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ABSTRACT

This is a new method to express The power sums of (n™) as a (m+1)th-degree polynomial
equation of n, there is some methods like "Faulhaber's formula™ and others gives the solution of
the power sums. nevertheless my method is doing the same but it does not depend on Bernoulli
numbers or integrals as it is a simple algebraic way giving a polynomial equation and proved in a
elementary algebraic logic.

INTRODUCTION

It is clear that summation of (n™) is not simple to calculate for large number of n, so it is
necessary to find a way to calculate the sum in a simple elementary formula.

The following summation

n
Sm(n) = Z k™ meN ¢Y)
k=1
Is provided that m & n are always a positive natural number so that my formula can give a correct
results.
THE FORMULA

The following equations are the concluded formulas from the proof , which is used together to
carry out the elementary polynomial equation of n,

they are 3 formulas as below:

m+1
Sn(n) = Z axnk (the main polynimial equation) (2)
k=1
1
U1 = ——— (n™*1 parameter) (3)



m+1—-k

a k+j)!
z (—1)J+t k”:_ T p! (0<k<m+1) (all other parameters) (4)

Which can also expressed as one formula:

m+1

m+1-k
+i(k+))! 1
Sm(n)=::l+1 z ( Z( 1y et 2 ’Erl,])>n Gy = —— (5)

PROOF OF THE FORMULA

The sum of (n™) and ((n-1)™) are

Sm(n) =zkm=k1+k2+k3+---+k”-1+k" (6)
k=1
n-1
S =1) = Y K™ = It 42 +J e -
k=1
So,

As a matter of fact, while m € N the obtained equation is always brought out as a polynomial
equation of higher degree (m+1) as below:

Sm(n) = an+ a2n2 + a3n3 + o+ amnm + am+1nm+1 (9)
Considering that a,, a,, as, ..., a,, , @;y41 are values.

So, the method is to find the values of equation No.(9)'s parameters a4, a,, as, ..., @y, , Q41 N the
formof a, = fi,(m) (keN and 0<k<m+1). (10)

That is what | will achieve by proof in the following steps :

Sm(n) = agn® (11)
kz "
Smn=1) = Y ayn— ¥ (12)

k=1



m+1 m+1

Sm(n) —S,(n—1) = Z agn® — Z ar(n— 1Dk =nm (13)

k=1 k=1

after resolving (n — 1)* by binomial theorem the result equation must be a polynomial equation
as the following:

Sm(m) = Sp(n—1) = byn + byn? + bgn® + -+ + byyn™ + by n™t = 0™ (14)
b, = f(m,ay,a5,a3, ..., Ame1) (0<k<m+1) (15)

all by, values will equal to zero accept b,,, = 1 to have the result equaling the other side of the
equation n™.because a4, a,, as, ..., @, Am4q are not variables, they are in the form of f(m) and
"m" should be a known natural number.

Now the following equation will be resolved to get a;, a,, as, ..., Qm, 41 Values.

m+1 m+1

Z agn® — z ar(n — 1k =nm (16)
k=1 k=1
m+1

agn® = an+ ayn?® + agn® + - + 4™ + apn™t? (17)
k=1
m+1

Z an—D=ann—-D+a,n—1D%?+as(n—13++a,(n— D"+ ap, (n —1)™ (18)
k=1

m+1
Z am—1D=amn-1)+a,n?>-2n+1)+a3;(n>-3n?>+3n—-1) + -
k=1
m(m — 1n™2
+an <nm—mnm‘1+ ( 5 ) —--->+am+1 (nm+1—(m+1)nm
m+ 1)mn™ 1
( ) _ ) (19)
2
m+1 m+1
Z agnk — z ar(n — 1)k
k=1 k=1
= (am+1 - avm+1)nm+1 + (am - (am — am+1(m + 1)))nm
A (m+1)m
+ <am_1 - <am_1 — a,m+ =22 5 )) nm 14 ... (20)

b, will be the summation of all parameters of the same power "k" of "n" (0<k <m+1)



Also b, = 0 when k #m and b, = 1 when k=m

See equation No. (14)

S0, D41 = Gm+1 — Ams1 =0 (21)
by = am — (am - am+1(m + 1)) =1 (22)
Amy M+ 1D =1 > apyq = p——— (m#—1) (23)
a m+1)m
bm—l = am_l - (am_l - amm + m+1( 2 ) > == 0 (24‘)
a m+1)m
0 — ma1( m _ 0 25)

2

1
= am“(;"er Dm:m—“;mﬂ) =% (m#0,m % —1) (26)
By = Gy — <am—2 gy (m—1) amm(;n -1) B A1 (M + é)m(m - 1)) _ 0 @7
@ (m—1)— amm(;n -1) anp(m+ é)m(m -1) _ 0 28)
g — a,;m + am+1(ng UM e (29)
%m mL-l-l(m +1)m
oy =S+ - =0 (m#-101) (30)
am_l—%+%=0 —>am—1:%—%zin—2 (m+ -1,0,1) (31)

Ap_1(m—1)(m —2) B a,mim—1)(m— 2)
2 6

bm-3 = am-3 — (am—S —am_(m—2)+

L Gmea (m + Dm(m = 1)(m — 2)) =0 (32)
24
bm—3 = am-2 (m - 2) - am_l(m _21) (m — 2) + amm(m _61) (m - 2)
_na(nt Dmin=Dm-2) _ (33)
24
_na(m—1) apmim-—1) ampm+Hmim—-1) 0 (m=#2) (34)

Am—2 2 6 24



_%(m—1)+%m(m—1)_%ﬂ(m+1)m(m—1) B

Az z - o =0 (@m=#-1012) (35
mm—-1) m(m-1) m@m-—1)
o= - = -1,0,1,2
A2 >4 + B >4 0 (m# 0,1,2) (36)
Ay —0=0 —ay ,=0 (m % —1,0,1,2) (37)

I have got the values of a,,41, @y, A1, Am—2, @S below:

1
Uit = =7 (m#-1) (38)
1

A =5 (m # —1,0) (39)
m

Am-1 === (m=+-101) (40)
12

Am_p =0 (m =+ —1,0,1,2) (41)

To obtain a general equation ofalla;, (0 <k <m+1)
from equation No.(20) | get.

Ap-ygiom—2z+2)(Mm—2z+ 1)
bm-z = Am—z — (am—z —amzp(Mm—2z+1)+ et 21

Am-gisM—2z+3)(Mm—2z+2)(Mm—2+1) N

3!
Apim+1)m(m—-1)(m—-2)..(m—z+2)(m—z+ 1)>
+ =0,
(z+1)!
(0<z<m) (42)
So,
by =—Qn_zp(m—z+1) + Omzs2 (M Z;Z)(m —z+1)
Am-zis(M—2z+3)(Mm—2z+2)(m—2+1)
— 3! +...
aAmeim+1)m(m—-1)(m—-2)..(m—z+2)(m—2z+1)
+ =0,
(z+ 1)
(0<z<m) (43)
Then, | can say that:
< sam—z+s(m_z+s)!
b, _, = Z(—n =0 (0<z<m) (44)



I do not need b, values because they are already known but I search for a; values.
So,letk—1=m-—z

To replace z by k and simplify the formula.

m+2-k (k 14 )'
_ _ Sak—1+s - S): _
bx—1 = Z -1 Sl (k=D 0 (O<k<m+1) (45)
s=1
k! m+2-k (k 14 )|
_ agK.: _ sak_1+s — S): _
br=—7 gt Z (-1) ST 0 (O<k<m+1) (46)
m+2—k (k 1+ )|
Ag—1+s - S):
by-1 = —agk + Z (=1)° STk = D)1 =0 O<k<m+1) (47)

By canceling (b,_4) , the equation will be.

m+2-k
es(k =1+ 5)!
apk = Z (—1)s 2k = ((k = 1; N o<k<m+D) (48)
mi_k( 1) e S G ) L AP 49
B Sl (k= 1! ( m+1) (49)
1 mik s G- 14s(k —1+5)!

ak— (-1) 5 O0<k<m+1) (50)

s=2

To simplify the equation also,

Let s=j+1 - j=s—1

m+1—-k

Z( 1)J+1 "”(HJT])' O<k<m+1) (51)



RESULTS

finally here is the formula for all a; as below.

m+1-k a ( )|
z (-1)/*t k+]+1' . (0<k<m+1) (52)
1
ay = —— (k=m+1) (53)
m+1
Sn,(n) = a;nk (54)
,Zl ‘

If we join the above formulas we obtain one formula as below:

1 m+1-k

nm+1 Ay j(k + j)! 1
= § E 1)+ I7 S
Sm(®) m+1+k < 1 j+1 nt P Ame =T (55)

CONCLUSION

The resulted equations are the concluded formulas which should express the power summation of
(n™) as a simple polynomial equation of (n™*1)th degree provided that (m & n) are always a
natural numbers.

Here is an example to explain how the method works and how to get parameters values.
it also shows that these parameters give the values of each other one by one.

Example:

S;(n) = ) k3

Solution,

m=3

4
S;(n) = Z axn® = ayn + ayn? + azn® + a,n*
k=1



1 A ik +)!
— E At kN T 4
ay x » (—1) FET 0<k<

1
] —_ |
3! j+1! 3! 2! 321 312!
j=1
Z< G @ADL (asB3) ay(4)!
j+1! 2 2! 3!

1(3 1 A 1) 1
= — * — — k — )| = —
2 2 4 4

2

1

3
+ .
Z( 1)+t —— G145 (1 4 ) Z(—1)1+1a1+j =a; —azta, =

j+ 1! ,
=1

1, n? + 2n3 + nt

1 1
Ss(n) = 0*xn+-xn?+=-xn3+-xn*=

4 2 4 B 4
Another solution,
m=3
1 1 1
1
am=§ m+* —1,0 - a3=z
+-1,0,1 !
—_— — - = —_— = —
4m-1= 77 m o 2=177%
Am—> =0 m+ -1012 - a; =0

S;(n) = ayn + ayn? + azn® + a,n*

1, n? + 2n3 + n*

S()—O +_ 2+_ 3+_ —
= * % * * =
3n n n n n

1
) =5 (3a; — 4a,)



References:

[1] A. Beardon, Sums of Powers of Integers, Amer. Math. Monthly 103 (1996), 201-213.

[2] D. Bloom, An Old Algorithm for the Sums of Integer Powers, Mathematics Magazine 66 (1993), 304-305.
[3] R. A. Brualdi, Introductory Combinatorics, 3rd ed. Prentice-Hall, Upper Saddle River, New Jersey 1999.
[4] A. Saleh-Jahromi and J. Doucet, The Sum of the kth Powers of the First N Positive Integers, The |ME
Journal, vol. 11, no. 5, 259-261. 2001.

[5] G. Mackiw, A Combinatorial Approach to Sums of Integer Powers, Mathematics Magazine 73 (2000),
44-46.

[6] R. Owens, Sums of Powers of Integers, Mathematics Magazine 65 (1992), 38-40.

[7] S.M. Ross, A first Course in Probability, 5th ed. Prentice-Hall, Upper Saddle River, New Jersey 1997.
[8] D. Zwillinger (editor), Standard Mathematical Tables and Formula, 31st ed. CRC Press, Boca Raton,
Florida 2003.

http://mathworld.wolfram.com/PowerSum.html  ( visited on 10/5/2012)
http://en.wikipedia.org/wiki/Faulhaber's_formula (visited on 10/1/2012)
http://www.transdmind.com/personal_development/mathematics/series/sumGeneralPowersNaturalNumber
s.htm  (visited on 10/5/2012)
http://mathdl.maa.org/mathDL/46/?pa=content&sa=viewDocument&nodeld=3284&pf=1 (visited on
10/8/2012)


http://mathworld.wolfram.com/PowerSum.html
http://en.wikipedia.org/wiki/Faulhaber's_formula
http://www.trans4mind.com/personal_development/mathematics/series/sumGeneralPowersNaturalNumbers.htm
http://www.trans4mind.com/personal_development/mathematics/series/sumGeneralPowersNaturalNumbers.htm
http://mathdl.maa.org/mathDL/46/?pa=content&sa=viewDocument&nodeId=3284&pf=1

