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Abstract

We present two models combining some aspects of the Galilei and the Special Relativity
that leads to a unification of both relativities. This unification is founded on a reinterpreta-
tion of the absolute time of the Galilei relativity that is considered as a quantity in its own
and not as mere reinterpretation of the time of the Special relativity in the limit of low veloc-
ity. In the first model, the Galilei relativity plays a prominent role in the sense that the basic
kinematical laws of Special relativity, e.g. the Lorentz transformation and the velocity law,
follows from the corresponding Galilei transformations for the position and velocity. This
first model also provides a new way of conceiving the nature of relativistic spacetime where
the Lorentz transformation is induced by the Galilei transformation through an embedding
of 3-dimensional Euclidean space into hyperplanes of 4-dimensional Euclidean space. This
idea provides the starting point for the development of a second model that leads to a gen-
eralization of the Lorentz transformation, which includes, as particular cases, the standard

Lorentz transformation and transformations that apply to the case of superluminal frames.

1 Introduction

It is common to consider the Galilei relativity as the low velocity limit case of the Special
Relativity (SR). This is revealed by the behavior of the Lorentz transformation when we take
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In this view, the absolute time of the Galilei relativity, henceforth denoted by 7, is not considered
as an independent quantity but it refers to a particular situation of SR when it is possible to
identify ¢ and t', which allows us to take 7 =t = t. It is in this sense that the absolute time is
usually conceived. Therefore, the fact that one generally has ¢’ # ¢ seems to deny the possibility
of having an absolute time in SR. We refer to the time of the SR as the physical time.

In our work we intend to reinterpret the notion of absolute time in such way that the Galilei
relativity recovers its role as a theory in its own, correcting then a common view that treats the
principles of the Galilei and the Special relativity as irreconcilable notions. One of the difficulties
we encounter to carry out this goal is related to the way we currently understand the concept
of time, which is somehow already shaped by ideas of the SR. Here, we focus our efforts on the
development of two models, called Model I and II, that are built in order to allow to introduce
the concept of absolute time in a general set up that also incorporates the concept of time of
SR.

In model I, the fact that t # ¢/ suggest us not to identify the absolute time with ¢ but with a
function depending on t and, perhaps, on the spatial location where the event occurred. Then,
if for a certain instant 7 we have (¢, %), (¢, Z’) representing the same event with respect to two
inertial frames, we would expect the absolute character of 7 to imply that 7(¢,Z) = 7(t, £'), this
expression being verified for any value of the ratio v/c. In addition, we would also expect to
obtain the Lorentz transformation by replacing 7(¢, ) into the Galilei law Z’/ = ¥ — ¥7. Having
established this, the next step would be to obtain the velocity law of SR from the corresponding
velocity law of the Galilei relativity, ddi: = g—f — 9. The fulfillment of these two laws places the
Galilei relativity as a guiding principle for deriving some of the SR laws.

From a calculational perspective, the Lorentz transformation can be obtained by considering
as variables the set {¢,#,t’, %'}, together with the equation 7’2 — c?t’? = #2 — ¢*t2. In model
I, we will show that in order to combine the Galilei and the Special relativity it is sufficient to

enlarge the variables’ set of SR to {¢,#,t,Z’,7} and to consider the pair of equations
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Here, the effect of this enlargement is to produce not only the usual Lorentz transformation but
also an extra equation relating the absolute and the physical time, which gives an operational
definition for the absolute time associated to the occurrence of an event.

In what concerns the structure of spacetime, we notice that both relativities are formulated
in terms of a 4-dimensional space R* = R x R3. In the Galilei view, two observers belonging to
inertial frames S, S’/ describe the occurence of an event respectively as a point (7, Z) € Rg x Rg =
R%, and (7,7') € Ry x RS, = ]R‘é,. Here, due to the nature of the absolute time, for a fixed 7,
the Galilei transformation reduces itself to a map R% — R3,.

In the SR view, the observers describe the event as a point (t,7) € Rg x R3, and (¢,7') €
Rgr x Rg,, where now, due to the nature of the physical time, the Lorentz transformation is

not restricted to be a map R% — R%,, as before, but it is considered as a map on the whole



space, ]R% — Rilg,. In model I, the existence of the absolute time allows us to unveil an additional
structure present in the SR spacetime that is already present in the Galilei view. In fact, when we

express the absolute time in terms of the physical time, 7(¢), 7(¢'), we will show that we can define

;!

embeddings R% & R%, Rg, & R‘é, in terms of certain hyperplanes o, C R, o/ C R‘é,. The
Lorentz transformation is then seen as a map o, — o, between these 3-dimensional hyperplanes
that is induced by the Galilei transformation acting on Rg — Rf’q,, for a certain 7. In addition,
the spacetime splits as the union of these hyperplanes, e.g. ]R4 = U,0,. In the spacetime of

Galilei relativity this splitting is self-evident and corresponds to the hyperplanes of 7 = constant.

Inspired by the equatlon that deﬁnes the embeddmgs R3 & R, R%, A R‘é,, we develop
Model II by taking az® — B = ax’ + B -2’ as our fundamental equation, where «, B are
arbitrary parameters that will allow us to define a generalization of the Lorentz transformation.

In model II the absolute time is introduced by modifying the previous equation to
Tzaxo—g'f:axlo—i—g-f’

Here, the Galilei relativity arises assuming in addition the relation ¥’ = Z — v7. This is suffi-
cient to reduce the generalized transformation to the particular form of the standard Lorentz
transformation, showing then the consistency of both relativities. In Model 11, however, we will
show that we are allowed to have the Lorentz transformation weather or not we consider the
Galilei relativity, a situation that doesn’t happen in model I.

Some work [1, 2] deal with the Galilei and the Special relativity but focus on opposite goals
not proposing a scheme for unifying both relativities. In fact, in [1] the assumption that the
Galilei law of velocity applies to the motion of bodies, signals and forces leads to inconsistencies
that are solved by the introduction of the postulate of the constancy of the speed of light, which
ultimately leads to SR. In [2], it is established a transformation relating the Galilei and the
Minkowski-Einstein coordinates, which may signalize that relativistic effects are due to motion
relative to an actual 3-space !. In our work we follow another direction as our goal is to harmonize
both relativities by a convenient treatment of the absolute time and the fundamentals laws of
both relativities. We are not aware of any work devoted to this issue, therefore, we hope our
work may provide a convenient starting point for further investigation on this topic.

Our work is organized as follows. The Model I is developed in section 3. In section 3.1
we introduce a set of assumptions settling the main properties of the physical space and time
that are necessary to develop a model incorporating both the Galilei and the Special Relativity.
We axiomatize the existence of two times, the absolute time of the Galilei relativity and the
physical time of SR, and we discuss an important issue, due to C. Moller, concerning the correct
interpretation of the physical space where equation (1) is defined. In section 3.2 we obtain
the Lorentz transformation from the Galilei law ' = ¥ — U7 and the assumptions of section
3.1. In section 3.4 we obtain from the law of velocity transformation of Galilei relativity the

corresponding velocity law of SR. We also discuss a problem associated to the so-called Thomas
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precession. In section 3.5 we give a geometric interpretation for the spacetime of SR, and show
how the concept of absolute time allows to define a partition of the spacetime in terms of certain
3-dimensional hyperplanes. The Model II is developed in section 4. In section 4.1 we establish
a set of assumptions that is slightly different than the assumptions of Model I, namely in what
concerns the introduction of the Special and the Galilei relativity (respectively numbered as
assumptions III and IV). In section 4.2 we derive a transformation that we call Generalized
Lorentz Transformation, and in section 4.3 we analyze the velocity transformation associated to
it. We then show that the Generalized Lorentz Transformation includes, as particular cases, the
standard Lorentz transformation together with transformations that may be used when we have
superluminal frames. We then analyze in section 4.4 how to introduce the Galilei relativity in
the framework of Model II. In section 4.5 we analyze the conservation of momentum and obtain
the corresponding relativistic expression for the mass. Finally, in section 5 we analyze how
elementary considerations from the differential structure of the projective space RP(5) allows us
to think on the concept of the absolute time as associated to one of the dimensions of Euclidean

space R%.

2 Basic Definitions

We recall some basic definitions that are necessary for the statement of our assumptions.

An event is any physical occurrence taking place on a certain location and on a certain
instant. We adopt the standard definitions of observer and reference frame as stated concisely
in [3], i.e. by an observer we understand any entity equipped with a standard rod and a standard
clock that allows for the measurement of length and time (in fact, the physical time as we will
introduce in the assumption II below) and that is able to communicate with other observers by
means of light signals. A reference frame is understood as an infinite set of observers each one at
rest relative to the other and having their standard clocks synchronized. Abstractly, the infinite
set of observers composing a reference frame is idealized in such way that for any event there
is an observer present on the same location where the event took place, which then establishes
the space coordinate of the event. This observer also determines, by the reading of his clock,
the instant of time when the event occurred. We will consider reference frames endowed with a
rectangular coordinate system. By an inertial frame we understand any frame in which a body
free of forces is unaccelerated.

We use the notation (tsp, Zsp) to denote the description of an event P relative to a frame S.
We write (tsp, Zsp) ~ (ts'p, Zs p) to indicate the same event P as seen by the frames S, S’. In
the particular case when one frame S analyzes the movement of another frame S’, we will assume
the frame S’ is entirely represented by its origin, and write Zgg/ for the position of S’ relative
to S, and tgg for the time measured by S. Finally, in our work by a Lorentz transformation
we always mean a Lorentz boost, except in section 5 where a Lorentz boost attains its precise

meaning as a particular Lorentz transformation.



3 Model 1

3.1 The Assumptions

In what concerns space and time our basic assumptions are as follows.
1. Space

Each inertial frame describes space as being an euclidean 3-dimensional vector space.

II. Time

We model time as any variable that can be used to describe what we intuitively understand as
the “instant when events occur”. We distinguish two kind of choices as follows. By physical
time, denoted by t, we understand a choice for the time variable that can be measured with the
use of standard devices, like atomic clocks, under suitable arrangements (e.g. when they are
the clocks of a reference frame and are all conveniently synchronized etc.). By absolute time,
denoted by 7, we understand a choice for the time variable having the property that given an
event all observers assign to it the same value for the instant when the event occurred 2. As a
principle, we assume that any variable that serves to describe time may be expressed in terms
of the physical time in such way that by the measurement of the latter one can determine the
value of the former. Therefore, for any frame in which one knows how to shift from 7(¢t) <> ¢(7)

it is possible to describe an event writing its coordinates as (t, Z) or (7, Z).

I11.
Given two inertial frames S, S’ moving with relative velocity ¥, and an event P whose coordi-

nates are (tgp, Zsp), (ts'p,Zs/p) relative to S,S’, we have
-2 2,2 _ =22 2,2
Tgp = Clgp=Tgp—Ctyp. (3)

When we consider speed calculated in terms of derivatives relative to the physical time, the

relation (3) expresses the constancy of the speed of light.

IV. The Galilean Relativity Principle
Given two inertial frames S, S’ moving with relative velocity ¥, and an event P whose coordi-

nates are (7, Zsp), (7, Zs p) relative to S, S’, we have componentwise that
Tsp=Tsp — UssT (4)

V. The relation between (tsp, Zsp) and (tg/p, Zg/p) is linear.

Remarks:

(i) In assumption I, it is assumed that observers in inertial frames see physical space endowed
with an euclidean structure. This assumption is supported by the lack of evidence signalyzing
deviations of space properties from the euclidean structure (see the discussion of A. P. French

in [4], pp. 59-61). The position of an event P relative to inertial frames S, S’ is written as

2Later, through the analysis of their transformation properties, we will identify the physical time as the ordinary
time of the special relativity, while the absolute time will be identified with the time of the Galilei relativity.



ZFsp = (2, 22,23) € R, Zop = (2/,2%,2%) € RS, and since each frame is endowed with its

own coordinate system the spaces Rg and ]Rg, are conceived as distinct spaces, therefore, we
must understand the relation between the vectors Fgp and Zg/p established in (4) not as a
vector equation defined in one and the same vector space. However, it is possible to do so if we
reinterpret the vectors Zgp and Zg p as follows 3. Given two frames S, S’ we assume there is
a single space R%S/ where the components (z!, 22, 23), (2/1, 22, 2"3) of the vectors Fsp, Ts p are

seen as images of maps

- 12
RY — Rig @ Fsp — (2,22, 2%)

RY — R : Zgp — (21,22, 2%)

and such that for a fixed 7 they satisfy equation (4), i.e. we can think of the vectors Zgp, Zg/p as
vectors in R% g» Which justify using the same notation for them. Equation (4) is now understood
as an equation defined in R%S,.

From the perspective of the Galilei relativity, it is clear that the vector Zg/p € R?S’,/ can be
measured directly from the observers of the frame S that at the instant 7 are placed respectively
at the positions corresponding to the origin of the frame S’ and the event P, i.e. componentwise
we identify ]R?é, STgp i€ Rf’g,

_ B ¥
rsp
S

17
Tgs = UsgrT

where
1]:=Tsp —Igy = Tsp — Vs -
This corresponds to the same equation (4), now referred entirely to the space ]R%. This procedure
is equivalent to identify R%‘s' with R%. A similar procedure allows to identify R%S’ and Rg,.
The assumption that spaces Rg, Rg, are euclidean is then consistent with the interpretation we
obtain for the equation (4) through the identification R} ~ R}, Ry, ~R? .
A different picture emerges in SR. Instead of (4) we have the relation *
ﬁ 4 Tgp - Uss ,
Tgp=Tsp— (1 —v)——5——Uss — YUss tsp - (5)
Uss

Here, the vectors Zsp € ]R:Q’g, Tgp € Rg, are mapped into an abstract space Vggr where we

understand the equation (5) is defined. From the perspective of SR and according to the frame

3This reasoning is originally due to Moller [5].
41t seems it was C. Moller (see section 2.4 in [5]) who first noticed the importance of giving a correct interpre-

tation for equation (5) as an equation established in an abstract vector space, where it would make sense to relate
the vectors Zsp and Zs/p that, in principle, belong to different spaces. C. Moller did so thinking exclusively from
the perspective of the SR. However, the same question is already manifest from the perspective of the Galilei

relativity if we intend to interpret correctly equation (4).



S, if the the event P occurs at the instant {gp the observers on the frame S that occupy
respectively the positions of the origin of the frame S’ and the event P allow us to define a

vector 1]
17 = Tsp — Ussitsp , (6)

which is not componentwise equal to the vector s p as measured by the frame S”’.

S/
P .
rsp 1
S
Tgs = Ussitsp
In fact, using the relation
Tgp - Usg
tsp=7\tsp = =3
together with (5) to write Zgp in terms of Zg/p,ts p we obtain componentwise that
L 1—7v Zgp-Tos
1=1Tgp+ 3 Ug’s
v Vss

therefore, from the perspective of SR, we cannot identify the vectors 77 and Tg/p as we did before.
Physically, this means that measurements performed by the observers of the frame S are not
sufficient to identify the equation (6) with the equation (5) of Vsg/. We then distinguish the
spaces R%S, and Vggr in the sense that we cannot identify R:fg or Rg, with Vgg as we did in the

case of the Galilei relativity.

(ii) In assumption IIT we consider equation (3) holds for every event, not only for the events
associated to the movement of a light ray. As we know [6], in the standard treatment of SR
if we assume that (3) is verified for a light ray then from the assumption of the linearity of
the transformation involving #,¢ and Z’,t" we obtain that condition (3) is also verified for any
event. In our approach, since we work essentially with two equations (3, 4) and an extended set

—

of variables {7,t,t',Z, '} there is no guarantee that assuming (3) is true for a light ray would

5. Therefore, in the development of our model it is necessary

imply its validity for all events
to assume from the beginning that (3) is verified for all events and not only for those events
associated to the movement of a light ray. This will become evident in the derivation shown in

section 3.2.

(iii) The physical and the absolute time introduced in assumption II assume their specific char-
acteristic from the conditions they have to obey in assumptions III and IV. These conditions

identify ¢ as the time of Special Relativity and 7 as the time of Galilei relativity.

(iv) Whenever we set a transformation between two frames we assume that at 7 = 0, or equiv-

alently at t = ¢’ = 0, the origins of both frames coincide and their coordinate axis are parallel.

SFor the case of the standard treatment of the SR, Landau gives an heuristic argument justifying it in [7],

pp.5, while Einstein put it axiomatically in [8], appendix one.



(v) In assumption V, by a linear relation between the pairs (¢, %), (¢/,Z’) we mean that ¢’ and

2’ depend only on the first order power of ¢, Z.

3.2 Deriving the transformation
In order to obtain the transformations we start from assumption IV
Tsip =Tsp — Uss'T (7)
which gives
f%”P = f%P — 2Zgp - Uss'T + ’U%S/TQ .
From assumption III we obtain
U%S/Tz — 2Zgp - Usg/ T + 02(t%p — t?glp) =0

that allows us to write

Tsp - Uggr £ \/(fSP - Uss1)? = g, (tp — t&ip)

T =

(8)

Vi
Now, according to assumption V, we look for a relation between tgp and tg:p such that the
corresponding expression for 7 given in (8), when replaced into (7), results in a transformation
involving at most terms to the first power in Zg/p, £gp. In order to obtain that, let us consider

the following particular relation between tgp and tg/p, e.g.
ts'p =atsp +bTsp - Uss: 9)

which gives t%P —t%,P =(1- a2)t?5p —2abZsp - Vs tsp — b*(Tsp - Uss/)?. The constants a and
b must be chosen in such way that (Zgp - Usg/)? — v5g,c*(t%p — t%,p) becomes a perfect square,
i.e.
- S N2 9 9.9 2 2 232\ = SN2 2 2 o -,
(Zsp - Ussr)” —vggic”(tsp —toip) = (14+vgg/c™b*)(Zsp - Usgr)” + 205g.c“abZsp - Ugsr tsp +
+(a2 — 1)?}%5102 t%’P

= [(_»SP ~Ussr)y/ 1+ U%S,62b2 —+va? —1cvgg tSP]Q (10)

which gives a® =1 + 1}%5,021)2 6. We have then

Tgp - Uss £ ‘fSP “Usgrlal = va* —1cvgg tSP‘

T =

(11)

Vg
Here, the choice for the sign of 7 is fixed as follows. Replacing 7 given by (11) into (7), and

considering the time transformation (9) we assume the transformation (tsp, Zsp) — (ts/p, Zs/p)

%We could have written equation (10) in the form (Zsp - Uiss/)y/1+ v 202 +Va? — 1cvgs: tsp. As we will
see, the minus sign adopted in (10) becomes necessary if we intend to obtain the standard Lorentz transformation

of SR.



is invertible upon replacing (tg/p, s/ p, Us's) <> (tsp, Zsp,Usg’) with Ug,g = —Ugg,. Therefore,
we notice that:
o If Zgp - Ugg/|al — Va2 — 1cvgg tsp > 0 we must choose

fSP'USS/—‘fsp'ﬁss/|a|—V&2—1CUSS'tSP‘ Fsp - Tggr 21
T = 5 =(1—la|])—— + ctsp .
Vss Vg vSs’
o If Zgp - Ugg/|al — Va2 — 1cvgg tsp < 0 we must choose
fsp'ﬁsS/Jr‘fsp-ﬁSS/!a\—Va2—1cvss'tSP’ Zgp - Tg o
T= 2 =1 —la)—5 + ctsp .
Vsg Vg vSs
In both cases, we obtain the transformation
— — TspUger — va2—1 —
l‘s/p:xsp—(l— |(I|)v27‘fsvgsl— v(;S/ ctspUsg’ (12)
SS
VaZ=1 - S
tsip = laltsp — vgs/c Tsp - Uss:
— — 2
Tsp - Uss: a®—1
7= (1—a|)—— + ctsp . (13)
Vs vss’

As we have expected, the transformation (12) satisfy the condition %, —c*t%,p = T%4p—*t%p,

and leave T invariant, i.e.

= Ts1py, Va2—1 _ Fspv N B
= (1= fa) B B opgp = (1— Ja) B 4 T oo =7 (1)

since it was built in order to satisfy those assumptions. Here, we assume the parameter a depends
on the relative speed vggs, which for convenience we denote by a,,,. Under this assumption,
we also obtain that a,g,, = @y, -

The transformation (12) depends on the velocity vgg that is defined as the derivative relative

to the absolute time

. dZgg:
Vss' = dr . (15)

Now, considering the physical time tgg: we can define another velocity

= dZgg1
vgs’ 1= .
dtss:

(16)

We obtain a relation between 555/, Ugg+ as follows. Identifying P with the origin of the frame
S’ we have from (13)

2
Wy 1 c ,
7_ = SS/
lavgg,|  vssY
which allows us to write
2
R N a”ss' 1 C
Tgsr = Uss’ tss:
|avgg, | vss

9



and then

N a%SS, - c
Uss! = Usg : (17)
lavgg/ | vss

Since the parameter a,.., depends on vgs: we obtain that vgg/ also depends on vgg: through

the expression

~2 2 _
'USS/ _ CL’USS/ 1 (18)
c? a%ss,
which gives
Vggr < C. (19)

Therefore, in our formalism every speed calculated as the derivative relative to the physical time
is always less than c. Since in SR this is the type of derivative we consider, it seems the problem
of tachyons is ruled out in SR. From (18) we may express a,, in terms of vgg: as

1 p—
a’vssl = T = = ’Yﬁssl (20)

and the transformation (12) becomes

- - Tspvggr = =
Tsrp =Tsp — (1 = Yogg,) 75z 25Uss = Vigg, LsPUSS (1)
. Uss

Fspggs

ts'p = Yigg (tSP . )

that is the familiar Lorentz transformation. Hence, we have obtained a complete equivalence

between the Galilei and the Lorentz transformation.

- 52 2
. . . . . = N . v v
From (17) we obtain a similar expression relating vs/s and vg:g, i.e. 5% = —$5— and
vs’s
since a,,, depends on the absolute value |Ugrs| = |Uss/| we end up with
Ugrg = Vgs’ -

From (17) we could also have considered 5551 as a vector in Rgs,. However, we avoid this
interpretation as it would lead to an inconsistency associated to the so-called Thomas precession

that we will analyze in section 3.4.3.

3.3 On the role of the parameter «a

As we have seen, the parameter a was introduced in equation (9) as a free parameter in the sense
it was assumed to depend only on the relative speed vgg: between the frames. The assumptions
give no prescription on how to fix this dependence. Having established the relation between the
absolute and the physical time, we introduced another velocity 55 51, considered as a derivative

relative to the physical time, which is related to Uss and the parameter a,,,, through equations

10



(17, 18). Whatever the form we may take for a,,,, once we obtain vgs: as a function of vgs we
may rewrite a,, , in terms of vgs/, which results in a, , = Viggr (20). This gives a “universal”
character for the Lorentz transformation with the transformation (12) becoming (21). Despite
this, the constraint between vsg, and 5551 arising from a particular choice of a, , may signalize
different behaviors.

In fact, let us assume vgg > ¢ and choose a such that

~ 1

Aygg =7 1=

With this choice, the transformation (12) becomes

c2 =
o2 tspUsg
ss’ (22)

. N ~\ TspVcor — ~
Tg'p=2gp — (1 —’)/)41)%5;95 vss — Y

fsp-ﬁss/)
v2
SS

tsrp =3(tsp —

that agrees with the expression obtained originally by Shankara (see egs. (16),(17) of [9]) and

also by Duffey [10] in the description of superluminal frames. From (18) we obtain

(23)

a relation that is also present in the tachyonic model of [9], whose context is of a wave propagating
in a medium with the velocities being interpreted in a different way, namely 555/ is the group
velocity of the wave, while ¥gg is the phase velocity. Here, even though the transformation (22)
reduces to the form given on (21), which has the usual Lorentz form, the physical distinction
between vgg and 5551 may be employed to select one of the forms of the transformation as being

physically relevant for the problem one is analyzing. We return to this issue in section 4.3.2.

3.4 The velocity transformation

Following the program of deducing transformations directly from the assumptions given in I-IV
and the results previously obtained, we now intend to obtain the law of velocity transformation

and analyze some of its consequences.

3.4.1 Obtaining the transformation from the Galilean velocity law

Let us assume two frames S and S’ moving with velocity vgsr and such that at 7 = 0 (or
equivalently at ¢ = 0 = t') both origins coincide. The position of a moving particle is written as
Zsp(T), Zgrp(T), and from Zgp = Fgp — Ugs/T we obtain the rule of velocity addition in Galilei

relativity

dEgp  disp

— Voo . 24
dr dr vss (24)

11



From (13), and using the chain rule, we have

de/P dZsp
e = dsp — Ugg . (25)
2 2 :
~(1-a |)dfs'P,M+MC (1-]a ’)dfsp.@_FM
Vss’ dtS’P U?S‘S’ Vgg! Vss/ 1/ dtgp U?S‘S’ Vgg!

Let us denote . .
= o deP = . d.Z'S/P

= vgr = .
dtSP’ S'F dtS/P

Taking the scalar product by ¥isgs on both sides of (25) we obtain

. |@vgg [VsP - Vs — /a5, — levss
Us'p - Uss' = CUgs! S :
2 = —
—\/@tge — 1UsP - Ussr + |avgy [cvssr

Using this last expression back in (25) together with (17) and (18) we obtain the final form

USP = Vige Vs — (1 = Vogg)

5 VspUggl
ZYUSS’ (1 - 2 )

—

Sorp =

(26)

Since 55/ p and 55 p are derivatives of the position vectors g/ p, £sp with respect to the physical
times tg/p and tgp, we see (26) as the “physical time” counterpart of the rule of velocity addition

of the galilean relativity. It is straightforward to obtain that

{)%VP 2
2 = 1 + < = = 2 (27)
C . ’
Yoge (1 _ vspc#)

and we conclude that vgp > ¢ = vgp > ¢, and vgp < ¢ = vg'p < ¢. However, for a particle

moving with a constant velocity relative to the frames S, S’ we also have similar relations as

the ones given in (18),
vsp<c, Vgp<c, (28)

therefore, the only possibility for having vgp > ¢, vg/p > ¢ is related to a situation that does not
demand relation (18), perhaps the case of an accelerated particle that would result in a relation
for 7 different from the one obtained in (13) that is the base for deducing (18).

3.4.2 The light speed as a derivative relative to 7

Let us assume the propagation of a light ray with Zgp, Zs/p being the position of a point P in

the wave front as seen by S and S’ i.e

disp , dZsp
= c,
dtSP dts/p

=/
=C

12



with |¢’| = |¢] = ¢. We then have

dZsp _ dZsp dtsp o = c (29)
dr dtsp dr ‘(1—|a])€g5 + Va2 vss/
dZg p dZg p dtg p c
= = G = c Vggr
dr dtgp dr ‘_ (1 — |a|) &8ss 4+ Va2 = 1
ss/

that implies different values for the speed when considered as a rate of change relative to the

absolute time, i.e.
dZg p
# ¢ s = dr

Here, there is one more consistency check to be performed. We expect to have the following

d$SP

cs =

relation |Zgp| = cgsAT = cAt. In fact, consider an event P : (¢,Z) ~ (7,Z) as described by S.
At this instant, assume the observer in the frame S that is at the same location of the event P
sends a light ray towards the observer that is at the origin of S. The arrival of the light ray at
the origin of S corresponds to another event described by S as (¢1,0) ~ (71,0). Here, in order
to relate ¢t and 7, and ¢; and 7; we assume any auxiliary frame S’ moving relative to S with

velocity ¥ and employ (14). For the events (¢, %) ~ (1, Z), (t1,0) ~ (71,0) we then have

- a?—1
=(1—-a + ct
(1 la) 5 + Y5
a?—1
71 = ——cty .
v
Denoting At :=t; — t and expressing £ = —C¢At we obtain

—

Ar:=1 —T7= {\/@2 - 1% +(1- |a])cv.—;)}At

Then,

aZ —1¢+ (1 —|a|)E¥

v

and from (29) we obtain |Z| = cgAT.

3.4.3 The composition of velocities

Let us assume three frames X, .5, .S’ moving relative to each other with velocities Usg, Vs, Uss’,
having their axes parallel and their origins coinciding at 7 = 0. According to Galilei relativity

we write
Tyg = Txs + Tgg (30)
with
Tyg =Usg T, Ivs=1UssT, L5 =UssT. (31)

13



In particular, we have ¥xg» = —Zg/5, which results
Usgr = —Ugrs (32)
We now analyze the movement of S’ relative to S and X, and then the movement of X relative

to S and S’ using the same procedure that led to (26).

(i) The movement of S’ relative to ¥ and S
For the movement of S’ relative to ¥ and S we have (txg/, Txg) ~ (tss/, Tss) and

(1= Jaggs|) Fosisd 4 v

oz C tss

L 33
(1- I)”“’ES’Z”ES + ¥ ()

|avzs CtES’

From (30) we obtain

deS’ dtZS’ o dfgsl dtSS’

34
dtng dt ves dtgs: dt (34)
Denoting
= disgs = dZggr
Vs = =

diss’ "5 T disg
and using (33), we obtain by the same procedure employed in obtaining (26) the following

expression
- V35’ + VogsVns — (1 — Vogg) Mﬁzs
Uyns’ = = 3 (35)
7525 (1 + SSCZ ZS)
(ii) The movement of ¥ relative to S and S’
For the movement of 3 relative to S and S’ we have (tgy, Zsx) ~ (tgs, Lgrs) and
(1—|a Dfsz.(iﬁsl‘g) + “hgrs ! ctgy
7= s s s (36)
FgrsyTgr Vs's
(1 — |GUS,S’) Sv%’SS S+ Ugrg ctgry
From (30) and using that gy, = —Txng/, g = —Tsy, Tgrg = —Tgs we now have
dZ gy dtg dZ gy, dt
S’y alsry; _ Sy Alsy; + ES’S ] (37)
dtgs, dr dtgy, dr
Denoting
= dZgrs = dTsy
Vgiy, = ——— , Ugy = 38
S5 Utes | 08T dtgy (38)
we obtain
. Uss: + Yogg 055 — (1 - 7555,)%55/5
Vgry = = : (39)

Toser (14 =575)

14



where we have used that vgs/ = vgrs to identify vz, = 75, - We recognize equations (35, 39)
with the velocity transformations obtained by C. Moller in his analysis of the Thomas precession
[5]. As we know, in this particular case, the velocities o g, 592 are related by a rotation [5, 11].
We notice that each of the equations (35, 39) involve vectors belonging to different spaces,
therefore we should interpret each equation in the same way as we did for equation (5), i.e.

Ungr, 55/2 are vectors belonging to an abstract space V' where the equations (35, 39) make sense.

It is in this space that we have
Uss #F —Ugs (40)

which accounts for the Thomas precession. However, the vectors Uxgr, Usrs; are defined in the
space R%SS/ where they satisfy (32), which is a consequence of the frames X, 5,5’ having
their axis parallel during its translational movement. Now, it becomes clear the reason for not
identifying the velocities 52 57, 55/2 as vectors in R% gg- Indeed, if this were the case, then using

(17) we would associate each of them with the vectors Uygs, Usy; through

2 2
= . a“Es' o C = - a“s'z -1 c
Usg = Usgr ;Ui = Ugrs
lavg | vss vy Vs
and from (32) we would have vy,5» = —vUgry;, which contradicts (40).

3.5 The structure of space and time

Spacetime is the physical arena where events occur. Therefore, in order to describe spacetime
we must endow it with a suitable coordinate system, e.g. the one provided by a reference frame,
which is how we describe events. In our approach, we have an equivalence between the absolute
and the physical time that allows an observer to associate coordinates to events according to
(1,%) or (t,Z), and from each of these coordinatizations originates a particular view for the
spacetime. In what follows, we search for a description of spacetime that combines the views of
the Galilei and the Special relativity.

Given two frames S, S’ let us write the Galilei transformation as

(s, Zs) = (15, Tgr) { s
Tgr = Tg — UT .

Due to the absolute character of 7 we have that for a fixed 7 = 79 = 7¢ the Galilei transformation
is essentially a map R% — Rg,, where R% > Tg, R‘g, 5 Zg denote the 3-dimensional Euclidean
space. When spacetime is described using (7, %) as coordinates we refer to it as the Galile:
spacetime, that admits the following representation U, cg ({7’} X R3) = R x R3. In this sense, the
Galilei spacetime decomposes in terms of 3-dimensional spaces R? that are indexed by 7 € R.

Now, let us analyze the transformation under the form (12). For the same fixed value of 7,

we rewrite equation (14) as

r=200+7 - A=20°+2 -7 (41)



with

R SRS Ly

v v2
(42)

v v?

@ﬁq:<ﬁﬂaww—n6

and 2# = (2°,%) := (ct, @), 2’* = (2™, 2') := (ct',¥'). We identify (41) as the equation of two
hyperplanes o, : 7 = 2%0° + - 7 and o/ : 7 = 20/ + F' - i’ defined respectively in the spaces
RY and RY, (the spaces R 3 (ct, ©), RE, 5 (ct/,Z') serve here as the background in terms of
which each observer describes spacetime). Then, for a fixed value of 7 the transformation (12)
is seen as a transformation o, — o, between these hyperplanes. Here, we refer the spacetime
as the SR spacetime and it decomposes as Urer 07 = R%.

From the previous considerations the properties of the spacetime that arise from our unified
model are summarized as follows. First, we notice that the Galilei and SR spacetime refers to
the same spacetime, in fact, they are just different descriptions of the same structure. Second,
both the Galilei and the SR spacetime are sliced by 3-dimensional spaces, the Galilei spacetime
being “sliced” by hyperplanes that are normal to the 7-direction or, equivalently, by planes that
correspond to the space R3. For the SR spacetime the “slicing” is made by hyperplanes o, o’
that are orthogonal to the direction of the vectors n and n/. In particular, the relation between

the Galilei transformation and the Lorentz transformation is clarified by the diagram below,

R3 > (r,7) —=— (ct(r,%),%) € o, C R

z)
lsﬂ'c ./ lSOL

R, 3 (r,2) —— (ct/(1,&'),2) € o\ C R,

where for a fixed 7 and relative to two frames of reference S, S’ that move with relative velocity

v we have defined mappings

ir: RE — RE i R, - RY,
T — (ct(r, %), T) = (ct' (1, 2"),3)
1) = 7 (7+ (ol = D) @) = 7 (7= (1l - D5

We notice that endowing R%, Rg,, R‘é, Rflg, with the standard Euclidean topology we obtain

ir(RY) = o7, i, (R}) = o, as embedded respectively in RY and RY,. Then, given a Galilei

transformation (7, %) ©% (7,2’) the embeddings i, transfer ¢ to the spaces RE, RE, where

it assumes the form of the Lorentz transformation (ct,#) ~% (ct/,#’), which is shown in the

schema below

16



yn
R% y
R3 = s
S (s Z'T
(el PL
4 n
RS 7
R3, —
S (s ’L;.

This view of the transformation provides an alternative way to analyze some aspects of the

composition of Lorentz transformations. Indeed, let us write the Lorentz transformation as

or(vss) = i-(vssr) 0 pa(vss) o iy (vgsr) (43)

and consider three frames S,S’, S” that move with relative velocity vggs, Uggr, Tgrg». Consider
then the following diagram

ir(vgsr)
R% — 0, C R%

va(vssr) wr(vggr)

)

| ) ol Ry,
3

Rs/
% 4
iLgsn) 07 C Ry
wa(vgrgrn) er(vgrgn)
1!
ZT(US’S”)
]R?SV// O-;/r, C ]R4//

We notice that since the hyperplanes o, and o/ are different the Lorentz transformations

¢r(vss) and ¢r(vsrg) may be composed only through the maps i’ (vg:gn) 0 i1 (vgg/), e.g.

wr(vsrgn) oil(vgrgn) oir H(vsgr) o pr(vss)

and we have

WL(US’S”)Oi;(US’S”)Oi;-_l(USS’)OWL(USS’) = if]{(vs/s//)OQDG(’US/S//>OQOG('USS/)OZ.;l('USS/)
= iZ(vS’S”) o (PG(USS”) o i;l(USS/)

# wr(vssr) .

17



Therefore, from this interpretation of the Lorentz transformation acting on hyperplanes associ-
ated to the same value of 7, we reobtain the common fact that the composition of two Lorentz
transformations is not a Lorentz transformation. Here, the reason is that even though the com-
position ¢g(vgrgr) o pa(vss’) may be identified with g (vgs~) the later induces the Lorentz
transformation ¢y (vgg) only through the embeddings i (vsgsr), i- ! (vss), as shown in (43).

4 Model 11

4.1 Assumptions

We propose another model based on the following assumptions:
I. Space

Each inertial frame describes space as an euclidean 3-dimensional vector space.

II. Time
Time is described by a variable ¢ that depends on the frame, in such way that two inertial frames

S and S’ measure time ¢t and #'.
III. The speed of light is constant relative to inertial frames.

IV. Relative to two inertial frames any event (t,Z) ~ (¢, ') satisfies
0 3.2 /0 3. !
ar +B-F=ax” - -7 (44)

with «, E arbitrary parameters.
V. The relation between (¢, Z) and (¢, ') is linear.

Remarks:

(i) Postulates I and IT are essentially the same postulates I and IT of model I, except that in the
current postulate II of model II there is no mention to the absolute time.

(i) The condition az® + - Z = az’® — 3 - &' is suggested by a previous condition given in (41),
but now with the constants «, 5 being arbitrary parameters. Here, equation (44) is the starting
point from which we will derive the transformation. In this sense, it plays the same role as the
relation £'2 — ¢?t'? = 2 — c?t? of the standard SR formulation. However, while in SR this last
equation may be expressed in terms of the invariance of the quadratic form Q(a#) := 7 — c*t2,
which is a quantity defined uniquely in terms of the spacetime coordinates, the same can’t be
said of the equation (44), since it contains explicitly the parameters «, 5 that, in general, don’t
refer to any known property of the space and time. Therefore, unless we are able to identify the
parameters «, 6 with any intrinsic property of the spacetime it will not be possible to associate

any mathematical structure to the equation (44) as it was done with Q(x*).

18



4.2 The Generalized Lorentz Transformation

From V we write
z'0 = A%2% 4+ A%
2" = Alyx® + Aijxj .
From IV, we obtain by replacing them into (44) that
0 Lo g
1 . o
AG =~ (8 + A%p) (46)
which momentarily gives
= (1+ L1478t + L(8+ A pT)al
2"t = Alyet + Aijwj )
Here we assume
Aly = \p
o= (48)
A =0; + 8B

with A, £ arbitrary quantities that will be fixed later. We require the inverse transformation is
obtained by the change (t,7,3") <> (¢,7',—/3") into (47). This fixes A = £a. Let us consider

now the expression for the velocity. Here, we have

de‘/i Aioc + Az]dditj
I 1 Ai @i L 1 (i 7 ai\dz (49)
At 14 JAWB A+ o (BT + ABI) G

From III the speed of light is constant relative to any inertial frame. Then for a light wave we

have

az’ dz

% =, (Tf —Z=cfi with 7-7=1and || = |.
From (49), (48), using A = £, and due to the arbitrariness of the direction of the unit vector 1
we obtain

2
§=——F%~ (50)
:82
a?(1-5)

which then fixes all the transformation constants A%, A?, Aio, Aij in terms of «, 8 as follows

2

1455 : 2 B 2 pp
0 _ a? 0 _ g% _ [ [t —_—
A = — 5 A =A% P o A 5j+1_ﬁaa (51)
a2 a? a2
and finally leave us with the transformations
1+ 5 2 g
- Dty
-z C(l—i—%)a
2 F .5 o § (52
_’/ P r 7._'7 C J—
S Pt T Ea "aT I Pa
e



We have then obtained a class of transformations that is compatible with the invariance of
the speed of light and that depends on arbitrary parameters «, 5 . We call this transformation
Generalized Lorentz Transformation (GLT). It is immediate to check that it satisfies /2 —c?t? =
#2 —c*t? (and not only for a light wave), which shows that it must include the standard Lorentz

transformation as a particular case.

Remark: It is possible to work with a more general relation than the one given in (44), for

example, if we assume that 5 can be transformed then we would write
aa:o—l—g'fi':aaz'o—g'-f'

and the effect of the invariance of 5 ’. 2’ in this new condition corresponds to replace ﬁ — RE,
7 — RT in (52), i.e.

with R an arbitrary space rotation.
In [12] E. Kapuscik using only the assumption of the linearity of the transformation and the

constancy of the speed of light proposed a generalization of the Lorentz transformation having

the form
t=At+B % (5
7= VA2 - 2B (RF) + AVA P (RE)(B - 7) + A(RB)t .
Comparison of the time transformation given in (53) and (54) suggests the identification
1+ 2 2 7
A= — B = - (55)

BE g
N

that also shows the equivalence of the space transformation. In our formalism, up to the deriva-
tion of (53), there is no restriction on the parameters a, /3, while in the development of [12] they
have to obey A2 —c2B2 > 0. Since in [12] the relative velocity V between the frames is identified
with —02§, the previous inequality leads to the restriction V' < ¢. As we will show in sections
4.3.1 and 4.3.2, in our formalism there is no restriction on the relative speed of the frames.

Having obtained the GLT given in (52) we analyze in the sequence some of its properties.

4.3 Transformation of Velocity

Associated to GLR we obtain by replacing (51) into (49) the associated transformation of velocity

as
di 2 B 2 f dif
g @ Zat CZa dia
ar Zh — (56)
ez 2§ d&
1-85 1 -85y @ dt



and

d—’/ 2 @ 2 — CQ
(x/> _ 62 _ = (dt) 5 (57)
dt Yoo, 2§ &
125 -y @ dt
therefore we obtain for the GLT that
dz <c& i < dz >c& i >
— c — c or — c — c
dt dt’ dt dt’

i.e. relative to two frames described by transformation (52) a particle that is described as sublu-
minal (superluminal) particle by one frame will also be described as subluminal (superluminal)
particle by the other frame.

4.3.1 A transformation involving subluminal frames: v < ¢

As a particular case of transformation (52) let us choose the parameters «, E in such way that

2

1+5 1
5z~

-5 1_222

with v < ¢. We obtain

8y
U
l

—

v —ytv

with v := %, that corresponds to the Lorentz transformation.

4.3.2 A transformation involving superluminal frames: v > ¢

Let us choose «, 5 satisfying

1+% 1
? =
_% 1_%

with ¥ > ¢. Now we obtain



and replacing it into (52) gives the transformation

v =5t i °)
F=r-(1-9HLF 7S @
02 02
with 7 := 1 - Here, we reobtained Shankara and Duffey’s transformation for tachyons

1-&
[9, 10]. This trarvlgsformation (58) appeared originally in [9] in the description of the propagation
of a wave in a medium with one of the frames being at rest relative to the medium and the other
moving with a speed greater than ¢ (in fact, in [9] since the medium is not the vacuum, instead
of ¢ the light speed is denoted by wp). The physical content of this transformation has been
discussed more generally in [10], which we refer the reader for details. Here we wish to analyze
the role played by the velocity v in the transformation. We consider two situations.

First, let us consider the movement of an object such that according to the frame S the
object is at rest relative to the frame S’. Assume v is the relative velocity between the frames.
Then the frame S writes for the position of the object # = vt. Replacing it in (58) we obtain
! =0and 7' = %ti = %5}' Therefore, for an interval (0, At), S associates to the movement of
the object the set of events {(¢,Z) := (¢,0t) : 0 <t < At}, while S’ associates the set of events
{(t',z2") = (0, %j’) . & = 0t}. Since the whole movement of the object as described by S reduces
in S’ to a static situation where ¢ = 0, and since there are many ¥’ corresponding to the many
possible values of Z, we conclude that relative to S’ the object seems to have a spatial extension.
Therefore, from the perspective of the frame S’ the object cannot be seen as a particle in the
classical context. This is reinforced by noticing that the possibility of considering ¥ = ot leads
to the vanishing of the denominator of (56) that shows the velocity transformation law does not
apply.

Let us consider now the movement of an object such that according to the frame S’ the
object is at rest relative to the frame S’ i.e. Z' = 0. Replacing it in (58) we now obtain ¢’ = %t,
and ¥ = %2—2515 Therefore we get

~

(Y

| _ ¢
dt|

and being v > ¢ we end up with %f} < c. Here, it is natural that instead of ¥ we assume the

relative velocity between the frames to be V := 52—25, in terms of which the transformation (58)

becomes
, 7V
b= 7<t VS )
B -V .
?'=F—-(1-7) 72 V —~tV
with v = L —- Then, from a theoretical perspective, we conclude that a transformation like
1-YZ

(58) may refer to different situations according to the interpretation one gives to v.
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4.3.3 Another superluminal transformation

As another class of transformation let us choose «, 5 such that

2

1+5 1
2 _

o R

with © > ¢, which gives

t/ = # t_ 2_25'5
[72 _ 4 ¢z v
C2
n2 — 2
ot 1- %_1@'-5: \/2_%20;‘
= I+ — = U — — —tv .
E-1 U yE-1?

The condition of having real transformations requires that v < 2¢, which becomes an upper

bound velocity for tachyonic motion.
4.4 Introducing the Galilei relativity
Let us modify condition (44) writing it in the form

r=a’ +5- =0z -3 1" (59)

where we have introduced the absolute time 7. Therefore, assuming the Galilei transformation

=/ -

=T —0ur
and using (52) and (59) we obtain that

g=-—2_F (60)

— B a?
From (59) we also obtain
dt 1
e

Let us define

L 47 = df
U_E’ ’U,—a

_,,_df, :,_d(l)l
YT Y T a



then we obtain

ac— [ -u’ ac+g'i'

From the Galilei relativity we have

Replacing this last expression into (60) we end up with

—

= 2
I+ =@
In particular, we notice that
v<ec. (62)

Then, the assumption of an absolute time and the Galilean relativity law in model II also leads
to a situation where there are no superluminal frames.

The expression we obtained for v in (61) also leads to the same transformation of section
4.3.1, therefore, when we incorporate the Galilei relativity to the model IT we reduce the model
to the standard Lorentz situation. However, differently from the model I, as we have seen in
section 4.3.1 we are allowed to obtain the Lorentz case without the need to impose the Galilei

relativity.

4.5 The momentum

We now search for an expression for the momentum that is conserved in collision processes.
As it is well-known [5], the conservation of momentum in two frames S and S’ brings to the
analysis the transformation between them. Then, the problem here is to find an expression for
the momentum that satisfies a conservation law as seen by frames related by the GLT.

Let us perform our analysis considering a particular collision process involving two particles

with the same mass and such that relative to S we have before the collision the particles’
* ~ =k

velocities u; = u1n, uy = —u1n, and after the collision u; = un*, vy = —u

n* 7. According to

7As it is typical in the analysis of collision processes, for a more general collision we would obtain constraints on
the final velocities, which are not essential in order to fixing the form of the functionf(ﬁ) introduced in equations
(63, 64).
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S’, we obtain from (56)

2¢c E 70 2c §7~—»
17£a+uw FZa U w
= a2 = o2
U = 52 - y Uo = 8 -
l-i-?_i_ﬁ 2 B ﬁ 1+a2 q 2 B ;]\
_82 _BZy a LI 8%y a’
1=z c(1 az) - c(1 az)
2c E YRt 2c é_~_,*
B l_ﬁa—i—uw ~ 2 a U W
,El*_ o? a/ — o
' 1+% +au 2 B ’\*’ ’ 1+% e 2 B
U £.n —u £.n
_82 IERN _82 _B82y «
1= (1 a2) 1=z (1 a2)
with
2 5 .8 2 B .8
-~ ~ % ~x ~x
W=+ 20 wo=nc ot P
1-% 1- 5

being two vectors having arbitrary directions due to its dependence to the arbitrary unit vectors

7,n*. Following [5], we write for the momentum conservation in the frame S
mn g

=k 2 =k 2k

flu)uy + f(uz)ug = f(uy)ug + f(ug)uy
and relative to S’ it becomes (assuming the form of the function f is invariant)

fa@y)uy + fay)uy = f@iuy + f@y)uy

that is equivalent to
__ 7@ (i) N
W o 2§ s~ 2§ s
1-2; c(1-25) @ " 1-2; c(1-55) @ n
L (i) (i) N
1422 i o 1+ o~
o2 2 ﬁ 77 * a2 u 2 ﬁ . 77*
1-2; c(1-2y @ 1-£; c(1-23) @
B 2 f(@h) f(iih)
e > — +— — +
“l-5\1te  ~ 2 F ~ Hs - 9 5 o
@ 32 + u BQ a : 7] 22 —u ﬁ? a : T’
1—? c(1-55) l—a—2 c(l—?)
g6 (i) Y
1+% ~ 2 E o 1+% ~ 2 g o
1-2; tu e(1-£3) afl 1-2; -y o "

From the arbitrariness of the scattering directions 7, * we must have

f(ah) _ f(ay) _ fay)

1455 s B~ B, 5 145 2 B .=
T u = —u = +u £
1-£; o(1-23) @ " 1-5; o(1-25) @ " 1-2, c(1-23) @ "

_ f(ag)

=—; -
o g2, D
1-£ c(1-25) @
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In order to satisfy this condition we notice that from (57) we obtain

a2
2 ‘1_72
-7~ e 0 (6)
ez 2 /3.6‘
2 2
1-8 1B e e

For the both cases we analyzed in sections 4.3.1, 4.3.2, we observe that g < 1 and for the case

of a subluminal particle, i.e. u < ¢,u’ < ¢, we obtain

2 . -
1+5 2 § @
—-=>0 67
1fﬁé+1fﬂéa c” (67)
(0% o

2 — —
1+ 5 2 A u
_ij+1_i2&'2<0 (68)
o (0%

which suggest us to take

2
ksgn [1+§2+2§

ol
—

fu) = (69)

The constant k is identified with the rest mass of the particle in the case one can effectively
define such frame. In the case of tachyons we refer to the discussion of [13]. The term in
the numerator, sgn [1 + 572 + 2§ . %}, becomes necessary in order to fulfill the conservation of
momentum as expressed in condition (65). This term introduces a dependence of the tachyon
mass with the quantity g , which is ultimately a parameter depending on the relative velocity

between the frames. A detailed discussion on the implications of this term may be found in [13].

5 An alternative way to induce a concept of absolute time

The concept of the absolute time was introduced in models I and II by means of certain relations
involving the space and time variables, equations (4), (59). These relations may be seen as
kinematical requirements allowing to bring the special and the Galilei relativity into the models.
In this view, we could think on the physical and the absolute time without having to consider
them as coordinates of a 4-dimensional space. Now, we reverse the construction and we will
show that by considering a higher dimensional space we can think on the absolute time with no

reference to kinematical relations.
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5.1 Setting the Lorentz transformation in R(%

We denote by R(4) the space R® endowed with the quadratic form

Here R4 5 ¢ = (z%),a =0,1,2,3,4. The transformations leaving ) invariant have the form
.’,U/a = Aabxb (70)

with [A%] € SO(1,4). We consider now two subgroups of SO(1,4) as follows. The first consists

on transformations defined by matrices

Ly :=

A0
0 1

with A € SO(1,3) (u,v =0,1,2,3). The second consists on transformations defined by matrices

1 0
Lr = ‘
0 R
with R € SO(4) (4,5 = 1,2,3,4).
Now, we define new coordinates as follows:
(i) (z%/x*) = (z#,1) with z* = 2#/2*. For the subgroup {Lp} C SO(1,4) the transformation
(70) becomes

= AP 2 =t (71)

and in particular

T =AM .
(ii) (22/2%) = (1,2%), with 7' = 2%/2°. For the subgroup {Lzr} C SO(1,4) the transformation
(70) becomes

0 =20 2= Rixl (72)
and in particular
" =R
We notice that these coordinates 7 = (z#) and = (2') can’t be identified with the coordinates
of the hyperplanes 20 = 0, 2* = 0 of R(:4),
5.2 Inducing Lorentz transformation in Euclidean space R*

There is a natural way to reinterpret the coordinates 7 = (z#), & = (%) as local coordinates on

certain open sets of the real projective space RP* [14]. In fact, let RP* 5 [29, 2!, 22, 23, 2] :=
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(A2 2t 22,23, 2%) © X € R*}. Recall that a smooth atlas for RP? is given by RP* :=
{(Va, ¢a) }a=o0,... 4 where V, := {[2°, 2%, 22, 23, 2%] : 2% # 0} and

<pa:Va—>]R4

4] .’EO xafl xa+1 4

[x] = [IL‘O,ZEI,{EQ,{L‘B,w — goa([mo,:vl,xQ,a:3,w4]) = (E’

which shows that Z = p4([]), and T = o ([z]) 8.
b

The transformation on R4, 2/ = A%2b induces a transformation on RP* : [z] — [Az]

that has the particular cases

0.1 .2 .3 47 La 0 .0 Al o A2 .o A3 ..a 4
[°, a7, % 2”27 = [N a®, A a® Az, A, 2%, "]

L . . . .
(20,2, 22, 23, 21 =5 20, RLa!, R2a2% R3a2%, R .

Therefore, 40 Ly o cle reduces to an ordinary Lorentz transformation in ¢4(Vy) ~ R*: 2# —
T = A4z, while pgo Lgopy ! reduces to a 4-dimensional rotation in ¢g(Vp) ~ R%: 7 — 77 =
7?,;53 We have then modelled Minkowski and Fuclidean four-space as homeomorphic to open
sets ©4(Va), ©o(Vo) of projective space where Lorentz and 4-dimensional rotations are induced
by transformations (71, 72) of SO(1,4) acting in R5. In the intersection of the neighborhoods,
Vo N Vi, we have T = g 0 ;1 (2), i.e.

4 !

r = =, xr =
.'170

o (73)

Therefore, in the intersection VyNV;, an ordinary Lorentz transformation on ¢4 (Vy), ¢ — Z'# =

AL77, induces on ¢g(Vp) the transformation

L+ L@

gt 2 (74)
L(I)XO + L?\j x
that also obeys a group law, e.g.
A A A A
g B iy B3 Ey 7Y Fy
\ ! 3 = | \
~ Loy - Ly ~ LiyLay
X ‘; J"(l) 4 33(2) X .’E(Q)

i.e.

i (LeLw)o+ (LeLy),@
@ T Ly L)% + (Ligy Ly )07
(L2)L1))o + (L) L)@

Equation (74) may be seen as a non-linear realization of the Lorentz group in ¢o(Vp).

8Notice that the space R*, appearing as the image of the homeomorphisms ¢,, is not seen as a subset of RO,
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5.3 Interpreting the boost transformation in Euclidean space R*

Now, let us introduce some physics in our analysis. So far, we have considered homogeneous
coordinates 7,7 that carry no dimension. In order to give a physical meaning to them let us
assume there is a scale factor A with dimension of length and let us define y’ := \z?, /! :=
Nz''. Here N is the transformed scale factor whose form is left arbitrary for a moment. Then,

transformation (74) may be seen as a transformation

Yoyt =N (75)
L9\0>‘+L9\j yJ
For a boost we have A% = ~, A% = AZT0 = —%vg, AZ} = 5;: —(1=7) ”f)gj, and we obtain
VI B v LR,
vy = N\ — Lygoi
YA = Sylv)
! (76)
14 / Yy
yo o= A

V(A = fyTvd)
where i = 1,2, 3. Now, let us assume the scale factor writes as A’ = ct’, A = ct with ¢ the speed

of light and ¢ and ¢ having the dimension of time. Here, denoting i = (y%), v = (vz) equation
(76) becomes

= t/ g_ (1 - 7)%}7_ ’)’t'l?
v(t - 45)

y/4 — ¢ y4q_‘

v(t - 27)

If t/ = ~(t — 3’225) we obtain

, q g-u ,
gy o= g-(1-7) 3 U= t0 (77)
y/4 — y4.

Eq. (77) together with ¢/ = ~(t— ‘Z—f ) constitute the standard transformation of special relativity,
and y* = y* can be considered as defining the absolute time, e.g. 7 = y/*/c = y*/c. In this
way, the absolute time acquires an intrinsic characteristic as the coordinate (in fact with %)
of a 4-dimensional Euclidean space R* ~ q(Vj), while the physical time of SR appears as a
non-invariant scale factor (through the relation A = ct, N = ct’) transforming homogeneous
coordinates Z' of Euclidean space R* into dimensional coordinates 3*. If in addition we impose

the kinematical relation of the Galilei relativity, ¥/ = y—07, we end up with 7 = (1—+~) %27717 +AUt.

6 Conclusion

In our work we have consistently unified the Galilei and the Special relativity. In Model I the

main equations were ' = ¥ — ¥ and £'? — ?t"?> = £2 — %, while in Model II we have used
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=/ =/

7' =2 —0r and 7 = az® + E 7= az" — E Z'. Here, contrarily to the intrinsic geometric
meaning associated to the relation #'? — ¢?t> = ¥2 — c?t?, it is not clear the role played by
az® + 5 2=z’ — 5 - Z'. If there is a certain anisotropy in space, represented by a particular
direction in space (not necessarily related to the relative velocity of the two frames), then we
could encode it into E In this way, the physics derived from the general transformation (52)
may provide a framework to describe situations other than the one we contemplated in our work.

The assumption of the absolute time leads to a distinction between the velocities ¥ = g—f
and 0 = ‘é—f . As we have seen in (19, 62), the Galilei relativity imposes a relation between these
velocities in such way that v becomes less than ¢, which rules out tachyons since in SR we
consider velocities only as derivatives with respect to t. However, as we have seen in Model I1, it
is possible to have superluminal frames provided we don’t impose the existence of the absolute
time and the Galilei relativity. Having distinguished between the absolute and the physical
time, the assumption of the constancy of the speed of light is understood only with respect to
the derivative relative to the physical time. In fact, as we have seen in the discussion of section
3.4.2, for the light speed calculated as a derivative relative to the absolute time we obtained
(& 75 Cg’.

Finally, the implications of the existence of an absolute time in the formulation of a quantum
theory is an old topic. Dirac, for example, has used it in his attempt to develop electrodynamics
[15]. In the context of our work, one possibility that arises is related to the development of
quantum theory following the Schwinger Quantum Action Principle (SQAP). When applied to
quantum mechanics this approach uses an hamiltonian formalism that singles out the time as
parameter. As we have shown in [16], a consequence of the application of a modified form of the
SQAP to quantum mechanics has lead to the commutator of the Lie algebra of the Galilei group.
Now, we could apply the same procedure using the absolute time as parameter together with
its relation to the physical time as given by (44) and search for the corresponding modifications
it would originate in the Galilei algebra. Then, we could check if it corresponds to the group of

transformation leaving the quantity 7 = ax® + B-%=az"— -2 invariant.
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