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A new type of exact solutions of the full 3 dimensional spatial Helmholtz equation
for the case of non-paraxial Gaussian beams is presented here.

We consider appropriate representation of the solution for Gaussian beams in a
spherical coordinate system by substituting it to the full 3 dimensional spatial
Helmholtz Equation.

Analyzing the structure of the final equation, we obtain that governing equations for
the components of our solution are represented by the proper Riccati equations of
complex value, which has no analytical solution in general case.

But we find one of the possible exact solution which is proved to satisfy to such an

equations for Gaussian beams.



1. Introduction.

The full 3-dimensional spatial Helmholtz equation provides solutions that describe
the propagation of waves over space (e.g., electromagnetic waves); it should be

presented in a spherical coordinate system R, 6, ¢ as below [1-2]:
AA + kKA =0, (1.2)
- where A - is the Laplacian, k is the wavenumber, and A is the amplitude.

Besides, in spherical coordinate system [3]:
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Let us search for solutions of Eq. (1.1) in a classical form of Gaussian beams [4-8],

which could be presented in Cartesian coordinate system as below [9]:
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- where w(z), R(z), ¢(z) — are some functions, describing the appropriate parameters

of a beam; the last expression could be also represented as below
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- here p(z) is the complex phase-shift of the waves during their propagation along
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the z axis; q(z) is the proper complex parameter of a beam, which is determining the

Gaussian profile of a wave in the transverse plane at position z.



The last expression could be transformed to the form below in a spherical
coordinate system:
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Then having substituted the expression (*) into Eq. (1.1), we should obtain (€ = 0):
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2. Exact solutions.

Let us re-designate appropriate term in (*) as below:

R2.sin’0

f (R,0)= p(R,0) + m

In such a case, Eq. (1.2) could be transformed as below (& # 0):
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Thus, all possible solutions for representing of Gaussian beams in a form (*) are
described by the Equation (2.1).

Let us assume as below:
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- here C — is a constant of complex value. For such a case, Eq. (2.1) could be

reduced as below (& # 0):
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Besides, one of the obvious solutions of PDE-equations (2.2)-(2.3):

f(R, 6 =1/ (R) + f2(0) (**)

- where f; (R), f2 (6) — are the functions of complex value.



3. Presentation of exact solution.

In such a case, Eq. (2.2) could be represented as below:

df, iy2
10 =y(©) = Yy'(©) =-i-y"-ctgo-y+C,

(3.1)

y(0)=sin"'0-u(@) = u'(0) =—(i-sin"*0)-u®+C-sino,

- where the last equation is known to be the Riccati ODE [3], which has no solution

in general case. But if C =0, Eq. (3.1) has a proper solution (Co = const):
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Besides, Eq. (2.3) could be presented as below (C = 0):
df ' . 2 c .
(dej :yl(R) = Y (R) :_l'Yf_Eyl_(F_ "kzj ) (3-3)

fL(R) =]y, (R)dR .

- where the last Riccati ODE (3.3) has a proper solution below in case of C =0 (see
[3], the case 1.104).



Indeed, let us assume (k # 0; Ro = const):
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U = k-th (i-k-(R+R,)). [i-tg (k-(R+Ry))|<L,

-
U, =k-cth (i-k-(R+Ry)), [i-tg (k-(R+R))|>L

- then, we obtain (Ro = 0):

f,=—i-lnch(i-k-R)+i-nR, [k-R|<n/4,
(3.4)

f,=-i-nsh(i-k-R)}+i-lR, [k-R|>n/4.

Taking into consideration the expression (**) for the solution as well as (3.2)-(3.4),

let us finally present a new type of non-paraxial Gaussian beams, which is proved

to satisfy to the Helmholtz equation (1.1), as below:

A::a@ﬂ1%d@fﬂﬂ$iﬁ,w-m<nm,

§n£%§;B),|k-R|>n/4,

A = a~(jsin‘19d 6)~

-or



A= a-In(tggj-u:'R), [k-R|<nl/4,

(3.5

A= a-In(tgg]-w, [k-R|>n/4.

4. Discussions & conclusion.

A new type of exact solutions of the full 3 dimensional spatial Helmholtz equation
for the case of non-paraxial Gaussian beams is presented here.

We consider appropriate representation of the solution for Gaussian beams in a
spherical coordinate system by substituting it to the full 3 dimensional spatial
Helmholtz Equation.

Analyzing the structure of the final equation, we obtain that governing equations for
the components of our solution are represented by the proper Riccati equations of
complex value, which has no analytical solution in general case.

But we find one of the possible exact solution (3.5) which is proved to satisfy to
such an equations for Gaussian beams (*).

Indeed, since the functions g(R) = sin (k-R)/R or g(R) = cos (k-R)/R in (3.5) are itself
an exact solutions of the full Helmholtz equation (1.1), the formula for the

Laplacian in spherical coordinates gives for A = h(6)-g(R), h(6) = In tg (6/2):
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- which is obviously valid.
As for the appropriate example of paraxial approximation for such a non-paraxial
exact solution (3.5) of the full Helmholtz equation (1.1), it could be easily obtained

in the case & — 0 (see the expression above).



References:

1. A.Sommerfeld (1949). Partial Differential Equations in Physics. Academic
Press, New York.

2. Serway, Moses, and Moyer (2004). Modern Physics (3rd ed.). Brooks Cole.
ISBN 0534493408.

3. E. Kamke (1971). Hand-book for ODE. Science, Moscow.

4. Miguel A. Alonso, Miguel A. Bandres (2014). Generation of nonparaxial
accelerating fields through mirrors. 11: Three dimensions. Optics Express, Vol. 22,
Issue 12, pp. 14738-14749.

5. Miguel A. Alonso, Miguel A. Bandres (2014). Generation of nonparaxial
accelerating fields through mirrors. I: Two dimensions. Optics Express, Vol. 22,
Issue 6, pp. 7124-7132.

6. Miguel A. Alonso, Miguel A. Bandres (2012). Spherical fields as nonparaxial
accelerating waves. OPTICS LETTERS, Vol. 37, No. 24, pp. 5175-5177.

7. Xu Yi-Qing, Zhou Guo-Quan and Wang Xiao-Gang (2013). Nonparaxial
propagation of Hermite-Laguerre-Gaussian beams in uniaxial crystal orthogonal
to the optical axis. lopscience, Chinese Phys. B 22 064101. doi:10.1088/1674-
1056/22/6/064101.

8. A. M. Tagirdzhanov, A. S. Blagovestchenskii & A. P. Kiselev (2011). "Complex
source" wave fields: sources in real space. J.Phys.A: Math. Theor. 44 (42) 425203.
9. Svelto, Orazio (2010). Principles of Lasers (5th ed.). See also:

http://en.wikipedia.org/wiki/Gaussian_beam (see “Mathematical form”).


http://en.wikipedia.org/wiki/Gaussian_beam

