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ABSTRACT

The electrodynamics is usually considered as a phenomenological theory with respect to the masses and
charges of the particles. In this paper we develop theoretical model of electrodynamics that does not
contain any phenomenological constants associated with the particles, such as particles’ masses and
charges. This model can be applied equally to various types of particles, such as photon, charged spin %
fermions and neutrino, and allows for deriving the values of particles’ masses and charges. We avoid
using any ad hoc particle structures (such as ad hoc charge and/or mass distributions) in our model, but
only symmetry properties associated with distinctive features of the particles.
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1 Summary

The electrodynamics is usually considered as a phenomenological theory with respect to the masses and
charges of the interacting particles.

The quantum electrodynamics (QED) based on Dirac equations can be used to make extremely accurate
predictions of quantities like the anomalous magnetic moment of the electron, and the Lamb shift of the
energy levels of hydrogen. However, the values of the two phenomenological constants — particle’s
charge e and it's mass m — cannot be derived from Dirac theory and/or QED.

In this paper we develop theoretical model of electrodynamics that does not contain any
phenomenological constants associated with the particles, such as particles’ masses and charges.
Instead, our model

e allows for deriving the values of particles’ masses and charges
e applies equally to various types of particles, such as photon, charged spin % fermions and
neutrino

At the same time we avoid using any ad hoc particle structures (such as ad hoc charge and/or mass
distributions) in our model, but only symmetry properties associated with distinctive features of the
particles.

In particular, we assume that

e photons are transverse plane electromagnetic waves
e charged fermions’ fields are axially symmetric
e neutrino field violates parity, and its spinor components satisfy Majorana condition.

Hence, each particle type in our model is associated with some symmetry properties of the field
configuration, but basic equations are the same for all types of particles.

In this paper we use the spinor calculus developed by B. van der Waerden, G.E. Uhlenbeck and O.
Laporte. This is because many spinorial equations are much simpler than the corresponding tensorial
equations. This applies equally to Maxwell and Dirac equations.

For instance, the free Dirac equation in spinorial form can be written as
0*'n, + im& = 0, 0yy&H + imny, =0 (1)

All the expressions written in spinorial form are manifestly covariant. In Section 2 we briefly explain all
the spinorial notations used in this paper. An excellent introduction to the spinor calculus can also be
found in [2-4].

In our approach we consider evolutions of two interacting fields:
e electromagnetic fields E, B, and
e spinorial matter fields &, 1.

The evolution of electromagnetic fields E, B is determined by Maxwell equations. In Section 3 we
rewrite Maxwell equations, as well as related expressions for the charge densities, stress-energy tensor
and Lorentz force density, in spinorial form. In Section 3 we also represent in spinorial form the Maxwell
equations for the special cases of transverse plane waves and axially symmetric field configurations.




The evolution of spinorial mater fields &, 7 is determined by the matter field equations. These equations
should be consistent with the following requirements:

e they need to be Lorentz invariant

e they should not contain phenomenological constants associated with the type of particle, such
as mass and charge

e they should not be based on any ad hoc particle structures (such as ad hoc charge and/or mass
distributions or mass-to-charge density ratios)

In Section 4 we introduce the simplest equations that meet all three requirements:
oty = +f1EY, 058" = —fl'n, (2)
where fv” and fv’l are spinorial forms of electric and magnetic field strengths E, B (see Section 2.5).

In these equations spinorial matter fields £ and n; are coupled via electromagnetic field spinors.

Matter field equations (2) replicate the structure of the free Dirac equation (1) if we require that
fg = ag

y ) (3)
fin, =,

i.e. spinorial fields £ and 7 are eigenvectors of the second rank electromagnetic field spinors fv“ and fV“
correspondingly. Indeed, by applying (3) in (2) we obtain
oMy =+ A&, 9,8 = -1y (4)

Eigenvalues A and A in (3) and (4) are shown to be well known invariants of the electromagnetic field
(see Section 5):

+E2 — B2 — 2{EB

A
(5)

Ay = +E? — B2 + 2(EB

From the analogy with free Dirac equation (1) we can say that in our model electromagnetic field
invariants A and A play the roles of mass densities, and the latter have purely electromagnetic origin.
Unlike constant and real valued mass terms in Dirac equation, these mass densities are variable and
complex valued.

In Sections 5.1 and 5.2 we demonstrate that, in spite of the complex values of the “mass densities” 4
and A, the momentum densities of the matter fields B, are real valued and satisfy the continuity
equation:

9,Pt =0 (6)

We also demonstrate that condition (3) is equivalent to the requirement that momentum density of the
matter field B, is an eigenvector of the stress-energy tensor of the electromagnetic field.

In Section 5.3 we obtain the following expression for the “mass density square” of the matter field

PEB, = 412 (7)




This is another manifestation of the electromagnetic origin of our “mass terms”. In our model the
momentum density vector B, is always time-like, and its time-like component P, is always positive,

hence no solutions with negative energies are allowed.

In Sections 3, 4 and 5 the Maxwell equations and the matter field equations are considered separately.
The concept of electromagnetic mass was developed based on matter field equations and property (3).

In the Section 6 we consider both Maxwell and matter field equations simultaneously and require that
both equations are equivalent, i.e. that matter field equations can be reduced to Maxwell equations,
and vice versa.

Physically that means that particle’s own electromagnetic field evolution is dynamically balanced with
evolution of its source — particle’s spinorial field, so that the total field configuration remains stable in
time.

This enables us to develop the concept of electromagnetic charge, in a sense that the charge density can
also be expressed via electromagnetic field strengths E, B.

In the first place (Section 6.1) we consider the case of transverse plane waves and show that Maxwell
and matter field equations become equivalent if the following relationship between the mass and
charge densities is satisfied:

J = X P (8)

From this we conclude that, in the case of the transverse plane waves, electromagnetic field invariant A
plays the role of the charge density (while 1 plays the same role for anti-particles). Generally 1 is
complex valued, hence allowing for both non-zero electric and magnetic charge densities. It does not,
however, contradict the fact that the total magnetic charge of all known particle is zero. On the other
hand, the non-zero magnetic charge density contributes to the total magnetic moment of the particle.

We also demonstrate that in the case of the transverse plane waves the Lorentz force action on the
matter field is zero when E = B, i.e. when real parts of electromagnetic fields invariants 1 and A are
zero.

Particularly, this applies to electromagnetic waves “in vacuum” (E L B, E = B), where we have
A=21=0, and matter field equations coincide with Maxwell equations for “source-free”
electromagnetic plane waves. In this case the momentum density P* of the matter field is non-zero,
while the charge density /* is zero. In this sense the photons are not actually “source-free”
electromagnetic waves.

In Section 6.2 we consider stationary axially symmetric field configuration corresponding to charged
fermions, such as electrons. We demonstrate that in this case consistency of the matter field equations
and Maxwell equations require that the “velocity of charge” is not the same as “velocity of mass”
anymore. It is shown that this difference results in centripetal acceleration of the momentum density £,
allowing rotation of the particle’s field around the symmetry axis. This enables the existence of
electromagnetic spin of the charged fermions. In Section 6.2 we also derive the equation that enables to
establish all possible field configurations of charged fermions, and hence deriving the values of their
total masses and charges.

Finally, in Section 7 we consider the field configuration that violates parity. For this reason we associate
this field configuration with neutrino.




We demonstrate that the spinorial neutrino fields satisfy the Majorana condition

fl i/ )
(9)
&% =+m
One of the important consequences of the model is that, in spite of non-zero “mass density terms”, the
neutrino field propagates at the speed of light.

2 Spinor calculus

2.1 Basic notations
Below we describe the basic notations used in this paper.

The metric of the Minkowski space-time is defined as following:

gdﬁ = gaB = dlag (+' ) _)I a,ﬁ = 01112'3 (10)

We use the following representations for Pauli matrices

N AT RSt R Y

w=lo 3l =[5 Q1 @=[5 o] a=[7 i 1)

and Dirac’s gamma matrices:

00 —i 0 00 0 i
oo o -—i oo i o
Yo=1-i o o o| T |0 —-i 0 o0
0 —i 0 0 —i 0 0 0
(13)

00 0 1 00 i 0
00 -1 0 00 0 —i
210 =1 0 of 7™ |-i 0 0 o0
1 0 0 0 0 i 00

2.2 Spinors and co-spinors

In spinor notation the (four-component) wave function of the fermion field ¥ is considered as a
formal sum of first rank spinor and first rank co-spinor fields:

£
v =6 = E0 + oy = | £ ) (19
13(%)
where
YeECP C%,¢&e %1 € C? (15)




Under Lorentz transformation first rank spinors and co-spinors are transformed as follows:

o =g

12 —1\v (16)
ny= (u )Z My
where matrix u € SL (2, C) can be presented in the following form:
ui U
u = 2 2| = exp[ (_bk + iT'k)O'k], rkrbk € R, k= 1,2,3 (17)
ur Uz

Any quantities transforming like the products ¢#¢V, m;my, §#ny are called second rank spinors and
denoted by a*V, by, cf.f correspondingly. Analogously one can define the spinors of higher ranks.

Transition from subscript to superscript spinor indices is established by means of Lorentz-invariant
spinors €, and eV:

0 411 45 [0 -1
€ = [—1 0] =14 0] (18)
&= €n&, nt=ely, (19)

f1=52' fz?—fl

nt=—-m,  nt=m

(20)

One can show easily that complex conjugates of spinors transform as co-spinors, and vice versa, so that
we can denote

$p =
Ny

(21)

I
3

As in the usual tensor algebra, the only covariant operations are multiplication and contraction. For
instance, from the spinors aﬁf/ and bgﬁ we can form the spinor of the 6" rank

pe  _ P 10
Civap = Fivbap (22)
or the spinor of the 4™ rank
C;fa/? = aﬁf/ ;’ﬁ (23)

or the spinor of the 2" rank
The following two rules are essential for calculations:

a,b* = —atb, (25)
and

atb,c, +a,b,c* +a,btc, =0 (26)

An immediate consequence of (16) is that any spinor of odd rank has absolute value zero:

7



a

at =00 a4y, a* =0 (27)

2.3 World vectors and tensors

Any vector and/or tensor of the Minkowski space-time can be expressed in a spinor form:

{x*} > {S3}: (Suy) = x%0f = x,0°7 (28)
{x%} > {S¥}: (SH7) = x%6, = x,6° (29)
or, equivalently
X Sli 512 Xo + X3 X1 — iX2>

uvy — —

(S ) - (521 SZZ) - (Xl + ixz Xg — X3 (30)
_ (St S\ _ (x%+ %3 xM4ix?) _ ( s22 —521>

(Sui) = (521 522> B (x1 —ix? x0-— x3) - \_g1z g1l 1)

The determinants of the matrices S,; and S* are equal to x*x, and remain invariant under SL(2,C)
transformations. The following rule is also essential for calculations:

SeuSM =62 (x*x,) S, ;8% = 61-’}(x“x#) (32)
In the spinor notation the gradient co-vector (9, = %) is transformed into the following matrices:

(ow) = [ 405 =it

al + 162 60 _ 63] = 60 + 610'1 + 620'2 + 630'3 (33)

9y — 03 —0y — id,
(alﬂ'/) = [_al +id, 9y + 03 ] = 0Jg — a10'1T - 620'2T - 630'?31 (34)

From (23) we immediately conclude that
9,502 = 82(0"8,) 8,0 = 67(d*0,) (35)

and for any 4-vector V* represented (according to (30-31)) by second rank spinor S*¥ the 4-divergence
is written in the following form:

0,y S*" = 9,V* (36)
2.4 Spinorial currents

Alternatively, any spinor and co-spinor can be used to construct the world vector. We will call such
vectors spinorial currents.

Consider arbitrary spinor & that can be expressed as a matrix with one column and two rows. We denote
Hermitian conjugate matrix as ¢ 7. Then we can construct the following world vector:

1
bu=75 (f+aﬂf) (37)

8



1 1, — — 1 1,— —
po= &) = 2 (¢ + %) pi= 5@ ) = (8¢ + §8Y)

1 | — — 1 1,— —
P = 50 = 3@ - T8 py= (e = 3(F8 - 752)

(38)

. . 1
One can easily check that p,p* =0, and using (16-17) we can see that vector p, = 5(€+auf)
transforms as covariant vector.

Following the general rule (30) the spinor current p, can be expressed as

pus = [P0t Ps P1- iPz] R B S A (39)
p1+ ip Po— P3 Ezg fzf_z 5251 5252
Similarly, we can construct contravariant vector from co-spinor 7:
= —(n 6*1) (40)
1 ... 1 __ — o Lo 1 —
P =0 = SOm+ mny) B = S0 6N) = S (i + Tinz) a
, 41
. L — g 1o . 1 —
= —(77 ¢%1n) = 2 (ani = 7i72) p* = E(”+03") = 5 @1m1 = myny)
Vector p* is also isotropic: p*p,, = 0. Using (30) it can be expressed in spinor form:
guv = [ P1 B P lp] [nznz —ﬁ_zm] _ [nln? nln?] (42)
—pt —ip* p°+ P ninz  Nini n’n'  n?n?

Using vectors constructed from spinor and co-spinor, one can form a new vector that will not be
isotropic. Such vector is usually defined as a bilinear form of the four-component wave function of the
fermion field Y (Dirac current):

1
Bo= =5 @*von) (43)
where field 1t is a Hermitian conjugate of 1:

El
v=[ w=l F m 7] (44)
m

Using (25) and (4) one can easily check that
1 1zl 4 7222 1 _ = A0
Po =—(s‘ §+ 8% )+ 5 @imi + M3m2) = po +P

1 —_— —_— A
78+ ¢ - 2 (2ni + Ming) = pr =P
(45)
A2

=@
( 6152)—%(@71— MiNy) = p2 — P
=3 (8¢ - 7¢?)

1 o 53
— E(’Ii’li — MaM3) = p3—D

Nl»—kl\)|~ [\)I




or
B, = pu+ gub’ (46)
According to (30), world vector B, can be expressed as second rank spinor 208

{B,} - PHV = pHV 4 pHv (47)

2.5 Electromagnetic fields

Electromagnetic field strengths are expressed in the form of symmetric second rank spinors that realize
irreducible representation of the SL(2, C) group:

Juv = Juu symmetry condition
fuv = foi
(48)

flt = f* } neutrality condition

In the expression above we used (19) to transform symmetric spinors f,, and f;;, to traceless spinors Jie
and f}":

ff=€e"f,  fi'=0 (49)
Due to symmetry of the spinors the field has only 3 complex components

fi1, fiz = fa1, f22 (50)

This property enables us to introduce the structure of 3-dimentional complex space for electromagnetic
field spinors

b (N [ —iF*] _ pr k=123 51
& [1 ] F1+1F2 —F3 %k e 1)

where “coordinates” F¥ can be decomposed into real and imaginary parts
F=E—-iB (52)

From (51) one can see that matrices £} belong to the Lie algebra of the group SL(2, C).

3 Maxwell equations in spinor form

Many spinorial equations are much simpler than the corresponding tensorial equations. This applies
equally to Maxwell Dirac equations, as we will demonstrate in the further sections.

Maxwell equations have the following spinor form:
. . . .j_ . A
VPl = sKe, oMPfi = Sua (53)

Here we use two spinorial forms of the electromagnetic current density: S*P and N

10



S._&iﬁﬂ_ﬂwﬁ JH+i?
MV 1S Sl gt =g j0 -3
(54)
‘. _[sﬂ sﬁ]_[’mﬁ J i
S YT B VAt T A
These two spinors are Hermitian conjugates of each other
S Sul f51 Sl -
S2i Szl [S12 S

Complex vectors J* and ¥ corresponding to spinors S*? and $## are complex conjugated to each other
and can be decomposed into electric and magnetic current densities

JE =15 =i
k=0,1273 (56)

jE=j =i =]

To be convinced that any of the complex conjugated spinorial equations (53) explicitly correspond to
Maxwell equations, we can rewrite, e.g. the first equation (using (19) and (25)) in the form

SMV = —am-,f,f (57)
represent it in matrix form
011 azi] [fll le] _ [511 521] (58)
a12 a22 f12 f22 Sz S

and then expand this expression using (34), (51), (52), (54) and (56):

(89 — 83)(E® —iB%) + (—0; + i0,)(E* —iB* +iE? + BY) = —(J,' — iJn" +Jo°> — i/>)
(90 — 03)(E' — iB' —iE? —B*) = (=0 +i0,)(E® —iB*) = =(Jo' = i, — ] — ")
(=8 — i0,)(E3 —iB3) + (9g + 03)(E* — iB* +iE? + BY) = —(J,' — i[n + o> 4+ Jn®)
(=0, — i05)(EY —iB' — iE? — B%) — (8 + 03)(E® —iB®) = —(J." — iJn" = J.> + iJ1n>)

(59)

By separating real and imaginary parts of the equations (59), we obtain Maxwell equations in vector
form

divE=]" curlB-E=],

) 0 . (60)
divB=], —curlE-B=],

The conservation of charge is a consequence of the Maxwell equations. The continuity equation for the
current density reads (see (36) and (35))

O J* = 0,3S*" = 0,07 f = 61(070,)f{ = (0°9,)f) =0 (61)
since £} is a traceless matrix: fu =
3.1 Lorentz force density

Now we can use Maxwell equations (53) to derive the expression for the Lorentz force spinor. We first
introduce the stress-energy density spinor of the electromagnetic field

Tl = f2f! (62)

11



and then consider the expression
0sp Ty = 0sp 1217 ] = 17105 21+ 2 | 055 7 | = Ao (63)
where the force density spinor
Ny = =[] Sup + 12855 (64)
Of course, the force density spinor A,; corresponds to the Lorentz force density 4-vector FH

Ai A
A =D 12]

FO+73 Fl4 i}"z]
W A Ay [ (65)

Fl—iF? FO—_F3

3.2 Electromagnetic fields with special symmetries

In further sections we will need the expressions for Maxwell equations for the systems with special
symmetries. Particularly we will need such expressions for:

e Transverse plane electromagnetic waves, and
e Stationary fields with axial symmetry

3.2.1 Transverse plane waves
By definition, in transverse plane waves the directions of vectors E, B are orthogonal to the direction of

wave propagation. For simplicity we can choose axis ez parallel to the direction of the wave
propagation. In this case we will have:

F3=0
66
t=J2=0 (66)
at all times and all points in space.
The Maxwell equations will be reduced to the following expressions:
@y — i) (F* +iF?) =0 + 3
0y —33)(F1 —iF?) =0 (67)
0y +33)(FL +iF?) =0
(0 +i0)(F' —iF?) =]° =
In absence of charged currents the right hand sides of all the equations vanish, and we obtain
(0, —i0,))(F* +iF?>) =0
_ 1_ g2y —
(0 —3)(F* —iF*)=0 (68)

(0p + 03)(F' +iF?) =0
(0, +i0,)(F' —iF?) =0

3.2.2 Stationary field configurations with axial symmetry

Now we consider the stationary field configurations with axial symmetry. We introduce the polar
cylindrical coordinate system {e;, e;,e3} — {el,ep, ey } (see Figure 1):

12



x? = pcos¢
x3 = psing

xt=x!

Figure 1. Axially symmetric field configuration
and require that

do

=0 stationarity
d, =

o =0 axial symmetry (69)

This ensures that field configuration is symmetric w.r.t. rotations around axis e; and is not changing
over time.

Due to axial symmetry, electric and magnetic fields E, B in each point belong to the plane ¢ = const
(i.e. F® = 0), and charge density current is parallel to direction of e, (i.e. J* = J1=0).

Then Maxwell equations in cylindrical coordinates can be written as follows:
1
;F" + (01 —i0,)(F* +iFP) =]+ ¢
1
(60 - —a¢> (F1—iFP)=0
f (70)
(aO + ;a(p) (F1+iFP) =0

1
;F" + (01 +i0,)(Ft —iFP) =] — ¢

4 Matter field equation

The Dirac equations were first written in spinor form by G.E. Uhlenbeck and O. Laporte in 1931 [2].
According to (14) the four wave functions of Dirac correspond to spinor of the first rank & and co-
spinor of the first rank n;, and Dirac equations become

(6”‘7 + ieCD“")n,-, + imé* = 0, (0 +iedyy)$H + imn, =0, meR (71)
where ®*7 is a spinor obtained from electromagnetic potential four-vector A, using general rule (30).

The quantum electrodynamics (QED) based on Dirac equations can be used to make extremely accurate
predictions of quantities like the anomalous magnetic moment of the electron, and the Lamb shift of the
energy levels of hydrogen. However, the values of the two phenomenological constants — particle’s
charge e and it’s mass m — cannot be derived from Dirac theory and/or QED.

13




If one considers electrodynamics as a phenomenological theory with respect to the mass and charge of
the interacting particles, and if one consequently condones the necessity of infinite mass and charge
renormalizations, one is tempted to consider quantum electrodynamics as a pretty satisfactory theory
(quoted from [1]).

However, the purpose of this paper is to develop the model that allows for deriving the values of
particles’ masses and charges from the model.

Such model cannot be based on the Dirac equation, because the mass and charge parameters in the
Dirac theory need to be identified from experiment for each particle type. Hence we need to assume
some other form of matter filed equation. This new equation should be consistent with the following
requirements:

e |t has to be Lorentz invariant

e It should not contain phenomenological constants associated with the type of particle, such as
mass and charge

e |t should not be based on any ad hoc particle structures (such as ad hoc charge and/or mass
distributions or mass-to-charge density ratios)

The simplest equation that meets all three requirements is as follows:
oty = +f1EY, 058" = —fl'n, (72)

In this equation the spinor and co-spinor fields are coupled via electromagnetic field. The conjugate
equations can be written as follows:

aw}ny = +f;1f/‘>;ﬂf a,uf/ff/ = _ﬁzvnv (73)

In this paper we consider equations (72-73) as fundamental matter field equations that determine the
dynamics of the spinorial matter fields.

In further sections we will demonstrate that, with “supersymmetry” condition (74), these equations can
be reduced to Maxwell equations, so that mass and charge densities can be expressed via
electromagnetic field strengths. The particle type can then be associated with the type of stable field
configuration, and the total masses and charges of the particles will only depend on the corresponding
stable configurations of the fields.

5 Electromagnetic mass

In our approach we consider evolutions of two interacting fields:
e electromagnetic fields E, B, and
e spinorial fields &, 7).

The evolution of electromagnetic fields is determined by Maxwell equations (53), while the evolution of
spinorial fields is determined by matter field equations (72-73).

We anticipate that there exist stable configurations of the fields E,B and &,7) that correspond to
elementary particles, and the type of elementary particle depends on the field configuration and its
properties.

14



Physically that means that particle’s own electromagnetic field evolution is dynamically balanced with
evolution of its source — particle’s spinorial field, so that the total field configuration remains stable in
time.

Mathematically that means that:

e spinorial fields can be expressed via electromagnetic fields, i.e. as functions ¢ = {(E, B) and
1 = 1)(E, B), and as a consequence

e matter field equations become equivalent (or reduced) to Maxwell equations.

We will see that equivalence of Maxwell equations and matter field equations can be achieved if the
following Lorentz invariant relationship is satisfied:

£ & =28
, (74)

ﬁ“np =1 ny
The meaning of expressions (74) is that spinorial fields £ and 7 are eigenvectors of the second rank
electromagnetic field spinors fv“ and fv’l correspondingly. In this section we will also show that direct
consequence of the relationship (74) is that the 4-momentum F, of the spinorial matter field is an

eigenvector of the stress-energy tensor of the electromagnetic field (corresponding to 4-th rank spinor
(62)).

With the condition (74) our matter field equations (72) become very simple
oMy =+ A&, 9,8 = -1y (75)

and replicate the structure of the free Dirac equation (see (1)) where constant mass term m is replaced
by the variable “mass density” terms A and A.

Taking account the explicit form of electromagnetic field spinors £} and fv” (see (51-52)) one can see
that eigenvalues of these spinors A and A are well known electromagnetic field invariants:

Ay = +J(FDZ + (F2)?2 + (F3)2 1.2 = E*—B? - 2iIEB
(76)

A, = i\/(ﬁ)2+(ﬁ)2+(ﬁ)2 A, = E? — B? + 2iEB

Hence, from the analogy with free Dirac equation we can say that in our model electromagnetic field
invariants play the roles of mass densities, and the latter have purely electromagnetic origin.

5.1 Momentum density of the matter field

Following the procedure explained in the Section 2.4, the momentum density vector of the spinorial
matter field can be defined as a sum of spinorial currents

(P, =p, +P,} > P = p"¥ +pH (77)
where
phv = ErEY, pr’ = ninY (78)

When condition (74) is satisfied, the momentum 4-vector B, becomes an eigenvector of the stress-
energy tensor of the electromagnetic field (62):
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tlpe = (££€7) (F'e”) = 1A12pH?
(79)
eh2pve = (fn7) (Fn) = 1%pwo

thPpvo = |A|2prb (80)

The eigenvalue of the stress-energy tensor is, of course, expressed via electromagnetic field invariants
(76).

5.2 Conservation of the total momentum

According to (36) the divergence of the momentum density vector B,

9)

Pt = awpw = aw-,p’“’ + aﬂvﬁ’“’ (81)

Using matter field equations (72-73) we can find that

uop"’ = 8,5 [687] = ([0,56]6" + €[00 €"]) = (i mué” + 8 £ m)
(82)
0"’ = 0" [nmy] = ([0 nu e +mu[0%7m5]) = +(f7 € ny + 1,1 E)

from what we conclude that momentum of the spinorial field is conserved due to matter field equations:
d,P* =0 (83)
5.3 Eigenvectors

Let us now derive the expressions for the eigenvectors of the electromagnetic field spinors fv“ and fv“

Consider arbitrary point Q at the space-time. For the sake of convenience we can choose the reference
frame (denoted as M) in such a way that the fields E, B at the point Q will be orthogonal to the axis es.
There is, of course, infinite number of such frames, but all the considerations presented in this section
are valid for any of these frames.

In the reference frame M the expression for spinor f!' at the point Q will be

Fl — iFZ] (84)

u o 0
& [F1 + iF? 0
because F3 = 0 at the point Q.

One can easily check now that two spinors &, n é_ defined as

:, = Ei]z [im )
e JF1 +iF?

will be eigenvectors of the matrix (84) at the point Q

£l &L = A48 (86)
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Hence, with the special choice of the reference frame we can write an explicit expression for the
components of the spinorial field £ satisfying condition (74). The expressions for the field components in
all other frames can be obtained by the appropriate Lorentz transformations.

Similarly one can show that at the reference frame M, two co-spinors 77, and 7j_ defined as

Tl _ip2
s + |[F' —iF
T = ["iz] B [ — &7
| (F1+iF? |
will satisfy the condition
fvﬂniﬂ = 247y, (88)
at the point Q.
Using (85) and (87) one can find that in the frame M
elel = J(Fl — iF?)(F1 + iF2) = JE2 + B2 — 2(E'B? — E2B1) = ninl
ge = J(Fl +iF?)(F1 — iF2) = \JE2 + B2 + 2(E'B? — E2BY) = nin} #9)
89

¢l = iJ(Fl — IF2)(F' = iF?) = +/(EN? = (E?)? + (B')? — (B?)? — 2i(E'E? + B'B?) = —nin}

¢¢i = iJ(Fl +IF2)(FT +iF?) = +/(EN? = (E?)? + (B1)? — (B?)? + 2i(E'E? + B'B?) = —nln}

at the point Q. From this we can see that in the frame M, the components of the spinorial currents p,
and p* (see (78)) satisfy the relationships

.0 Al
P+, =P+t P+, =P+
5 2 2 3 (30)
P+, =P+ P+; = —P+

and the total momentum density B, has only two non-zero components in the frame M,

— —24 0 —
Pio_zpio_zpi' Pil_o (91)

Pi2=0' Pi3=2pi3=_2ﬁi3

From (89) we can derive the “mass square” of the momentum density 4-vector F,, which is invariant
under Lorentz transformations and hence has the same value in all reference frames:

PP, = 4|7 (92)

This is another manifestation of the electromagnetic origin of our “mass term”. It is worth noting that
the momentum density vector F, is always time-like, and its time-like component P, is always positive,
hence no solutions with negative energies are allowed.

From (89) we can find the values of the following Lorentz invariants:

SNy, =422y
(93)

niﬂ =12 /Ti

H+ =

$

In Section 7 we will also use the following identities in connection with neutrino model:
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., =0
(94)
1 Nty = 0

5.4 Conservation of spinorial currents

Let us now assume that fields £ and 7} are the eigenvectors of the electromagnetic field spinors ﬁ,“ and

ff, i.e. condition (74) is satisfied. Then using (74) and (93) the expressions (82) can be written as

N _ 2
pph = — (/lifini# "‘/L_r??pf“) =F2(:" + 21 )

(95)
— . — 2
0,92 = +(Apglhing + Aam) = 22044 + 24 )

From (95) we conclude that spinorial currents p# and p* are conserved independently when E = B, i.e.
when real parts of the squared electromagnetic field invariants 12 and A% are zero. This might be
important for considering the case of neutrino fields that violate parity (see Section 7).

5.5 Divergence of axial vector current
Axial vector current P4 is defined, as usual, as a difference of spinorial currents p* and p*
Pyt =ph - p* (96)
From (95) one can see that the 4-divergence of the axial vector current equals to
0 Pas? = 9,p% — 9,p% = T4 (2,2 + 7, ) = T8(E? — BY) = +8FW'E, (97)
5.6 Transition to the rest frame

Let us briefly discuss the properties of the momentum densities P* in the special cases of orthogonal
(E L B) electromagnetic fields. The case of parallel (E || B, E = B) electromagnetic fields will be
considered in connection with neutrino model in Section 7.

Let us first consider thecase E 1 B, E > B.

In this case the squares of invariants of the electromagnetic fields are positive real numbers:

~

2= E*-B*>0

, (98)
+ =E2-B2>0

|

It is easy to check that in the frame M the non-zero components of the momentum density 4-vector P*
will be

Py = +4E

Py = —4B (99)
if the pair of vectors {E, B} has the same orientation as basis vectors {e;, e,}, and

Py = +4E

P; = +4B (100)

for inverse orientation of the pair of vectors {E, B}.
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It is well known that if E L B, E > B, there is a reference frame where magnetic field B vanish [6]. Let’s
denote this frame as Mg.

From (99-100) we can see that only time-like component PO of the momentum density has non-zero
value in the frame Mg. In this sense frame Mg might be considered as a “rest frame” of the momentum
density P*.

Similarly we can show that in the case of E L B, E < B the squares of invariants of the electromagnetic
fields are negative real numbers:

~

V2 =E2-B*<0

(101)
2
. = E*-B?<0

o

and in the frame M, the non-zero components of the momentum 4-vector P* will be

Py = +4B

Py = —4E (102)

if the pair of vectors {E, B} has the same orientation as basis vectors {e;, e,}, and

Py = +4B
P; = +4E (103)
for inverse orientation of the pair of vectors {E, B}.

Similarly, in the reference frame My where electric field E vanish, only time-like component PO of the
momentum density has non-zero value.

In the case of E L B, E = B we have 1 = 1 = 0, and the momentum density is isotropic in all reference
frames: PXP, = 4|2)> = 0.

6 Electromagnetic charge

In this section we will see how matter field equations can be reduced to Maxwell equations. For
simplicity we will consider two systems with special symmetries:

e Transverse plane waves corresponding to photons,
e Stationary fields with axial symmetry, that can be associated with charged massive fermions at
their rest frames.

Due to chosen symmetries of the field configurations, at every point of the space-time the electric and
magnetic field vectors E, B are orthogonal to one of the basis vectors.

In particular, for the transverse plane waves we direct axis ez parallel to the direction of wave
propagation, so that electric and magnetic fields are orthogonal to e;.

For axially symmetric configuration we introduce cylindrical polar coordinates (see Figure 1, Section
3.2.2) in such a way that fields E, B are orthogonal to the basis vector e, in each point.

This enables us to use in our calculations the explicit expressions for spinorial filed components (85) and
(87).
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6.1 Transverse plane waves

As mentioned above, we choose the coordinates system in such a way that in each point
EB L e;, F}=F3=0 (104)

Let us now consider the matter wave equations (75) written in the form

0*Vn, = + AEH
' (105)
a;u'/fv = -1 Ny
We can expand these equations using (33), (34), (85) and (87)
(60 + 63)\/F1 - lFZ + (61 - iaz)\/Fl + lFZ = +A\/F1 - le (l)
(0 + i0)VF! — iF2 4+ (8y — 03)VF! + iF2 = +Ay/F! + iF? (ii) (106)
(60 - 83)\/F1 + lFZ + (—61 - iaz)\/F1 - lFZ = —A Fl + lFZ (111)
(—61 +162)\/F1 +1F2 + (60 +63)\/F1 —lFZ =-1 Fl — lFZ (IV)
By adding (i) and (iv) we obtain
(9p +03)(F' —iF?) =0 (107)
Similarly, by adding (ii) and (iii) we obtain
0y —33)(F1 +iF?) =0 (108)
With the two remaining equations the whole system can be written as
(0, + i0,)(F! — iF?) = +20JF1 + iF2y/F1 — iF2
_ 1 iE2) —
(9o 63)(61 + l_{z) 0 (109)
((‘)0 +03)(F —iF ) =0
(8, — i0,)(F! + iF?) = +22y/F! — iF2\JF! + iF2
and complex conjugated equations will have the form
(0, — i0,)(F! + iF?) = +21F! + iF2y/F! — iF2
_ 1_ip2y —

(0p +03)(F* +iF?) =0
8y + i0,)(F! — iF?) = +21/F! — iF2\JF! + iF2

With expressions (89-91) for the momentum density of the matter field F, in the frame M,, we can
rewrite (110) in the following form:

(0, —i0,)(F' + iF?) = A(P° + P?)
(0p — 03)(F' —iF?) =0
(0p + 03)(F* +iF?) =0

(0, +i0,)(F' —iF?) = 2(P° — P?)

(111)

From comparison of (110) and (67) we conclude that in the case of the transverse plane waves:

e Matter field equations are reduced to the Maxwell equations, and
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e The charge density current J* is expressed via electromagnetic field invariant A and momentum
density P* in the following way:

JE = A PH (112)

Hence we conclude that, in the case of the transverse plane waves, electromagnetic field invariant A
plays the role of the electromagnetic charge density (it is clear that A1 plays the same role for anti-
particles). Generally A is complex valued, hence allowing for both non-zero electric and magnetic charge
densities.

Now we can find the expression for the Lorentz force density (64) acting on matter fields.

(1212) can be written as

S,uf/ = /TP;H'/ = /T(pm, + ﬁ;u'/) = /T(Eufv + 7];1771‘;)

(113)
S;u'/ = /1P!“', = A(P;w + ﬁ;u'/) = A(Ey‘fv + nynf/)
Using (74) we find that
f2Ssy = Af2&:& + f,0nsny) = 22(—€,&5 +numy)
. . . (114)
1750 = (&l & +muffmp) = 22(=Gus +mumy)
and the Lorentz force density becomes
Al“./ = — [ﬁ/pS‘up +f,‘u§$§f/] = (AZ + /TZ)(f#fv - T]#T]f,) = (AZ + A_Z)PAl“-/ (115)

It is interesting that the Lorentz force F* is proportional to the axial vector current P,# (see Section
5.5). From (115) we can see that Lorentz force vanishes if E = B, i.e. when real parts of electromagnetic
fields invariants A and A are zero. Particularly, this is the case of electromagnetic waves “in vacuum” (i.e.
photons, see below) and neutrino (see Section 7). When Lorentz force is zero, the momentum density of
the matter field remains constant in the course of particle’s motion, hence allowing for uniform motion
of the particle.

In the case of plane electromagnetic waves “in vacuum” (E L B, E = B) we have A = 1 = 0, and matter
field equations (111) coincide with the “source-free” Maxwell equations (68). In this case the
momentum density P* of the matter field is non-zero, while the charge density J# is zero. In this sense
our system is not actually “source-free”.

Thus we have demonstrated that our model can be used for description of bosonic particles such as
photons. In further sections we will apply our model to the field configurations corresponding to
charged fermions (Section 6.2) and neutrino (Section 7).

6.2 Stationary field configurations with axial symmetry

In Cartesian basis matter field equations

oM, = +AE
(116)
&t = —Any

can be written in the following matrix form
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(60 + 610'1 + 620'2 + 030'3)77 = +/‘{E
(09 — 0101 — 0,07 — 0303)¢ = — A1)

where

51],

52 n1]

&= ’72[772

By introducing polar cylindrical coordinates (see Figure 1)

x> =pcosg
x3 = psing

x! =1

we will have the following expressions for partial derivatives

60 = 60
sin @
d, = cos 0, —Taq,
_ cos @
d3 =singd, + dy
61 = 61

By using (120) we obtain

1
0,0, + 0303 = (0, cos @ + a3 sing)d, + E(—az sing + g3 cos ¢)d,

with consequent expressions for matter field equations (117) in the new coordinate system.

(117)

(118)

(119)

(120)

(121)

To complete the transition to the polar coordinate system, we need to account for change of spinor

components due to change of basis vectors in each point: {e,, e3} —» { e, e, }

The pair of vectors {ep, e, } can be obtained by rotating the pair of Cartesian basis vectors {e,, e3} by
the angle ¢ around the axis e; at every point with coordinates (p, ¢, x1). This rotation results in the

following transformation of the spinor components:

f’ = exp [i%al]f = [cos§+ial sin%]f = S§¢
r']' = exp [igal]r'] = [cos§+ ioq sing]r'; =857

with the following transition operators
P - P
S =exp [1501] Sl =exp [—1501]

By applying operators S and S~ to the equations (117) we obtain

S (60 + 610'1 + 620'2 + 030'3)5_1577 = +/15€
5(60 - 610'1 — 620'2 - 630'3)5_155 = —/TST]

or

S ((‘)0 + 610'1 + 620'2 + 630'3)5_17;], = +/1€,
S(8y — 8101 — 0,05 — 0303)S ¢ = -1

(122)

(123)

(124)

(125)
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Since operator § commutes with oy and g, we will have

S (00 + 610'1 + 620'2 + 630'3)5_1 = 00 + 010'1 + 5(620'2 + 630'3)5_1 (126)
S(ao - 610'1 - 620'2 - 630'3)5_1 = 00 - 010'1 _5(620'2 + 630'3)5_1

It is now easy to check that
. 1 1
5(620'2 + 630'3)5 = O'Zap + 7)0’36(/, + 50'2 (127)

and we complete transition of the matter field equations to polar cylindrical coordinates:

1 1 / )
[60+O'161+0'26p +—O'3a(p +2—O'2]T] = +Af
P p (128)

1 1 1. .
I:aO—O'lal_O'Zap _50'3040_50'2]6 :_AT]

Now we can use (85) and (87) to express components of the spinors f' and 77' via components of the
fields E, B in cylindrical coordinates (i.e. in the basis {ep, €, el}):

&Y [Vt —iFe]
f — 2 —
§°1 LJFl+iFr]
(129)
n'i [\/F1 — iFr
r’] — —
! — —
M2l IJF! +iFr]
and write matter field equations as follows:
[ 1 . W
do +—=0, 01 —1i0, —i—| [\JF1 —iFr Fl — {Fp
| p 2p = +1
. 1 1 — =
lal-l-lap-l-lz ao—;a(p J |Fl 4+ iFp /F1 + iFp
(130)
[ 1 . 17 —
9o — =0, —61+1c’)p+12— F1 —iFp F1 —iFp

| p p __J

1
| 01— 10, — i% do +50¢ | WPt +iFe VFL +iFp

After expanding expressions (130) and applying complex conjugation to the first two equations, we
obtain

1 1

(ao +;a¢) F' +iFr + (al +1i0, +1i p) F1—{Fp =+ F' + iFr )
1 1

(o -1, - i5> FL4 iR + (0, - S0 WF—iF? =+ 1FT —iFe (i

(131)

1 1 _

(ao —;a(,,) F1 —iFr +( 0, +1i0, + lzp) Fl 4+ iFP = —A\F! —iFp (iii)
1

(-01 - 19, - i5> FT=iF? + (89 + a¢) TyiFe = +iFr (v
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By adding (i) and (iv) we obtain
1
(ao + an,) (FL+iFP)=0 (132)
Similarly, by adding (ii) and (iii) we obtain
1
(ao — an,) (F1 —iFP)=0 (133)

Naturally, (132) and (133) are consistent with assumed stationarity and axial symmetry of the field
configuration:

dy=0 stationarity

d, =0 axial symmetry (134)
With the two remaining equations the whole system can be written as
1 - —
(0, —i0,)(F* +iFr) — i/—)(Fl +iFP) = +22JFt — iFp\[F1 + iFr
1 .
(30 -0, )t = i) =0
p (135)

1
(60 +l—)a<,,) (F1+iFF) =0

1 = —
(0, +i0,)(F* —iFf) + i/—)(Fl — iFP) = 420/ FL + iFr\[F1 — iFr
From comparison with (70) we conclude that (135) will coincide with Maxwell equations if we define:

- 1
Jo—J9 =2(P°—P?)—i—F!

f (136)
JO+]2 =2(P° + P?) + i;Fl

where ]0,]‘P and P% P? are non-zero components of charge density and momentum density
correspondingly.
It is interesting that in axially symmetric case

]0 — A_PO

_ F! (137)
](p = Ap(p + 2l7

. Je . . P® y . ” o
and hence the ratio ;—0 is not equal to the ratio 20" Consequently, the “velocity of charge” is not the

same as “velocity of mass” anymore.

To understand the meaning of the new term in (137) added to /¥ let us consider the Lorentz force acting
on matter fields.

From (136) we can see that the charge density spinor S,; can be split into two components
Suv = APy + My, (138)

where M, is as follows:
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1
[+i=F1 0 |

My My p
(M -)=[ 1 12]: (139)
e M>i M, 1
21 22 [ 0 —i—F1J
p
Similarly, Hermitian conjugate charge density spinor
S"!“'/ = AP!“', + M!“'/ (140)
where
1
: : [+i=F1 0 |
w7 Wy M) T 1
21 22 0 _i_F1J
l p

Using (64) we find that the additional term makes the following contribution to the Lorentz force density
spinor

i . _
. 0 —2—FY(F! +iFP)
Mgy = = Mus + W] =, P (142)
l+2—F1(F1 —iFP) 0 |
p
or, in terms of the world 4-vectors,
el [ o]
Fuq
= = 2 —
(7,) |, |~ |- 2717 | (143)
p
lTMgaJ l 0 J

That means that additional term contributes to centripetal acceleration of the momentum density F, .

In principle, equations (135) can be resolved with respect to F! and F?, therefore allowing for
calculation of the particle’s total mass M and charge Q:

M =VfP°dV, Q =ij°dv (144)

7 Neutrino model

7.1 General considerations
So far we have always been considering the matter field equations in the following forms:

0y, =+ 218", 0u&t = Ay, (145)
In (145) spinor &, is coupled with co-spinor 7, and spinor &_ is coupled with co-spinor 7_.

Let us now consider a field configuration where spinor é_ is coupled with co-spinor 77,.. The matter field
equations will be written as

MV, =+ A 8K, 0yt = —Aymy, (146)
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or, taking account that 1, = —A3 (see (76))
Vg =+A-8F, 0t = A1y, (147)

According to (85) and (87) the components of the spinor and co-spinor fields will be

J (148)
£ =+JF1+iF2 nu, =+ /F+ iF?

and hence the Lorentz invariant Majorana condition will be satisfied:

§h=—n,
(149)
& =+m
We put (149) in the matter field equations (147)
Out0s 0110y &1_ ., [fl]
0y +i0, 0¢—03 _g_ I
(150)

[60—53 —51+i62] & ., [?]
|

—0, —i0, 0y+0d5 |le2

and after expansion of the formulas and complex conjugation of the first pair of equations we obtain

(0 + 03)8% — (0; +i0)¢t = +A_ g}
(0; —0,)8% — (0p — 03)¢t = +/§— g
(09 — 03)&r — (0 — i0,)6% = +A_ &2 }

—(9y +i0,)E" + (3 + 03)§2 = +2_¢&1

(151)

From (151) it is clear that, due to Majorana condition, the two matter field equations (146) become
equivalent to each other, hence only one of these equations is independent.

Let us now find the expressions for divergences of spinorial currents and momentum density.

With matter field equations (147) one can easily find that

01"’ = 0,5[846"] = (0,817 + € [0,98"]) = (—Au My’ = Aumy, §4) =0

(152)

0usP*" = 0 [,my] = ([0 Jny +mu[047m3]) = (A iy €7 + 2- 8y, ) = 0

In (152) we used the invariant properties (94).

Consequently we conclude that both spinorial currents p, and p,,, as well as momentum density current
B, are conserved.

7.2 longitudinal plane waves

In Section 5.4 we have demonstrated that spinorial currents p* and p* are conserved independently
when E = B, i.e. when real parts of the squared electromagnetic fields invariants 12 and 12 are zero.
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It is known (see [6]) that if E = B and electric and magnetic fields vectors {E, B} are not orthogonal to
each other, there exist a reference frame where these vectors are parallel to each other: E | B, E = B.

Let’s denote this frame as M| and assume for simplicity that both E and B are directed along the axis e;:
F1#+0 F?=F3=0 (153)

In the frame M| the components of the spinors (148) will have the form:

El:_\/Fl n+1:+1’ﬁ
EE:+\/F1 T]+2:+1’E

(154)

If we denote

=+F1 (155)

then spinorial currents (78) can be written as

po=+4{ p1=-0¢
(2)92=0 ;73=0 (156)

and

(157)

Consequently, spatial parts of both spinorial currents p, and p,, as well as momentum density vector
E,, are opposite in direction to the axis e, while the momentum density 4-vector is isotropic: P# B, = 0.
This is the first indication that, in spite of non-zero “mass term” A in the matter field equations, the
neutrino field is “moving” at the speed of light.

Let us now rewrite the matter field equations (151) in the frame M.

(@0 + 03)¢ + (0, +i0,){ =—2_¢

(158)
(01 —102)¢ + (0g — 03){ = +A_¢
By adding and subtracting these equations we obtain:
(0g +01){ =0
(159)

(03 +i0,){ =-21_¢

The first equation means that the field ¢ is “moving” at the speed of light in the direction opposite to
the axis e;. That means that in the frame M, the neutrino field is a longitudinal wave, i.e. the wave
propagating parallel to the direction of the fields E, B.

The second equation in (159) can be further expressed in terms of the field { taking account that

- =—(D*
(03 +i0) = +2 ()? (160)

The Maxwell equations in the chosen frame M, will have the form
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(01 +id)F' = J° =3 (i)
(09 — 03)F' = —J' +iJ? (ii)

@ +0)F = L —iy? (i) (1e1)
(0, —i0)Ft = JO + 3 (iv)
By adding all equations we will obtain:
(0o +0)F' = J° = J! (162)
By adding and subtracting equations [(i) — (ii) + (iii) — (iv)] we obtain
(03 + i0,)Ft = —J3 —iJ? (163)

Hence the Maxwell equations will be consistent with matter field equations if the following relationships
are satisfied:

]0 _]1 =0
(164)
—J* = y* =43’

In Section 6.1 we have demonstrated that in the case of the transverse plane electromagnetic waves “in
vacuum” the charge density was zero while the momentum density of the matter field was non-zero.

From (164) we conclude that in our model of neutrino the components of the charge density J? and
J3might be non-zero while the components of the momentum density P? and P2 are both zero.
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