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Abstract:

The goal of the following document is to demonstrate a proof of the Twin Prime Conjecture by
determining bounds for the number of twin prime pairs between a number and its square and then

proving that the lower bound is always greater than 1 for sufficiently large numbers.
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We will use proof by deduction to prove 3 infinitely many twin primes. Define a twin prime pair H as a
pair of integers (k,k + 2) s.t. k,k + 2 € P {set of all primes}, define @ as the value k + 4,V H, &
define Pygrgese < M as the largest prime number S that satisfies § < M.

~ k £0mod 2
k # 0mod 3

k Z0mod5

k # 0mod Pigrgest < k
&
~ k+2 £0mod?2
k+2#0mod3

k+2 £#0mod5

k+2 #0mod Prgest < k +2
~ by definition of @ we can assert that:
@ # 2,4mod 2
@ #2,4mod 3

@ % 2,4mod5

D £ 2,4mod Piargest <D —4 =k

Define /" as a on the interval | = [a,b], Ppy1 € P,m > 1 & consider the interval:

Q= [Pm+1; Pm+12]

It follows from the sieve of Eratosthenes (Sieve of ... n.p.) thatif R € Z s.t.
R E Q&
R #0mod 2

R £ 0mod3
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R Z0mod5

R # 0mod P,

— R € P. Given this definition it follows that 3 H € Q; iff 3 (k,k + 2)st. k, kt2€EP -3 H€e Q,iff3 0
€ Q, . ~ the largest possible k+2 € Q; is P12 — 2 = the largest possible @ € Q; is P,+1°. Note that
by definition of @ and primality of (k, k + 2) all @ must satisfy:

@ #2,4mod?2
@ #2,4mod3

@ #2,4mod5

@ %24 modP,

It is trivial to show that:

3Pyi12— P, + lintegers € Q; = [Pm+1, Pm+12] YV Ppiq > 2 (Patrick 3)

Lemma 1:
The actual number of A € Q, that satisfy A # 2,4 mod P, € P,P. < Ppyq P # 2

P.—2y P.—1
E[P Z_p +1(r )— US——
(m+1 m+1 ) Pr Pr

P —2 P -1
(Prss? = Pros +1) () + =5
r r

We assume no knowledge of the primality of P,,., to make a general formula:
Note that 3 Py, 1> — P, + 1 integers € Q,

Pr—2>

& trivially the probability that A € Q,,1 £ 2,4modP. € P,P. < Py B #2 = ( B
T

P.—2

~ 3 approximately (Pm+12 — Py + 1) ( ) possible A

T

However there must be an integral number of A = The actual number of 4
€ Q that satisfy A # 2,4 mod P, € P,P. < Py, P, # 2,

eflenn = Paes 4 D) [ B+ 0 ()]

T
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p.—2 P.—2 P —1
Note that [(Pm+12 = Ppyr t 1)( . )] - <(Pm+12 = Ppyg 1)( - ))‘ < -
) P. P

& that <(Pm+12 — P+ 1)( )) l(Pm+1 — Ppyq + 1) ”

— The error in the expected number of A € Q, that satisfy A # 2,4 mod P, € P,P. < Pp4q1 P,
P.—1 B —1

PR RLEES
P ' P

] invariant of interval size

Therefore: “(Pm+12 ~ Ppy1 +1) (Pr : 2)] ) [(Pm+12 = Prar 1) (PrP: 2)”
[(Pm+1 - m+1+1)< P 2)_ Pr_l

it s 0 (55 2]

v The total number of A € Q, that satisfy A # 2,4 mod P, € P,P. < Pp1 B > 2,

flenes= Pt DEZ) [Ene = Pme e 0 ()
] e | (G AR C=S ]

-2 P -1 B. -2
€[ (Prar® = Prss + 1) (F52) = T (Brusa® = Pra + 1) () +

T r T PT'

P —1;

~The actual of 1 € Qq that satisfy A # 2,4 mod P, € P,B. < Py P > 2,

[ P.—2 P—-1 P.—2 P — 17
€ (Pm+12_Pm+1+1)<r )_ - r(Pm+12_Pm+1+1)(r )+ -
i P. P. P.

B

End Lemma:
Now reconsider:
@ % 2,4mod?2
@ % 2,4mod3

@ #2,4mod5

@ %24 modP,
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Lemma 2:

Actual Number of @ € Q; E R4
T(Pm41)—1

= (Pm+12 — Ppy1 + 1) (%) 1_[ [Pi; 2] = T(Ppt1)
i=2 '

T(Pm41)— 1

(Puss®= Puss+D(3) [ [P+ 7Pue)
i=2 t

Note from Lemma 1:

P. — 2)

Probability of b € Q,,b € Z,b % 2,4 mod B. € P,P. < Py 1B >2,= ( P
).

We now consider the case of 2:
(b #2mod2)=(b #4mod2) ~2=4mod2 -
1
Probability of b # 2,4mod 2 = (E)
Note that for each incongruence we can write a probability of satisfaction

1
P(b #2,4mod?2) = (E)

1
P(b #2,4mod3) = (5)

3
P(b # 2,4mod?5) = <§)

B, — 2)
P

- P(b € {¢}(NOT THE EMPTY SET)) = (%) (%) (g) (Pmp; 2) = (%) ﬁ [P mPn: 2]

P(b #2,4modP,) = (

2 nr Fin — 2
- Expected number of @ € Q1 = (Pj41— Ppy1 + 1) (E) 1_” P ]
=2 ™

Note that each term introduces an error independent of interval size:

P,—1 B, — 1]

Error Expected number(b % 2,4 mod P,,) € [— ,
Pn Pn
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~ Error of Expected number of @ € Q,

-Q-6-6--C5) @+@+@-+C
_ _2 Pi;i 1]’2[&; 1]]

Note:| ‘P |<1vpi EP
L

[_i[”;l]zr’ ‘1] [Z i ] —m,m] = [~1(By), T(By)]

Note that m(B,) = T(Ppy1) — 1 = w(By) < w(Ppyq1)

- [_n(Pm):T[(Pm)] € [_T[(Pm+1)r7T(Pm+1)]

Combining the expression of expected value with error:

Actual number of @ € Q; € Ry

TPy
l(PmH Puas + () ]_[ [ |- 1),

T(Ppm1)— 1

Fh= Pua+ O(3) [ ]+ 7

End Lemma:

Lemma 3:

HOE-ED -1 AT - 006G
Note it is trival to show: (%) [PT] = (%) @) (;) (P ;;1

(
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Note P,_; > 2 € {odd numbers} - B, — P,_1 = 2&P, — P,_, € {evennumbers}Vn > 1

. Pp_1 (7) 9  Pp—2 Py.q _ Pp-2 .
— — = (=)< X = - < = .
fR=11oP =7 2= (D)< 2=l fmg Ietypp =3

. TP — 2 [Pt 1
sif b= Poa=2ve = ] [P 2 [ = ()
i=2 ' =3 "
n n
. pP— 2 P4 1
lan_Pn—l;tZVPn'l_[[ P; ]ZH[P]z (P_)
i=2 ! =3 " "
n n
-0 @
izt b 3t b o

End Lemma:

T(Pm+1)—1

, , 1 P2
CR = (Pr® = P+ ) (35) [ [Fo] - mPren) = R,
i=2 t

T(Pms1)— 1
(e a0 Q) 1] [l

i=3

= (Puss® = Puaa +1)(3) (%)— 7 (Prs1)

Now we make an additional note that P,,,1 > B, P is an ordered infinitely large set due to the work
of Euclid®.

, 1y /1
2Ry = (Pria = Proa + 1) (5) (57) = 7(Prs) = Ry
m

= (Ppi1® = Ppy1+1) G)( ) — T(Pp41)

Pyt
Note that:

X
m(x) < 1.25506log ) Vx € R,x > 17 (Rosser,Schoenfield 2)

) — (Pps1) = Ry

1
% Ry= (Ppy1” — Pm+1+1)<§><

= (P” = Pnes + ) 3)

Prnt1
+1

P
)— 1.25506 —=~

Vv P, >17
log (Ppyy) 17

Pm+1
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Lemma 4:

1 )
Y Pt 217 Ry = (Pa® = P+ 1) (3

)— 125506—m+ 5 1,V Ppyoq = 341
log (Pn+1) e

Priq

Let f € R

(f*- f+1)(%)(}—1f)— 1.2550610;@21 for f = 341

f
log(f)

(
S (f2- f+1)<%)<}—1c)— 1.25506@21 Vf > 341

d

>0V f =341
de+1

[(fz— f+1 %)( )— 1.25506

:
f

P
)— 125506 — " > 1yp .. >f>341

1
_)(Pm+12_Pm+1+1)(_)( =
2 log (Pm+1)

Priq

End Lemma
Now note:
Ry =1V P, 1 = 341
R;= R, =21V P, =341
Ry > R3 = Ry, =21V Py, =341
RiZR;,>2R;32Ry,=>21VP,,12=2341 - R{ =21V P, =341

— The actual number of @ € Q; =1V Py, = 341
Conclusion:

« Ainfinite Q € P of arbitrarily large size = 3 infinite Pp,, = 341
~ Finfinitely many @
~ Jinfinitely many H

~ Finfinitely many twin prime pairs
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