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Abstract: Different from the system in classical mathematics, a Smaran-
dache system is a contradictory system in which an axiom behaves in at least
two different ways within the same system, i.e., validated and invalided, or
only invalided but in multiple distinct ways. Such systems exist extensively
in the world, particularly, in our daily life. In this paper, we discuss such a
kind of Smarandache system, i.e., non-solvable ordinary differential equation
systems by a combinatorial approach, classify these systems and characterize
their behaviors, particularly, the sum-stability and prod-stability of such lin-
ear and non-linear differential equations. Some applications of such systems
to other sciences, such as those of globally controlling of infectious diseases,
establishing dynamical equations of instable structure, particularly, the n-
body problem and understanding global stability of matters with multilateral
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81. Introduction

Finding the exact solution of an equation system is a main but a difficult objective
unless some special cases in classical mathematics. Contrary to this fact, what
is about the non-solvable case for an equation system? In fact, such an equation

system is nothing but a contradictory system, and characterized only by having no
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solution as a conclusion. But our world is overlap and hybrid. The number of non-
solvable equations is much more than that of the solvable and such equation systems
can be also applied for characterizing the behavior of things, which reflect the real
appearances of things by that their complexity in our world. It should be noted that
such non-solvable linear algebraic equation systems have been characterized recently
by the author in the reference [7]. The main purpose of this paper is to characterize
the behavior of such non-solvable ordinary differential equation systems.

Assume m, n > 1 to be integers in this paper. Let
X = F(X) (DES")

be an autonomous differential equation with F': R" — R" and F(0) = 0, particu-
larly, let
X = AX (LDES")

be a linear differential equation system and

a linear differential equation of order n with

aji; Qi2 - Qip xl(t) fl(t,X)
" t t, X

U s Y- xo(t) and Pt X) = fa(t, X) ’
Ap1 Ap2 *° Qpp Z’n(t) fn(t’ X)

where all a;, a;;, 1 <14,j < n are real numbers with

X = (jlv':t%'”ui‘n)T

and f;(t) is a continuous function on an interval [a,b] for integers 0 < i < n.
The following result is well-known for the solutions of (LDES') and (LDE™) in

references.

Theorem 1.1([13]) If F(X) is continuous in
U(Xo): [t—to| <a, |[X—=Xo<b (a>0,0>0)
then there exists a solution X (t) of differential equation (DES') in the interval

t —to| < h, where h = mi b/M}, M = F(t, X)|.
£ tol <, where h = min{a,b/M}, M = max |[F(t,X)]|



1. Introduction 3

Theorem 1.2([13]) Let \; be the k;-fold zero of the characteristic equation
det(A — AMpxn) = |A = Myxn| =0

or the characteristic equation
N+ a N+t a A+ a, =0

with ki + ky + -+ + ks = n. Then the general solution of (LDES?') is

Z Ciﬁi(t)e '
i=1

where, ¢; is a constant, (3,(t) is an n-dimensional vector consisting of polynomials

in t determined as follows

t11t + t1o
— to1t + too

(kllll) t " (kl 2) t o o tlkl
(k1211) t 1— ( __ 122 ) t 1— .. t kl

- Lo(ky +1)
/le-i-l (t) = '

Bkl +2 (t) =

| tnat + tno |
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B, (t) = (ks—1)! (ks—2)! 2n
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n(n—ks+1) 1ks—1 n(n—ks+2) 1ks—2 .
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with each t;; a real number for 1 <i,j <n such that det([t;;] . ) #0,

Az, if ki1 <<k
o; =

>\s, Zf k1+k2+~-~+k3—1+1§i§n.

The general solution of linear differential equation (LDE™) is

Z(Ciltki_l + Cigtki_2 + -+ Ci(ki—l)t + Ciki)e)‘it,
i=1

with constants ¢;j, 1 <i<s,1 <75 <k,.
Such a vector family 3,(t)e®*, 1 < i < n of the differential equation system

(LDES") and a family theMit. 1 <1 < k;, 1 <i < s of the linear differential equation
(LDE™) are called the solution basis, denoted by

B={B)e" |1<i<n} or € ={te

1<i<s,1<I<k}.

We only consider autonomous differential systems in this paper. Theorem 1.2
implies that any linear differential equation system (LDFES") of first order and any
differential equation (LDE™) of order n with real coefficients are solvable. Thus a
linear differential equation system of first order is non-solvable only if the number of
equations is more than that of variables, and a differential equation system of order
n > 2 is non-solvable only if the number of equations is more than 2. Generally,

such a contradictory system, i.e., a Smarandache system [4]-[6] is defined following.

Definition 1.3([4]-[6]) A rule R in a mathematical system (3;R) is said to be
Smarandachely denied if it behaves in at least two different ways within the same set
Y, i.e., validated and invalided, or only invalided but in multiple distinct ways.

A Smarandache system (X;R) is a mathematical system which has at least one

Smarandachely denied rule R.
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Generally, let (X1;R1) (X2;Ra), - -+, (Xmm; Rim) be mathematical systems, where
R; is a rule on ¥; for integers 1 < i < m. If for two integers 7,7, 1 <i,j <m, X; #
¥; or ¥; =X, but R; # R;, then they are said to be different, otherwise, identical.

We also know the conception of Smarandache multi-space defined following.

Definition 1.4([4]-[6]) Let (X1;R1), (X2; R2), - -+, (Xm; Rim) bem > 2 mathematical

spaces, different two by two. A Smarandache multi-space S s a union U X; with
i=1

rules R = U R;i on i, i.€., the rule R; on X; for integers 1 < i < m, denoted by

(5:R).

A Smarandache multi-space <i ﬁ) inherits a combinatorial structure, i.e., a

vertex-edge labeled graph defined following.
Definition 1.5([4]-[6]) Let (i, ﬁ) be a Smarandache multi-space with & = |J %
i=1

and R = U R;. Its underlying graph G [i, E} s a labeled simple graph defined by

V(G [i,}ﬂ) = {21, 5, ., 80},
E(G [i,zﬂ) — (2% | SiNS; £0,1<i0,j <m}

with an edge labeling

P (8,%) € B (G {§ ED LIPS = w (z,. N zj) ,
where w is a characteristic on ¥; (| X; such that 3; (X; is isomorphic to Xg ()%
if and only if w(X;,NE;) = w (B (X)) for integers 1 < 4,7, k,1 < m.

Now for integers m, n > 1, let
X = R(X), X = B(X),, X = Fy(X) (DESL,)

be a differential equation system with continuous F; : R* — R™ such that F;(0) = 0,
particularly, let
X=A4X - X=A4X - X=A4A,X (LDES!)

be a linear ordinary differential equation system of first order and
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[0]

2™ 4 alllpt=0 gy = 0

(n) 0 .(n—1) 4 ... o, _
V" 4+ a5, x + + a5, x =0

2 2n (LDE™)
I I .

a linear differential equation system of order n with

o[k k K r 7
ay ayy - af) (1)
(k] (k] (k]

a a -eea To(t

L anl ay e anm | | 2a(t) |

where each ay;} is a real number for integers 0 < k <m, 1 <4,57 <n.

Definition 1.6 An ordinary differential equation system (DES}) or (LDES}) (or
(LDE!)) are called non-solvable if there are no function X(t) (or x(t)) hold with
(DES}) or (LDES}) (or (LDE")) unless the constants.

The main purpose of this paper is to find contradictory ordinary differential
equation systems, characterize the non-solvable spaces of such differential equation
systems. For such objective, we are needed to extend the conception of solution of

linear differential equations in classical mathematics following.

Definition 1.7 Let SY be the solution basis of the ith equation in (DES}). The V-
solvable, N\-solvable and non-solvable spaces of differential equation system (DES))

are respectively defined by

st ()80 and )0~ (S
=1 =1 =1 =1

where SY is the solution space of the ith equation in (DES)).

According to Theorem 1.2, the general solution of the ith differential equation
in (LDES!) or the ith differential equation system in (LDE™) is a linear space
spanned by the elements in the solution basis %; or %; for integers 1 < i < m. Thus
we can simplify the vertex-edge labeled graph G [i, é} replaced each ). by the
solution basis %; (or €;) and 37, (>, by Bi(%; (or €:(€;) it Bi(\B; # 0
(or €;(6; # 0) for integers 1 < 7,7 < m. Such a vertex-edge labeled graph is
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called the basis graph of (LDES},) ((LDE")), denoted respectively by G[LDES} ]
or G[LDE" ] and the underlying graph of G[LDES} | or G[LDE"], i.e., cleared away
all labels on G[LDES1 | or G[LDE"] are denoted by G[LDES}] or GILDE").

Notice that ﬂ SY = U S9 i.e., the non-solvable space is empty only if m = 1
=1

n (LDEq). Thus G[LDESl] ~ K; or GI[LDE"| ~ K; only if m = 1. But in
general, the basis graph G[LDES}] or G[LDE"] is not trivial. For example, let
m = 4 and (%0 {6)\1t )\zt )\3t} %0 {6)\3t )\4t )\ t} (%0 — {eAlt )\3t )\ t} and
B = {eMt et et} where \;, 1 < i < 6 are real numbers different two by two.

Then its edge-labeled graph G[LDES!] or GILDE"] is shown in Fig.1.1.
)

{6)\1t, 6)\3t

{6)\3t, 6)\5t 6)\4t, 6)\5t}

(1)

Fig.1.1

If some functions F;(X), 1 < i < m are non-linear in (DES}), we can linearize

these non-linear equations X = F}(X) at the point 0, i.e., if
Fi(X) = F/(0)X + Ri(X),

where F/(0) is an n X n matrix, we replace the ith equation X = Fy(X) by a linear
differential equation
X = F/(0)X

in (DES!). Whence, we get a uniquely linear differential equation system (LDES})
from (DES}) and its basis graph G[LDES}]. Such a basis graph G[LDES]} | of
linearized differential equation system (DFES}) is defined to be the linearized basis
graph of (DES}) and denoted by G[DES}].

All of these notions will contribute to the characterizing of non-solvable differ-
ential equation systems. For terminologies and notations not mentioned here, we
follow the [13] for differential equations, [2] for linear algebra, [3]-[6], [11]-[12] for

graphs and Smarandache systems, and [1], [12] for mechanics.
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82. Non-Solvable Spaces of Linear Differential Equations

2.1 A Condition for Non-Solvable Linear Differential Equations

First, we know the following conclusion for non-solvable linear differential equation
systems (LDES! ) or (LDE™).

Theorem 2.1 The differential equation system (LDES!) is solvable if and only if
(|41 = AMpxn, [A2 = Mnsen, -+ [ A — Mnxa]) # 1
i.e., (LDEq) is non-solvable if and only if
(|41 = Mysens [ As = Mosnl, -+ [ Ay — Msn|) = 1.
Similarly, the differential equation system (LDE?T) is solvable if and only if
(PL(A), P2(A), -+, Pr(A)) # 1,
i.e., (LDE) is non-solvable if and only if
(PL(A), P2(A), -+, P(A)) = 1,
where Pi(\) = \" + al[-?])\”_l + - F ag(()ll_l))\ + aES} for integers 1 <i < m.

Proof Let A\i1, Ai2, -+ -, Ain. be the n solutions of equation |A; — Al,,x,| = 0 and
2B; the solution basis of ith differential equation in (LDES} ) or (LDE") for integers
1 <i < m. Clearly, if (LDES}) ((LDE")) is solvable, then

mﬁz 7é®7 i'e'7 m{)\zla)\227a)\ln}7é®
i=1 i=1
by Definition 1.5 and Theorem 1.2. Choose A\g € [{ i1, Ai2, -+, Ain}. Then (A—=Xg)
i=1
is a common divisor of these polynomials |A; — Al xn, | A2 —Axnl,  + 5 | Am — Auscn]-
Thus

(|A1 - )\[nxna |A2 - )\Inxn|a Ty |Am - )\[nxn|) 7é 1.

Conversely, if

(|A1 - >\In><n7 ‘A2 - )\Inxn‘a Tty ‘Am - A[nxn‘) 7£ 17
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let (A — Xo1), (A — Ao2), -+, (A — Ag) be all the common divisors of polynomials
|A1 — )\Ian, |A2 — )\Ian|, Tty |Am — )\]an|, where )\Oi 7& )\Oj if ¢ %] for 1 S Z,] S l.
Then it is clear that

CleAm + 02€>\02 T Clerl
is a solution of (LEDq) ((LDE)) for constants Cy, Cy, - -, Cj. O

For discussing the non-solvable space of a linear differential equation system
(LEDS)) or (LDE™) in details, we introduce the following conception.

Definition 2.2 For two integers 1 < 1,5 < m, the differential equations
dX;

=A;X
dt
1
i (LDESZ-j)
=A; X
dt
n (LDES})) or
() 4 gl pn=1) oy 0
M (o + +a;,x (LDEZ-”)
™ + a[o} (=1 .t a[o}x =0 J

n (LDE) are parallel if $;(\%B; = 0.
Then, the following conclusion is clear.

Theorem 2.3 For two integers 1 < 1,7 < m, two differential equations (LDES}j)
(or (LDE})) are parallel if and only if

(1Al = Msens [Aj] = Msen) = 1 (or (Pi(A), (X)) = 1),

where (f(:E),g(at)) is the least common diwisor of f(x) and g(z), Py(A\) = A" +
ap At 4 —i—ak(n N A+ al) for k=i, j.

Proof By definition, two differential equations (LEDS};) in (LDES))) are
parallel if and only if the characteristic equations

|A; = Mpxn| =0 and  |Aj — Aun| =0

have no same roots. Thus the polynomials |A;| — Al x, and |A;|— I, «, are coprime,

which means that
(|A2 - n><n7 ‘A nxn) =1
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Similarly, two differential equations (LED(;) in (LDE},) are parallel if and
only if the characteristic equations P;(A\) = 0 and P;(A) = 0 have no same roots,
ie., (Pi(N), Pj(N\) =1. O

Let f(z) = apz™+a12™ 4+ - A apm_10+am, g(x) = box™+byz" +- - +b, 11+
b, with roots x1, 29, -+, 2, and yi,Ya, -+, Yn, respectively. A resultant R(f,g) of
f(x) and g(z) is defined by

R(f,9) = ag'by [ [ (w: — v))-

The following result is well-known in polynomial algebra.

Theorem 2.4 Let f(x) = apz™ +a12™ 1+ -+ A 1T+, g(x) = bz +b1z" 1+

coo 4+ by_1x + b, with roots x1,xa, -, Ty and Y1, Yo, -, Yn, respectively. Define a
matrix _ _

ao al PR a/m O ... 0

0 a a - a, O

0 0 0 Qago aq Am,

VI(f,9) =
(/.9) by by b, O 0

0 by b b, O

0 0 0 b b by,
Then

We get the following result immediately by Theorem 2.3.

Corollary 2.5 (1) For two integers 1 < 1,5 < m, two differential equations
(LDES}) are parallel in (LDES,,) if and only if

R(|A2 — )\Inxn‘u ‘AJ - >\In><n|) % 07
particularly, the homogenous equations

V(| Ai = Maseals |A) — Mousn) X =0
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have only solution (0,0, -+, 0)T if |A; — Muxn| = aoA” + AN L+ -+ a1\ +a,
————

2n

and |A; — Mysen| = boA" + by A"+ -+ by A+ by,

(2) For two integers 1 < i, j < m, two differential equations (LDE];) are parallel
in (LDE") if and only if

R(Pi(A), Pi(A) # 0,

particularly, the homogenous equations V(P;(\), P;(A\))X = 0 have only solution
(0,0,---,0)T.

2

Proof Clearly, |A; — A,xn| and |A; — A, x,| have no same roots if and only if
R(|A2 — )\Inxn‘u ‘AJ - >\In><n|) % 07

which implies that the two differential equations (LEDS};) are parallel in (LEDS),)

and the homogenous equations

have only solution (0,0,---,0)7. That is the conclusion (1). The proof for the
2

conclusion (2) is similar. O

Applying Corollary 2.5, we can determine that an edge (%;, %;) does not exist
in G[LDES}] or GILDE"] if and only if the ith differential equation is parallel
with the jth differential equation in (LDES!) or (LDE?"). This fact enables one

to know the following result on linear non-solvable differential equation systems.

Corollary 2.6 A linear differential equation system (LDES}) or (LDE™) is non-
solvable if G(LDES)) # K,, or G(LDE") % K,, for integers m,n > 1.

2.2 Combinatorial Classification of Linear Differential Equations

There is a natural relation between linear differential equations and basis graphs

shown in the following result.

Theorem 2.7 Every linear homogeneous differential equation system (LDES})
(or (LDE")) uniquely determines a basis graph G[LDES}] (G[LDE")]) inherited
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in (LDES!) (or in (LDE")). Conversely, every basis graph G uniquely deter-
mines a homogeneous differential equation system (LDES}) ( or (LDE")) such
that G[LDES}] ~ G (or GILDE"] ~ G).

Proof By Definition 1.4, every linear homogeneous differential equation system
(LDES}) or (LDE") inherits a basis graph G[LDFES!] or G[LDE"], which is
uniquely determined by (LDES!) or (LDE").

Now let G be a basis graph. For Vv € V(G), let the basis %, at the vertex v
be B, ={ B;(t)e*t | 1 <i < n,} with

A1, if 1< <k

Ay, if ki1 <0 <k
oy =

)\S, ifk1+k2+"'+]€s—1+1§i§nv

We construct a linear homogeneous differential equation (LD ES?') associated at the

vertex v. By Theorem 1.2, we know the matrix

ti1 tiz o tip,

¢ ¢ ce
T 21 T2 2,

tnvl tnv2 e tn'un'u

is non-degenerate. For an integer 7, 1 <1 < s, let

(A 1 0 - 0 ]
7 — 0O XN 1 0
0 0 -~ 0 0 N |
be a Jordan black of k; x k; and
_ B .
A=T % _ T
L 0 s |

Then we are easily know the solution basis of the linear differential equation system

% — AX (LDES")
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with X = [21(t),22(t), -, 2, (#)]T is nothing but %, by Theorem 1.2. Notice
that the Jordan black and the matrix 7" are uniquely determined by Z%,. Thus the
linear homogeneous differential equation (LDES') is uniquely determined by 4,,.
It should be noted that this construction can be processed on each vertex v € V(G).
We finally get a linear homogeneous differential equation system (LDES} ), which
is uniquely determined by the basis graph G.

Similarly, we construct the linear homogeneous differential equation system
(LDE}) for the basis graph G. In fact, for Vu € V(G), let the basis 4, at the
vertex u be %, = { tle®! | 1 <i < s,1 <1< k;}. Notice that )\; should be a k;-fold
zero of the characteristic equation P(A\) = 0 with ky + ky + --- + ks = n. Thus
P(\) = P'(\) = -+ = Pki=1()\;)) = 0 but P*J();) # 0 for integers 1 < i < s.
Define a polynomial P,(\) following

s

P,(\) =[x =)

i=1

associated with the vertex u. Let its expansion be
Py(N) = X"+ aa A"+ aynen A + Qun.
Now we construct a linear homogeneous differential equation
™ 4+ g™ 44 Qu(n-1)T + Gyt =0 (L"DE™)

associated with the vertex u. Then by Theorem 1.2 we know that the basis solution
of (LDE™) is just %,. Notices that such a linear homogeneous differential equation
(LDE™) is uniquely constructed. Processing this construction for every vertex u €
V(G), we get a linear homogeneous differential equation system (LDET ). This
completes the proof. O

Example 2.8 Let (LDE?) be the following linear homogeneous differential equation

system

(

T—3r+2x=0
T—5r+6x=0
T—Tr+122 =0
=92+ 20 =0
Z— 11z + 30x =0
T—Tr+6x=0

\
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Az

where & = —— and & = %2 Then the solution basis of equations (1) — (6) are

respectively {ef,e?'}, {e? €3}, {3 elt}, {et e}, {e%, e}, {e®, e'} and its basis

graph is shown in Fig.2.1.

{et, 2} {2} {2, e3)
{e'} {e}

{€6t’€t} {63t764t}
{€6t €4t}

{65t, €6t} {65t} {€4t, 65t}

Fig.2.1 The basis graph H

Theorem 2.7 enables one to extend the conception of solution of linear differ-

ential equation to the following.

Definition 2.9 A basis graph GILDES)] (or GILDE?"]) is called the graph solu-
tion of the linear homogeneous differential equation system (LDES}) (or (LDE™)),

abbreviated to G-solution.

The following result is an immediately conclusion of Theorem 3.1 by definition.

Theorem 2.10 Ewvery linear homogeneous differential equation system (LDES})
(or (LDE)) has a unique G-solution, and for every basis graph H, there is a unique
linear homogeneous differential equation system (LDESL) (or (LDE")) with G-

solution H.

Theorem 2.10 implies that one can classifies the linear homogeneous differential

equation systems by those of basis graphs.

Definition 2.11 Let (LDES}), (LDES}) (or (LDE"), (LDE") ) be two linear
homogeneous differential equation systems with G-solutions H, H'. They are called
combinatorially equivalent if there is an isomorphism ¢ : H — H', thus there is an
isomorphism @ : H — H' of graph and labelings 0, 7 on H and H' respectively such
that p0(x) = T¢(z) forVo € V(H)|J E(H), denoted by (LDES}) £ (LDESLY (or
(LDE™) % (LDE")Y).
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Example 2.12 Let (LDE? )" be the following linear homogeneous differential equa-

tion system

T+3r+2xr=0
Z+5r+6x=0
T+ T7r+120 =0
2+ 92+ 202 =0
Z+ 11z +30x =0
T+ 7t +6x=0

\

Then its basis graph is shown in Fig.2.2 following.

{e—t’.€—2t} {e—2t} {6_2tl€_3t}
{6—15 €—3t}

{6_3t, 6—4t}

{6—6t 6—4t}

{6_5t, e—ﬁt} {e—St} {6_4t, e—St}

Fig.2.2 The basis graph H’

Let o : H — H' be determined by p({etit, eMt}) = {e~t et} and

@({6’\”, e)\jt} m{e)\kt> e)qt}) _ {e—)\it’ 6—)\jt} m{e_)\kt’ e—)\lt}

for integers 1 < i,k < 6 and j = i+ 1 = 6(mod6), | = k£ + 1 = 6(mod6). Then
it is clear that H =~ H’. Thus (LDE?") is combinatorially equivalent to the linear

homogeneous differential equation system (LDE]) appeared in Example 2.8.

Definition 2.13 Let G be a simple graph. A vertex-edge labeled graph 6 : G — 77T
is called integral if O(uv) < min{f(u),0(v)} for Vuv € E(G), denoted by G*.

Let G{e and GéT be two integral labeled graphs. They are called identical if Gy £
Gy and 0(x) = 7(p(x)) for any graph isomorphism ¢ and Vx € V(G1)|J FE(G1),
denoted by G = GI.

For example, these labeled graphs shown in Fig.2.3 are all integral on K4 — e,

but GI* = GI G0 + Gl
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3 2 4 4 2 3 3 1 3
1 2 2 1 1 2 2 2
4 2 3 3 2 4 4 1 4
Gl Gy Gl

Fig.2.3

Let GILDES} | (G[LDE")]) be a basis graph of the linear homogeneous differ-
ential equation system (LDES}) (or (LDE")) labeled each v € V(G[LDES}]) (or
v e V(G[LDE!])) by %,. We are easily get a vertex-edge labeled graph by relabel-
ing v € V(G[LDES!)]) (or v € V(G[LDE"))) by |%,| and wv € E(G[LDES}!]) (or
wv € E(G[LDE])) by | 8. () %,|. Obviously, such a vertex-edge labeled graph is in-
tegral, and denoted by G'[LDES}] (or G'[LDE"]). The following result completely
characterizes combinatorially equivalent linear homogeneous differential equation

systems.

Theorem 2.14 Let (LDES!), (LDES})" (or (LDE"), (LDE")') be two linear
homogeneous differential equation systems with integral labeled graphs H, H'. Then
(LDESL) X (LDESYY (or (LDE") = (LDE")) if and only if H = H'.

Proof Clearly, H = H' if (LDES)) £ (LDESLY (or (LDE™) £ (LDE™)") by
definition. We prove the converse, i.c., if H = H’ then there must be (LDESL) £
(LDESLY (or (LDE™) = (LDE" ).

Notice that there is an objection between two finite sets Sy, S, if and only if
|S1| = |S2|. Let 7 be a 1 — 1 mapping from %, on basis graph G[LDES},] (or basis
graph G[LDE"]) to A, on basis graph G[LDES!]" (or basis graph G[LDE"]')
for v,v" € V(H'). Now if H = H’', we can easily extend the identical isomor-
phism idy on graph H to a 1 — 1 mapping id}, : G[LDES}] — G[LDES}] (or
idy, © GILDE}] — G[LDE"]) with labelings 6 : v — %, and 0/, : v' — %A, on
G[LDES}), GILDES}] (or basis graphs GI[LDE"], GILDE"]'). Then it is an im-
mediately to check that id}0(x) = 6'7(x) for Vo € V(G[LDESL])J E(GILDES] )
(or for Vo € V(G[LDE}])JE(G[LDE?])). Thus idj; is an isomorphism between
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basis graphs G[LDES}] and G|[LDES}] (or G[LDE"] and G[LDE"]’). Thus
id; ids

(LDES:) ~ (LDESL)Y (or (LDE™) ~ (LDE™)"). This completes the proof. [

According to Theorem 2.14, all linear homogeneous differential equation sys-

tems (LDES!) or (LDE") can be classified by G-solutions into the following classes:
Class 1. G[LDES!]~K,, or G[LDE"] ~ K,, for integers m,n > 1.

The G-solutions of differential equation systems are labeled by solution bases on
K,, and any two linear differential equations in (LDESL) or (LDE") are parallel,
which characterizes m isolated systems in this class.

For example, the following differential equation system

T+3r+2x=0
=51 +6x=0
T+2r—-3r=0

is of Class 1.
Class 2. G[LDES!]~ K,, or GILDE"] ~ K,, for integers m,n > 1.

The G-solutions of differential equation systems are labeled by solution bases on
complete graphs K, in this class. By Corollary 2.6, we know that G[LDES! ] ~ K,,
or G[LDE"] ~ K,, if (LDES},) or (LDE" ) is solvable. In fact, this implies that

N 2= () B )%)#0.

VeV (Km) u, eV (Km)

Otherwise, (LDES})) or (LDE") is non-solvable.
For example, the underlying graphs of linear differential equation systems (A)
and (B) in the following
T—=3t+2x=0
. T—=3t+2x=0
zT—x=0

(A) L (B) i—5i+6x=0
rT—4r+3xr =0 . )
T —4r+3x=0

T+2r—-3r=0
are respectively Ky, Kj. It is easily to know that (A) is solvable, but (B) is not.

Class 3. G[LDES.] ~ G or G[LDE"] ~ G with |G| = m but G % K,,, K,

for integers m,n > 1.
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The G-solutions of differential equation systems are labeled by solution bases on
G and all linear differential equation systems (LDES! ) or (LDE" ) are non-solvable

in this class, such as those shown in Example 2.12.

2.3 Stability of Linear Differential Equations

The following result on the initial problem of (LDES') and (LDE™) are well-known

for differential equations.

Lemma 2.15([13]) Fort € [0,00), there is a unique solution X (t) for the linear

homogeneous differential equation system

X

— = AX L"DES!
o ( )
with X(0) = Xy and a unique solution for

with x(0) = xq,2'(0) = xf, - - -, 21 (0) = I(()n—l)‘

Applying Lemma 2.15, we get easily a conclusion on the G-solution of (LDES} )
with X,(0) = X{ for Yo € V(G) or (LDE™) with 2(0) = x¢, 2'(0) = x}, - - -, 2™ 1(0)
= 2" by Theorem 2.10 following.

Theorem 2.16 Fort € [0, 00), there is a unique G-solution for a linear homogeneous
differential equation systems (LDES)) with initial value X,(0) or (LDE") with
initial values x,(0), z} (0),- -, 931()"_1)(0) forYv € V(G).

» v

For discussing the stability of linear homogeneous differential equations, we
introduce the conceptions of zero G-solution and equilibrium point of that (LDES} )
or (LDE") following.

Definition 2.17 A G-solution of a linear differential equation system (LDES})
with initial value X, (0) or (LDE) with initial values x,(0), x, (0), - - -, 931()"_1)(0) for

Vo € V(QG) is called a zero G-solution if each label B; of G is replaced by (0,---,0)
(|%;| times) and B;(\B; by (0,---,0) (|%B:(B;| times) for integers 1 < i,j < m.

Definition 2.18 Let dX/dt = A, X, 2™ + a2V 4 - -+ ay,x = 0 be differential
equations associated with verter v and H a spanning subgraph of GILDES}] (or
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G[LDE"]). A point X* € R" is called a H-equilibrium point if A, X* = 0 in
(LDES!) with initial value X,(0) or (X*)" + aui (X*)"' 4+ -+ + @ X* = 0
(LDE") with initial values x,(0), 2,(0), -, 2'"7(0) for Vo € V(H).

v

m

We consider only two kind of stabilities on the zero GG-solution of linear homo-
geneous differential equations in this section. One is the sum-stability. Another is
the prod-stability.

2.3.1 Sum-Stability

Definition 2.19 Let H be a spanning subgraph of G[LDES!] or G[LDE"] of
the linear homogeneous differential equation systems (LDES} ) with initial value
X,(0) or (LDE™) with initial values ,(0), 2/,(0), - - -, 2" "(0). Then GILDESL] or
G[LDE?"] is called sum-stable or asymptotically sum-stable on H if for all solutions
Y,(t), v € V(H) of the linear differential equations of (LDES) or (LDE") with

[Y,(0) — X,(0)] < 0, exists for all t > 0, | > Y, (t) — > X, ()] < ¢, or
veV (H) veV (H)
furthermore, im| > Y,(t)— > X,(t)]=0.
=0 ev(H) veV (H)

Clearly, an asymptotic sum-stability implies the sum-stability of that G[LDES} |
or GILDE}]. The next result shows the relation of sum-stability with that of clas-
sical stability.

Theorem 2.20 For a G-solution GILDES!] of (LDES}) with initial value X,(0)
(or GILDE?] of (LDE},) with initial values x,(0),z,(0),-- -, z ( )), let H be
a spanning subgraph of GILDESL] (or G[LDE"]) and X* an equilibrium point
on subgraphs H. If GILDES}] (or GI[LDE?)) is stable on any Yv € V(H), then
G[LDES!] (or GILDE"]) is sum-stable on H. Furthermore, if GILDESL] (or
G[LDE}]) is asymptotically sum-stable for at least one vertex v € V(H), then

G[LDES!] (or GILDE"]) is asymptotically sum-stable on H.

Proof Notice that

Z pv v Z pv v Z pv|Y;)(t)_Xv(t)|

veV(H veV(H) vEV(H)

CIPIRECEPIEEUEP IR AUt

veV(H veV(H) veV (H

and
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Then the conclusion on sum-stability follows. O

For linear homogenous differential equations (LDES?') (or (LDE™)), the fol-

lowing result on stability of its solution X (¢) =0 (or z(¢) = 0) is well-known.

Lemma 2.21 Let v = max{ Re\| |A— A ,,xn| = 0}. Then the stability of the trivial
solution X (t) = 0 of linear homogenous differential equations (LDES"Y) (or xz(t) = 0
of (LDE™)) is determined as follows:

) if v < 0, then it is asymptotically stable;
2) if v > 0, then it is unstable;

) if v = 0, then it is not asymptotically stable, and stable if and only if
m/(A) = m(\) for every A\ with ReX = 0, where m(X) is the algebraic multiplicity

and m/(X\) the dimension of eigenspace of .

By Theorem 2.20 and Lemma 2.21, the following result on the stability of zero
G-solution of (LDES) ) and (LDE?,) is obtained.

Theorem 2.22 A zero G-solution of linear homogenous differential equation systems
(LDES},) (or (LDE")) is asymptotically sum-stable on a spanning subgraph H of
G[LDES!] (or GILDE"]) if and only if Rea, < 0 for each B,(t)e™t € B, in
(LDES"Y) or ReX, < 0 for each tve?t € €, in (LDE™) hold for Vv € V(H).

Proof The sufficiency is an immediately conclusion of Theorem 2.20.

Conversely, if there is a vertex v € V(H) such that Rea, > 0 for 3,(t)e*! € 4,
in (LDES') or Re\, > 0 for tveM! € €, in (LDE™), then we are easily knowing
that

lim 3, (t)e*" — oo
if o, > 0 or 3,(t) #constant, and

lim ¢ etvt

t—o0

— 00

if A, > 0 or [, > 0, which implies that the zero G-solution of linear homogenous
differential equation systems (LDES!) or (LDE™) is not asymptotically sum-stable
on H. U

The following result of Hurwitz on real number of eigenvalue of a characteristic
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polynomial is useful for determining the asymptotically stability of the zero G-
solution of (LDES!) and (LDE").

Lemma 2.23 Let P(\) = A"+ a A" L+ -+ a, 1A + a, be a polynomial with real

coefficients a;, 1 <1 <n and

a 1 0 Ce 0
as Qa2 Qg 0
aq 1
A1:|a1‘7 Ay = 7"'An: as a4 a3 Qa2 Qa 0
as Qs
0 DY an

Then Rel < 0 for all roots X of P(\) if and only if A; > 0 for integers 1 <i < n.

Thus, we get the following result by Theorem 2.22 and lemma 2.23.

Corollary 2.24 Let A}, Ay, --- Al be the associated determinants with characteris-
tic polynomials determined in Lemma 4.8 for Vv € V(G[LDES!]) or V(G[LDE"]).
Then for a spanning subgraph H < G[LDESL] or G[LDE"], the zero G-solutions
of (LDES}) and (LDE") is asymptotically sum-stable on H if AY > 0,AY >
0,---,AV >0 for Vv € V(H).

Particularly, if n = 2, we are easily knowing that Re\ < 0 for all roots A of
P(\) if and only if a; > 0 and ay > 0 by Lemma 2.23. We get the following result.

Corollary 2.25 Let H < G[LDES!] or GI[LDE"] be a spanning subgraph. If
the characteristic polynomials are \*> + ai\ + a3 for v € V(H) in (LDES)) (or
(L"DE?)), then the zero G-solutions of (LDESY)) and (LDE?) is asymptotically
sum-stable on H if a} >0, ay >0 forYv € V(H).

2.3.2 Prod-Stability

Definition 2.26 Let H be a spanning subgraph of GILDES!] or G[LDE"] of

the linear homogeneous differential equation systems (LDESL) with initial value

X,(0) or (LDE™) with initial values x,(0), z,(0), - - -, 0" "(0). Then G[LDES!] or

)

G[LDE?!] is called prod-stable or asymptotically prod-stable on H if for all solutions
Y,(t), v € V(H) of the linear differential equations of (LDESL) or (LDE") with
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|Y,(0) — X,(0)] < 0, exists for all t > 0, | [] Yo(t) — JI Xu(t)] < ¢, or
VeV (H) veV(H)
furthermore, lim| [] Y,(t)— [ X.(¢t)]=0.
=0 vev(m) veV (H)

We know the following result on the prod-stability of linear differential equation
system (LDES}) and (LDE").

Theorem 2.27 A zero G-solution of linear homogenous differential equation systems
(LDES}) (or (LDE")) is asymptotically prod-stable on a spanning subgraph H of
G[LDESL] (or GILDE")) if and only if 5. Rea, < 0 for each B,(t)e** € %,

veV(H)

in (LDESY) or . Re\, <0 for each t"e*! € 6, in (LDE").
veV(H)

Proof Applying Theorem 1.2, we know that a solution X,(t) at the vertex v

has the form

Whence,
[I x| = | [T > cbume
veV (H) veV (H) i=1
= S T et =I5 T et ecio™
i=1 veV (H) i=1 veV(H)

Whence, the zero G-solution of homogenous (LDES}) (or (LDE")) is asymptoti-

cally sum-stable on subgraph H if and only if > Rea, < 0 for V3, (t)e*t € 4,
veV(H)

in (LDESY) or Y. Re), <0 for VteM! € €, in (LDE"). O
veV (H)

Applying Theorem 2.22, the following conclusion is a corollary of Theorem 2.27.

Corollary 2.28 A zero G-solution of linear homogenous differential equation sys-
tems (LDES!) (or (LDE™)) is asymptotically prod-stable if it is asymptotically
sum-stable on a spanning subgraph H of GILDES}] (or GILDE"]). Particularly,
it is asymptotically prod-stable if the zero solution 0 is stable on Yv € V(H).

Example 2.29 Let a G-solution of (LDFES}) or (LDE?) be the basis graph shown

in Fig.2.4, where v; = {e7 %, 73" €3} vy = {73, 74} vy = {e ¥ 7 &3} vy =
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{e™5t e b 781} vy = {e7t e} v = {e7t, e, 78}, Then the zero G-solution
is sum-stable on the triangle v v5vg, but it is not on the triangle viv9v3. In fact, it

is prod-stable on the triangle vyvyv3.

v {e ) w

{e) {e)

wd ] N\,

{eo {e)
S e

Fig.2.4 A basis graph

83. Non-Solvable Spaces of Differential Equations

For differential equation system (DES}! ), we consider the stability of its zero G-

solution of linearized differential equation system (LDES} ) in this section.

3.1 Stability of Non-Solvable Differential Equation

Definition 3.1 Let H be a spanning subgraph of GIDESL] of the linearized dif-
ferential equation systems (DESL) with initial value X,(0). A point X* € R" is
called a H-equilibrium point of differential equation system (DES}) if f,(X*) =0
for Vv e V(H).

Clearly, 0 is a H-equilibrium point for any spanning subgraph H of G[DES! ]
by definition. Whence, its zero G-solution of linearized differential equation system
(LDES!}) is a solution of (DES}).

Definition 3.2 Let H be a spanning subgraph of G[DES} ] of the linearized differ-
ential equation systems (DESY) with initial value X,(0). Then GIDES}] is called
sum-stable or asymptotically sum-stable on H if for all solutions Y,(t), v € V(H)
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of (DESY) with ||Y,(0) — X, (0)|| < 6, exists for all t >0,

S v - Y x| <-

veV (H) veV (H)

or furthermore,

im| > Vi)~ Y X.()|=0,

veV (H) veV (H)
and prod-stable or asymptotically prod-stable on H if for all solutions Y,(t), v €
V(H) of (DES}) with ||Y,(0) — X,(0)|| < 6, exists for all t > 0,

HY - ] x.0)| <=

veV (H veV(H)

or furthermore,

lii%HY HX = 0.

veV (H) veV (H)

Clearly, the asymptotically sum-stability or prod-stability implies respectively
that the sum-stability or prod-stability.

Then we get the following result on the sum-stability and prod-stability of the
zero G-solution of (DES}).

Theorem 3.3 For a G-solution GIDES]} ] of differential equation systems (DES))
with nitial value X,(0), let Hy, Hy be spanning subgraphs of GIDESL]. If the zero
G-solution of (DES!) is sum-stable or asymptotically sum-stable on H; and H,,
then the zero G-solution of (DESL) is sum-stable or asymptotically sum-stable on
H,|J H,.

Similarly, if the zero G-solution of (DESL) is prod-stable or asymptotically
prod-stable on Hy and X,(t) is bounded for Vv € V(H,), then the zero G-solution of
(DES)) is prod-stable or asymptotically prod-stable on Hy|J H,.

Proof Notice that

| X1+ Xof| < || X + || Xe]| and || X Xo|| < || X0 []]]| Xz
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in R™. We know that

Yooooxm| o= || Y. Xm+ > X
veV(Hy)|JV(Hz2) veV (Hy) veV (Hz2)
< DD X+ DD X
veEV (H1) veV(Hz)
and
I xo| =11 6 [] x0
veV(Hy)|JV(Hz2) veV (Hy) veEV (Ha2)
< | II x| II X0
vEV (Hy) veV (Ha)
Whence,

Z X,(t)]| <€ or lim Z X,()]| =0

—0
veEV (H1) U V(H2) ' veV (H1)U V(H2)

if e= €1 + €2 with

Yo X <a and | Y X <e

veV (Hy) VeV (Ha)
or

lim || Y X,()]| =0 and lim > X)) =0.

t—0
veV (H1) veV (H2)

This is the conclusion (1). For the conclusion (2), notice that

11 x.ol<| I x| ] X.0] < Me

veV(H1)J V(Hz2) veEV (H1) veV (Hz2)
if
I[I x®|[<eand | T X.(t)| <M.
vEV (Hy) veV (Ha)

Consequently, the zero G-solution of (DES!},) is prod-stable or asymptotically prod-
stable on Hy |J Ho. O
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Theorem 3.3 enables one to get the following conclusion which establishes the
relation of stability of differential equations at vertices with that of sum-stability

and prod-stability.

Corollary 3.4 For a G-solution G[DES! ] of differential equation system (DES})
with initial value X,(0), let H be a spanning subgraph of GIDESL]. If the zero solu-
tion is stable or asymptotically stable at each vertexv € V(H), then it is sum-stable,
or asymptotically sum-stable and if the zero solution is stable or asymptotically sta-
ble in a vertex u € V(H) and X,(t) is bounded for Yv € V(H) \ {u}, then it is
prod-stable, or asymptotically prod-stable on H.

It should be noted that the converse of Theorem 3.3 is not always true. For

example, let

Z X,(t)|| <a+e€ and Z X,(t)|| < —a+e

veV (Hy) vEV (Hz)
Then the zero G-solution G[DES]} ] of differential equation system (DFES}) is not
sum-stable on subgraphs H; and Hs, but

doox@|<| DY) x|+ > X)) =-

veV (H1J H2) veV (Hy) veV (Hz)
Thus the zero G-solution G[DFES! ] of differential equation system (DES} ) is sum-
stable on subgraphs H; | J Hs. Similarly, let

[I x|<s ad | > x@f<r

VeV (H1) vEV (Ha)
for a real number r. Then the zero G-solution G[DES! ] of (DES! ) is not prod-
stable on subgraphs H; and X,(¢) is not bounded for v € V(H,) if r > 0. However,
it is prod-stable on subgraphs H; | J H, for

I[I xo|<| [T xo|| I X®|]|=«

veV (H1 | H2) veV (H1) veV (Hz)
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3.2 Linearized Differential Equations

Applying these conclusions on linear differential equation systems in the previous
section, we can find conditions on F;(X), 1 < ¢ < m for the sum-stability and

prod-stability at 0 following. For this objective, we need the following useful result.

Lemma 3.5([13]) Let X = AX + B(X) be a non-linear differential equation, where
A is a constant n X n matriz and Re\; < 0 for all eigenvalues \; of A and B(X) is
continuous defined ont > 0, || X| < a with
- [[BX)]
im —————
Ixli—o {1 X]

Then there exist constants ¢ > 0, >0 and ), 0 < d < a such that

IXO) << < 2 implies that | X(1)] < cee 2

Theorem 3.6 Let (DES}) be a non-linear differential equation system, H a span-
ning subgraph of GIDES}] and

Fy(X)=F,(0) X + R,(X)

such that 1R, (X)]
lim — =20
Ix|—0 || X]]

for Yv € V(H). Then the zero G-solution of (DES)) is asymptotically sum-stable
or asymptotically prod-stable on H if Rea, < 0 for each B,(t)e*t € B,, v € V(H)
in (DES}).

=0

Proof Define ¢ = max{c,, v € V(H)}, ¢ = min{e,, v € V(H)} and § =
min{(,, v € V(H)}. Applying Lemma 3.5, we know that for Yo € V(H),

5
|X,(0)]| <& < 5 implies that X, (1) < cse™/2

Whence,

S X0 < Y 1K) < [Hlee

veV (H) veV (H)

[T xo|< II IX@] < eetmre,
veEV (H) veV (H)
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Consequently,

lim > X,(t)| =0 and lim T x.@®|—o.
veV (H) veV (H)

Thus the zero G-solution (DES!) is asymptotically sum-stable or asymptotically
prod-stable on H by definition. O

3.3 Liapunov Functions on Graphs

We have know Liapunov functions associated with differential equations. Similarly,

we introduce Liapunov functions for determining the sum-stability or prod-stability
of (DES},) following.

Definition 3.7 Let (DES}) be a differential equation system, H < G[DES]} ]
a spanning subgraph and a H-equilibrium point X* of (DESL). A differentiable
function L : ¢ — R defined on an open subset & C R™ is called a Liapunov
sum-function on X* for H if

(1) L(X*)zOmdL( 3 Xv(t)> S0df Y Xo(t) # X7

VeV (H) veV (H)
@) L| X X)) <0for ¥ X(t)# X,
VeV (H) veV (H)
and a Liapunov prod-function on X* for H if

(1) L(X*) =0 andL( I Xv(t)> S0df ] Xolt) # X7
H)

veV( VeV (H)

(2)L< I1 Xv(t)>§0f07’ [[ Xu(t) # X"

veV (H) veEV (H)

Then, the following conclusions on the sum-stable and prod-stable of zero G-

solutions of differential equations holds.

Theorem 3.8 For a G-solution GIDES} ] of a differential equation system (DES))
with initial value X,(0), let H be a spanning subgraph of G[DES!] and X* an
equilibrium point of (DES}) on H.

(1) If there is a Liapunov sum-function L : € — R on X*, then the zero



3. Non-Solvable Spaces of Differential Equations 29

G-solution GIDES! ] is sum-stable on X* for H. Furthermore, if

LI ) x@|<o0

veV (H)

for >0 X,(t) # X*, then the zero G-solution GIDES!] is asymptotically sum-
veV(H)
stable on X* for H.

(2) If there is a Liapunov prod-function L : 0 — R on X* for H, then the zero
G-solution GIDES.}] is prod-stable on X* for H. Furthermore, if

L{ ] x0|<o

veV (H)

for ] X,(t) # X*, then the zero G-solution G[DES ] is asymptotically prod-
veV(H)

stable on X* for H.

Proof Let € > 0 be a so small number that the closed ball B.(X*) centered at
X* with radius € lies entirely in ¢ and @ the minimum value of L on the boundary
of B.(X™), i.e., the sphere S.(X*). Clearly, @ > 0 by assumption. Define U = {X €

B(X*)|L(X) < w}. Notice that X* € U and L is non-increasing on >, X, (t) by
veV (H)
definition. Whence, there are no solutions X, (), v € V(H) starting in U such that

> X,(t) meet the sphere S.(X*). Thus all solutions X, (t), v € V(H) starting
veV (H)
in U enable > X,(t) included in ball B.(X*). Consequently, the zero G-solution
veV(H)
G[DES] ] is sum-stable on H by definition.

Now assume that

LI Y x@|<o

veV (H)
for > X,(t) # X*. Thus L is strictly decreasing on > X, (¢). If X,(¢), v €
veV (H) veV (H)
V(H) are solutions starting in U — X* such that >  X,(t,) — Y* for n — oo

veV (H)
with Y* € B.(X*), then it must be Y* = X*. Otherwise, since

LI Y X |>Ly™)

veV (H)
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by the assumption

LI Y x@|<o

veV (H)

for all > X,(t) # X* and

veV(H)

LY Xo(ta) ] = LY
veV(H)

by the continuity of L, if Y* # X* let Y,(t),v € V(H) be the solutions starting at

Y*. Then for any n > 0,

L{ ) Y| <L)

veV (H)

But then there is a contradiction

LI Y Xo(tatn) | <L)

veV(H)

yields by letting Y, (0) = > X, (t,) for sufficiently large n. Thus, there must be
veV(H)
Y = X*. Whence, the zero G-solution G[DES]! ] is asymptotically sum-stable on

H by definition. This is the conclusion (1).

Similarly, we can prove the conclusion (2). O

The following result shows the combination of Liapunov sum-functions or prod-

functions.

Theorem 3.9 For a G-solution GIDES}] of a differential equation system (DES},)
with initial value X,(0), let Hy, Hy be spanning subgraphs of GIDESL], X* an equi-
librium point of (DESL) on H,\J Hy and

Rf(2,y) = Z ai,jxiyj
i>0,j>0

be a polynomial with a; ; > 0 for integers i,j > 0. Then R*(Ly, Ls) is a Liapunov

sum-function or Liapunov prod-function on X* for Hi|J Hy with conventions for
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integers i, j,k,l > 0 that

ay L L )+ak1L L ( > Xu(t)
veV/(

ve\/(Hl UV (Ha) Hy |V (Ha)

= CLZ'jLZi t LJ
vEV (H1) veV(Hz

+6Llelf U t Xv
veV(H1 vE (Hz

if Ly, Ly are Liapunov sum-functions and

ay; Lt L 11 Xv(t) +a L L ( X, (1)
=auLi | [ X L§< 11 Xv(t))

+aui [ T X | L5 | JI X

if L1, Ly are Liapunov prod-functions on X* for Hy and H,, respectively. Partic-
ularly, if there is a Liapunov sum-function (Liapunov prod-function) L on Hy and

Hy, then L is also a Liapunov sum-function (Liapunov prod-function) on Hy|J Ho.

Proof Notice that

d ZI/LJ
(CLJ ) (Lz lLlL]_'_jLzLJ 1L2)
dt
if 7,7 > 1. Whence,
awLZLJ X,(t) ] >0
veV(HlLJV(HQ
if
L >0 and Ly | Y X,(t)| >0
UEV(H1 veV (Ha2)
and
d(a;; Li L))
_ = X, (t <
LA (S ) <o

veV(H1J V(H2)
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L Z X,(t) | <0 and L, Z X,(t) | <0.

veV (Hy) veV (Hs)
Thus R (L4, Ls) is a Liapunov sum-function on X* for H; | J Hs.

Similarly, we can know that R*(L;, Ls) is a Liapunov prod-function on X* for
H,|J H, if Ly, Ly are Liapunov prod-functions on X* for H; and H,. L]

Theorem 3.9 enables one easily to get the stability of the zero G-solutions of

(DESL).

Corollary 3.10 For a differential equation system (DES}), let H < G[DES}] be
a spanning subgraph. If L, is a Liapunov function on vertex v for Vv € V(H), then

L{= > L, and L} = [] L.
veV (H) veV(H)

the functions

are respectively Liapunov sum-function and Liapunov prod-function on graph H.
Particularly, if L = L, forYv € V(H), then L is both a Liapunov sum-function and

a Liapunov prod-function on H.

Example 3.11 Let (DES}) be determined by

dl’l/dt = )\111’1 dl’l/dt = )\211’1 dl’l/dt = )\nlxl
dl’g/dt = )\121’2 dl’g/dt = )\221’2 dl’g/dt = )\nQZL'Q
dx,/dt = Az, dx,/dt = Aapp dx,/dt = \ppy,

where all \;;, 1 <i <m,1 <j <n arereal and \;;, # \;j, if j1 # j2 for integers
1<i<m. Let L=a%+ 23+ --+22. Then

for integers 1 < ¢ < n. Whence, it is a Liapunov function for the ¢th differential
equation if \;; < 0 for integers 1 < j < n. Now let H < G[LDES} ] be a spanning
subgraph of G[LDES} ]. Then L is both a Liapunov sum-function and a Liapunov
prod-function on H if A\,; < 0 for Vv € V(H) by Corollaries 3.10.

Theorem 3.12 Let L : ¢ — R be a differentiable function with L(0) = 0 and

L < > X) > 0 always holds in an area of its e-neighborhood U(e) of 0 fore > 0,
veV (H)
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denoted by UT(0,¢) such area of e-neighborhood of 0 with L < S X) > 0 and
veV(H)
H < G[DES!] be a spanning subgraph.
(1) If

with M a positive number and

in UT(0,€), and for Ve > 0, there exists a positive number ci, co such that

L ZX >c >0 z'mplz'esL ZX >y >0,
veV (H) veV (H)

then the zero G-solution G[DES!] is not sum-stable on H. Such a function L :

0 — R is called a non-Liapunov sum-function on H.

(2) If

LHX <N

veV(H)

with N a positive number and
L{ ] x|>o0
veV (H)

in UT(0,€), and for Ve > 0, there exists positive numbers dy,dy such that

L{ J] X|=di>0 implies L| [ X|=d2>0,

veV (H) veV (H)

then the zero G-solution G[DES} ] is not prod-stable on H. Such a function L :

0 — R is called a non-Liapunov prod-function on H.

Proof Generally, if ||L(X)]|| is bounded and L (X) > 0 in U*(0,e), and for
Ve > 0, there exists positive numbers ¢, ¢y such that if L(X) > ¢; > 0, then
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L(X) > ¢y > 0, we prove that there exists t; > to such that || X (t1,0)| > € for
a number ¢y > 0, where X (¢,t9) denotes the solution of (DES")) passing through
X (to). Otherwise, there must be || X (t1,%0)|| < € for t > t5. By L (X) > 0 we know
that L(X(t)) > L(X(tp)) > 0 for t > t;. Combining this fact with the condition

L(X) > ¢y >0, we get that

t
dL(X (s
£x) = 20 + [ FED > 10x(00) +eate — 1)
to
Thus L(X(t)) — +o0 if t — 400, a contradiction to the assumption that L(X) is
bounded. Whence, there exists t; > t, such that || X (¢1,%)] > eo.
Applying this conclusion, we immediately know that the zero G-solution G[DES} |

is not sum-stable or prod-stable on H by conditions in (1) or (2). O

Similar to Theorem 3.9, we know results for non-Liapunov sum-function or

prod-function by Theorem 3.12 following.

Theorem 3.13 For a G-solution G[DES! ] of a differential equation system (DES))
with initial value X,(0), let Hy, Hy be spanning subgraphs of GIDES}], 0 an equi-
librium point of (DESY) on Hy\J Hy. Then RY(Ly, Ls) is a non-Liapunov sum-

function or non-Liapunov prod-function on 0 for Hy|J Hy with conventions for

a; L L > X(t) | +anLiL > X()
veV (H1 |V (Hz2) veEV (Hy |V (Hz2)
and
ay Lt L} I x| +alLiL I x®
veV (H1 |V (Hz2) veEV (Hy |V (Hz2)

the same as in Theorem 3.9 if Ly, Ly are non-Liapunov sum-functions or non-
Liapunov prod-functions on 0 for H, and H,, respectively. Particularly, if there is
a non-Liapunov sum-function (non-Liapunov prod-function) L on Hy and Hs, then

L is also a non-Liapunov sum-function (non-Liapunov prod-function) on Hy | Hs.

Proof Similarly, we can show that RY(Li, Ly) satisfies these conditions on
H, |J Hs for non-Liapunov sum-functions or non-Liapunov prod-functions in Theo-

rem 3.12 if Ly, Ly are non-Liapunov sum-functions or non-Liapunov prod-functions
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on 0 for H; and Hs, respectively. Thus R*(Ly, Ly) is a non-Liapunov sum-function
or non-Liapunov prod-function on 0. 0

Corollary 3.14 For a differential equation system (DES}), let H < G[DES}] be

a spanning subgraph. If L, is a non-Liapunov function on vertez v for Vv € V(H),

L = Z L, and LY = H L,
) )

veV (H veV (H

then the functions

are respectively non-Liapunov sum-function and non-Liapunov prod-function on graph
H. Particularly, if L = L, for Yv € V(H), then L is both a non-Liapunov sum-

function and a non-Liapunov prod-function on H.

Example 3.15 Let (DES}) be

Ltlzkle—)\ll’% .TZ'IQI)\QIZI%—)\QI% I'l:)\mI%—AmLU%
i—Alxx 9'3—)\2xx i——Amxx
2 — S 4142 2 — S 4142 2 — 142

2 2 2

with constants \; > 0 for integers 1 < i < m and L(xzy,25) = 22 — 222, Then
L(xy, 5) = 4)x1 L(zy, x5) for the i-th equation in (DES! ). Calculation shows that
L(x1,29) > 0if 1 > V229 or 11 < —/225 and L(xl,xg) > 4¢3 for L(z1,19) > ¢
in the area of L(z1,x2) > 0. Applying Theorem 3.12, we know the zero solution of
(DES}) is not stable for the i-th equation for any integer 1 < i < m. Applying
Corollary 3.14, we know that L is a non-Liapunov sum-function and non-Liapunov

prod-function on any spanning subgraph H < G[DES} ].

84. Non-Solvable Spaces of Shifted Differential Equations

The differential equation systems (DES}) discussed in previous sections are all
in a same Euclidean space R". We consider the case that they are not in a same
space R", i.e., shifted differential equation systems in this section. These differential

equation systems and their non-solvability are defined in the following.

Definition 4.1 A shifted differential equation system (SDESY) is such a differential

equation system

X, = Fi(X1), Xo=Fo(Xy), -, Xpn = Fn(Xm) (SDES!)
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with
X = (1’1,1’2, Ty XL T1(41) s T1(42) T >$1n)a
Xy = (21,7, 5 Tl L2(141) 5 T2(142) " s Tan),
............................................ ,
Xm = (Il, To, " +,Ty, xm(l+1),xm(l+2), HRN .flfmn>,
where x1,Ta, T, Tigyg), 1 < 1 < m,1 < j < n—1[ are distinct variables and

F, : R" — R" is continuous such that Fy(0) =0 for integers 1 < s < m.

A shifted differential equation system (SDESL) is non-solvable if there are
integers i,7, 1 < i,5 < m and an integer k, 1 < k < [ such that x%} (t) # :cgf} (1),
where xﬁj}(t),xﬁj (t) are solutions xy(t) of the i-th and j-th equations in (SDESL),

respectively.

The number dim(SDES,,) of variables @1, T2, -+ -, ¥, Zig4j), 1 <1 <m,1 < j <
n — [ in Definition 4.1 is uniquely determined by (SDES}), i.e., dim(SDES!) =
mn—(m—1)[. For classifying and finding the stability of these differential equations,
we similarly introduce the linearized basis graphs G[SDES]! ] of a shifted differential
equation system to that of (DES!), i.e., a vertex-edge labeled graph with

V(G[SDES}]) = {#:]1 <i <m},

E(G[SDES,)) = {(%;, #;)|%:( #; # 0,1 <i,j < m},
where %; is the solution basis of the i-th linearized differential equation X, =
F!(0)X; for integers 1 < i < m, called such a vertex-edge labeled graph G[SDES! ]
the G-solution of (SDES},) and its zero G-solution replaced %; by (0,---,0) (|%]
times) and %; (| %; by (0,---,0) (|%;() %;| times) for integers 1 <, j < m.

Let (LDES}), (LDES! ) be linearized differential equation systems of shifted
differential equation systems (SDES!) and (SDES}) with G-solutions H, H’.
Similarly, they are called combinatorially equivalent if there is an isomorphism ¢ :
H — H'’ of graph and labelings 6, 7 on H and H’ respectively such that ¢f(z) =
To(z) for Vo € V(H)|J E(H), denoted by (SDES!) £ (SDESL). Notice that if
we remove these superfluous variables from G[SDES} |, then we get nothing but
the same vertex-edge labeled graph of (LDES}) in R!. Thus we can classify shifted
differential similarly to (LDES? ) in R!. The following result can be proved similarly
to Theorem 2.14.

Theorem 4.2 Let (LDES}), (LDES}) be linearized differential equation systems
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of two shifted differential equation systems (SDES}), (SDES})" with integral la-
beled graphs H, H'. Then (SDES}) £ (SDES!Y if and only if H= H'.

The stability of these shifted differential equation systems (SDES!) is also
similarly to that of (DES!). For example, we know the results on the stability of
(SDES}) similar to Theorems 2.22, 2.27 and 3.6 following.

Theorem 4.3 Let (LDES}) be a shifted linear differential equation systems and
H < GILDES}] a spanning subgraph. A zero G-solution of (LDES})) is asymp-
totically sum-stable on H if and only if Rea, < 0 for each B,(t)e*t € B, in
(LDES"Y) hold for Yv € V(H) and it is asymptotically prod-stable on H if and
only if > Reay, <0 for each 3,(t)e*t € B, in (LDES").

veV(H)

Theorem 4.4 Let (SDES)) be a shifted differential equation system, H < G[SDES} ]

a spanning subgraph and
F,(X)=F,(0) X + R,(X)

such that 1R, (X)]
lim = /0

Ixi—o |1 X]]
for Vv € V(H). Then the zero G-solution of (SDESL) is asymptotically sum-stable
or asymptotically prod-stable on H if Rea, < 0 for each B,(t)e*t € B,, v € V(H)

in (SDES}).

=0

For the Liapunov sum-function or Liapunov prod-function of a shifted dif-
ferential equation system (SDES}), we choose it to be a differentiable function
L : 0 c RIm(SPES,) _, R with conditions in Definition 3.7 hold. Then we know

the following result similar to Theorem 3.8.

Theorem 4.5 For a G-solution G[SDES!] of a shifted differential equation system
(SDES}) with initial value X,(0), let H be a spanning subgraph of GIDES}] and
X* an equilibrium point of (SDES)) on H.

(1) If there is a Liapunov sum-function L : ¢ C RY™SPESL) s R on X*, then
the zero G-solution G[SDES)] is sum-stable on X* for H, and furthermore, if
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for >° X, (t) # X*, then the zero G-solution G[SDES} | is asymptotically sum-
veV(H)
stable on X* for H.

(2) If there is a Liapunov prod-function L : 0 C RAm(SPES,) R on X* for
H, then the zero G-solution G[SDES]} | is prod-stable on X* for H, and furthermore,
if
L{ ] x| <o
veV (H)

for J] X.(t) # X*, then the zero G-solution G[SDES} | is asymptotically prod-
veV (H)
stable on X* for H.

85. Applications

5.1 Global Control of Infectious Diseases

An immediate application of non-solvable differential equations is the globally con-
trol of infectious diseases with more than one infectious virus in an area. Assume
that there are three kind groups in persons at time ¢, i.e., infected I(t), susceptible
S(t) and recovered R(t), and the total population is constant in that area. We

consider two cases of virus for infectious diseases:

Case 1 There are m known virus %1, Vs, - - -, Vmm with infected rate k;, heal rate h;
for integers 1 < i < m and an person infected a virus ¥; will never infects other

viruses ¥V for j # i.

Case 2 There are m varying Y1, Vo, -+, YV from a virus ¥ with infected rate k;,

heal rate h; for integers 1 < i < m such as those shown in Fig.5.1.

B @

Fig.5.1

We are easily to establish a non-solvable differential model for the spread of
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infectious viruses by applying the SIR model of one infectious disease following:

S = —k SI S = —kyST S =—k, SI
I =k ST —hil I =kySI—hyol -+ { I=knSI—hyl (DES})
R=hI R = hol R=h,,I

Notice that the total population is constant by assumption, i.e., S+ I + R is

constant. Thus we only need to consider the following simplified system

{ S =k SI { S$ = —k,SI { S =k SI

. . . (DESL)
[ =kSI—hl = koSI — hol [ = kST — ol

The equilibrium points of this system are I = 0, the S-axis with linearization at

equilibrium points

S =—kS S = —koS S=—k,S
i L SR (LDESL,)
I =kS—h I =kyS — hy I=k,S—h,,

Calculation shows that the eigenvalues of the ith equation are 0 and k;S — h;, which
is negative, i.e., stable if 0 < S < h;/k; for integers 1 < ¢ < m. For any spanning
subgraph H < G[LDES] ], we know that its zero G-solution is asymptotically sum-
stable on H if 0 < S < h,/k, for v € V(H) by Theorem 2.22, and it is asymptotically

sum-stable on H if

> (kS—h)<0 de, 0<S< > h ) > k
)

veV (H) veV (H) veV (H

by Theorem 2.27. Notice that if I;(t), S;(t) are probability functions for infectious
viruses %, 1 <i < m in an area, then [[ [;(t) and [] Si(¢) are just the probability
i=1 i=1

functions for all these infectious viruses. This fact enables one to get the conclusion

following for globally control of infectious diseases.

Conclusion 5.1 For m infectious viruses %1, Vs, -+, Vmm in an area with infected

rate k;, heal rate h; for integers 1 < i < m, then they decline to 0 finally if

0<S<zm:hl f:kZ’
i=1 =1

i.e., these infectious viruses are globally controlled. Particularly, they are globally

controlled if each of them is controlled in this area.
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5.2 Dynamical Equations of Instable Structure

There are two kind of engineering structures, i.e., stable and instable. An engineering
structure is instable if its state moving further away and the equilibrium is upset
after being moved slightly. For example, the structure (a) is engineering stable but
(b) is not shown in Fig.5.2,

VAN

(a) (b)

Fig.5.2

where each edge is a rigid body and each vertex denotes a hinged connection. The
motion of a stable structure can be characterized similarly as a rigid body. But such
a way can not be applied for instable structures for their internal deformations such

as those shown in Fig.5.3.

A B
moving /@ /@
© @
C D
Fig.5.3
Furthermore, let 2, 2,,---, 2, be m particles in R? with some relations, for

instance, the gravitation between particles &2; and &; for 1 < 4,5 < m. Thus we

get an instable structure underlying a graph G with

V(G) ={21, P, -+, Pm};
E(G) = {(Z, &;)|there exists a relation between &; and &;}.
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For example, the underlying graph in Fig.5.4 is C;. Assume the dynamical behavior
of particle &; at time t has been completely characterized by the differential equa-
tions X = F(X,t), where X = (1,22, x3). Then we get a non-solvable differential
equation system

X =F(X,t), 1<i<m

underlying the graph G. Particularly, if all differential equations are autonomous,
i.e., depend on X alone, not on time ¢, we get a non-solvable autonomous differential

equation system
X=F(X), 1<i<m.

All of these differential equation systems particularly answer a question presented in
[3] for establishing the graph dynamics, and if they satisfy conditions in Theorems
2.22, 2.27 or 3.6, then they are sum-stable or prod-stable. For example, let the

motion equations of 4 members in Fig.5.3 be respectively
AB: XAB = 0; CD: XCD = 0, AC: XAC = aac, BC: XBC’ = apc,

where X a5, Xcp, Xac and X ge denote central positions of members AB, CD, AC, BC'

and aac, apc are constants. Solving these equations enable one to get
Xup = capt +dap, Xac = aact’® + cact + dac,

Xeop = copt +dop, Xpo = apct® + cpet + dpe,

where capg, cac, cop, cBo,dap,dac,dcp, dpc are constants. Thus we get a non-

solvable differential equation system

X:O; XzO, X:aAc, XZCLBC,

or a non-solvable algebraic equation system

X =capt +dap, X =asct®+ cact+dac,
X = copt +dop, X = apet® + cpot + dpe

for characterizing the behavior of the instable structure in Fig.5.3 if constants

CAB, CAC, CCD, CBC, daB, dac, dop, dpc are different.
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Now let X, X5, -, X,, be the respectively positions in R? with initial val-
ues X0 X9 - X0 X9 X9 ... X% and M;, My, ---, M, the masses of particles
P, Py, P If m = 2, then from Newton’s law of gravitation we get that
Xo — X3

2 2l X, =GM X1 = X,
X5 — X3

X, = GM, ——3,
X1 — X,

where G is the gravitational constant. Let X = Xy — X; = (21, 29, z3). Calculation
shows that

. X
X =-G (M + M) —.
R T

Such an equation can be completely solved by introducing the spherical polar coor-

dinates
T1 =1 cos¢cost

Lo = T COS ¢ cos b

T3 = rsinf

with 7 > 0,0 < ¢ < 7,0 <60 < 27, where r = || X||, ¢ = £Xo0z,0 = £LX oz with X’
the projection of X in the plane zoy are parameters with r = a/(1 + e cos ¢) hold

for some constants a, . Whence,

X1(t) = GM, / ( / %dt) dt and Xo(t) = —GM, / ( / %dt) dt.

Notice the additivity of gravitation between particles. The gravitational action
of particles H;, Py, ---, P, on & can be regarded as the respective actions of
P, Py, Poon P, such as those shown in Fig.5.4.

Fy Fy F,

Q

Fig.5.4

Thus we can establish the differential equations two by two, i.e., &, acts on &, F,
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acts on &, ---, &, acts on & and get a non-solvable differential equation system
. X, — X .
| X — X|

Fortunately, each of these differential equations in this system can be solved likewise
that of m = 2. Not loss of generality, assume )A(Z(t) to be the solution of the
differential equation in the case of &; # &, 1 <i < m. Then

S X;— X
Xty =Y Xit)=G > M,-/(/igdt)dt
PiFP Pt P | Xi - X
is nothing but the position of particle &2 at time ¢ in R3 under the actions of
P, # & for integers 1 < i < m, i.e., its position can be characterized completely

by the additivity of gravitational force.
5.3 Global Stability of Multilateral Matters

Usually, one determines the behavior of a matter by observing its appearances re-
vealed before one’s eyes. If a matter emerges more lateralities before one’s eyes,
for instance the different states of a multiple state matter. We have to establish
different models, particularly, differential equations for understanding that matter.
In fact, each of these differential equations can be solved but they are contradictory
altogether, i.e., non-solvable in common meaning. Such a multilateral matter is
globally stable if these differential equations are sum or prod-stable in all.
Concretely, let Si,S,,---,S,, be m lateral appearances of a matter .# in R?

which are respectively characterized by differential equations
X; = Hi(X;,t), 1<i<m,

where X; € R3, a 3-dimensional vector of surveying parameters for S;,1 < i < m.

Thus we get a non-solvable differential equations
X =Hi(X,t), 1<i<m (DES},)

in R3. Noticing that all these equations characterize a same matter .#, there must

be equilibrium points X* for all these equations. Let

Hi(X,t) = H(X*)X + Ri(X™),
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where ' ' '
PR R

h[i] h[i] . h[i]

HZ/(X*) _ 21 22 2n

pil o pl Rl

is an n x n matrix. Consider the non-solvable linear differential equation system
X =H/(X"X, 1<i<m (LDES})

with a basis graph G. According to Theorem 3.6, if

[R:(X)]]

LI S L
Ix[—x || X]]

for integers 1 < i < m, then the G-solution of these differential equations is asymp-
totically sum-stable or asymptotically prod-stable on G if each Real[:] < 0 for all
eigenvalues oz,[j} of matrix H/(X*), 1 <i < m. Thus we therefore determine the be-
havior of matter .Z is globally stable nearly enough X*. Otherwise, if there exists
such an equation which is not stable at the point X*, then the matter .# is not
globally stable. By such a way, if we can determine these differential equations are
stable in everywhere, then we can finally conclude that M is globally stable.

Conversely, let .# be a globally stable matter characterized by a non-solvable
differential equation

X = Hy(X,t)

for its laterality S;, 1 < i < m. Then the differential equations
X =H(X,t), 1<i<m (DES})

are sum-stable or prod-stable in all by definition. Consequently, we get a sum-stable
or prod-stable non-solvable differential equation system.
Combining all of these previous discussions, we get an interesting conclusion

following.

Conclusion 5.2 Let .#°°, 7 be respectively the sets of globally stable multilateral
matters, non-stable multilateral matters characterized by non-solvable differential

equation systems and DE, DE the sets of sum or prod-stable non-solvable differential
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equation systems, not sum or prod-stable non-solvable differential equation systems.
then

(V) VA € #% = I(DESL) € 9&;
@)Vt € 74 = IDESL) € Té.

Particularly, let .4 be a multiple state matter. If all of its states are stable,
then A is globally stable. Otherwise, it is unstable.
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