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Abstract

The gravitational field potentials outside and inside a uniform massive ball were determined using the
superposition principle, the method of retarded potentias and Lorentz transformations. The
gravitational field strength, the torsion field, the energy and the momentum of the field, as well as the
effective masses associated with the field energy and its momentum were calculated. It was shown that
4/3 problem existed for the gravitationa field as well asin the case of the electromagnetic field.

Keywords. energy, momentum, theory of relativity, gravitation, field potentials

1. Introduction

In field theory, there are a number of unsolved problems, which need deeper analysis and logical
understanding. An example is the problem of choosing a universal form of the stress-energy tensor of the
body, which would include the rest energy of the substance as well as the field energy and at the same time
would provide an univoca connection with thermodynamic variables of the substance in the language of
four-vectors and tensors. Anacther interesting problem is 4/3 problem, according to which the effective mass
of the body field, which is calculated through the field momentum, and the effective mass of the field, found
through the field energy, for some reason do not coincide with each other, with the ratio of the masses
approximately equal to 4/3.

The problem of 4/3 is known for a long time for the mass of electromagnetic field of a moving charge.
Joseph John Thomson, George Francis FitzGerald, Oliver Heaviside, George Frederick Charles Searle and
many others write about it (Heaviside 1888/1894), (Searle 1897), (Hajra 1991). We also discuss this
question with respect to the gravitationa field of a moving ball (Fedosin 2008). Now we present a more
accurate description of the problem, not limited to the approximation of small velocities.

2. Methods

In the calculation of the energy and the momentum of gravitationa field of a uniform massive ball, we will
use the superposition principle by means of summing up the field energies and momenta from all point
particles forming the moving ball. This approach is reasonable in the case of aweak field, when the general
theory of relativity changes to gravitomagnetism and the covariant theory of gravitation — to the
Lorentz-invariant theory of gravitation (Fedosin 2009a). The field equations then become linear, allowing
the use of the superposition principle. We will note that the gravitational field can be considered weak if the
spacetime metric differs insignificantly from the Minkowski spacetime metric (the spacetime metric of the
special theory of relativity). If the effects of gravitational time dilation and sizes contraction are
significantly less than the similar effects due to the motion velocity of the reference frame under
consideration, then this gravitational field can be considered weak.

3. Results and Discussions

3.1 The Gravitational Field Outside a Uniform Massive Ball

We will first define the gravitational field potentials for a ball moving at a constant velocity V' aong the
axis OX of the reference frame K . We will proceed from the so-called Liénard-Wiechert potentials
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(Liénard 1898; Wiechert 1900) for any point particles that make up the ball. Popular presentation of the
problem (for the electromagnetic field) can be found in Feynman's book (Feynman at al. 1964). Similarly
to this, the differential scalar Liénard-Wiechert potential for the gravitational field from a point particle
withmass dM hasthe following form:

ydM
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r'—V~r'/cg @

dy =—

Where ¥ is the gravitational constant, ¢ < is the velocity of gravitation propagation, vector r’ isthe

vector connecting the early position of the point particle at time #* and the position r =(x,y, z) at
which the potential is determined at time ¢. In this case, the equation must hold:

’
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The meaning of equation (2) is that during the time period ¢#—¢" the gravitational effect of the mass

dM must cover the distance »’ at velocity ¢, up to the position I =(x,y,z) so that a this

position the potential d  would appear.
Suppose there is continuous distribution of point particlesand at =0 these particles are described by the
coordinates (x,, ¥y, Z,) and the center of distribution of point particles coincides with the origin of the

reference frame. Then at time ¢ the distribution center of the point particles would move along the axis
OX to the position x =Vt, and the radius vector of an arbitrary particle of distribution would equal

r,= (x0 +Vt, vy, ZO) . At the early time t the position of this point particle is specified by the vector

r,=(xo+Vt' ¥, 2,) . Since ' =r—1, and r'=c, (¢t~1") according to (2), then for the square

2 .
7’* we can write down:

P2 =(x—x, =V +(y—yo) +(z—z)? =2 (t-1')°. ©)
The right side of (3) is a quadratic equation for the time ¢*. After we find ¢ from (3), we can then find

¥’ from (2). If we consider that in (1) the product of vectors is V -1’ = V(x—xO—Vt'), then

substituting 7’ dsoin (1), we obtain the following expression (Fedosin 2009b):
ydM
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According to (4), the differential gravitational potential dy/ of the point mass dM at the time ¢

dy =- @
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during its motion along the axis OX depends on theinitial position (xo,yo,zo) of thismassat r=0.

If we use the extended L orentz transformations for the spatial coordinatesin (4):

. X—xo— Vit

Ji-vie Y =y=Ye z=z-z, ©®)

and then let the velocity V' tend to zero, we obtain the formula for the potential in the reference frame

X

K™ theorigin of which coincides with the point mass dM :

s ydM
\/x*2 +y? 427

dy (6)

In (6) in the reference frame K~ thevector r* =(x",y",z") atthepropertime ¢* specifies the same

point in space as the vector I = (x, y, z) in the reference frame K at thetime ¢. If we introduce the

gravitational four-potential Dﬂ = LK,— DJ, including the scalar potential 7 and the vector potential

Ce

D (Fedosin 1999), then the relation between the scalar potential (6) in the reference frame K~ and the
scalar potential (4) in the reference frame K can be considered as the consequence of extended Lorentz
transformations in four-dimensional formalism, which are applied to the differential four-potential of a
single point particle. These transformations are carried out by multiplying the corresponding transformation
matrix by the four-potential, which gives the four-potential in a different reference frame with its own
coordinates and time.

Since in the reference frame K~ the point mass is at rest, its vector potential is dD* =0, and the
dy”

Ce

four-potential has the form: dD; :L ,OJ. In order to moveto the reference frame K , in which the

reference frame K~ is moving at the constant velocity ¥ along the axis OX , we must use the matrix

of inverse partial Lorentz transformation (Fedosin 2009a):

Y 50
,/1—V2/c§ cgﬁll—VZ/cg

Ll =|- V ! 0 0],
cg,/l—Vzlcg 1/1—V2/c§

0 0 10

0 0 0 1
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dp, =14dp,=| — W VW oo|| Y _up oo|. @
cg\/l—VZ/cj cg\/l—VZ/cs c

4

From (7) taking into account (6) and (5) we abtain the following relations:

dy = dy _ ydM
1-12/ ¢ —x, V1) '
\/ % Jl—VZ/CgZ\/(xl_xlgz/Cz)+(y_y0)2+(z_zo)2
4
i, =WV dD. =0, dD. =0. ®
C

4

The first equation in (8) coincides with (4) and the differentia vector potential of the point massis directed
along its motion velocity.

After integration of (8) over al point masses inside the ball on the basis of the principle of superposition,
the standard formulas are obtained for the potentials of gravitational field around the moving ball, with
retardation of the gravitational interaction taken into account:

\%
v=- > i ’ D:wz ’ ©
\/(x—Vt) +(1—V2/c§)(y2+22) Ce

Where i — the scalar potential of the moving ball, M - the mass of the bal, (x,y,z) - the

coordinates of the point at which the potential is determined at thetime ¢ (on the condition that the center
of theball at =0 wasin the origin of coordinate system), D —the vector potential of the ball.
748

2
g

In (9) it is assumed that the ball ismoving along the axis OX at aconstant speed V', sothat D_ =

Dy =0, D, =0. withthe help of the field potentials we can calculate the field strengths around the ball
by the formulas (Fedosin 1999):

oD
G=-Vy-—, 2=VxD, (10)
ot
Where G isthe gravitational field strength, £2 — the gravitational torsion in Lorentz-invariant theory of
gravitation (gravitomagnetic field in gravitomagnetism).
In view of (9) and (10) wefind:
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yM (x=Vt)(1-V?/c?)
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y :
J(x=P1Y + -1/ + 22
yMz(1-V?/c?)
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The energy density of the gravitational field is determined by the formula (Fedosin 1999):
B yM2A-V2/A)(x V1) +@+V?/c2)(y? +2°)]
87 [(x—Vit) +(1-V?/2) (¥ + 7))
Thetotal energy of thefield outside the ball at aconstant vel ocity should not depend on time. So it ispossible

G =-

G =-

2 =0, (11)

u=

! (G2+c§!22)=

- 12
5r7 (12)

to integrate the energy density of the field (12) over the external spacevolumeat ¢ = 0. For this purpose we
shall introduce new coordinates:

x=\1-V?/c? rcosé y=rsinéd cosy, z=rsinfsng. (13)

The volume element is determined by the formula dY =J drd@d¢, where J is determinant of

Jacobian matrix:

ox ox oOx
r 00 dp
y=9y2) _joy dy |

o(r,0,p) |or 060 0@
Jz Jz Oz
ar 00 dp

It follows that dY =r*siné ,[1— Vz/c: drd@dg . The integral over the space of the energy density

(12) will equal:
[cZ+V?(sin*@—cos’ B)] SinB dr dOdg

2
r

(14)
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We shall take into account that due to the L orentz contraction during the motion along the axis OX  theball
must be as Heaviside ellipsoid, the surface equation of which at # =0 isthe following:

2

2 2 2
————+y +z°=R". (15)
2/ 2
1-V / Cy
After substituting (13) in (15), it becomes apparent that the radius » at the integration in (14) must change

from R to oo, andtheangles @ and ¢ change the same way asin spherical coordinates (from0to 77

for theangle @, and fromOto 27 for theangle ¢ ). For the energy of the gravitational field outside the

moving ball we find:

_ yM?(1+1?/3c?) _ Uy @+ V?/3c?)

(16)
2/ 2 2/ 2
2R\[1-V?/c? N
2
yM* : .
Where U, =— R isthe field energy around the stationary ball.
We can introduce the effective relativistic mass of the field related to the energy of moving ball:
2/ .2
U 1-V2/e2 U, @+7?/3c?)
mg, = > = > . ()]
Cg Cg
We shall now consider the momentum density of the gravitational field:
H
g=—, (18)
Cg

2
C
Where H =— 2 £ _[Gx42] is the vector of energy flux density of the gravitational field (Heaviside
Ty

vector) (Fedosin 1999).
Substituting in (18) the components of the field (11), we find:

~ ;/Mz(l—Vz/c:,)2 (Y’ +z22)V
Arre? [(x- Vi)' +(1- V) +2%)° |

X

(19)

~ yM?A-V?/E) (x=Vi)yV
- Azcc? [(x—Vi) +(- Ve (v +22)° |

y

~ yM?*(A-V?/c2) (x=V1)zV
- Anc? [(x=Vi) +@-V2/A)(+ )]

z

We can see that the components of the momentum density of gravitational field (19) look the same as if a
liquid flowed around the ball from the axis OX , carrying similar density of the momentum —liquid spreads
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out to the sides when meeting with the ball and merges once again on the opposite side of the ball. Integrating
the components of the momentum density of the gravitational field (19) by volume outside the moving ball at
t =0 asin (14), we obtain:

yM*V sin*@drdfde 2yM?V
Px: de:— =— - (20)
Ig 47[051/1—1/2/0;'[ r 3Rc§1/1—V2/c§
P =[g,dr=0, P =[g.dr=0.

In (20) the total momentum of the field has only the component along the axis O.X . By anadogy with the
formula for relativistic momentum the coefficient before the velocity 7 in (20) can be interpreted as the
effective mass of the external gravitational field moving with the ball:

2 2
_P, 1-v?/c? _ 2yM? _4U,, e

pb |4 3R C; 3¢

g

m

2

M
Where U,, =— 72R isthe energy of the external stetic field of the ball at rest.

Comparing (21) and (17) gives.

B 3+ V2/3c§)mpb

m,, 2

(22)

The discrepancy between the masses m b and m b in (22) shows the existence of the problem of 4/3

for gravitational field in the Lorentz-invariant theory of gravitation.

3.2 The Gravitational Field Inside a Moving Ball
For a homogeneous ball with the density of substance p, (measured in the comoving frame), which is

moving along the axis O.X , the potentials inside the ball (denoted by subscript i) depend on time and
are as follows (Fedosin 2009b):

2
:_M{Rz_l(MHZHZH, A 23)

SN R s e

g
Inview of (10) we can calculate the internal field strength and torsion field:

G = Amrpy(x-Vi) G - Ypoy G - ATYpz
T 3117 SN RN
Adryp,zV Ayp, vV
2,=0, Vi a2 - 2/ 2 @i 2 - 2/ 2 (24)
3co\1-V /cg 3co\ 1=V /cg
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Similarly to (12) for the energy density of the field we find:

2y pel(x=Vt) + @+ V2/2)(* +27)] |

1
u = (Gi2+c§[2i2)=— 9(1—V2/02)
g

- 25
' 8y ()

According to (25) the minimum energy density inside a moving ball is achieved on its surface, and in the
center at £ =0 itiszero.

The integral of (25) by volume of the bal a #=0 in coordinates (13) with the volume eement

dY=r’sind [1-V?/c’drdfdp eqas

2
U, = [u,dv=- 27 ¥ P [[2 +V*(sn* 0-cos’ )] *sind drdode.  (28)

2 2/ .2
9, \J1-V / Cq
According to the theory of relativity the moving ball looks like Heaviside ellipsoid with equation of the

surface (15) at ¢ =0, and in the coordinates (13) the radius in the integration in (26) varies from O toR .
With thisin mind for the energy of the gravitationa field inside the moving ball, we have:

_yMPQA+V?[3c])  Uo(A477/3c)

= , (@7
2/ .2 2/ .2
10R (J1-V?/c? J1=72/c
7 2
Where U,, =— isthefield energy inside a stationary ball with radius R .
The effective mass of the field associated with energy (27) is:
2/ .2
L UNL-P2e U, 47°/3e2)
my; = 2 - 2 ) (28)
Cg Cg

Substituting in (18) the components of the field strengths (24), we find the components of the vector of
momentum density of gravitational field:

7\ it 0 LA .7 /21 Sl 0D L4
! 9cg2 1- Vz/cz) ’ " 905, @a- Vz/cz)

_Arypi(x—Vit)zV
Ex 90§ @a- Vz/cé)

(29)

The vector connecting the origin of coordinate system and center of the ball depends on the time and has the

components (V¢,0,0) . From thisin the point, coinciding with the center of the ball, the components of the

vector of the momentum density of the gravitational field are always zero. At ¢ =0 the center of the ball
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passes through the origin of the coordinate system, and at the time from (29) it follows that the maximum

ArypiR?V yM?*V

=— is achieved on the
9c§ Q- Vz/cg) AR 4c§ - Vz/cg)

density of the field momentum g, =—

surface of the ball on thecircle of radius R intheplane YOZ , which isperpendicular totheline OX of
the ball’ s motion. The same follows from (19).

We can integrate the components of the momentum density of gravitational field (29) over the volume inside
the moving ball at ¢ =0 in the coordinates (13) similar to (20):

AryplV 43 2yM?V
P ={g. dr=- Sn0drd@de = . @)
'[g 9c§,/1—V2/c§ Il” ' v 15Rc§,/1—V2/c§
Pyi=J.gyidY=0, })zi:jgzideo'

Asin (20), the total momentum of the field (30) has only the component along the axis OX . By anaogy
with (21) the coefficient before the velocity V' in (30) is interpreted as the effective mass of the

gravitational field inside the ball:
PV oym? au, (a1)

m . ’
- V 15R cs 3¢?

g

M
Where U, =— gOR isthefield energy inside a stationary ball.

Comparing (28) and (31) gives:

B 31+ VZ/BCs)mp[

m,, 4 (32
Connection (32) between the masses of the field inside the ball is the same as in (22) for the masses of the
external field, so the problem of 4/3 exists inside the ball too.

4, Conclusion

A characteristic feature of the fundamental fields, which include the gravitational and electromagnetic fields,
is the similarity of their equations for the potentials and the field strengths. As it was shown above, the
external potentials (9) of the gravitational (and similarly, the electromagnetic) field of the moving ball are
similar by their form to the potentials of the point mass (point charge) (8), and can be obtained both using the
superposition principle of potentials of the point massesinside the ball, and using the L orentz transformation.
We also presented the exact field potentials (23) inside the moving ball, for which both the superposition
principle and the Lorentz transformation are satisfied.

From the stated above we saw that the 4/3 problem was common for both the electromagnetic and the
gravitationa field. It also followed from this that considering the contribution of the energy and the
momentum of both fields into the mass of the moving body were to be done in the same way, taking into
account the negative values of the energy and the momentum of gravitationa field and the positive values
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of the energy and the momentum of electromagnetic field.
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