INTEGRAL MEAN ESTIMATES FOR THE POLAR DERIVATIVE OF A
POLYNOMIAL

N. A. RATHER AND SUHAIL GULZAR

ABSTRACT. Let P(z) be a polynomial of degree n having all zeros in |z| < k where
k <1, then it was proved by Dewan et al [6] that for every real or complex number «
with |a| > k and each r > 0

27 % 21 %
. T . T
n(|a—k){/’P (ew)‘ de} < {/‘er“’ d0} Maz|Da P(2)]
0 0

In this paper, we shall present a refinement and generalization of above result and
also extend it to the class of polynomials P(z) = anz™ + ZTVL:H an—pz" 7V, 1< pu<n,

having all its zeros in |z| < k where k < 1 and thereby obtain certain generalizations of
above and many other known results.

1. Introduction and statement of results

Let P(z) be a polynomial of degree n. It was shown by Turdn [12] that if P(z) has all
its zeros in |z| < 1, then

nMag |P(2)| < 2Maz |P'(2). (L1)

Inequality (1.1]) is best possible with equality holds for P(z) = az™ + 8 where |a| = |3|.
The above inequality (|1.1)) of Turdn [I2] was generalized by Malik [I0], who proved that if
P(z) is a polynomial of degree n having all its zeros in |z| < k, where k < 1, then

Mag |P'(2)| = o Maz PG (1.2)
where as for k£ > 1, Govil [7] showed that
Maz |P'(2)] > —~— Max |P 1.
Maz |P'(2)| 2 5 Maz [P(2)], (1.3)

Both the above inequalities and are best possible, with equality in holding
for P(z) = (2 + k)", where k£ > 1. While in the equality holds for the polynomial
P(z) = az™ + Bk™ where |a| = |8].

As a refinement of , Aziz and Shah [4] proved if P(z) is a polynomial of degree n
having all its zeros in |z| < k, where k < 1, then

Maz|P'() 2 T @I} (1.4

Let D, P(z) denotes the polar derivative of the polynomlal P(z) of degree n with respect
to the point «, then

{MaacP( )

DoP(z) =nP(z) + (o — 2) P'(2).
The polynomial D, P(z) is a polynomial of degree at most n — 1 and it generalizes the
ordinary derivative in the sense that

D,P(z)

a—00 «

Lin | 2228 prcs),
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Aziz and Rather [2] extends (1.2]) to polar derivatives of a polynomial and proved that
if all the zeros of P(z) lie in |2| < k where k < 1 then for every real or complex number «
with |o| > k,

|z|=1 1+ k

For the class of polynomials P(z) = a,2" + Z::u 2" 7", 1 < p < n, of degree n

having all its zeros in |z| < k where k < 1, Aziz and Rather [3] proved that if « is real or
complex number with |a| > k* then

Maz |DoP()| > (“‘“"’““) Maz|P(2). (1.6)

Maz |DoP(2)| > n ('a — k) Maz |P(2)]. (1.5)

|z|=1 1+ k+

Malik [I1] obtained a generalization of (1.1)) in the sense that the left-hand side of ([1.1])
is replaced by a factor involving the integral mean of |P(z)| on |z| = 1. In fact he proved
that if P(z) has all its zeros in |z| < 1, then for each ¢ > 0,

1/q 2 1/q

/|P(ew)}qd9 < /|1+e“’}qd9 ]‘\ﬁgalr:|P’(z)|. (1.7)

If we let g tend to infinity in , we get

1-
The corresponding generahzatlon of thh is an extension of was obtained
by Aziz [1] by proving that if P(z) is a polynomlal of degree n having all 1ts zeros in |z] <
where k£ > 1, then for each ¢ > 1

1/q 21 1/q

21
/yP(ei9)|qd0 < /|1+k”ei9|qd9 ]lwlg:f\P’(z)\. (1.8)
0

The result is best possible and equality in holds for the polynomial P(z) = az™+ k"
where |a| = |].

As a generalization of inequality Dewan et al [6] obtained an LP inequality for the
polar derivative of a polynomial and proved the following:

Theorem 1.1. If P(2) is a polynomial of degree n having all its zeros in |z| < k, where
k <1, then for every real or complex number a with || > k and for each r > 0,

% 2m ?
n(|o| — /|P Ndop < /{eriﬂrda J‘\4|a31c|DaP(z)|. (1.9)
0 o
In this paper, we consider the class of polynomials P(z) = a,z" + Z?:u Ap— 2",

1 < p < n, having all its zeros in |z| < k where k < 1 and establish some improvements

and generalizations of inequalities (1.1)),(1.2)),(1.5),(L.8) and (1.9).

In this direction, we first present the following interesting results which yields (1.9)) as a
special case.

Theorem 1.2. If P(z) is a polynomial of degree n having all its zeros in |z| < k, where
k <1, then for every real or complex o, 5 with || >k, || <1 and for each r > 0, p > 1,
q>1 withp '+ ¢t =1, we have

n(ja| - /\P 9+ B

qr

Rl

1
2m pr ™
/|1+kei9|1"d9 /\Dap(ew)wde

(1.10)
where m = Min,—|P(2)|.
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If we take 8 = 0, we get the following result.

Corollary 1.3. If P(z) is a polynomial of degree n having all its zeros in |z| < k, where
k <1, then for every real or complex «, with |a| > k and for each r > 0, p > 1, ¢ > 1 with
p~ 4+ ¢ ' =1, we have

ar

27
/|DaP(ei9)|q7’d9 . (1.11)
0

1 L
™ pr

27 27

n(la] — k) /|P(ei9)\7“da < /|1+kei9\wcza
0 0

Remark 1.4. Theorem follows from by letting ¢ — oo (so that p — 1) in

Corollary If we divide both sides of inequality by |a| and make o — oo, we get

©3).
Dividing the two sides of (1.10) by || and letting |a| — oo, we get the following result.

Corollary 1.5. If P(z) is a polynomial of degree n having all its zeros in |z| < k, where
k <1, then for every real or complex B with |5| <1 and for each r >0, p > 1, ¢ > 1 with
p~t+q¢ ' =1, we have

1

pr

T 27
/|P’(ei9)\qrd9 (1.12)
0

1 1
I qr

2m 21
i m|" i0pr
n /‘P(e 9”5/;"—1‘ oy < /\1+ke9|P do
0 0

where m = Min, | P(z)|.
If we let ¢ — oo in (|1.12), we get the following corollary.

Corollary 1.6. If P(z) is a polynomial of degree n having all its zeros in |z| < k, where
k <1, then for every real or complex 8 with || < 1 and for each r > 0, we have

2 ™ 27 [
n /‘P(ewﬂ—ﬂ%’rd& < /|1+ke“’|’”d0 MaslP'(2)], (1.13)
0 0

where m = Min,—|P(2)|.

Remark 1.7. If we let » — oo in (|1.13)) and choosing argument of 5 suitably with |8| = 1,
we obtain (|1.4)).

Next, we extend (1.9) to the class of polynomials P(z) = a,2" + ZZ:# Ap_py 2"V, 1<
1 < n, having all its zeros in |z| < k, k < 1 and thereby obtain the following result.
Theorem 1.8. If P(z) = ap2"™ + ZZ:# Ap_py2"7", 1 < p<mn, is a polynomial of degree n
having all its zeros in |z| < k where k < 1, then for every real or complex o with |a| > k¥
and for each v >0, p > 1, ¢ > 1 with p~* + ¢~ ' = 1, we have

27
/\Dap(ew)\we . (1.14)
0

1 L
™ pr

27 27
n(la]— k") /|P(ei9)vd9 < /|1+kﬂei9|mde
0 0

Remark 1.9. We let 7 — oo and p — oo (so that ¢ — 1) in (1.14), we get inequality (1.6]).
If we divide both sides of (1.14]) by |a| and make o — oo, we get the following result.

Corollary 1.10. If P(z) = a,2z™ + ZZ:M an—,2" 7Y, 1 < p < n, is a polynomial of degree
n having all its zeros in |z| < k where k < 1, then for for each r > 0, p > 1, ¢ > 1 with
p~t+ ¢ ' =1, we have

27 % 27 pflT 27 qir
n /|P(ei")|fd9 < /|1+kﬂei9|md0 /|P'(ei9)\qrd0 : (1.15)
0 0 0
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Letting ¢ — oo (so that p — 1) in (1.14)), we get the following result:

Corollary 1.11. If P(z) = a,z™ + ZZ:H Ap_pz2" Y, 1 < pp < n, where 1 < pu < n, is a
polynomial of degree n having all its zeros in |z| < k, where k < 1, then for every real or
complex number o with || > k* and for each r > 0,

=

2m
< /‘1+k“ei9|Td0 ]‘\/[‘a;lv|DaP(z)|. (1.16)
0

r

n(|o| — k") / 1P ()| do
0

As a generalization of Theorem [1.8] we present the following result:

Theorem 1.12. If P(2) = a,2™ + ZZ:N Qp—p2" Y where 1 < p < n, is a polynomial of
degree n having all its zeros in |z| < k where k < 1, then for every real or complex o with
|| > k* and for eachr >0, p>1,q¢>1 withp~ !t + ¢~ =1, we have

1 L L
™ pr qr

2 27 27
n(|a| — kM) / |P(e) + pm|"do p < / |1+ kFe®[Prdg / | Do P(e)]7"df
0 0 0
(1.17)
where m = Min, ;| P(z)|.
If we divide both sides by |a| and make o — oo, we get the following result:

Corollary 1.13. If P(z) = anz™ + ZZ:# Gp—p2" Y, 1 < p <mn, is a polynomial of degree
n having all its zeros in |z| < k where k < 1, then for for each v > 0, p > 1, ¢ > 1 with

p~ 4+ ¢ ' =1, we have
1 1 1
2 ™ 27 pr 2 qr
n /\P(ei9)+ﬁmvd9 < /|1+kﬂei"|mde /|P’(ei9)|qrd9 (1.18)
0 0 0

where m = Min, ;| P(z)|.
Letting ¢ — oo (so that p — 1) in ((1.14)), we get the following result:
Corollary 1.14. If P(z) = a,2" + Z::u Qp—p2" Y where 1 < p < n, is a polynomial of

degree n having all its zeros in |z| < k, where k < 1, then for every real or complex number
a with |a| > k* and for each r > 0,

r

27
< /]1+k“ei9|rd9 Maz|DoP(2)]  (1.19)
0

|2l=1

r

27
n(|al — k") /|P(ei9) + Bm|" do
0
where m = Min, | P(z)|.

2. Lemmas
For the proofs of the theorems, we need the following Lemmas:

Lemma 2.1. If P(2) is a polynomial of degree almost n having all its zeros in in |z| < k
k <1 then for |z| =1,
nm

Q) + =g S kPG, (2.1)
where Q(z) = 2" P(1/Z) and m = Min,—|P(2)|.

The above Lemma is due to Govil and McTume [§g].
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Lemma 2.2. Let P(z) = ag + ZZ:H ayz¥, 1 < p <mn, is a polynomial of degree n, which
does not vanish for |z| < k, where k > 1 then for |z| =1,
kP (2)] < Q' (2)]; (2.2)

where Q(z) = z"P(1/Z).

The above Lemma is due to Chan and Malik [5]. By applying Lemma to the poly-
nomial 2" P(1/Z), one can easily deduce:

Lemma 2.3. Let P(z) = a,2" + ZZ:M an—p2™ 7", 1 < < n, is a polynomial of degree n,
having all its zeros in |z| < k, where k <1 then for |z| =1
kP (2)] = Q' (2)]; (2.3)

where Q(z) = 2" P(1/Z).

3. Proof of Theorems

Proof of Theorem [1.2l Let Q(z) = 2"P(1/Z) then P(z) = 2"Q(1/Z) and it can be easily
verified that for |z| =1,

Q' (2)| = [nP(2) = 2P'(2)] and |P'(2)| = [nQ(z) — 2Q'(2)|. (3.1)
By Lemma (2.1)), we have for every 8 with |5 <1 and |z| = 1,

nm n—1

Q)+ B < QG+ s <HP ) (32
Using in (3.2), for |z| = 1 we have
_ n—1
Q'(2) + B | < kInQ(2) — 2Q/(2)]. (3:3)

By Lemma [2.3| with y« = 1, for every real or complex number a with |a| > k and |z| = 1,
we have

[DaP(2)] = |a|[P'(2)] — 1Q'(2)]
> (la| = B)[P'(2)]. (3-4)
Since P(z) has all its zeros in |z| < k < 1, it follows by Gauss-Lucas Theorem that all the
zeros of P’'(2) also lie in |z] < k < 1. This implies that the polynomial
S TUP(1/2) = nQ(2) - 2Q'(2)
does not vanish in |z| < 1. Therefore, it follows from (3.3)) that the function
_nmz"~!
z (Ql(z) + 6k"—1>
k(nQ(z) — 2Q'(2))
is analytic for |z| < 1 and |w(z)| < 1 for |z| = 1. Furthermore, w(0) = 0. Thus the function

1+ kw(z) is subordinate to the function 1+ kz for |z| < 1. Hence by a well known property
of subordination [9], we have

w(z) =

27 2
/ |1+ kw(e)| do < / 1+ ke|"do, r>o0. (3.5)
0 0
Now .
n(@w+ )
ST B E
and

[P'(2)] = 2" P'(1/2)] = [nQ(2) — 2Q'(2)], for |¢] =1,
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therefore for |z| =1,

Q(z)+ B

mz"

n kn—l

= [1+ kw(2)[InQ(2) — 2Q"(2)| = [1 + kw(2)[|P'(2)|-

equivalently,

mz"

2"P(1/Z) + BW =1+ kw(2)||P'(2)].

This implies

n ‘P(z) ¥ 5kﬁ1 ‘ = 1+ kw(2)||P'(2)] for |2| = 1. (3.6)

From (3.4) and (3.6), we deduce that for r > 0,

|Oé| /‘P 19

This gives with the help of Holder’s inequality and using , for p > 1, ¢ > 1 with
-1, -1
P g =1,

/|1+kw( )7 Do P(e) | d6.

2 p /og 1/q
n" (o] — / [Pe?) / 11+ ke | do / IDoP(E®)|Tdo |
0 0
equivalently,
% 2 B 2n ar
n(la]— k") /‘P i0) < /\1+ke“’|prdo /|Dap(ei9)|qrdo
0 0
which proves the desired result. O

Proof of Theorem [1.8 Since P(z) has all its zeros in |z| < k, therefore, by using Lemma
2.3 we have for |z| =1,

Q'(2)| < K"[nQ(2) — 2Q'(2)]. (3.7)

Now for every real or complex number « with |a| > k*, we have
[DaP(2)] = [nP(2) + (o = 2) P'(2)]|
> |af|P'(2)] = [nP(2) — 2P'(2)],

by using and Lemma [2.3] for |z] = 1, we get

[DaP(2)] = o] [P (2)] = |Q'(2)]

> (la| = E)|P'(2)]. (3.8)

Since P(z) has all its zeros in |z| < k < 1, it follows by Gauss-Lucas Theorem that all the
zeros of P’'(z) also lie in |z| < k < 1. This implies that the polynomial

" TIP(1/7) = nQ(2) — 2Q'(2)
does not vanish in |z| < 1. Therefore, it follows from that the function
2Q'(2)
ki (nQ(z) — 2Q'(2))
is analytic for |z| <1 and |w(z)| < 1 for |z| = 1. Furthermore, w(0) = 0. Thus the function

1 + kMw(z) is subordinate to the function 1 + k¥z for |z| < 1. Hence by a well known
property of subordination [9], we have

w(z) =

2 27
/ 1+ krw(e)|" do < / 11+ kM| do, r>o0. (3.9)
0 0
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Now
nQ(z)

1+ k/tw(Z) = —nQ(z) — ZQ'(Z),

and
[P'(2)] = |z" TP/ (1/2)| = [nQ(2) — 2Q'(2)], for |2| =1,
therefore, for |z| =1,
n|Q(2)] = |1+ k'w(2)[[nQ(2) — 2Q'(2)| = |1 + k'w(2)||P'(2)]. (3.10)
From (3.8) and (3.10)), we deduce that for r > 0,

27 27T
" (o —kM)T/|P(ei9)|Td9g /|1+k“w(ei9)|T|DaP(ei‘9)|Td9.
0 0

This gives with the help of Holder’s inequality and (3.9)), forp > 1, ¢ > 1 withp~14+¢=t =1,

2m 27 Up /o 1/q
n"(Ja| — k“)r/|P(ei0)|Td9 < /|1 + kHet?|Prdg /|Dap(ei9)|qrd9 ,
0 0 0
equivalently,
1 1 1

27 27 27
n(la| - k) / Pe)rde b < / 114 kei® P dg / Do P(e)|7df
0 0 0

which proves the desired result.
O

Proof of Theorem .12} Let m = Minj,|—|P(2)|, so that m < |P(z)| for |z| = k. If
P(z) has a zero on |z| = k then m = 0 and result follows from Theorem Henceforth we
suppose that all the zeros of P(z) lie in |z| < k. Therefore for every 8 with |3| < 1, we have
|mp| < |P(z)| for |z| = k. Since P(z) has all its zeros in |z| < k < 1, it follows by Rouche’s
theorem that all the zeros of F(z) = P(z) 4+ fm liein |z| < k < 1. If G(z) = z"F(1/z) =
Q(2) + fmz", then by applying Lemma to polynomial F(z) = P(z) + 8m, we have for
el =1,

G (2)] < K*[F'(2)].

This gives
|Q'(2) + nmB2""1 < k| P'(2)). (3.11)
Using (3.1) in (3.11)), for |2| = 1 we have
|Q'(2) + nmB2""t < k*nQ(z) — 2Q'(2)] (3.12)

Since P(z) has all its zeros in |z| < k < 1, it follows by Gauss-Lucas Theorem that all the
zeros of P’'(z) also lie in |z| < k < 1. This implies that the polynomial

2"UPI(1)Z) = nQ(2) — 2Q'(2)
does not vanish in |z| < 1. Therefore, it follows from (3.12)) that the function
w(z) = A& Lol )
ki (nQ(z) — 2Q'(2))
is analytic for |z] <1 and |w(z)| <1 for |z| = 1. Furthermore, w(0) = 0. Thus the function

1 4+ k*w(z) is subordinate to the function 1 + k*z for |z| < 1. Hence by a well known
property of subordination [9], we have

2 2m
/\1 + krw(e)|" do < / 11+ kM| do, r>o0. (3.13)
0 0
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Now
() — n(Q(z) + mBz")
PR =0~ )

|P'(2)| = |2" 71 P/(1/7)] = [nQ(2) — 2Q'(2)], for |2] =1,
therefore, for |z| =1,
n|Q(2) +mB2"| = |1+ k'w(2)[[nQ(2) — 2Q'(2)| = |1 + kw(2)||P'(2)].
This implies

and

n|G(2)] = [1+ k'w(2)[[nQ(2) — 2Q'(2)] = [1 + kw(2) ]| P'(2)]- (3.14)
Since |F(z)| = |G(2)] for |z| = 1, therefore, from we get
n|P(z) + m| = |1 + kFw(2)||P'(2)| for |z| =1. (3.15)

From (3.8) and (3.15]), we deduce that for r > 0,
27 27
n' (o] — k“)r/lp(ew) + Bm|"do < / |1+ EFw(e)["| Do P(e’)["db.
0 0

This gives with the help of Hélder’s inequality in conjunction with (3.13)) for p > 1, ¢ > 1
with p~ ! +¢7 1 =1,

2 o /P /on 1/q
n"(la] —k“)”/|P(ew) L Bml"dd < /\l—i—kl‘ew\’”dﬁ /\Dap(e“’)wde ,
0 0 0
equivalently,
2 G 2 wr ( 2r ro
n(lal — k) /|P(ei9)+5m|rd9 < /|1+kﬂei9|wcze /|DaP(ei9)|‘"d9
0 0 0
which proves the desired result. O
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