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Abstract: - The paper deals with the problems of characterization of simple graphical partitions belonging to the
solid graphs, i.e. graphs, in which there are no four of vertices such that it is possible some shift of edges
incidental to them and with characterization of the one class of steady graphs too. The necessary and sufficient
conditions for the partition belonging to the solid graph have been established.
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1 Introduction

Study of the properties of simple graphs linked to
their partitions is one of interesting and perspective
directions of the graph theory [1]. The present work
is devoted to characterization of the one class of
simple graphic partitions. Here we use concepts of
simple graphic partitions [1], shifts of edges of the
graph [2], and besides, two definitions are
introduced.

1) If in the graph there are no four of vertices
such that some shift of edges incidental to them is
possible, that we name such graph as solid.

2) The graph which has simple partition we name
steady.

2 Characterization of Solid Graphs
Theorem 1. If G=(X;,U;) and H =(X,,U,) -
two graphs with identical partitions then it is
possible to obtain H from G by means of finite
number of shifts of graph edges.

Proof. The proof is similar to the proof of the
theorem of "demi-degrees” for the oriented graphs
[2]. From theorem 1 it follows that solid graphs are
steady.

Let us consider in detail the structure of solid
graphs. Lemma 1 follows from the first definition
directly.

Lemma 1. Graph G is solid if and only if the sub-
graph formed by any of its four vertices and edges
connecting them, contains either a triangle, or three
vertices not adjacent in pairs.

Lemma 2. The solid graph contains ho more than
one connected component.

Proof. Indeed, if the graph contains two connected
components, that, taking in each of them in twos
adjacent vertices, we will obtain the four of vertices
forbidden by Lemma 1. This contradiction proves
Lemma 2.

Lemma 3. If G =(X,U) is the solid graph without
isolated vertices then it is connected graph, and also
the greatest of degrees of its vertices is A =|X|-1.
Proof. Connectivity of the graph follows from
Lemma 2. The second statement will be proved by
contradiction. We will assume that maximum
degree A<|X|-1 . Let vy be the vertex with
maximum degree, i.e. degv; =A, and v,,...,V,q
are vertices, adjacent to v;. Then, as the graph is
connected, there is the vertex W such that
(w,v;)¢U and (w,v,)eU for some vertex v,
such that (v;,v, )eU . Applying Lemma 1 to the
four of vertices of graph G :w,vy,v,,Vv; where v; is
any of vertices, adjacent to v;, but not coinciding
with v, , we obtain (v,,v;)eU . From here it
follows degv, > A +1 that is impossible, since A is

the greatest degree. This contradiction proves
Lemma 3.

Lemma 4 follows from Lemma 1.
Lemma 4. After removing any vertex together with
edges incidental to it from the solid graph we obtain
the graph that also will be solid.

Let us use further two forms of graphic partitions:
1) Nonincreasing sequence of degrees of vertices
I1=dy,d,,...,d,;



2) The form II =ay,ay,...,a,1, Where a; is the
number of vertices having degree i .

Solid graphs and their partitions are
characterized by the following theorem.

Theorem 2. The graphic partition H(I:I) is a
partition of the connected solid graph G =(X,U) if
and only if forall d; > j the following relations are
fulfilled:

dy =|X|-1,

di =djg—aj4 [
i#l

Proof. Necessity. In the connected solid graph we
have d; =|X|-1 (lemma 3). Let us remove from

G the vertex v; of degree d; and all edges
incidental to it. Thus we will receive the solid graph
G’ (lemma 4) with a; isolated vertices. If it
contains also non-trivial component, then maximum
degree of its vertices is A'=d; —a; -1 (lemma 3).
Returning to graphG, we haved =A'+1=d; —a;.

Deleting, thus, the vertices of degrees d;,d,,...,d;

from graph G until the graph consisting of isolated
vertices will turn up, we receive at each stage
equalities d; =d;_y —a; forall d; >j.

Sufficiency. Let H(ﬁ) be the partition satisfying to

conditions (1). The algorithm for constructing the
graph belonging to this partition consists of the
following steps.

1. We build the star with the partition

m=|X|-11...1.
2. We choose any of vertices of degree 1 and
connect it with (|X|—a1—2) vertices of the same

degree. Then we repeat this procedure with vertices
of degree 2 etc., backward to how it was done at the
proof of the necessity of condition (1), yet we will
receive the vertex of degree d; > such that

dj,; < J. The constructed graph belongs to the set

partition evidently.

Sample 1. Graphic partition 11=9,7,5,4,4,3,2,211
is given. Let us show that it is a partition of the solid
graph. We check performance of conditions (1):

dy =|X|-1=9;d, =d; —a; =7;d3=d, —a, =5
d4:d3_a3:4. .
The graph is depicted on Fig. 1

\
_-V3
Vio
V.
v
Vg
V7 Ve
Vs v,

Fig.2- The sample of solid graph

3 One Class of Steady Graphs

The problem of characterization of steady graphs

(and simple graphic partitions) can be formulated in

the matrix form [3, 4].

Let A be a matrix of contiguities of some graph

x|

G =(X,U). We form the sum ZCiAZCi . where
i=1

C; is the square matrix of order |X| in which the

element c;; is equal to 1, and other elements are

equal to 0. Let (IT) be the matrix in which the

diagonal elements are degrees of vertices of the
graph, and other elements are equal to zero. Then it
is clear that at corresponding enumerating of
vertices of the graph we obtain

iciAzci = (11).

If A, and A, are matrixes of contiguities of two

isomorphic graphs then they are connected among
themselves by relations of the type:

Ay = Iiljl "'IikjkAllikik "'Iiljl :ﬂ-(Al)'

where 1j; is the matrix obtained from a single
matrix by the permutation of i-th and j -th lines [3].

As 15 =1 then A :;r(Af).

If now we designate A>=Y and will consider
expression (2) as the matrix equation at the given
IT then its solution can be given by matrixes of
steady graphs in following two cases.

1. There exists unique solution Y = A? of equation
(2), where Y is the square of a symmetric matrix of

order |X| with a zero diagonal.



2. All solutions of equation (2) are connected among
themselves by relations (3), but AZ = ﬂ(Af);t AZ.

It is obvious that any transformation of type (3) of
the matrix of contiguities of graph G , keeping
equality (2), will be equivalent to remarks of
vertices of the graph G, consisting of cycles of the
vertices having equal degrees.

Let us investigate case 1 in detail.

Theorem 3. If A is the matrix of contiguities of
solid graph G, and 7z(A) is the remark of type (3)
keeping relation (2), then H(AZ)Z AZ.

Proof. Let the vertices v; and v; have equal
degrees d; =d; =d in the solid graph G =(X,U).
Further, let M; be the set of vertices, adjacent tov;,
and let M; be the set of vertices, adjacent to V-
Then there exist two different vertices v, ;v, of the
If (vi,vj)eU then v, does not coincide withv |,
and v, - with v;.

However, in this case the four-in-hand of vertices
ViV Vi, Vg does not satisfy the conditions of
lemma 1 and, consequently, it cannot belong to the
solid graph. From here it follows that in the solid

graph for any two vertices having equal degrees,
one of the following two statements is correct:

8) M =M &(v;,vj)eU;
b) VjEMi/Mj&ViEMj/Mi.

Extending our reasoning to some set
N; = {vil,...viI } of vertices having equal degrees in

the graph G, we will receive that for this set N;

one of the following systems of relations must be
correct:

|
Mir ﬂMiSZQ;
| =1

r=l..,

v /hMis =N; /v;, -

r=1,...,1/ s=1 r=1,...1

Thus, in the solid graph each sub-graph formed by
vertices with equal degrees, is either the complete
graph, or completely unconnected.

As each element a2 of the matrix A? is equal
to number of ways of length 2 from the vertex v, to

the vertexv,,, and remarks of type (3) consist of
cycles of vertices with equal degrees, the theorem
statement is easily deduced from conditions (4) and
(5).

From the proved theorem it follows that if IT is
the partition of the solid graph, then the equation

D CiYC; =(IT) where Y =A® has the unique
i

solutionY .

Let us assume now that equation (2) has the
unique solutionY , but IT is not the partition of the
solid graph. Let A; be the matrix of contiguities of

the graph G, belonging to the partitionIT, and A, -
the matrix of contiguities of the graph G, obtained
from G, by shifting any pair edges and having the

same partition TT .
Let us admit, for example, that such shift of edges

is made: (vi,v; )= (vi,v); (v, v) = (vi.v;). We

will put for definiteness that i > j>k > 1.

As a result of this shift the matrix of contiguities
will change:

§ 1 0 0
165 0 0

Let us investigate, to what requirements the
elements of matrixes A, and A, should satisfy that

condition A? = A3 was met.

1. As a52)(A22): Aigz)(Af)Jr 5, +5, then equalities
5,=0:5, =0 should be fulfilled.

2. Forany m# j we get

()= 3 + () 8228 = + e ().
From this it follows that ap, (A;) =y, (A).

It is similarly proved that

Qim (Al)= akm(Al)&ajm (A1)= akm(Al)'

Here we consider the shift



(vi,vj,)—>(vi,vk) & (vk,vl,)—>(vj,v|) which is
possible, sinced; =, =0.
3. If M{,M],M{(,M,’ are the sets of vertices,

adjacent to vertices v;,v i ViV accordingly, and

these sets do not contain these vertices in
themselves, then equalities M{=Mj =M; =Mj
follow from the previous consideration.

If ‘M{jk,‘z 2 , and for some r,s we have
Ve € Mijg &Vg € My , then we get

ajs =ag = =1&ay =0.

As aj(A)=0 then at a(A)=0 the shift
(vk,vr,)—>(vk,vj)&(vj,vs,)—>(vr,vs) is possible
in the graph G;. But from here we will receive
a =0 Dby repeating point 1. The received
contradiction proves that a,(A;)=1, i.e. the sub-
graph formed by set of vertices M, is complete.
4. We will consider now any edge (vp,vq) of the
graph G;. The following is obvious:

a) if the shift of edges (vp,vq) and (vi;k,vj;,) is
impossible, then at least one of vertices- v, or v, -
belongs to My ;

b) if the shift (v,,vq) and (viy,vjy) is possible,
then M EI\/I('q EMi'jkl-

5. From point 4 it follows that if (ve,vf) is such
edge of the graph G; that v, ¢ My ; Vi & Mjj ;
v, does not coincide with v; vv,, and v; - with
Vi vV also, then the shift of edges (ve,vf) and
(vi,v;) is possible, and consequently these
equalities are correct: Mg =Mt =Mj.

6. If u and w are two edges, each of which is
incidental at least to one vertex from My, then the

shift of edges u and w is impossible. It follows
from points 1 and 3.
7. From points 1-6 it follows that graph G; can be
realized in the form of superposition of three graphs.
The first graph G; is formed by a subset of edges
of the graph G; in which each pair of edges is
allowed for shift. This graph consists of components
of type K, .

Removing from the graph G, all vertices and
edges of the graph Gj, and edges incidental to

vertices of G; too, we obtain the second graph -
G/ which is solid.

The third graph G;” is formed by the edges
connecting each vertex of the graph G; with all

vertices of some complete sub-graph G of the graph
G/ ; and other vertices of G form a trivial sub-
graph. (As appears from the proof of theorem 2, in
the solid graph all vertices of degrees d; >i form
the complete sub-graph, and all vertices of degrees
d; <i - the totally unconnected sub-graph).

It is easy to show now that the constructed graph
G, is steady. From the reasoning spent in points 1-
7, and theorems 2 and 3 we obtain the following
theorem.

Theorem 4. If G is the steady graph such that for
any remark = of its vertices keeping equality (2),
the square of the matrix of contiguities of G does
not change, then partitions H(ﬁ) of this graph
satisfy to following conditions:

1) d; =n-1;

2) forall d; >i itistrue: d; =d;_; —aj_;;

3) if there exists the term d; =i then the subset
consisting of even number of terms of the partition
such that d; =d;; =...=d;,5s4 =1 exists also.
Thus the changed partition

IMT"=d; -2s,d, - 2s,...,d;_; —25,dj,9s,...,d, ,
consisting of (n—2s) terms, is the partition of the
solid graph.

The return to Theorem 4 statement is also correct.
Sample 2. The graphic partition
1M=121110,9,5,55,54,4,3,21 is given. We check
the first and second conditions of Theorem 4:
d;=n-1=12;d, =d; —a; =11;

d;3=d, -a,=10;d, =d; —a; =9’

In the partition IT there exists the subset
consisting of four terms: dg =dg =d; =dg =5.
Changed partition TI1'=8,7,654,4,3,21 is the
partition of the solid graph, as it is easy to check up.
From this it follows that partition IT is simple, and
for steady graph belonging to it by any =z the
equality n(Az)z A? is carried out. This graph is
represented on Fig. 2. Two edges, allowed for shift,
are led round.



Fig. 2- The sample of steady graph

4 Interesting Problem

The following problem is very interesting and
important in my opinion [5, 6, 7, 8]. What is the
criterion (or algorithm) for defining graphic
partitions such that graphs belonging to them:

1) are planar without fail (strongly planar);

2) are non-planar without fail (strongly non-planar);
3) can be planar or non-planar.

For example, Kuratowski’s graph Kg (4,4,4,4,4) is
strongly non-planar; however Kuratowski’s graph
Kss (3,3,3,3,3,3) is neither strongly non-planar nor

strongly planar. Samples of the first case are
obvious.

We know the work of Chvatal [9], where the
conditions for planarity of graphs belonging to the
given partitions were found. But we do not know if
the mentioned above problem is solved.
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