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The gravitational field potentials outside and inside a uniform massive ball are determined using the
superposition principle, the method of retarded potentials and Lorentz transformations. The gravitational field
strength, the torsion field, the energy and the momentum of the field, as well as the effective masses associated
with the field energy and its momentum are calculated. It is shown that 4/3 problem exists for the gravitational
field aswell asin the case of the electromagnetic field.

Key words: Energy, Momentum, Theory of relativity, Gravitation, Field potentials

1. INTRODUCTION

In field theory, there are a number of unsolved problems, which need deeper analysis and logical
understanding. An example is the problem of choosing a universal form of the stress-energy tensor of the
body, which would include the rest energy of the substance as well as the field energy and at the same time
would provide an univocal connection with thermodynamic variables of the substance in the language of
four-vectors and tensors. Another interesting problem is 4/3 problem, according to which the effective mass
of the body field, which is calculated through the field momentum, and the effective mass of the field, found
through the field energy, for some reason do not coincide with each other, with the ratio of the masses
approximately equal to 4/3.

The problem of 4/3 is known for a long time for the mass of electromagnetic field of a moving charge.
Joseph John Thomson, George Francis FitzGerald, Oliver Heaviside [1], George Frederick Charles Searle [2]
and many others wrote about it in the late 19-th century. There is a paper of Hajra[3] among recent works on
the problem. We also discussed this question previously with respect to the gravitational field of a moving
ball [4]. Now we present a more accurate description of the problem, not limited to the approximation of

small velocities.

2. METHODS

In the calculation of the energy and the momentum of gravitational field of a uniform massive ball, we
will use the superposition principle by means of summing up the field energies and momenta from all point
particles forming the moving ball. This approach is reasonable in the case of a weak field, when the general
theory of relativity changes to gravimagnetism and the covariant theory of gravitation — to the Lorentz-
invariant theory of gravitation [5]. The field eguations then become linear, alowing the use of the
superposition principle. We will note that the gravitational field can be considered weak if the spacetime

metric differs insignificantly from the Minkowski spacetime metric (the spacetime metric of the special
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theory of relativity). If the effects of gravitational time dilation and sizes contraction are significantly less
than the similar effects due to the motion velocity of the reference frame under consideration, then this

gravitational field can be considered weak.
3. RESULTSAND DISCUSSIONS
3.1 Thegravitational field outside a uniform massive ball

We will first define the gravitational field potentials for a ball moving at a constant velocity /' aong the
axis OX of the reference frame K . We will proceed from the so-called Liénard-Wiechert potentias [6, 7]
for any point particles that make up the ball. Popular presentation of the problem (for the electromagnetic
field) can be found in Feynman's book [8]. Similarly to this, the differential scalar Liénard-Wiechert

potential for the gravitational field from a point particle with mass dM has the following form:

ay =L @
r=V.rle,

where ¥ isthe gravitational constant,
¢, isthevelocity of gravitation propagation,

vector I is the vector connecting the early position of the point particle at time ¢+ and the position

r =(x,y, z) a which the potential is determined at time ¢. In this case, the equation must hold:
r=t-_. @

The meaning of equation (2) is that during the time period ¢ —¢’ the gravitational effect of the mass dM

must cover the distance 7’ at velocity ¢, up to the position r = (x, v, z) sothat at this position the potential

dy would appear.

Suppose there is continuous distribution of point particles and at ¢t =0 these particles are described by
the coordinates (x,, v,, z,) and the center of distribution of point particles coincides with the origin of the
reference frame. Then at time ¢ the distribution center of the point particles would move along the axis OX
to the position x=7Vt, and the radius vector of an arbitrary particle of distribution would equal

r,=(x,+V ¥, 2,) - At the early time ¢’ the position of this point particle is specified by the vector



= (x+V, v 2,) . Since t’=r —r, and r’ =c, (t—") according to (2), then for the square r"* we can

write down:
P2 =(x—x, =V +(y—yo) +(z—2)* =2 (t-1')*. (3

The right side of (3) is a quadratic equation for the time ¢. After we find ¢ from (3), we can then find
¥’ from (2). If we consider that in (1) the product of vectorsisV -1’ =V (x— x,— V") , then substituting r

alsoin (1), we obtain the following expression [9]:

dM
dy =~ ? - (@)
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According to (4), the differential gravitational potential dy of the point mass dM at the time ¢ during
its motion along the axis OX depends on the initial position (x,, v,, z,) of thismassat ¢ =0. If we use the

extended L orentz transformations for the spatial coordinatesin (4):

x—x,—Vt

X = —_—, Yy =y=Jo. z =z-2z, ©)
N i i

and then let the velocity V' tend to zero, we obtain the formula for the potential in the reference frame

K the origin of which coincides with the point mass dM :

ydM

dl// = — . (6)

In (6) in the reference frame K~ the vector r* =(x",y",z") at the proper time ¢* specifies the same

point in space as the vector r =(x,y, z) in the reference frame K at the time ¢. If we introduce the

gravitational four-potential D, = [K,— Dj, including the scalar potential y and the vector potentia D

Ce

[10], then the relation between the scalar potential (6) in the reference frame K™ and the scalar potential (4)
in the reference frame K can be considered as the consequence of extended L orentz transformationsin four-

dimensional formalism, which are applied to the differential four-potential of a single point particle. These
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transformations are carried out by multiplying the corresponding transformation matrix by the four-potential,

which gives the four-potential in a different reference frame with its own coordinates and time.

Since in the reference frame K~ the point mass is at rest, its vector potentia is dD* =0, and the four-

potential has the form: a’D; = LdLOJ In order to move to the reference frame K, in which the reference

Ce

frame K~ is moving at the constant velocity ¥ along the axis OX , we must use the matrix of inverse

partial Lorentz transformation [5]:

1 Y g0
Jl—VZ/c; cgqll—VZ/cg

LY =|— v ! 0 0},
cg,ll—VZ/cé ,/1—V2/c§

0 0 10

0 0 0 1

dD, = L dD, = v VW o0|=|9Y _ap 0,0 7
cg\/l—VZ/c§ cz \/1— Vzlcg2 C,

From (7) taking into account (6) and (5) we obtain the following relations:

ydM

m \/Tz/\/(" XOZ/V;) +(r=10) +(z2-2,)°

dD, = , dD, =0, dD. =0. 6)

The first equation in (8) coincides with (4) and the differential vector potential of the point mass is
directed along its motion vel ocity.

After integration of (8) over al point masses inside the ball on the basis of the principle of superposition,
the standard formulas are obtained for the potentials of gravitational field around the moving ball, with

retardation of the gravitational interaction taken into account:



. yM D= yV ©)
, —,
J=V1) + Q=72 )(% + 22) ¢

where  —the scalar potentia of the moving ball,
M —the mass of the ball,
(x,y,z) — the coordinates of the point a which the potential is determined at the time ¢ (on the

condition that the center of the ball at # =0 wasin the origin of coordinate system),
D —the vector potentia of the ball.
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In (9) it is assumed that the ball is moving along the axis OX at a constant speed V', sothat D, =

D, = 0, D, =0. With the help of the field potentials we can calculate the field strengths around the ball by
the formulas [10]:
oD

G=-Vy-==, Q=VxD, (10)

where G isthe gravitational field strength,
{2 - the gravitational torsion in Lorentz-invariant theory of gravitation (gravimagnetic field in

gravitomagnetism).
In view of (9) and (10) we find:

yM (x=Vi)(1-V?/c?) yMy(A-V?/cl)

G =— 2 .G =- : |
J(x=PeY +@-1?/ )2 + 22 J(x=P1) +@-1?/ )2 + 2P
o yMz(1-V?/c?) | o0 an
J(x=7e) +@-1?/A)0? + )
o yMzV(1-V?/c?) 0-_ yMyV(1-V?/c?)

B ) R e (e ) SN (T 2 G N CCRs O

The energy density of the gravitational field is determined by the formula[10]:



CyMP A=V ) (x =V ) + @+ VP )07 + 2]
87 [(x—Vt) +(@1-V?/c2) (¥ + %)

u =—i(G2+CZQZ)=

12
8y & 12

The total energy of the field outside the ball at a constant velocity should not depend on time. So it is
possible to integrate the energy density of the field (12) over the external space volume at # =0. For this

purpose we shall introduce new coordinates:

x=\1-V?/cZ rcos6 , y=rsinfcosp, z=rsinfsing. (13)

The volume element is determined by the formula dY = J drd@d ¢, where J isdeterminant of
Jacobian matrix:

ox oOx Ox
r 30 op
Jza(x,y,z)za_y dy Iy .
o(r,0,p) |dr 096 Jp
dz 0z Oz

§a_¢93¢

It followsthat dY =r*siné,/1— Vz/c§ drd@de . Theintegral over the space of the energy density (12)

will equal:

$0)] sn@drdfde

2

yM? I [¢Z+V?(sin*6—co

8ﬂc§1/1— Vz/c§

U, =[udr=- (14)

r

We shall take into account that due to the Lorentz contraction during the motion along the axis OX the

ball must be as Heaviside ellipsoid, the surface equation of which at # =0 isthe following:

2
—— +)y? 4+ =R%. 15
-7 (15)

After substituting (13) in (15), it becomes apparent that the radius » at the integration in (14) must

change from R to o, and the angles € and ¢ change the same way as in spherical coordinates (from 0 to
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7 for theangle @, and from O to 27 for the angle ¢ ). For the energy of the gravitational field outside the

moving ball we find:

CYMPA+V?[3c7) Uy (1477/3¢))

U = (16)
) N N (W
7/ 2
where U, =— isthefield energy around the stationary ball.
We can introduce the effective relativistic mass of the field related to the energy of moving ball:
U 1-V2/2 U, (1+7?/3¢?)
my, = 5 = > : a7
Cg Cg
We shall now consider the momentum density of the gravitational field:
H
g9=—, (18)
Cg

2
g

where H =— [Gx£2] is the vector of energy flux density of the gravitational field (Heaviside
Ty

vector) [10].

Substituting in (18) the components of the field (11), we find:

L yMEPQA-VR[E? (VP2
Anc? [(x=Vi)' +@-V?/A) (2 + )]

(19)

X

¢ - ;/Mz(l—Vz/cg)z(x—Vt)yV
U an [(x—Vi) + Q-2+ AP

_ yM?(A=V?/c2)? (x-Vi)zV
T an [(x—Vi) +@-V2 /)PP
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We can see that the components of the momentum density of gravitational field (19) look the same asif a
liquid flowed around the ball from the axis OX , carrying similar density of the momentum — liquid spreads
out to the sides when meeting with the ball and merges once again on the opposite side of the ball.
Integrating the components of the momentum density of the gravitational field (19) by volume outside the

moving ball at =0 asin (14), we obtain:

yM?V sSn*Qdrdfde 2yM?*V
P=|g dY=- =— . (20)
_[g 47rcg2\/l—V2/c§ I r’ 3Rc§\/l—V2/c:,

In (20) the total momentum of the field has only the component along the axis OX . By analogy with the
formula for relativistic momentum the coefficient before the velocity 7 in (20) can be interpreted as the

effective mass of the external gravitational field moving with the ball:

2/ .2
:Px,/l—V /c? _ 2yM? _ AU, 1)

rb V 3R cg 3c2

4

m

2

where U,, =— isthe energy of the external static field of the ball at rest.

Comparing (21) and (17) gives:

31+ V2/3c§)mp,,

m,, 2 (22)

The discrepancy between the masses m,, and m ,, in (22) shows the existence of the problem of 4/3 for

gravitational field in the Lorentz-invariant theory of gravitation.

3.2 Thegravitational field inside a moving ball



According to [9] for a homogeneous ball with the density of substance p, (measured in the comoving

frame), which is moving along the axis OX , the potentials inside the ball (denoted by subscript i ) depend
on time and are asfollows:

2 1 (x=Vt)? .
l//i_ 7502 R2__ ( > )2+y2+22 , Di:l//l2 (23)
J-72/c 3(1-V?/c o
In view of (10) we can calculate the internal field strength and torsion field:
| :_47z7p0(x—Vt) G - ATy P,y G - Ay p, z
N N T3 1-rYe
Q.=0, Q, :M, Q. :_M_ (24)
30g2 1—V2/c§ 30‘:4/1—V2/c§
Similarly to (12) for the energy density of the field we find:
2y p2[(x=Vi) +@+V?/c?) ()% + 22
R P Pt S Gl ) I i U} 5

8ry 9(1- VZ/CS)

According to (25) the minimum energy density inside a moving ball is achieved on its surface, and in the

center at ¢t =0 itiszero.

The integral of (25) by volume of the ball at #=0 in coordinates (13) with the volume element

dY =r?sing, /1—V2/c§ drd@de equals:

2
U, =[udr=- 27y Ps [[c2+V?*(sin?6-cos’ )] r*sing drdodp.  (26)

9051/1—V2/c:

According to the theory of relativity the moving ball looks like Heaviside ellipsoid with equation of the
surface (15) at ¢t =0, and in the coordinates (13) the radius in the integration in (26) varies from O toR .
With thisin mind for the energy of the gravitational field inside the moving ball, we have:



_yM*(1+ V?/3c%) _ U+ V?/3c?)

U, = (27)
10R \[1-V2/? N
yM? . . . L
where U, =— 10R isthefield energy inside a stationary ball with radius R .
The effective mass of the field associated with energy (27) is.
LU=V U, @V 3c)
mgi - c2 - CZ ' (28)
4 g

Substituting in (18) the components of the field strengths (24), we find the components of the vector of

momentum density of gravitational field:

__Amyps (i +2)V _Amyps(x=Vi)yV _Aryps(x=Vi)zV
B 9c§ (1- Vz/cg) By 9c§ @a- Vz/cg) & ch (1- Vz/cgz)

(29)

The vector connecting the origin of coordinate system and center of the ball depends on the time and has

the components (Vz,0,0) . From this in the point, coinciding with the center of the ball, the components of

the vector of the momentum density of the gravitational field are aways zero. At ¢t =0 the center of the ball

passes through the origin of the coordinate system, and at the time from (29) it follows that the maximum

ArypiR*V M?V
density of the field momentum g, =— pro ST 5T = — 4}/2 >~ Is achieved on the
Oc; 1-V /cg) ArR"c; (1-V /cg)

surface of the ball on the circle of radius R inthe plane YOZ , which is perpendicular to theline OX of the
ball’s motion. The same follows from (19).
We can integrate the components of the momentum density of gravitational field (29) over the volume

inside the moving ball at =0 in the coordinates (13) similar to (20):

4mypsV

chz 1= Vz/cg2

2yM?V
15R 2 [1-V?/c?

P =[g,dr=- [rsdn®0 drdodp=- (30)
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P)/i:'[gyidY:O’ Pzi:IgzidY:O'

Asin (20), the total momentum of the field (30) has only the component along the axis OX . By analogy
with (21) the coefficient before the velocity 7 in (30) isinterpreted as the effective mass of the gravitational
field inside the ball:

. _Pxi,/l—VZ/C; __27/M2_4UiO (31)

" v 15R¢>  3c2

2

yM

where U,, =— isthe field energy inside a stationary ball.

Comparing (28) and (31) gives:

3(1+V?%/3c¢*)m, .

m, = ( / ) £ (32)
4

Connection (32) between the masses of the field inside the ball is the same asin (22) for the masses of the

external field, so the problem of 4/3 existsinside the ball too.
4, CONCLUSION

A characteristic feature of the fundamental fields, which include the gravitational and electromagnetic
fields, isthe similarity of their equations for the potentials and the field strengths. As it was shown above, the
external potentials (9) of the gravitational (and similarly, the electromagnetic) field of the moving ball are
similar by their form to the potentials of the point mass (point charge) (8), and can be obtained both using the
superposition principle of potentials of the point masses inside the ball, and using the L orentz transformation.
We aso presented the exact field potentials (23) inside the moving ball, for which both the superposition
principle and the Lorentz transformation are satisfied.

From the stated above we see that the 4/3 problem is common for both the electromagnetic and the
gravitational field. It aso follows from this that considering the contribution of the energy and the
momentum of both fields into the mass of the moving body must be done in the same way, taking into
account the negative values of the energy and the momentum of gravitational field and the positive values of

the energy and the momentum of electromagnetic field.
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