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Abstract: - We convert, within polynomial-time and sequential processing, an NP-Complete Problem into a real-
variable problem of minimizing a sum of Rational Linear Functions constrained by an Asymptotic-Linear-Program.
The coefficients and constants in the real-variable problem are 0, 1, -1, K, or -K, where K is the time parameter
that tends to positive infinity. The number of variables, constraints, and rational linear functions in the objective,
of the real-variable problem is bounded by a polynomial function of the size of the NP-Complete Problem. The NP-
Complete Problem has a feasible solution, if-and-only-if, the real-variable problem has a feasible optimal objective
equal to zero. We thus show the strong NP-hardness of this real-variable optimization problem.

1. Introduction

An Asymptotic-Linear-Program (ALP) is a linear program over real variables, whose coefficients and constants in the
objective and constraints, are rational polynomial functions of K, the time parameter. It has been proved [1] that as K tends to
positive infinity, the ALP demonstrates a steady-state behaviour in its feasibility (or infeasibility) and in its optimal basis of
variables (if feasible).

It has been shown [2] that optimizing a single rational polynomial function of real variables, is NP-hard. It has also been
shown [3] that optimizing a single rational linear function of binary variables, can be accomplished within polynomial-time.

Consider the problem of optimizing a sum of rational linear functions of real variables, over an ALP. We shall denote
this problem as Onagional lincar functions ALP- D€NOtE Prational tincar functions aLp as the problem of deciding whether or not the optimal
objective value of Orational lincar functions_ aLp 1S €qual to a target integer.

In our paper [4], we showed the NP-Completeness of the problem Pjincar ¢q binary 1 Of deciding the feasibility of a set of
linear equations over binary variables, with coefficients and constants that are 0, /, or -/. Consider an instance of problem
Plincar oq binary 1 having M linear equations, over a binary variable vector < b;, b,, ... by >, i.e. each variable b; is allowed to be
either 0 or /, for all integers i in [/, N]:

ap by tapby+ . Fanby=c
a by +a; b+ ... tayby=c;

an] b[ + Clez b2 + ...+ aM,N bN =Cuy
where each of a;; and ¢; is given to be 0, I, or -1, for all integers j in [/,N], and all integers i in [/, M].
In the subsequent sections of this paper, we will show how to convert an instance Of Pincar cq binary 1 10tO

PrationalilinearffunctionsiALP~

2. Modelling Binary Variables using Rational Linear Equations over real variables

Definitions: Let x be a real variable such that 0 <x < 1. Let <x;, x,, ... x5> be a vector of real variables, such that 0 <
x; <1 for all integers i in /1,N]. Let K tend to positive infinity.

Theorem-1: It is strongly NP-Hard to decide feasibility of Rational Linear Inequalities over real variables
Proof: Consider the Rational Equation (x + ((1-x)/2)) = (1/(2-x)), which when simplified yields ((x(1-x)) / (2(2-x)))
= 0. Because 0 < x < I, and because x=2 is the only point of discontinuity of the Rational Linear Function, we can use
this to express a binary variable. So the following set of Rational Linear Inequalities has a real solution, if and only if,
Plincar oq binary 1 has a binary vector solution:

ap by taby+ .o tanby=cy;

arjx;tazx;+ .. tayxy=cy;

ay X + Ay 2 X2 + ...+ AyNXN = Cp sy



O=x;=1; Cer+((1x,)/2) = (1/2-x,)) ;
; (2 + ((1-x2)/2)) = (1/2-x3)) ;

O<xy=1I; Gy + ((1-xn)/2)) = (1/(2-xy ) ;
Using the technique mentioned in paper [4], we can express (within polynomial-time) all these Rational Linear Inequalities
with coefficients 0, I, or -1. Thus, it is strongly NP-hard to decide the feasibility of a set of Rational Linear Inequalities, over
real variables.
Hence Proved

Theorem-2: For any positive integer i, ( (x/(K+2i-1)) + ((1-x)/(K+2i))) = 1/(K+2i-x) ) < (x is either 0 or I)

Proof: A Boolean statement P<>Q can be proved by showing Q—P and P—Q. For x=0, the value of the Left-Hand-Side
(LHS) in the equation, is //(K+2i), which is equal to the value of the Right-Hand-Side (RHS). For x=1, the value of the LHS,
is 1/(K+2i-1), which is equal to the value of the RHS. So Q—P. Next, ((x/(K+2i-1)) + ((1-x)/(K+2i))) = 1/(K+2i-x) implies
that ( (x/(K+2i-1)) + ((1-x)/(K+2i))) - 1/(K+2i-x) ) = 0. Simplifying this expression yields (x(1-x)) / ((K+2i-1)(K+2i)(K+2i-
x)) = 0. As K tends to positive infinity, the denominator of the LHS of this expression is always positive, so the only way for
this equation to be satisfied is that x(/-x) = 0, which implies that x is either 0 or /. So P—Q.

Hence Proved

Theorem-3: Let <w;, wy,... wy>and < u;, u,,... uy > be two vectors of real numbers, such that w; # 0 for all
integers i in [1,N], and such that w; # w; ,for all i#j. There exists a positive real y that is a function of real numbers <
Wi, Wa,... Wy, > and real numbers < u;, u;,... uy >, such that for all K > p, the following statement is true:
((K((u; (K+wyp) + (uz (K+w;)) +.. + (un (K+wy))) =0) > (uy=u=...=uy=10))
Proof: This is a generalization of Theorem-1 of the paper [5]. A Boolean statement P<~Q can be proved by showing Q—P
and P—Q. As Q—P is obvious, we will focus on proving P—Q. Expressing ((u;/ (K+ w;)) + (uy/ (K+w;)) + ... + (uy/ (K+
wy))) as a single rational expression, we obtain: ((u; A; + u, A, + ... +uyAy) / (K+ wi )(K+w;)... (K+ wy))), where, for all
integers 7 in [1,N], A; = (product of (K+ w; ), over all integers j in [1,N] and j#i). We can write the expression (u; 4; + u; A,
+ ... TuyAy) as (KN! By; + KN2 By, +... + K’ By), where, for all integers i in [0, N-1], B; represents the coefficient of K in
the expression (u; A; + u A, + ... + uyAy). We have:
BN_] =u; +u,+ ..+ Uy
By = (Wt wet .t wy)uy + (Wit wit wytLowy)us + (Wit wot wat wst o+ wy)xs L+ (Wit wot wet L w Juy
Byz= (wr* wit woy* wyt o woFwy + witwy FwsFws +LowsFwy o wa* wy)ug +

(W]* w3 + W]* Wy ... W]* Wn + W3* Wy + W3* Ws + .. W3* Wn + .. W(N_])* WN)M2 +

.

(W]* W2+ W]* W3+... + W]* WnN-1) + Wg* W3+ Wg* W4+...+ Wg* Wn-1) + ...+ W(N_g)* W(N-]))”N

Bo = (Wg* Wg* * WN)M1 + (W]* W3* W4*... * WN)MQ + (W]* Wz* W4* Wj*... * WN)M3 + ...+ (W]* Wg* W3*... * W(N_]))MN

Generalizing the pattern in the above coefficients, By.; = u; + u, + ... + uy, and, for all integers i in [0,(N-2)], B; =
(Summation over all integers j in [1,N], of (u;*(summation of all combinations of product terms from Set of elements {{ w,,
Wy, ... wyt ={ w; }}, having (N-i-1) elements in each product term))).

Now consider the expression (KM/ By.; + K2 By, + ... + K? By) as a univariate Polynomial in K. For a given set
of scalars {u;, u, ... uy}, it is obvious that there exists an upper bound y on the real root of this Polynomial, given by
Lagrange’s Theorem [1]. Hence for all K>y, the only possibility for (KN-/ By.; + KN? By, +... + K% By) = 0) to be true, is (B;
= (), for all integers i in /0, N-1]). This gives us a set of N linear equations in {u;, u,, ... uy}, mentioned in Lemma-1:
Lemma-1: We aim to prove that the following N linear equations in {u;, uy, ... uy} are unique:

BN_1 =u;tu,+..tuy= 0, and,
for all integers i in [0,(N-2)], B; = (Summation over all integers j in [1,N], of (u;*Comby..;) ({j}))) = 0.

Here (Comby...;) ({j})) denotes summation of all combinations of product terms from Set of elements {{ w;, wy, ... wy! —{
w; }} having (N-i-1) elements in each product term. We denote: Set{a,b,c,d} — Set{b,d} = Set {a,c}.
Proof: (These N linear equations are unique) <> (determinant of matrix €,, formed from coefficients of the linear equations,
is non-zero). Q; is shown in the Figure 1. We know that (determinant of a matrix is 0) <> (determinant of its transpose is 0).
We also know that multiplying a row or column by a real number (equivalent to multiplying the determinant by that same
real number), and, adding two rows or columns together, do not change the result of its determinant being zero or non-zero.



1 1 = 1 1

Camb; d{w.}i  Comb ffw;h - Camby, J{ifwq,})  Comby e H
Camb;{fwe]i  Combdfwdi - Camby;ifwrg,l  Comby;fe
Camb,, :‘-:I'i"""l.] Camb,, :-:I'i“':-l] - Camby, :"_'[i“'h- W Camby,, :"_'H“'h}}
Camb,, |:['i"-""||] Camb,, L:[h“'r'] = Camby,, |_[i'l-"'r~- 1 Camb,., |_[‘:'l-"'r~}}

Figure 1: The square matrix Q; of dimension NV

Denoting Column i in the matrix as Ci, we apply column operations Ci nex = Ci — Ci+s on Qu, for all integers i in [1,N-1]. This
eliminates one dimension, and we get the next square matrix Q- of dimension N-/, shown in Figure 2.

t'l"l".' iy | "-."I' W.':' - 1'1'3'!. i 'l"l'+.| ':‘i'l"l 'l':"|.1}

Py |*Combyg e ol porsii®Combe dhanigdd L. = i g v P Tombygl g oy I eswn o FPCommbe vy 0 1
(eeewe [*Combynlive o0 e Cambe g . (i W] Combysl vt g Il (Wi P Corabe; (i, 1 )
Pt |* Coninliyg, sl v ] ide-stis® Cambeg (i) I T T [ 3 0 A R |
{omy v |*Comby, s for oecl]  Poeywn ™ Combeg e wa) = {4 W] Comby, alfmvawi I Owiwn  FCombeg -ty o

Figure 2: The square matrix : of dimension (/V-1)

In Q:, divide Column Ci by (w;.; - w; ) for all integers i in /1, N-2], then again apply Ci nexx = Ci — Ci+s for all integers i in /1, N-
2], to eliminate another dimension to get square matrix Qs in Figure 3.
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Figure 3: The square matrix ); of dimension (/V-2)

For € where 2 <j < (N-1), we now attempt to complete the Induction proof that dividing Column C: by (w;4;.; - w; ) for all
integers i in /1,N-j/, and subsequently applying operations Ci ne = Ci — Ci+s for all integers i in [1,N-j], gives square matrix
Q-+ of dimension (N-j) where the £ element of Column Ci , is equal to ((w;s; - w; )* Comba-2) (fw; Wiy ,...Witj })).

Consider any column vector Ci in & where (/ < i < (N-j)). Assume that the first element in Ci is (w;1;.; - w; ), and the &
element where (2 < k < (N-j+1)) in Ci is (W;1j.; - w; )*Comba-1) ({W;, Wis 1 ,...,Wi+;.1 })). Further assume that the first element in
Cit1 18 (Wiy; - wiry ), and the k& element (2 < k < (N-j+1)) in Ci+1 18 (W) - Wiy ) ¥*Combacn) ({Wis ) ,Wis2 ... wir; ). In Q; | after
dividing Ci by (w;4;.; - w; ) for all integers i in [1,(N-j+1)], the value of the kx element in (Ci — Ci+1) becomes:

= ((Comba-1) ({W; Wit 1 ... Wit }) — (Combie) ({Wis ) Wisa,..oWini })

= (Wir; *Combi-z) (Wi, Wisp,....Wirj }) —w; *Comba-2) ({w; Wisp,...Wiv; })

= ((Wisj - w; )* Comba-2) ({w; ,Wi+y,...,wir; 1)), which is equal to the k" element of Column Ci in Qy+:
This completes the Induction Proof. The loss of dimension (between € and €;+/) is obvious after applying Ci next = (Ci — Ci+1),
for all integers i in [1,N-j], since the first row of € always has 1, after the division of Column C: of Q; by (w;;; - w; ).

We proceed to iteratively obtain square matrices of smaller dimensions, until Qx-; of dimension 2 in Figure 4.



(Wi vy ) (i)
(Wi 1w ¥y (i 1wy

Figure 4: The square matrix Qv.; of dimension 2

The final operation of dividing Column Ci by (wy.;.» - w; ) for all integers i in [/,2] and applying the column operation Ci_nex
= C1 — C;, yields the single element (wy - w; ). From all the divisions of the columns of the matrices performed so far, the
value of the determinant Q; is non-zero, if and only if, the following product of (N(N-1)/2) terms is non-zero:
(W2 =Wy )(W3 =W ) oo (Wy=Wp) (W3 =W2)(Wy-W3) .. (Wy=-W2) (Wy-w3)(Ws-w3) ... (Wy-w3) ... (Wy-wy;)
That is possible, if and only if, w; # w; for all i#j which is given to be true. Hence proved Lemma-1.
Thus, the only solution that satisfies the set of homogenous linear equations in Lemma-1, is #; = 0 for all integers i in
[1,N].

Hence Proved

Theorem-4: Let <w;, wy,... wy>and < u;, u,,... uy > be two vectors of real numbers, such that w; # 0 for all
integers i in [1,/V], and such that w; £ w; ,for all i%. There is a one-to-one mapping between every <u;, u,,... uy > and
((u; (K+wi)) + (uz /(K+w; ) + ... + (uy /(K+wy))

Proof: Assume that there exists a non-trivial real vector <A;, A,, ... Ay> such that ((u; /(K+w; )) + (uy (K+w;,)) + ... + (uy
AK+wy))) = (((u + A )/(K+w)) + ((uz + Az) (K+ws)) + ... + ((uy + Ay) /(K+wy))). This would imply that (A, /(K+w,)
+ (A /(K+w;)) + ... + (Ay /(K+wy))) = 0, which would contradict Theorem-3. This implies that every real vector <u;, uy, ...
uy> corresponds uniquely to ((u; /(K+w; ) + (u, (K+w, )) + ... + (uy /(K+wy))) and vice-versa.

Hence Proved

Theorem-5: For each integer i in /I,N], denote y; = ((x; /(K+2i-1)) + (( 1-x; )/(K+2i))), and denote z; = 1/( K+2i-x; ).
Then, (y; +y,+... tyn=2; + 22 +... +2n) < (<Xp, X3, ... X is a binary vector)

Proof: A Boolean statement P«>Q can be proved by showing Q—P and P—Q. For x; = 0, the value of y; = 1/(K+2i), which
is equal to the value of z; . For x; = 1, the value of y; = 1/(K+2i-1), which is equal to the value of z; . So for each element of
<Xy, X, ... x> being either O or 1, (y; +y> + ... T yy =z; + z; + ... + zy ). So Q—P. Next, from Theorem-2 of this paper, for

any integer i in [1,N], (v; = z; )—(x; is either 0 or /). We now focus on proving that (y; +y, +... tyy=z; tz, + ... +zy ) —
((v; = z;), for all integers i in /1,N]). Note now from Theorem-3, that it is not possible for (y; +y, +... T yy-2z;-23-... - zy
= () unless x; takes on a value, such that the denominator of one of the terms of y; is equal to the denominator of z; . It is not
possible for the balancing of y; to be done by any other z; (j # i) because 0 < x; < 1, for all integers i in /1, N]. That is either
(K+2i-1) = (K+2i-x; ) or (K+2i) = (K+2i-x; ). That is either x; = / or x; = 0, and in both these cases, we have (y; = z; ) as seen

in Theorem-2. So (y; +y, +... tyy=z; +z; +... + zy) = ((; = z; ), for all integers i in [1,N]) — (x; is either 0 or /, for all

integers i in /1,N]). So P—Q.

Hence Proved

Theorem-6: The globally minimum value of (y; + y, + ... + yy - 27 - 22 - ... - 2y ) is 0. Also this global minimum is
reached when <x;, x,, ... x> is a binary vector

Proof: From Theorem-5, it is obvious that (y; + y, + ... + yy-2z; -2z - ... -zy = 0) & (<x;, X3, ... x> is a binary vector).
We now focus on proving that the minimum value of the expression (y; +y, +... + yy-2z; -z - ... - zy ) is 0. For any integer
iin [1,N], we see that (y; - z; ) = ((x; ( 1-x;)) / (K+2i-1)(K+2i)( K+2i-x;)) ). As K tends to positive infinity, and as 0 <
x; < 1, the denominator of this expression is always positive, and the numerator (x; ( /-x; )) is always non-negative. So the
minimum value of ('y; - z; ) is zero, which happens when x; is either 0 or /. Thus, the global minimum of (y; + y, + ... + yy -
z;-zy - ... - zy ) is 0, which happens only when <x,, x,, ... xy> is a binary vector.

Hence Proved

Start of example illustrating Theorem-3
Consider an example with N=4, the expression: ((u:/ (K+w;)) + (u2/ (K+w,)) + (us/ (K+w;)) + (us / (K+w,)) )

= ((K+wy )(K+ws )(K+wyur + (K+w; )(K+ws )(K+wy )uz + (K+w; )(K+w, )(K+twy )us + (K+w; )(K+w, )(K+w;z)us ) /
(K+wi )(K+wy ) (K+ws )(K+w,)
=( K(ur+uz+us+ug) +
K2 ((wotwstwur + (witwstwyuz + (witwytw, Jus + (wi+wrtws Jus) +
K (wy*wstwy wytws*w, Jur + (wi*wstw S watws*w, Juz + (wi¥wotw  wytwrwy Jus + (wi¥wotw *witwr*ws)us ) +
((w2*ws*wyur + (wi*ws*wg Juz + (wiw wus + (wiwp*wsJus) ) 1 (K+wi )(K+wz ) (K+ws )(K+wy))



The matrix € is shown in Figure 5.

1 1 1 1

W HWL W W1 HW W W HAL W W AW

WL WL WAL W, W TR, T e, w T, Taata e, we T, Tae e, g
W, W, e, Wy Fw LR TT RS T W S e

Figure 5: The square matrix ; for our example

Apply Ci_nest = Ci — C2, C2_nex = C2 — C3, to get rid of first row and last column, so the resulting matrix €: is in Figure 6.

W:-W] W,-'n.l'.'l. "-‘U',:I'wl

(=g ) ¥ wwywig) (=) * v +wig) oy ) * vy Hws)

LTS L TS TT (= ), Sy, [ o=, ) e,
e W) T al W W

Figure 6: The square matrix Q: for our example

In Qo2, divide Column C: by (w;+; - w; ) for all integers i in [1,2], then apply Ci nex = Ci — Ci+s for all integers i in [1,2], to
eliminate another dimension to get square matrix Qs in Figure 7.

W_.-'w‘:. Wq:‘ﬂ.'__«
{"-"'-" 3=W ;} TW '["'*’-'-'W:]';" Wy

Figure 7: The square matrix s for our example

In Q3, divide Column C: by (w;., - w; ) for all integers i in [7,2], then apply Ci new = Ci — Ci+s for all integers i in [1,2], to
eliminate another dimension to get a single element whose value is (w, - w; ). Thus, taking into account all the divisions
performed so far, we have the following 4 true statements:

(Determinant of € is non-zero) <>

(W2 = wp(ws = wi(wy—wi)(ws —w)h(wy—w)(wy;—ws3) #0) <

(w; # w; for all i#) <

( (K((u; (K+wyp)) + (uy (K+w3)) + (us (K+ w3)) + (ug (K+wy)) =0) & (up =u; =us =uy; =0))
End of Example illustrating Theorem-3

3. EXPreSSIHg l)linear_eq_binary_l as Prational_linear_functions_ALP

3.1 Obtaining purely Linear constraints. and a sum of Rational Linear Functions for the Objective Function
We use Theorem-5 and Theorem-6 to express Piincar eq binary 1 @S Prational lincar functions ALp. W€ aim to minimize ( y; + v,

+ ..+t yv-z-2;- .. -zy) referred to as the objective function, over the constraints of Piinear eq binary 1, replacing its
binary variable vector < b;, by, ... by > with the real variable vector < x;, x5, ... xy >. (The objective is minimized to
zero) <> (One of the 2V possible binary vector solutions is allowed for < x;, x5, ... xy >). Our intention is to allow the
objective of Prational lincar functions aLp t0 have a sum of rational linear functions. We also intend to allow the constraints
Of Pragional lincar functions aLp t0 have purely linear functions (and not rational linear functions). So we make appropriate
substitutions for this, and add more linear constraints in the process. For each integer i in //,N], make the substitution y; = ('x;
/pi) + ((1-x;)/q; ), and the substitution z; = 1/r; , where:

pi = (K+2i-1);  q; = (K+2i); r; = (K+2i-x;)

where each of p;, ¢;, and r; is a real variable.

Note that the objective is a summation (over all integers i in [1,N]) of the term ( (x; ( I-x;)) / ((K+2i-1)(K+2i)( K+2i-x;)) ).
So we introduce a multiplicative term K3 on the objective. Note that if this multiplicative term is not introduced, any tools
that attempt to evaluate the value of the objective will always obtain a value of 0, since the value of Limitk_,qositive infinity)(7/K)



is considered to be 0. Also note that the value of (K?(y; +y, + ... + yny-2z;- 22 - ... - zy ), as K tends to positive infinity, can
either be equal to 0, or be equal to a non-zero positive real with a lower bound equal to some function of the coefficients and
constants in the linear equations of Pjincar ¢q binary 1 ( 1.€. it cannot tend to 0 and remain positive).

3.2 Orqfinnnl_]ihPar_ﬁln/‘ﬁnnc_AT h) and Pr;\finnal_]ihPQr_ﬁlnz‘Hr\nc_AT P
We write out Orational linear functions_aLp With the following Objective and Constraints:

Minimize the Objective:
K (  (x:/p1) +(x2/p2) Tt (xn/pn)
T ((1x1)/q1) +((1x2)/q:) +..+((Ixy)/qn)
-(/r;) -(1/ry) - (U/ry) )

Subject to Constraints:
appx;tagx; .o tanxy=cy;
a);x;taxx; T .. tanxy=c;

ay g Xp +aM2x2 + .. +aMNxN:CM;

0<x;<1; pr = (K+1); q; = (K+2); rp=(K+2-x;);
0§X2S],' pgz(K+3),' qu(K+4); r :(K+4-X2);
0<xy<1I; py = (K+2N-1); gy = (K+2N); ry=(K+2N-xy);

Orational_lincar functions ALp has 3N rational linear functions in its objective, (M+4N) linear constraints, and 4N real variables.
We state PrationalilinearifunctionsiALP as: ((OrationalilinearifunctionsiALP 18 feaSIble) AND (Zero is the minimum Ob_]eCthe of
Orationalilinea.rifunctionsiALP))' FlnaHYo (PrationalilinearifunctionsiALP 1S TRUE) < (A feasible blnal’y solution exists to Plinearﬁeq;binaryﬁl)

3.3 Strong NP-hardness of Prygonat tinear finctions arp

An ALP whose coefficients and constants are rational functions of K, can be expressed with coefficients and constants that

are linear functions of K. Example, the constraint (3K? + 2K + 5) x < (7/K), can be replaced with simultaneous constraints

(Vo K<7;yog=y;+y2+y;; v =3Ky;; ;v =Kx;y,=2Kx; y; = 5x ). Also these constraints may be further expressed

with coefficients and constants that are 0, I, -1, K, or -K. Example, replace (v, = 2Kx) with (y, =Kz; + Kz, ; x =z, ; x =z, ).
As the maximum magnitude of coefficients in Orational linear functions AL 18 2V, it can be rewritten (within polynomial time) to

have coefficients and constants are 0, /, -1, K, or -K. This shows the strong NP-hardness of Prasional linear functions ALP-

4. Conclusion

In this paper, we converted an NP-Complete problem (over binary variables), within polynomial-time, into a decision
problem (over real variables) of whether or not the minimum value of a sum of Rational Linear Functions, is zero,
constrained by an Asymptotic-Linear-Program. The size (i.e. number of constraints and variables, and rational linear
functions in the objective) in the obtained real-variable-problem is bounded by a polynomial function of the size of the
given NP-Complete Problem. The real-variable problem can also be efficiently expressed (within polynomial-time) with
coefficients and constants that are 0, /, -1, K, or -K. We thus, showed that it is strongly NP-hard to optimize the sum of
rational linear functions of real variables, constrained by an Asymptotic-Linear-Program.
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