ax Ax

ay  expp? (b« bOWOYHerE D) e (1)
Ax Ax

Ax—1
Ay expg-z(bb « (P In@)?) P (1))--exp§(1)
Ax Ax

Ay  expy?(bP * (expp™ (1) In(b? An®D*) 4 1) ) — exp(1)
Ax Ax

Ay expi (b * (expp**(1) * b (In(b))® + 1) ) — expi (1)
Ax Ax

Ay  expy*(exph* (1) * b b? (In(b))* + b ) — expy (1)
Ax Ax

Repeat again.

pexpy* 1 (1)xb bP (In(b))3+bP )

Ay expy3 ( — exp¥ (1)

Ax Ax

Ay expéc—3 (bbbbexpﬁx_lu)*b bP (In(b))3 ) _ expl’,‘(l)
Ax Ax

By repeating this process x times it will give:

Ay expg—x(expg(l)*lfxp#?lmJH%;ﬂanﬁ(n)anwyw )-—expg(l)

Ax Ax

0 x—1 n In(b)* expﬁx_l(l)
Ay P expy(1) * (pIT=i(exph (D) (n())) — expi (1)
Ax Ax

By applying equation No.(iii)

Ay _expd(expf(1)(exph* (1) * In(bl=i(expb W) )Y 4 1) ) — expf (1)

Ax Ax

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)



ay _expp (expi(D)(expf* () * Tizi(expy (1)) (n(b)**? + 1)) — expi (1)

Ax Ax (25)
applying property No. 2.
Ay  expy(1)((expp™ (1) * [T5Z1(expp (1)) (In(b))*** + 1) — expy (1)
2 (26)
Ax Ax
Ay _ expy(1) * expy™ (1) * [T3Zi(expp (1)) (In(h))*** + expj (1) — expy (1) (27)
Ax Ax
Ay expj(1) * expy™ (1) * [T5Zi(expy (1)) (In(b))***
2y _ (28)
Ax Ax
x—1
Ay exps*~1(1)
= expi(1)+ H(exp;;(l)) (In(B)y<+ 2= (29)
n=
Ay : exps (1)
A n x+1
— (1_[ exp] (1)) (In(h)y*+1 + =22 (30)
n=1
Ax—1
_expy, (1) Ry(Ax) . y
Al}lcr_r)lo oy = ) ,see equation No. (vii)
Finally I have:
y' = Py(x) *In(b)* * R, (Ax) (31)
DERIVE PROOF OF XX
The second proof will be for
y=expi(1) ,x>0 (D
And by adding a very small value Ax to x will lead to:
y + Ay = expifai (D) (2)
Ay expyiar(1) — exp(1) ;
Ax Ax 3)
From property No. 1.
Ay _ exPysax(expeia (1)) — expi(1) @
Ax Ax

let (x + Ax) = b then | can continue with same steps in the previous proof up to step No. 27.



Hence.

Ay _ expiian (D) * expeiar (D) * [z (expiay (1) (n(x + A + expiy (1) — expy (1)

Ax Ax (5)
Ay expiiai(1) * [y (expl (D) (nCx + AX))** + exp¥ya, (1) — expF(1) ©
Ax Ax
X
Ay expyiax(1) | expfia(1) — expf(1)
= = (]_[ exp£+Ax(1)> R e i )
n=
x Ax—1 x X
r_ n x+1 _expyiax(1) _expyiax(1) — expy (1)
= ([ Jemr oncoye o “ZEED iy EC ®
n=
The following limit,
o exPEax(D) — expi(1) @
Ax—0 Ax
Is the same differentiation limit of fixed height power tower.
The fixed height here = x
So, from fix height derivation | find.
X m
_expria (1) —expi(1) 1 o met ek
) (Sh y
m=1 k=0
And also the by substituting following limit:
lim expsin: (1) = Rerar (%) see equation No. (vii)
Ax—0 Ax B In(x) ’ 1 '
Finally I have.
1 X m
Y = Pe(x) (G * Resne () + 2% ) <zm<x>m-1 : ﬂexp;:-k(l)) ©
m=1 k=0

Another simplified formula

Ry iax (Ax)

be1y) , o
R, (Ax) (expx (1)) replace b with x after derivation.  (10)

y' = (expi(1) »



GENERAL CASE FOR BMF(X)

The third proof,

By using the above methods , derive of general case of b"f(x) can be found as below:
y=expl®) ,b>0 )

Which its derive limit is:

f(x+A%) £

, .o Ay o expy (1) —exp, (1)
y' = Jim = dim, Ax 2)
Let
flx+Ax) = fi(x) + f(x,Ax) (3.1)
Provided that

lim f,(x,Ax) =0 (3.2)
Ax—0
Let
z=fi(x) ,Az = f,(x,Ax) (3.3)
Hence.
Ay expit(1) — expf (1)
= _ b b (4)

Ax Ax

It is the same step No. 3. in the previous proof of bx and also the same procedure can be applied
up to step No. 30.

z

Ay _ \ s, OPETID)

E—(]_[epr(l))an(bn e (5)
n=1

then
f1(%) Ax)-1

Ay expl2™® (1)

e = | [ e Janysom SR Q
n=

And also the by substituting following limit:

exp£2(x’Ax)_1 (1) R, (2 (x,Ax))

Al}lcr_r)l0 A Inh) ,see equation No. (vii)
Finally I have.
y' = Py(f1(x)) * In(b)1®) « R, (f, (x, Ax)) (7)



Examples for the general case:
1) y=expt (1) ,b>0
Which its derive limit is:

'~ im Y Z lim exp " (1) - exp™ (1)
Y = a0 Ax - ardo Ax

nx™" 1Ax n(n—1)x"?Ax?

= x" n
(x+Ax)" =x"+ T + T + et Ax
Let
nx™Ax  n(n—1)x"2Ax?
fl(x) = x" and fz(X,AX)= T + 5 4o AxM

. . nx™1Ax | n(n-1)x""2Ax?
limy,_,q f2(x, Ax) = limy,_,o( — + >

+ -+ Ax™") =0 ,Soitisok.
From the general case formula:
y' = Py(fi () * In(b)1® x R, (£, (x, Ax))

The first derive of expy” (1) will be:

) n o nx™1Ax  n(n— 1)x""?Ax? .
y' =Py (x™) xIn(b)*" * R, 1 + o 4.4 Ax
A Second example,

2) y=expy™ (1) ,b>0
Which its derive limit is:

'~ 1im Y = lim expy " (1) — expg"* (1)

YT aSoAx  axso Ax

Ax
sin(x + Ax) = sinx cos Ax + cos x sin Ax = sinx (1 — 2 sin? (7) ) + cosxsinAx

Ax
sin(x + Ax) = sinx — 2 sin x sin? (7) + cosx sin Ax
Let

fi(x) = sinx and f,(x,Ax) = cos x sin Ax — 2 sin x sin® (%x)



limy, o f>(x, Ax) = limp,_,o(cos x sin Ax — 2 sin x sin? (%x)) =0 ,Soitisok.
From the general case formula:

y' = Py(f1(x)) * In(b)1® « R, (f, (x, Ax))

Then the first derive of exp$™*(1) is:

_ Ax
y' = Py(sinx) x In(b)S"* % R, (cosx sin Ax — 2 sin x sin? (7))

APPROXIMATION SOLUTION FOR P,(a) AND R,(a)

The goal of approximation in this paper is just to show that it is possible to find approximation
formulas for P, (x) and R, (x) although the approximations here does not have a precise numerical
calculations or relationships proofs. | tried to give an examples of how to make approximation
formulas, But at last, we should know that these approximations are not almost useful especially in

mathematical proofs.

1) Approximating P, (x) for non-integer values of (x)

X

P, = | [expp®

n=1
letx=u+v,whereue N’ 0<v<1

u+v

PG = | [expp(n)

n=1

5 (1)
exprtv(1) = exp},’(expg(l)) ~ (exp},’(l))epr

u+v u
expy (1)
Py(x) = nexp{}(l) ~ (exp},’(l)) b 1_[ expy (1)
n=1 n=1

The approximation is exactly equal to P, (x) for min(v) and max(v) as below:

Forv=0thenx=u+v=u

)exp},‘(l)

(expy (1)) = (O =1

(expg(l)

Forv=1thenx=u+v=u+1

u [{E)
(expp (1) = (exph() ™"

= (B)7PHD) = exp*i(1)



2) Approximating R, (x) limit.

(eprx(l))

Ry (Ax) = Alaicr—l}o Ax

Applying I'Hospital's rule

. (epr (1)), ,
) (epr (1)) _ (ln(expl’f(l)))’ “expr (1) (expy (1))
AxS0 Ax - (x)’ 1 ~ expi(1)

As known already that

expf(1) =1,whenx =0
(expZ (1)) = Py(x) * In(b)* * R, (Ax)
(expY(D) = P,(0) * In(b)° * R, (Ax)

Then

) In (expf*(1)) P, (0)  In(b)° * R, (Ax)
ety Ax B expy (1)

= Rb(Ax)

But I'Hospital's rule led us to the first step so it would not help but anyway it verifies that the
relationship is correct.

Anyway, there are many approximation methods for tetration, but here I will use linear one as it
is a simple and clear method:

A linear approximation (solution to the continuity requirement, approximation to the
differentiability requirement) is given by:

Approximation Domain
expi() =x+1 for—1<x<0
expX(1) = a* for0<x<1

exp*(1) ~ a®* ™" forl<x<2

10



By substituting Ax to x, then

(eprx (1)) i In(b2%)

AIJICI—I}O Ax T ax—0  Ax

, (epr"(l)) . AxIn(b)

lim ——— = = lim

Ax—0 Ax Ax-0  Ax

I in(expi () In(b

Achr—r>10 Ax n(b)
RESULTS

Derive of b™x , x™x and the general case of x*f(x) are shown per the following in order:

(expF (1)) = Py(x) * In(b)* * R, (Ax)

(expx (1)) = P, (x) * In(x)* * R, 45, (Ax) + — % Z <lin(x)m‘1 * 1_[ exp,%“"(l))

m=1 k=0

(exp] @ (1) = P, (L)) * In(b)2® x R, (£, (x, Ax))
Where,

fx+Ax) = fi(x) + fo(x,Ax)
limy, o f2(x,Ax) =0
Py(a) = [1%-, exp}(1) ,whenonly a €N

In(expg (1))
Ax

> wobd e

Ry(a) = limpy0,a-0

the above P,(a) and R, (a) assumed formulas are important parts of the derivative functions, but
they are not yet in the simple form that gives clear output values.

A concluded result from the first proof that gives a new relation between the R, (a) limit and the
derive of exp (1) as below:

It is already known that the first derive of exp} (1) is

(expl’f(l))’ = (expg(l)) P, (x)In(b)*
So, from the first proof it is clear that:

r_ . In(expp* (1))
(expbD) = Jim, ==,

11



CONCLUSION

It was Essentially that this paper focused only on the previous three proofs to confirm that it is
possible to determine the first derive from elementary solutions of differentiation fundamentals.

The proofs give the possibilities of defining the derive of many tetration functions by using
differentiation elementary concepts and set up new differentiation lows for those functions.
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