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PREFACE

In this book the authors introduce a new type of dual numbers
called special dual like numbers.

These numbers are constructed using idempotents in the
place of nilpotents of order two as new element. That is
X = a + bg is a special dual like number where a and b are reals
and g is a new element such that g* =g. The collection of special
dual like numbers forms a ring. Further lattices are the rich
structures which contributes to special dual like numbers. These
special dual like numbers x = a + bg; when a and b are positive
reals greater than or equal to one we see powers of x diverge on;
and every power of x is also a special dual like number, with
very large a and b. On the other hand if a and b are positive
reals lying in the open interval (0, 1) then we see the higher
powers of X may converge to 0.

Another rich source of idempotents is the Neutrosophic
number I, as I* = I. We build several types of finite or infinite

rings using these Neutrosophic numbers. We also define the



notion of mixed dual numbers using both dual numbers and
special dual like numbers. Neither lattices nor the Neutrosophic
number [ can contribute to mixed dual numbers. The two
sources are the linear operators on vector spaces or linear
algebras and the modulo integers Z,; n a suitable composite
number, are the ones which contribute to mixed dual numbers.

This book contains seven chapters. Chapter one is
introductory in nature. Special dual like numbers are introduced
in chapter two. Chapter three introduces higher dimensional
special dual like numbers. Special dual like neutrosophic
numbers are introduced in chapter four of this book. Mixed dual
numbers are defined and described in chapter five and the
possible applications are mentioned in chapter six. The last
chapter has suggested over 145 problems.

We thank Dr. K.Kandasamy for proof reading and being
extremely supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this book the authors for the first time introduce the new
notion of special dual like numbers. Dual numbers were
introduced in 1873 by W.K. Clifford.

We call a number a + bg to be a special dual like number if
a,b e R (or QorZ, or C) and g is a new element such that

g=g
We give examples of them.

The natural class of special dual like numbers can also be
got from (Z UI)={a+bl|a,b e Z I*=1, I the indeterminate}
{Quor{Z,ulor{RUI)or(Cul).

Thus introduction of special dual like numbers makes one
identify these neutrosophic rings as special dual like numbers.

Apart from this in this book we use distributive lattices to
build the special dual like numbers.

ForS={a+bg|a,be Randg e L, L alattice} paves way
to a special dual like number as g N g =g and g U g = g that is
every element in L is an idempotent under both the operations
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on L. However if we are using only two dimensional special
dual like numbers we do not need the notion of distributivity in
lattices. Only for higher dimensional special dual like numbers
we need the concept of distributivity.

Further the modulo numbers Z, are rich in idempotents
leading one to construct special dual like numbers.

We in this book introduce another concept called the mixed
dual numbers. We call x = a; + a,g; + a3g,, a;, a5, a3 € Q (or Z
or C or Z, or R) and g, and g, are new elements such that g’ =

0 and g> = g, with g;g; = g&,g, = 0 (or g; or g, ‘or’ used in the
mutually exclusive sense) as a mixed dual number.

We generate mixed dual numbers only from Z,. However
we can use linear operators of vector spaces / linear algebras to
get mixed dual numbers.

Study in this direction is also carried out. We construct
mixed dual numbers of any dimension. However the dimension
of mixed dual numbers are always greater than or equal to three.
Only Z,’s happen to be a rich source of these mixed dual
numbers. We have constructed other algebraic structures using
these two new numbers.

For more about vector spaces, semivector spaces and rings
refer [19-20].



Chapter Two

SPECIAL DUAL LIKE NUMBERS

In this chapter we introduce a new notion called a special
dual like number.

The special dual like numbers extend the real numbers by
adjoining one new element g with the property g° = g (g is an
idempotent). The collection of special dual like numbers forms

a particular two dimensional general ring.

A special dual like number has the form x = a + bg, a, b are
reals, with g = g; g a new element.

Example 2.1: Letg=4 € Z,a,be Ranyrealx=a+bgisa
special dual like number

x* = (a+bg) (a+bg)=a’+ (2ab + b))g
= A + Bg (using g* = g) only if 2a = —b (as b = 0).

If b = —2a then we see x = a — 2ag and x° = a’ + (4a’ — 4a’)g
= a’ only the real part of it.
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However if x =a + bg and y = ¢ + dg, xy # bg for any real a,
b,c,dinRorQorZasa#0b=#0,c#0andd=0.

We just describe the operations on special dual like
numbers.

Suppose x =a; + bjg and y = ¢; + d,g then
x*y=(a; £¢c;)+ (b; £dy)g, the sum can be a special dual like
number or a pure number. If a; =+ ¢, then x £y is a pure part
of the special dual like and is of the form (b; = d;)g.

If b, =% d; then x £ y is a pure number a; % c;.

We see unlike dual numbers in case of pure part of dual like
number the product is again a pure dual number as g* = 0; where
as in case of dual number the product will be zero as g* = 0.

We will show by some simple examples.

Let g =5 e Z;, we see g° = g. Consider x = 7 + 6g and
y =—7 + 3g any two special dual like numbers.

x+ty=9gand x —y =14 + 3g so x + y is a pure dual
number where as x — y is again special dual like number. Now
take x =7 + 6g and y = —7 + 3g we find the product of two
special dual like numbers.

xxy=(7+06g)x(-7+3g)
=49 -42g+21g+ 188" (- g=¢g)
=—-49 — 3g is again a special dual like number.

This if x =a + bg and y = ¢ + dg be any two special dual like
numbers then x x y = (a + bg) (c+dg) = ac + beg + dag + bdg’
=ac+ (bc +da bd)g.

Now the product of two special dual like numbers can never
be a pure dual number for ac # 0 as a and ¢ are reals.
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The product xy is a real number only if bc + da + bd = 0,
that is

c+d=_—da or
b

aH—b=_—bC
d

For (3 +2¢g) (5§ —2g) =15 so that it is a pure real number.

THEOREM 2.1: Let x = a + bg be a given special dual like
number where g*> = g; a, b € R. We have infinitely many

y = c+dg such that xy = real and is not a special dual like
number.

The proof is direct.
However for the reader to follow we give an example.

Example 2.2: Let x =3 + 5g where g =3 € Z¢ be a special
dual like number.

Lety=a+bg(a,b € R), suchthatxy=A +0g

Consider x x y = (3 + 5g) (a + bg)
=3a+ 5ag + 3bg + 5bg
=3a+g(5a+ 8b)

Given 5a + 8b = 0 so that we get 5a = —8b we have infinite
number of non zero solutions.

Thus for a given special dual like number we can have
infinite number of special dual like numbers such that the
product is real that is only real part exist.

Further it is pertinent to mention the convention followed in
this book.
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Ifx=a+bg (g=g’)a, b e R we call a the pure part of the
special dual like number and b as the pure dual part of the
special dual like number.

THEOREM 2.2: Let x = a + bg be a special dual like number
(a, b € R\ {0}) then for no special dual like number y =c¢ + dg;
¢, d € R\ {0}; we have the pure part of the product to be zero.
That is the pure product of xy is never zero.

Now we see this is not the case with ‘“+’ or ‘.

Forif x =-7 + 8gand y = 7 — 5g be two special dual like
numbers then x +y = 3g, this special dual like numbers sum has
only pure dual part and pure part of x +y is 0.

However for a given x = a+bg we have a infinitely many
y = ct+dg such that x +y =0 + (b+d)g. This y’s are defined as
the additive inverse of the pure parts of x and vice versa.

Similarly if x =3 — 5g and y = 8 + 5g be any two special
dual like numbers we see x +y = 11 — (0) g that is x + y is only
the pure part of the special dual like number.

Thus we have the following to be true. For every x =a + bg
there exists infinitely many y; y = c+dg such that x + y = (a + ¢)
+ (0)g these y’s will be called as additive inverse of the x.

Now for a given special dual like number x = a + bg we
have a unique y = —a — bg such that x + y = (0) + (0)g. Thisy is
unique and is defined as the additive inverse of x.

Inview of all these we have the following theorem the proof
of which is left as an exercise to the reader.

THEOREM 2.3: Let x = a + bg be a special dual like number
9°=g (a,b eRorQor2).
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(i) we have infinitely many y =d + (-b)g; d € R\ {0, —-a}
such thatx +y =a + d + (0)g pure part.

(ii) for x = a + bg are have infinitely mayy=-a+dg, d
R\ {0, -b} such that x + y = 0+(b+d)g, the pure dual
part.

(iii) for a given special dual like number x = a+ bg we have
a unique y = —a —bg such that x + y = (0) + (0)g. This
y is defined as the additive inverse of x.

Now we proceed onto give some notations followed in this
book.

R(g) ={a+bgla,beR; g’ =g},

Q(g) ={a+bgla,beQ g’ =g},

Z(g) ={a+bgla,be Zand g’ =g} and
Z.(g)={a+bg|abe Z, g’ =gandpaprime}.

Following these notation we see that
R(g) = {collection of all special dual like numbers}.

Clearly R < R (g) (Q(g) or Z(g) or Z,(g), n a prime and
2
g=9.

THEOREM 2.4: R(g) ={a + bg | a, b € R where g = g} be
Zn(g) the collection of special dual like numbers, R(g) is an
abelian group under addition.

The proof is direct and hence left as an exercise to the
reader.

Now we just see how product x occurs on the class of
special dual like numbers.

Let x =a + bg and y = ¢ + dg be any two special dual like
numbers. xy = ac + (ad + bc + db)g, we see ifa, b, ¢, d €
R\ {0}, xy # (0) for all X, y € R(g). If a or ¢ = 0 then xy = bdg
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# (0). If bord=0 then xy =ac # (0). Thus xy # (0) whatever
bea,b,c,d € R\ {0}. However in the product xy the pure dual
part can be zero if ad + bc + db = 0.

Thus if 3 + 2g = x is a special dual like number then the
inverse of X is a unique y such that xy =1+ 0 (g). Thatisy =
1/3 — 2/5g is the special dual like number such that xy = (3+2g)
(1/3 -2/15g)

1, 29 32 2.29
= 3 X — + — — _g_ _
3 3 15 15

But all elements in R(g) is not invertible. For take 5g €
R(g) we do not have a y in R(g) such that y x 5g = 1. Hence
only numbers of the for x = a + bg with a, b € R\{0} has
inverse. If b =0 of course x € R has a unique inverse. If a +
bg, a # —b then only we have inverse.

Inview of all these observations we have the following
theorems.

THEOREM 2.5: Let R(g) (or Q(g)) be the collection of all
special dual like numbers.

(i) Everyx e{a+bg|a b eR\{0}and g° =g, a =-b}has
a unique inverse with respect to product x.

(ii) R(g) has zero divisors with respect to x.

(iii)x e {bg | b € R\ {0}, g = g} has no inverse in R(g).
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The proof of this theorem is direct and need only simple
number theoretic techniques. All element a — ag are zero
divisors for (a — ag)g =ag—ag=0.

THEOREM 2.6: Let R(g) (Q(g) or Z(g)) be the collection of all
special dual like numbers (R(g), x) is a semigroup and has zero
divisors.

This proof is also direct and hence left as an exercise to the
reader.

THEOREM 2.7: Let
(R(@), x +)={a+bg|ab eR,g°=g, x +}. {R(9), x +)
is a commutative ring with unit 1 =1 + 0.g.

This proofis also direct.

Corollary 2.1: (R(g), +, x) is not an integral domain.

We can have for g matrices which are idempotent linear
operators or g can be the elements of the standard basis of a
vector space.

We will illustrate these situations by some examples.
Example 2.3: Let

R(g)={a+bg|g=(1,1,0,0,1,1,0,1);a,b € R}

be the general ring of special dual like numbers.

Example 2.4: Let

1010
Q(g)={a+bg|g=(1 Lo J,

1 010 beQ
Xn 8= >4, €
878 1 1 01

be the general ring of special dual like numbers.



18 | Special Dual like Numbers and Lattices

Example 2.5: Let

Z(g)={atbg|g=

—_— O = OO =

1

0
,gxpg=|1|,a,beZ}

0

1

be the general ring of special dual like numbers.

Example 2.6: Let

1 0 10 10
Zs(g)={a+bg|gxg=(0 O]X(O 0]=(0 OJ}

is the general ring of special dual like numbers. Zs(g) has zero
divisors, for 1 + 4g, g € Zs(g) and g(1+4g) =g+ 4g=5g=0
(mod 5) as g* = g.

Example 2.7: Let
Zi(g)={at+bgla,beZ;,g=(111101100)}
be a general ring of special dual numbers.

(1+10g)g=g+ 10g=0 (mod 11). Thus g is a zero divisor
n Z]](g)

Inview of this we have the following theorem.

THEOREM 2.8: LetZ,(g) ={a+bg|g’=ganda b eZ}bea
general ring of special dual numbers. Zy(g) is of finite order
and has zero divisors.

Proof: Clearly order of Z,(g) is p® and for 1 + (p-1)gand g €

Z,(g) we have (1+(p-1)g)g = g + (p-1)g = 0 (mod p) as g* = 0.
Hence the claim.
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Suppose t + rg and g are in Z,(g) with t + = p = 0 (mod p)
we see (t + rg) g =tg + rg = 0 (mod p). It is pertinent to note
that in R(g) all element of the form a — ag, a € R\ {0} are zero
divisors for (a—ag) x g =ag—ag=0as g* = 0.

Inview of all these we have the following result.

THEOREM 2.9: Let R(g) (Z(g) or Q(g) or Z,(g)) be general
special dual like number ring. R(g) has zero divisors and infact
g is a zero divisor.

Proof: We know a —ag € R(g) where a € R\ {0}.

Weseeg e R(g)(as1-g=g.l =g)(a—ag)g=ag—ag=0
as g = 0. Hence the claim.

Now we have the following observations about special dual
like number general rings.

Example 2.8: Let Z:(g)={a+bg|g=(1,1,0,1,0),a,b e Z;}
be a ring of 7* elements. Z(g) is the general special dual like
number ring.

Consider S = {1 + 6g, 6+g, 2+5g, 5+2g, 3+4g, 4+3¢g, 0} is a
subring of Z,(g). Clearly 1 + 6g € S is an idempotent of S as
(1+6g)* = 1+6g+6g+36g (mod 7).

=1+6g+6g+g=1+06g.

Infact 1 + 6g generates the subring as

1+6g+1+6g=2+5g (mod?7)
1+6g+2+5g=3+4g (mod 7)
3+4g+1+6g=4+3g(mod7)
4+3g+1+6g=5+2g(mod?7)
5+2g+1+6g=6+g (mod7)
6+g+1+6g=0(mod7).

Hence 1 + 6g generates S additively.

Infact 1 + 6g acts as the multiplicative identity.
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For (1+6g) (s) =s forall s € S.

Consider P = {0, g, 2¢g, 3g, 4g, 5g, 6g} < Z+(g). It is easily
verified P is also a subring and g acts as the multiplicative
identity.

For 2g x 4g = g (mod 7)
3gx5g=g(mod7)
6g x 6g =g (mod 7).

So 2g is the inverse of 4g with g as its identity and so on.

Likewise in S we see for (2+5g); (4+3g) is its inverse as
(2+5g) (4+3g) = 1+6g.

(6+g) (6+g) =1 + 6g.
(5+2g) 3+4g) =1+ 6g
So for 5 + 2g; 3 + 4g is its inverse.

We see the subrings S and P are such that

SxP={sp|foralls € Sand p € P} = {0}. We call such
subrings as orthogonal subrings. Infact these two are fields of
order 7 and infact their product is zero.

Let M= {1 + g, 2+2g, 3+3g, 4+4g, 5+5g, 6+6g, 0} < Z(g).
M is an abelian group under addition how ever it is not
multiplicatively closed.

For (I+g)’=1and 1 ¢ M.

Also (1+g)*=1+3g ¢ M.

(3+2g)’ = 1 and (2+2g)* =4 + 5g ¢ M.
(3+3g)* =2+ 6g ¢ M.

(3+3g)’ =6 ¢ M.

(4+4g)° =2+ 6g ¢ M.

(4+4g)’ =1.

(6+6g)° =6 ¢ M.
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Consider 4 + 5g € Z+(g)
(4+5g)° = 2+2g
(4+5g°=1.

For 5 + 4g € Z;(g) we have 3 + g € Z4(g) is such that
(5+4g) (3+g)=1 (mod 7).

Thus Z,(g) has units subrings, orthogonal subrings and zero
divisors.

Example 2.9: Let Zs(g) ={a+bg|5=g € Zy, a, b € Zs} be
the general ring of special dual like numbers.

Take S = {O’ 1+4g9 2+3g9 3+2ga 4+g} - ZS(g)> Sisa
subring of Zs(g).

M= {0, g, 2g, 3g, 4g} < Zs(g) is also a subring of Zs(g).

Take P= {0, 1, 2, 3, 4} < Zs(g) is a subring.
P is not an ideal of Zs(g). M is an ideal of Zs(g).

Consider the subring T generated by 1 + g; T = {0, 1+g,
2+2g, 3+3g, 4 + 4g, 1+3g, 4+2g, 2+4g, 3+g, 142g, 1, 2, 3, 4,
2+g, 3+4g, 3¢g, g, 2g, 4g, 1+4g, 4+g, 2+3g, 3+2g, 4+3¢}.

Now in view of these two examples we have the following
result.

THEOREM 2.10: Let
Zy(9) ={a+bg|a,b €Z, paprime, g° = g}
be the general ring of special dual like numbers.

(i) S={0,9, ..., (p-1)g} = Zx(9) is a subring of Z,(g) which is
also an ideal of Z,(a).

(i) T=A{0,1, 2, ..., p-1} Z, = Z,(9), is a subring of Z,(g) which
is not an ideal.
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(i)P={a+bg|a+b=0(modp), a b eZ(9) \{0}} = Z,(9)
is a subring as well as an ideal of Z,(g).

(iv) As subrings (or ideals) P and S are orthogonal P.S. = (0).
P nS={0}butP +S =Z,(9).

The proof is direct and hence is left as an exercise to the
reader.

Consider R(g) = {a + bg | a, b € R; g the new element such
that g* = g} ; the general ring of special dual like numbers.

R the set of reals. Taking the reals on the x-axis and g’s on
y axis we get the plane called the special plane of dual like
numbers.

Suppose —4 — 3g, 2—g, —4+4g and 5+3g are special dual like
numbers then we plot them in the special dual like plane as
follows.
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® +4¢

G :

h g + 2g (533)
lg 5+3g

| | | |
-5 4 3 2-10 1 2 3 4 5
®

T8
2,-1)
1 _2g ng
® +-38
(-4,-3)
—4-3g

We call the y-axis as g-axis.

Now consider the line 1-g, 2-2¢g, 3-3g, 4-4g, ..., 0, —1+g,
—2+2g, —3+3g, —4+4g, ..., then this can be plotted as follows:

(_595)
__Sg
(-4.4) 1 4¢
(-3,3) 43¢
(-2,2) +2¢
lg
-L1)
TN
1 4-DNED)
T-3¢g (3,-3)
T-4g (4-4)
{-5g (5.-5)
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We see in this set represented by the line —a+ag and a—ag
for all a € R" every element mg on the g-axis is such that
mg x (—a + ag) = —-mag + mag (as g* = g) = 0.

Likewise mg (a—ag) = 0.

Further the set S = {-a + ag | a € R"} is a subring of R(g)
known as the orthogonal like line of the line {+ mg |m € R} =
P, the g-axis. Further the g-axis is also a subring of R(g).

P.S={0} andP NS = {0}.

This is another feature of the special dual like numbers
which is entirely different from dual numbers.

Now we proceed onto explore other properties related with
special dual like numbers.

We can have special dual like number matrices where the
matrices will take its entries from R(g) or Q(g) or Z(g) or Z,(g).

Now we can also form polynomials with special dual like

a; € R(g)}; R(g)[x]is a

number coefficients R(g) [x] = {Z a.x'
i=0

ring called the general ring of polynomial special dual like
number coefficients.

Now we will illustrate how special dual like number
matrices with examples.

Example 2.10: Let

M= {(a;, a, a3, a4, as) | a;=x; + yig € R(g); g =g, 1 <i<5}
be the collection of row matrices with entries from R(g) M will
be also known as the special dual like number row matrices.

We can write Ml = {(Xla X2, X3, X4, XS) + (YI, Y2, Y3, Y4, YS)g |
X, yi € R; 1 <i<5and g’ =g}. Clearly both are isomorphic as
general ring of special dual like numbers.
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IfA=(5+2g,3-g, 4+2¢g, 0, 1+g) and
B=(8+g,3g, 0, 4+g, 1+3g) are in M then

A:(Sa 35 45 05 1)+ (25715 2’ 09 l)g € Ml-
B=(8,0,0,4,1)+(1,3,0,1,3)g € M.

Now A + B = (13+3g, 3+2g, 4+2g, 4+g, 2+4g)
=(13,3,4,4,2)+ (3g, 2g, 2g, g, 4g).

AISOA+B:(5,3,4,O, 1)+(8;030749 1)+
[(29 _19 25 07 1) + (1’ 3’ 0’ 14)]g
= (13, 3, 4, 4, 2) + (3, 25 25 19 4)g

Wesee A+B e M (M)).
Now A x B=(40,0,0,0,1)+(2,-3,0,0,

0,0, 3)
(5,9,0,0,3)g+(16,0,0,0, 1)
=(40,0,0,0,1)+(23,6,0,0,7)

gt
g.

Now A x B=((5 +2g) (8 +g), (3—¢g)3g,

(4+22)0, 0 x (4+g), (1+g) (1+3g))
= (40 + 23g, 6g, 0, 0, 1+7g).

Thus both ways the product is the same. (M (M,), +, x) is
the general ring of special dual like numbers of row matrices.

Example 2.11: Let

1 0
M= ai=xi+yig,xi,yieQ;1£i£6andg=(0 OJ}

be the general ring of special dual like number column matrices.
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_3+8g_ i 2g |
—2+g -4
1+4g 0
Let A= and B=
0 6+g
—-8g l1-g
| 6 | | —5+2g |

be any two elements in M.

[3+10g |
—-6+¢g
1+4g

A+B= e M.

6+¢g
1-9¢g
_1+2g_

[ 3+8g)2g | [ 22g |
(2+g)-4 —-8-4g
1+4 0 0

AxB= (I+4g)x =
0x(6+g) 0
—8g(1-¢g) 0
|6x(=5+2g)| |-30+12¢g]

Now A can be represented as
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3 8
-2 1
A= (1) + 3 g and B is represented as
0 -8
_6_ _0_
07 T2
—4 0
B= 0 + 0 g.
6 1
1 -1
__5_ _2_
[3fo] [8] 2]
-2 || -4 1|0
L]0 4101,
Now AB = + g+
01 6 011
01 1 -8 -1
16 ]-5] |0 2]
(3721 [8]0]
=21 0 1|4
1|0 41410
011 g+ 01 6 8
0 || -1 =8| 1
| 6] 2] L0 || -5]
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0] [16+6+0]
8 0+0-4
0 0+0+0
- n g
0 0+0+0
0 8+0-8
|=30] |[0+12+0]
0 ] [22]
8 —4
o 0
| o + g.
0
| =30 |12 ]

Thus we see we can write

[3+8g] [3 8
2+g -2 1
1+4g 1 4
A= = + g.
0 0 0
—8g 0 -8
. 6 | [6] 0]

Both the representations are identical or one and the same.

Now we give examples of a general ring of special dual like
number square matrices.
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Example 2.12: Let
S=4la, as a,|| whereai=x;+yg € Q(g) withx;, yi € Q,
1 5 1 0 0 1 1 0 0 1
g = Xn
0 01 10 01 10

100 1 L<icor
= =g 1<i<
o110 °

be the general ring of special dual like number square matrices.

oQ

Il
TN
S -
[e)
- O

[a——

8—¢g 9¢g 0
LetA=|1+5g 2 -3+2g | and
0 -4-g 1+3g

0 2 7+9g
B=| 3-¢g g 5 e S.
-7+2g g+l 0

8—g 2+49g 7+9g
Now A+B=| 4+4g 2+g 2+2g|isinS.
-7+2¢ 3 1+3¢g

Now we can define two types of products on S, natural
product x, and usual product x. Under natural product x,, S is a

commutative ring and where as under usual product x, S is a
non commutative ring.

We will illustrate both the situations.
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A x, B=B x, A for all A, B € S. Thus (S, +, x,) is a
commutative ring.

Now we find A x B=

8—gx0+9gx3—-g+0x-7+2g 8—gx2+9gxg+0xg+1
1+5gx0+2x3—g+-3+2gx—T7+2g 1+5gx2+2g+-3+2gxg+1
0x0+-4—-gx3—g+1+3gx—T7+2g Ox2+4—-gxg+1+3gxg+l

8—gxT+9g+9gx5+0x%0
1+5gx7+9g+2x5+-3+2gx0
O0x7+9g—-4—-gx5+1+3gx0

18¢g 16+7g 56+101g
=| 27-18g —1+13g 17+89g | isinS.
-19-11g 1+2g -20-5g

Clearly A x B # A x, B, further it is easily verified
AxB#BxA.

Now we can write A as

8—¢g 9¢g 0
A=|1+5g 2 -3+2¢g
0 —4-g 14+3g

8 0 0) (-1 9 0
=11 2 3/+|5 0 2|g
0 -4 1 0 -1 3

0 2  7+9g
andB=| 3-¢g g 5
-7+2g g+l 0
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i

1
0

0 27 (0 009
0 5(+|-1 1 0lg.
10/ l2 10

:

Now A x, B

8 0 0
0 3
—4

1
0

0 09
x| -1 1 0lg+

2 10
an{

1

{

9 0
0 2
3

-1

5
0

|

9 0) (0 0 9
0 2(x|-1 1 0lg
-1 3 2 10

-1

5
0

0 0
2 0|g+
-4 0

0

L
H

2
—4

0 o0
3
0

|
|

0 0
0 Olg
-1 0

0
-5
0

18 0
10
0

0
15 0
0

-1
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0 0
3 2
0 —4

0) (0 18 0
~15]+]9 2 10]g
0) 10 -6 0

Now both way natural products are the same

AxB=
8 0 O 0 2
I 2 -3|x/3 0
0 4 1 -7 1
-1 9 0 0 2
5 0 2|x{3 0
0 -1 3 -7 1
0 16
=27 -1
-19 1
27
-14
-24
0 16
=27 -1

8
51+ 1
0

56
17 |+
-20

-2 38

0
2
—4

-1

g+ 5

0

0
-8
6

0

3 |x| -1 1

1

9 0

0 09
2 10

0 0

0 2(x|-1 1

-1 3

0 72
-1
-3 0

2 1

9 |g+

-9 9

-9

0|g+

9

0lg
0

12 35|g+| 4 2 45|g

3

56
17

-5

18

7 2 0

7 101

+|-18 13 89 |g

-20

-11

2 =5

is the same as A x B taken the other way.
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Example 2.13: Let

a; = x; T yig € Q(g),

g=3€ZX%,yi€Q; 15110}

be the general ring of special dual like number 2 x 5 matrix.
(P, +, x,) is a commutative ring.

2+ 3 —4+4+2 0
Let A= g g & and
0 5-g 0 1+7g 3-2g

0 8 3-g 0 1+5¢g
I+g 7 0 2+47g -5

be two elements of P.

2+ 3+8¢ -1+ 0 1+6
A+B=( 8 & 8 gJeP.

l+g 12-g 0 3+14g 2-2g
Ax,B=

0 24g —4+2gx3-¢g 0 gx1+5g
0 5—-gx7 0x0 1+7gx2+7g 3-2gx-5

(0 24g  -12+8g 0 6g
0 35-7g 0 2+70g —15+10g)

Now A can also be written as

23 400 1 0 2 0 1
A= + g and
05 0 13 0 -1 0 7 =2
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0 0
B=
[17

30l+08
0 2 -5 1 0 0

23 4 00
Now A x, B= X
05 0 1 3

-4 0 0 0 8 -1 05
X +
0 1 3 1 0 0 70

23
0 5

1 0
0 -1
0 0
0 35

0 0
0 35

0 0 6 0 1 0 0
gt
0 -7 0 14 10

-12 0 0 0 24 8 0 6
+ g.
0 -7 0 70 10

2 0 1 0030
X
0 7 2 1 7 0 2

0 s
7 0%

30 1
J’_
02—5]

1+
_Sg

2 0 1 0 8 05
x g
07—2J[10070)

0 2 -15

0 2 -15

-12 0 O 024 4 0 0
+ g+
] (o 0 07 0]

2 0 5
00 0 49 0)°

We use the second method for the simplification is easy.
Thus we see both are the equivalent way of representation.

Now having seen examples of general ring of special dual
like number matrices we now represent when the entries are

from Z,(g).
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Let

Zyg) ={atbg|a beZ, gisanew element such that

g” = 0} be the general modulo integer ring of special dual like
numbers.

We now give examples of them.

Example 2.14: Let
12 0 O
V{+b01212 beZs,12eZ
=1Ja a, (S s € 5
12 12 12 ’ 132
12 0 12

12 is the new element as 127 = 12 (mod 132)}

be the general modulo integer ring of special dual like numbers.
V is finite, that is V has only finite number of elements in it.

Example 2.15: Let

S = {(ala a, 33) + (bla b2, b3)g | a;, b] € 2119

30
1Si,j£3,g=(0 3} where 3 € Zy}

be the general modulo integer ring of dual numbers.

Suppose

30
x=(3,7,2)+(5,10,0) {0 3} and

30
y=(8,2,100+(3,4,2) {O 3} e S.
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We see

30
x+y=(0,9,1)+(8,3,2) {0 3} and

30
xxy= (3,7,2)(8,2,10)0+(3,7,2) (3,4, 2) {O 3}+

(5,10, 0) (8, 2, 10) 300,
b b 2 b 0 3

3 0[[3 0
(5,10,0) (3,4, 2) o 3llo 3

=(239)+(964)F 0%
7 70 3

7,9,0 3()-i-O()()
(,7)03 (0,0,0)

= (239)+(544){3 0}
7 770 3]

Thus S is a ring of finite order and of characteristic eleven.
S has zero divisors, units, subrings and ideals.

30
Take I = {(a, 0, 0) + (a, 0, 0) {0 3} aeZy}tcS, lisan
1deal of S.

30
Consider M = {(a, 0, 0) + (0, b, 0) x [O 3} la,beZ;}cS

is only a group under ‘+’ of S.
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30
Forx=(a, 0,0)+ (0, b, 0) {0 3} and

30
y=(c,0,0)+(0,d,0) {0 3} we havex +y € M.

30
Butx xy=(a, 0,0)(c, 0,0)+(a, 0,0)(0,d,0) x {0 3} +

3
(0,b,0) (c, 0,0) 0 +

0 3

(3 {3 0}
(0,b,0)(0,d, 0) 0

= (ac, 0, 0) + (o, bd 0)[3 O}
o 770 3]

M is only a subring as M is a semigroup under ‘+’.

30
Take z = (X, X2, X3) + (Y1, Y2, ¥3) {O J

(ax,, 0, 0) + (ay}, 0, 0) >0 +(0, x2b, 0) -
now xz = (ax,, 0, ayy, 0, , Xob,
1 Y1 0 3 2 0 3
30
= (ax, 0, 0) + (ayj, x;b, 0) L) 3]

Clearly xz ¢ M. Thus M is a subring and not an ideal of S.

30
Letx = (0, a, 0) + (b, 0, 0) [0 3}
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3.0
andy = (0, 0, ¢) + (0, 0, d) [0 3}

30
be in S. Clearly x x y =(0, 0, 0) + (0, 0, 0) {0 3} =0.
Thus x, y are zero divisors in S for different a, b, ¢, d € Z;;.

30
However we compare this with [0 3} where 3 € Zs.

Clearly
30
T = {(ai, a, a3) + (by, by, b3) 0 3 where a;, bj € Z,
1<1,j<3,3 € Zgso that
30 30 30
X =

0 3 0 3 0 3

is a general ring of special dual like numbers.

30
Now consider P = {(a, 0, 0) + (b, 0, 0) {0 3} a,beZ,}cT.

Is P is an ideal of T?

Now (P, +) is an abelian group.

(P, x) is a semigroup. So (P, +, x) < (T, +, x) is a subring.

30
Consider z = (x4, X2, X3) + (Y1, Y2, ¥3) {O 3} e T and
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30
letx = (a, 0, 0) + (b, 0, 0) {0 3}61).

30
Now xz = (x;a, 0, 0) + (yib, 0, 0) {0 3} +

0030+ b0030
(aYI )03 (Xla:)o3

30
= (x;a, 0, 0) + (y;b +ay, + x;b (mod 11), 0, 0 {o 3} eP

has P is an ideal of T.

Consider
30
N={(x,0,0)+(0,y,0) 0 3 wherex,y € Z;;} c T.

Is N an ideal of T?
We see (N, +) is an additive abelian group.
Further (N, x) is a semigroup under x.

However for s € T and n € N we see sn ¢ T, that is if

s = (X1, X2, X3) + (Y1, Y2, ¥3)

andn=(x,0,0)+(0,y,0)
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30
Then sn = (x;x, 0, 0) + (xy1, 0, 0) [0 3} +

0 030+0 030
[aXZY9]O 3 (9yy2a)0 3

30
= (x1x 0 0) + (xy1, X2y + yya, O)X[O 3} # N.

Thus N is only a subring and not an ideal of T.

Thus we have compared how the general ring of special
dual like numbers and general ring of dual number behave.

Example 2.16: Let

al bl
a2 b2
M= <|a, |+|b; [(4,9,0,4,9) 4,9 € Z,; and
a, b,
[as | [bs]

bi, a; € Zlg, 1 SI,JSS}

be a general ring of special dual like numbers.

We just show how this has zero divisors under the natural
product x, of M.

M is finite and M has zero divisors and M is commutative.
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BN = O W
+
W = N B~ W

Further if x = 4,9,0,4,9) € M then

o] ([15] [15] [6]

0 0 0| |16

X=|1|+[| 2]+ 2|+ 4]|x(49,0,4,9)

4 2
6] ([12] [12] | 9]

9] [17]

0 16
=[1|+|8|(4904,9) M.

4 5

16] | 14]

(4,9,0,4,9)

—_ o O N O

1

2
Supposey=|0| +

3

0

and z= (4,9,0,4,9)are in M, then

~N O = O O
+
S Db = O W
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1] Jo] [1] [3]
2 0| |2 0
xz=|0|x |1[+|0]x |1]|(4,9,0,4,9)
3 0| |3 2
o] [7] [o] [oO]
0] [o] 0] [3]
2 0 2 0
+10(x | 1](4,9,0,4,9+|0|x,[1[(4,9,0,4,9)
0 0 0 2
1] 7] 1] (0]
4,9,0,4,9)

Il

S O o o O
+

S N O O W
+

N O O O O
+

oS O o o O

3

0
=10|(4,9,0,4,9) e M

6

7

has no pure part only pure special dual like number part.
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4,9,0,4,9)

S O O O W

0

0
Considerx = | 4 |+

0

0

andy = (4,9,0,4,9) € M.

- o O o O
+
S W o O O

We see xy = 4,9,0,4,9)+

o o ~h o o
X

- o o o ©
J’_

o o ~h o o
X

o w o o o

(4,9,0,4,9)

S O O O W
X
=

—_ o O O O

5
0
(4,9,0,4,9)+ | 0 | x,
0
0

S W o o O

(4,9,0,4,9) € M.

Il

S O o o O
+

S O o o O
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Thus M has zero divisors.

We can easily verify M has ideals and subrings which are
not ideals.

Example 2.17: LetS=

N
(o)

o
B
S
wn
[
(=)}
S o o
B
c o o
wn
c o o
(=)}

a;, bj € ZZa 4:

N
o0
=)

o
o
o

12

S O O

9 ele, ISI,_]SIQ,}

be a commutative general ring of special dual like numbers.

_[4]
1 00 1 11 9
01 1 010
Suppose x = + 0| and
1 01 0 1 1 4
010 1 00
__0_
4]
0 11 1 00
9
I 11 1 11 i
y= + 0| arein S.
1 11 1 10 4
0 01 0 1 1
_0_
4]
1 11 0 11
9
1 0 0 1 01
Weseex+y= + 0].
0 1 0 1 01 4
0 1 1 1 11
_O_
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X X,y =

This general ring has zero divisors, subrings which are not

1deals and ideals.
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Example 2.18: Let

b, b;||4 0 9 0
V=4la, a; ag|+|b, by bg|{|0O 4 0 9]||a,beZ,
a, ay a, b, b, b, |0 4 9 0

1Si,j$9,4,9€212}

be a non commutative general ring of special dual like numbers

Here
4 0 9 0
g=|0 4 0 9| with4,9 € Z;; and
0490
4 0 90 4 0 90
g=gx,g=|0 4 0 9[x,|0 4 0 9
0490 0 490
4 0 90
=10 4 0 9|=¢g
049 0

is the new element that makes special dual like numbers.
31 2 21 04090

Nowletx=|0 1 4|+|0 1 4(x{0 4 0 9

1 00 0 0 5110 4 9 0

0 1 024090
6|+/0 1 O|x/0O 4 0 9|beinV.
3

2 1
andy =1 0
0 1 4 0 1|0 4 9 0
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S o O

(o) e NN

SHA

< o O

(9 I e}

— O O

Nowx +y

S O on
—_— O -

N — O

N F O

—_—— O

3
0
1

Consider x x y

+ +
oo o oo o
AN © o © o
S T =R
<t o O <t © o
_2 (e 1_ _0 O 3_
(= = — O o~
_1 < 4_ _2 - 0_

X X
N T O S < n

—_—— O

on o -

. +
TN

T 1
o oo o © o o
AN O O AN O
o <+ < o < <
< © O _400_
L |

T 1
1 — < A
N O~

—_— o O
S — O

<+ N —
—_ o < 1
] —

+
X

1
1 nn T O
S I n

v o<t
—_— o O

S — AN
N o O |
e —|

S &N O

AN ©

S T <

< © O

<t v —

< © n

< n O

v T O

vt —

S —~ AN
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N T O

-_—— O

on O —

S O on

—_— O e

N — O

{

Consider y x x

S o O

N ©

=S

<t © O

S < n

—_— e O

N O O

N O

S - O

— O <

S o O

AN ©

S < <

< o O

Nt N
—_— — <t

N O —

S o O

AN ©

S < <

<t o O

— N <t

O 0 A

< A o

— N <t
N o

O AN N

Cleary xy # yx, this leads to a non commutative general ring

of special dual like numbers.
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Example 2.19: Let M = {(a;;) + (bj)g | g is a new element such
that g* = g and (ajj) and (b;) are 7 x 7 matrices with entries from
Z;} be a general non commutative ring of special dual like
numbers.

Clearly M is of finite order of characteristic three and has

subrings which are not ideals, one sided ideals, ideals and zero
divisors.

If on M we define the natural product x, then M becomes a
commutative general ring of special dual like numbers.

Next we proceed onto define vector spaces using special
dual like numbers.

Recall if

X = {a+bg| g is a new element such that g = gand a, b € Q},
X is an additive abelian group.

g Whereg2=g,ai,bjeR,lsi,j£4}

is again an additive abelian group.

Let S = {(ai, a3, ..., aj9) + (b, by, ..., big)g | gz =g, a,bje
Qwith 1 <1, j <10} is again an additive abelian group.

a, a, a, || b, b, b,
M=<la; a, ay || by by b, |g g2 =g
a5 Ay ay || bys by b,,

ai,bj € Q, 1 Si,j£21}
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is again an additive abelian group.

a1 a2 a} bl b2 b3
Finally P= {|a, a, a,||b, b, b,|gl =g
a, a; ag|lb, by b

ai,bj (S Q, 1 Sl,_]g9}
is again an abelian group under addition.

Now using these additive groups if define vector spaces
over the appropriate fields then we define these vector spaces as
special dual like number vector spaces. If there is some product
compatible on them we define them as special dual like number
linear algebras.

We will illustrate this situation by some examples.

Example 2.20: Let V = {(a;, a;) + (by, by) where g = 10 € Zs,,
g2=(100)m0d30=10=gandai,bj €Q,1<1<2} bea
special dual like number vector space over the field Q.

V has W = {(a;, 0) + (b, 0) g | a;, b € Q; g =g =10 € Zs}
cVandP={0,a)+(0,b)g|a,beQ;g=g=10€ Zy} cV
as subspaces, that is special dual like number vector subspaces
of V over the field Q.

Clearly W n P = (0) and W + P =V, that is V the direct
sum of subspaces of V.

Example 2.21: Let

a, || b
a2 b2 . .

P=4ql 71 J|glabeQ I<ij<7and
a, || b
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g=(4,9),4,9 € Zp,g" = (4,9)" = (16, 81) (mod 12) =(4, 9)= 9}

be a special dual number vector space over the field Q.

Consider

_31_ —bl_

aZ b2
a3 b3

M;=401|+/0|g|labeQ;1<ij<3,g=(4,9)}cP,

0 0
0 0

L 0 . L 0 _

M, is a special dual number like vector subspace of P over Q.

Let
07 o
0 0
0 0
M,=1la, |[+|b, |gl a,beQ;1<1,j<2,g=(4,9)} cP,
a2 b2
0 0
L _ _0_

M, is a special dual number like vector subspace of P over Q.



52 | Special Dual like Numbers and Lattices

Consider

01 To
0 0
0 0

M;=4]0 |+| 0 |gl a,beQ;1<i,j<2,g=(4,9)} P

0 0
a, b,
a, | |b,]

is a special dual like number vector subspace of P.
Clearly Min M= (0) ifi=#j, 1 <i,j<3.

Further V =M, + M, + M3, that V is a direct sum of special
dual like number vector subspaces of P over Q.

Let
_al_ _bl_
0 0
aZ b2
Nl: 0|+ 0 g alabjeQa1S15JS2’g2(4’9)}gP,
0 0
_al_ _bl_
a2 b2

N2: 0+ 0 g alabJEQ,1S15JS25g:(459)}gP:
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a, b,
0 0
0 0
N;=4la, |+|b, |g| a,bje Q;g=(4,9)1<1,j<2} P,
0 0
0 0
_O_ _O_
"2l [b,]
0 0
0 0
Ny=14/ 0 |+]| 0 |g| a,bjeQ;2=(4,9)1<1,j<2} cPand
a, b,
a, b,
_0_ _0_
"2 [b,]
0 0
0 0
Ns=3| 0|+ 0 |g/ a,beQ;g=(4,9)1<1,j<2} cP
a, b,
0 0
La; ] [bs]

be special dual like number vector subspaces of P.
Clearly P " Pj= (0)ifi#j, 1<1i,j<5.

Further P < Ny + N, + N3 + Ny + Ns. Thus P is a pseudo
direct sum of subspaces of P over Q.
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Example 2.22: Let

4, a4, a, b, b, b,
V=43la, a, ag|+|b, by b,|(3,3,0,3,0) a,b;eQ,
a, ay a, b, by b,

1<1,j<9,3 € Zg}
be a special dual like number vector space over the field Q. V
has subspaces. If on V we define usual matrix product V

becomes linear algebra of special dual like numbers which is
non commutative.

If on V be define the natural product x,, V becomes a
commutative linear algebra of special dual like numbers.

Example 2.23: Let

al a2 a3 bl b2 b3
a a a b b. b
g = 4 5 6 o] 4 5 6 ol a, bj €Q,
b, b, b
a7 aS a‘) 7 8 9
a10 all alZ blO bll b12

1<i,j<12,8=(9,4),9,4 € Z5}

be a vector space of special dual like numbers over the field Q.
S is a commutative linear algebra if on S we define the natural
product.

Now having seen examples of vector spaces and linear
algebras of special dual like numbers we can find basis, linear
operator, subspaces and linear functionals using them, which is
treated as a matter of routine and hence left as an exercise to the
reader.



Special Dual like Numbers and Lattices | 55
Now we proceed onto define semiring of special dual like
numbers and develop their related properties.

For properties of semirings, semifields and semivector
spaces refer [19-20].

LetS={a+bg|a,beR" U {0}, gis the new element, g* = g}.
It is easily verified S is a semiring which is a strict semiring.

Infact S is a semifield. The same result holds good ifin S, R" U
{0} is replaced by Z" U {0} and Q" L {0}.

We will illustrate this situation by some examples.
Example 2.24: LetP={a+bg|a,beZ U {0} g=4,9)
where 4, 9 € Z,, g = (4, 9)* = g} be the semifield of special

dual like numbers.

Example 2.25: Let

3
M={a+bg|la,beQ U{0},g=|3],3ecZs
3

be the semifield of special dual like numbers.

Example 2.26: Let

M= a=x; tyigwherex;,y; e Z"U {0}, 1<i<4,

g is the new element (4, 4) such that 4 € Z,}

be the semiring of special dual like numbers.
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Clearly M is not a semifield for if

a

S o

1

X= andy = are in M then x x, y = (0).

S O O
S O

So M is only a commutative strict semiring.

Example 2.27: Let

S — {al a, .. a6}+{bl b, .. bé}g
a, a; .. a; b, b, .. b,
so that g> = 6 x 6 (mod 30) = 6 = g. a, b e Z U {0}, 1<4,

j < 12} be the semiring of special dual like numbers under
natural product x,,.

6=geZy

S is not a semifield as S has zero divisors.

Example 2.28: Let

al a2 bl b2
a;  dy b3 b4
P=<la;, a,|+|b; b, |g|a,beQU {0},
a, ag b, by
|39 3yp | _b9 blO_

1<1,j<10; g=10 € Zs}

be the semiring of special dual like numbers. Clearly P is a
strict semiring but P is not a semifield as P has zero divisors.
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Example 2.29: Let

al aZ aS
S=4la, a; a,||la=xitygwithg=(4,4,4,4,9,9);
a, ag a,

9,4e€Z,1<i<9;x;,y; € Q+u {0}}

be the matrix semiring of special dual like numbers. S has zero
divisors and S is a strict non commutative semiring under usual
matrix product and a commutative semiring of matrices under
the natural product.

Example 2.30: Let M = {(a;, ay, ..., ag) where a; = x; + y;g with
X,yi€Z, 1<i<6,g=4 € Z;,} U {0,0,0,0,0,0)} bea
semiring of row matrices of special dual like numbers. M is

also a semifield of dual like numbers.

Example 2.31: Now if we take

P=4la; ||witha=xi+ygl<i<5;

Xi, ¥i € Q+U {0}, g=6 € Zs}

be the semiring of column vectors under natural product x, of
special dual like numbers. Clearly P is only a strict semiring
and is not a semifield.

Example 2.32: Let W = {(aj, a5, a3) | a; = x; + y =g with x;, y; €
R, 1<i<3,8=9 € Z;5} U {(0, 0, 0)} be a semifield of special
dual like numbers.
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Example 2.33: Let

S=<{la, a; a,||a=x+ygwithx,y; eR’,

1<i<15} U

oS O o o O
S O o o O
S O O o O

be a semifield of special dual like numbers.

Example 2.34: Let

S=1la, a, a,||la=xit+ygwithx,y eZ U {0},

1<i<15,g=6¢e Zy}

be a semiring of special dual like numbers. S is a strict semiring
but is not a semifield S has non trivial zero divisors.
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Example 2.35: Let

a1 a2 a3
P=<la, a; a4||a=xityigwhereg=3 e Z,
a, a; a,

X, yi € Z°U{0} 1<i,j<9}

be the non commutative semiring of special dual like numbers.

P is not a semifield as P contains zero divisors and P is non
commutative.

Example 2.36: Let

M= 34 35 36 ai=xi+yig, g:4 S le,

X, i € Z+u{0}, 1<1,j<9}

be the commutative semiring of special dual like numbers under

the natural product x,. M is not a field for M contains zero
divisors.

Example 2.37: Let

S=4la, a, a,||a=xtyig g=4 € Zpy,

X, Vi € Z'U{0} 1<i<9} U

S O O
S O O
oS O O
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be the non commutative semiring which has no zero divisors.
Clearly S is not a semifield as the usual product on S is non
commutative.

Example 2.38: Let

S=4la, a, a, ai=xi+yig,g=4eZG,xi,yieQ+,

1<i<9} v

S O O
S O O
S O O

S under the natural product x, is a semifield.

Now having seen examples of semifields and semirings we
wish to bring a relation between S and P. Let

+
S= a4 as 36 ai = Xi+yiga g= 9e ZlZa Xi, ¥i € Q 5

a; 3y a4y
0 00
1<i<9} U 4]0 0 O] and
0 0O
X Xy, X3 Yi Y2 ¥

s KXo |T|Ys Ys Yo |8 XisYi€Q+;

X; Xg Xy Y ¥Ys Yo
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000000
g=9¢eZp 1<i<9uU{l0 0 0[+/0 0 Olg
00 0[ 000

be two semifields under natural product, x,.

We can map f : S — P such that for any A € S in the
following way.

X, ty,g8 X,+Y,8 X;+VY,8
fAA)=1]|X,+y,8 Xs+Y8 X,+Ye8
X7 + Y7g XS + YSg X‘) + Y6g

X Xy X3 Yi Y2 Y
4 Xs Xg|F|Vs Ys Y6 |8
g X Y Y5 Y

f is a one to one map so the semifields are isomorphic, be it
under natural product x, or under usual product, x.

Consider ) : P — S such that

X X

1 2 X3 Yi Y. ¥
NilXy X5 Xe|[T|Ys Y5 Yo |8

X, X3 Xg Y7 Y5 Yo

X tyg8 X +tY,8 X;+Ys8
X, tY,8 Xs +y5g X6 +y6g
X;TY:8 X+ Y8 X9TYe8



62 | Special Dual like Numbers and Lattices

Clearly m is a one to one map of P onto S. P is isomorphic
to S as semifield be it under the natural product x,, or be it under
usual product.

Now we will show how addition and natural product / usual
product are performed on square matrices with entries from
special dual like numbers.

3+2 6+
LetA:{ £ g}

5-7g 1+3g

l+g 3-g 1 3 1 -1
B= = + g.
4+3g 5+12g 4 5 3 2

[3+2g 6+¢g l+g 3-g
X
|5-T7g 1+3g 4+3g 5+2g

Now A x B =

(3+2g)(1+g)+(6+g)(4+3g)
L 5=Tg)(1+g)+(1+3g)(4+3g)

(3+22)3-g)+(6+g)(5+2g) }
(5-72)3-g)+(1+3g)(5+2¢g)
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3+2g+3g+2g+24+4g+18g+3g
5+5g—-T7g—-Tg+4+9g+12g+3g

9+6g—-3g—2g+30+12g+5g+2¢g
15-21g—5g+7g+5+15g+6g+2¢g

_[27+32g 39+20g
| 9+15g  20+4g

9 20] |15 4

Consider

(FHEEC i F

(3 6][1 3 +_' 2 11
5 1][4 5] [-7 3|4

(27 39] (6 11 21
= + +
|9 20 5 -6 8
27 39] [32 20

9 20 [ }

Clearly I and II are the same.

27 39} {32 20}
= + g ... 1
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Now we will find A x, B

[3+2g 6+g l1+g 3-¢
XI]
|5-T7g 1+3g 4+3g 5+2g

[ G+29)1+g)  (6+2)(3-g) }
|(5-7g)(4+3g) (1+3g)(5+2¢g)

[ 3+2g+3g+2g 18+3g—-6g—¢g
| 20-28g—21g+15g S5+15g+2g+6g

[ 3+7g  18-4g
120-34g 5+23g

3 18 7 -4
= + g s
120 5} {—34 23}
3 6 2 1
Ax,B= + g
3 6 1 3] [2 1 1 3
X, + X, g
{5 1} {4 5} -7 3} {4 5}
(3 6 1 -1 2 1] [1 -=1]
+ X, g+ X,
15 1 3 2 -7 3] "3 2]
3 18] 2 3 3 6] [ 2 -1
= + + +
120 5| -28 15| |15 2 21 6

3 18] [ 7 -4
= + g LI
20 5| |-34 23

I and II are equal.
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Now if we consider

P= a, [|lai=x; +ygwithx;,y; € VA

a4
L35 ]
o
0
g=3€Z¢ 15150 <0
0
_O_
be the semifield of special dual like numbers.
—Xl 1 —Y1 ]
X, Y2
S=11x, [+|y; lg| x,yi€Z,
X4 Y4
[Xs] LYs
o
0
1<i<5,g=3€Zs u4|0
0
_0_

be a the semifield of special dual like numbers.

We see S and P are isomorphic as semifields.
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Similarly if
a, a, .. a;
_ _ ) N
S=4la, a, .. a,||a=xtygx,yicQ,
a, a, .. a5

00 ..0
1<i<15,g=3eZguU{l0 0 .. 0
00 .. 0

be the semifield of special dual like numbers.

Let
X, X, .. Xs Yo Y, o Ys
P=931Xs X5 o X |+ Y6 Y7 - Y08
X X Xgs Yo Yoo o Yis

X,yi€e Q,1<i<15,g=3 e Zs}

be the semifield of special dual like numbers. As semifields S
and P are isomorphic.

Now using this fact either we represent elements as in S or
as in P both are equivalent.

Now we can proceed on to define the notion of semiring of
polynomial of dual numbers.
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Let

Qi =1t + Sig with t, si € Q+,

P= {iaixi

i=0

g such that g* = g} U {0},

S is a semifield of polynomials with special dual like numbers
as its coefficients.

We can also have the coefficients to be matrices.

0

For consider P = {Z:aixi

i=0

a=| | with df = m; +n;g

d!
where g = g and m{,n| € Z'U{0}, 1 <t<4}; Pis only a

semiring and is not a semifield as this special dual like number
coefficient matrix polynomial ring has zero divisors.

d;
e
Suppose M = {Zaix1 a,= dl3 with d = m; +n;g
i=0 i
d!

where g =gand m/,n! € Z", 1 <t<4} U {0};

M is a semifield with matrix polynomial special dual like
number coefficients.

Thus we can have polynomials with matrix coefficients
where the entries of the matrices are special dual like numbers.

We give examples of them.
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Example 2.39: Let

Sl SS
< s, s,
— i — 2 6 i i i : i i +
V= Zaix a=| 7 |s =x+tygwithx,y €Z,
i=0 S; S,
i i
Sy Sg

g is the new element with g =gand 1 <t <8} U

S O O O
S O O O

be a semifield of special dual like number matrix coefficients.

Example 2.40: Let

Pl P

V={Zaixi a; = pf pf where p; = x| +yig
i=0 P; Py
Pi Pj

with x},y! € Z"U{0}

and g is the new element such that g” = g; 1 <i < 8} be the
semiring of special dual like number polynomials with matrix
coefficients. Clearly M is not a semifield.

Example 2.41: Let

. . N
P= {Z a,x'| ax = (mj)s «6, Myj = tij + s g With t, s;; € R,

i=0

1<i,j<36,g=3isin Zswith g’ =g=3} U
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S O O o o O
S O O o o O
S O O O o O
S O O O O O
S O O O O O
S O O O o O

be the semifield of special dual like number with square matrix
coefficient polynomials under the natural product x,. If the
usual product ‘x’ of matrices is taken P is only a semiring as the
operation ‘x’ on P is non commutative.

Also if in P, t, s € R"U {0},1<1,j<36,g=3 e Z then
also P is only a semiring even under natural product x, as P has
zero divisors.

Thus we have seen examples of various types of semirings
and semifields of special dual like numbers.

Now we describe how we get special dual like numbers. In
the first place the modulo integers happen to be a very rich
structure that can produce the new element ‘g’ with g = g,
which is used to construct special dual like numbers.

For take any Z,, n not a prime and n > 6 then in most cases
we get atleast one new element g € Z, such that g = g (mod n).

We just give illustrations.
Consider Zg, 3, 4 € Z¢ are such that 3?=3 (mod 6) and 4 =
4 (mod 6) 3 and 6 are new elements. Consider Z;, Z;, or any Z,

they do not have new elements such that they are idempotents.

In view of this we see if x € Z, is an idempotent then x> =x
so that x* — x = 0 that is x* + (n—1)x = 0.

Hence x (xtn—1)=0asx# 0 and x + n—1 # 0.



70 | Special Dual like Numbers and Lattices

We see 3* =3 (mod 6) 3°—3 =0 (mod 6) that is 3> + 5 x 3
=0 (mod 6) thatis 3 [3 + 5] =0 (mod 6) 3 x 2 =0 (mod 6). So
Zs has zero divisors.

4 € Z is such that 4 = 4 (mod 6) 4 x (4 + 5) = 0 (mod 6)
so that 4 x 3 =0 (mod 6) is a zero divisor. We have 3 and 4 in
Z¢ are idempotents. These serve to build special dual like
numbers.

Not only we get a + bg and ¢ + dg;, g =3 and g; = 4 are
special dual like numbers but elements like

and q =

w o b~ W
A O W W A B~ W
S W O W N W BN

are also such that p x, p=p (mod 6) and q x, q= q (mod 6).

3
IfA =4 we see A x, A = A (mod 6) and so
3

~ B~ b
S O O
~ B~ W

on.

Thus this method leads us to get from these two new
elements 3 and 4 infinitely many new elements or to be more in
mathematical terminology we see we can using these two
idempotents with 0 construct infinitely many m x n matrices
m, n €Z" which are idempotents.

Thus using these collection of idempotents we can build
special dual like numbers.
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Clearly Zg has no idempotents, Zo has no idempotents,
however Zo has idempotents 5, 6 € Z,, are idempotents. Z; has
no idempotent. Consider Z,, Z;, has 4 and 9 to be idempotents.
Zi4 has 7 and 8 to be idempotents. In Z;s, 6 and 10 are
idempotents. Z;5 has 9 and 10 to be their idempotents.

In view of this we have the following three theorems.

THEOREM 2.11: Let Z, be the finite prime field of
characteristic p. Z, has no idempotents.

Proof: Clear from the fact a field cannot have idempotents.
THEOREM 2.12 : Let sz be the finite modulo integers, p a

prime sz has no idempotents.

Simple number theoretic methods yields the result for if
ne sz is such that n® = n (mod p?) then n(n—1) =0 (mod p?).

Using the fact p is a prime n”> = n is impossible by simple
number theoretic techniques.

However this is true for any an p aprime, n > 2.

Example 2.42: Let Zy; be the ring of modulo integers. Z,; has
no idempotents Zy; =Z; .

Example 2.43: Let S = Zj, be the ring 5, 6 € Z,, are such that
52=25=5 (mod 10), 6 =36 = 6 (mod 10).
So 5, 6 are idempotents of Z,j.

Example 2.44: Let S = Z,4 be the ring of modulo integers 7, 8
€ Zy4 are such that 72 = 49 = 7 (mod 14), 8 = 64 = 8 (mod 14),
8 and 7 are the only idempotents of Z,.
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Example 2.45: Let S = Zs, be the ring of modulo integers. 17,
18 € Zs,4 are such that 17° = 17 (mod 34) and 18% = 8 (mod 34).
Thus only 17 and 18 are the idempotents of Z34 which is used in
the construction of special dual like numbers.

Inview all these examples we have the following theorem.

THEOREM 2.13: Let S = Z,, (where p is a prime) be the ring of
modulo integers. Clearly p, p+1 are idempotents of S.

Proof is direct using simple number theoretic techniques.

Example 2.46: Let Z;5 be the ring of modulo integers 6 and 10
are idempotents of Zs.

Example 2.47: Let Z,, be the ring of modulo integers. 7 and 15
are the idempotents of Z,;.

Example 2.48: Let Z3; be the ring of modulo integers. 12 and
22 are idempotents of Z;.

Example 2.49: Let Z39 be the ring of modulo integers. 13 and
27 are idempotents of Zso.

Example 2.50: Let Z3s be the ring of integers the idempotents
in Zss are 15 and 21.

Inview of all these we make the following theorem.

THEOREM 2.14: Let Z,, (p and g two distinct primes) be the
ring of modulo integers Z,q has two idempotent t and m such
thatt=apandq=bm,a>1andm>1.

The proof is straight forward and uses only simple number
theoretic methods.

Example 2.51: Let Z3, be the ring of integers. 6, 10, 15, 16, 21
and 25 are idempotents of Zs.
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Example 2.52: Let Z4, be the ring of integers. 7, 15, 21, 22, 28
and 36 are idempotents of Zy,.
Thus we have the following theorem.

THEOREM 2.15: Let Z, be the ring of integers. n = pgr where
p, g and r are three distinct primes.

Then Z, has atleast 6 non trivial idemponents which are of
the form ap, bqgandcr(a>1,b>1andc > 1).

The proof exploits simple number theoretic techniques.

Example 2.53: Let Z;o be the ring of modulo integers. 15, 21,
36, 60, 70, 105, 106, 196, 175, 120, 126, and 85 are some of the
idempotents in Z,.

Example 2.54: Let Zs, be the ring of modulo integers. 25 and
26 are the only idempotent of Zs.

Now using these idempotents we can construct many
special dual like numbers.

Next we proceed on to study the algebraic structures
enjoyed by the collection of idempotents in Z,,.

Example 2.55: Let Z,; be the ring of modulo integers. We see
S=1{7,0, 15,21, 22, 28 and 36} are idempotents of Z4, we give
the table under x. However under ‘+’ we see S is not even
closed.

X 0 7 15 21 22 28 36
0 0 0 0 0 0 0 0
7 0 7 21 21 28 28 0
15 0 21 15 21 36 0 36
21 0 21 21 21 0 0 0
22 0 28 36 0 22 28 36
28 0 28 0 0 28 28 0
36 0 0 36 0 36 0 36
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(S, x) is a semigroup. Thus product of any two distinct
idempotents in S is either an idempotent or a zero divisor.

That is fora, b € S.

We have a x b =0 (mod 42)

or (axb)=c(mod42),0#ceS
ora x b=>b (mod 42)

or a x b=a (mod 42).

We call this semigroup as special dual like number
associated component semigroup of S.

Example 2.56: Let Z3, be the ring of modulo integers.
S = {0, 6, 10, 15, 16, 21, 25} < Z3o be the collection of
idempotents of Z3y. Clearly S is not closed under ‘+’ modulo

30.

The table for S under x is as follows:

X 0 6 10 15 16 21 25
0 0 0 0 0 0 0 0
6 0 6 0 0 6 6 0
10 0 0 10 0 10 0 10
15 0 0 0 15 0 15 15
16 0 6 10 0 16 6 10
21 0 6 0 15 6 21 15
25 0 10 10 15 21 15 25

(S, x) is a semigroup which is the special dual like number
associated semigroup. If we want we can adjoin ‘1°. The unit
element as 1> = 1 (mod n). Now we cannot give any other
structure. Further S is not an idempotent semigroup also.

We can call it as an idempotent semigroup provided we
accept ‘0’ as the idempotent and xy = 0 (x # 0 and y # 0) then
interpret ‘xy = 0’ as not zero divisor but again an idempotent.



Special Dual like Numbers and Lattices | 75

THEOREM 2.16: Let Z, be the ring of modulo integers. m = 2p
where p is a prime. S = {0, p, p+1} < Z, is a semigroup with
p(p+1) =0 (mod m).

Proof : p(p+1) =p”> + p = p(p+1) as p+1 is even as p is a prime.
So p(p+1) =0 (mod m). Hence the claim. (S, x) is a semigroup.

We see in case of Z33, 22 and 12 are the idempotents of Z3;.
We see 22 x 12 =0 (mod 33). Further S = {0, 12,22} c Zs;isa
semigroup.

Thus we see as in case of Z,, the ring Zs,, p a prime also
behaves. Infact for Z3s, 15 and 21 are idempotents and

15 x21 =0 (mod 35).

Hence S = {0, 15, 21} < Z3s is a semigroup under
product x.

In view of all these we have the following theorem.
THEOREM 2.17: Let Z,, (p and q be two distinct primes) be the
ring of modulo integers. Let x, y be idempotents of Z,, we see

X xy =0 (mod pg) and S = {0, x, y} < Z,q is a semigroup.

The proof requires only simple number theoretic techniques
hence left as an exercise to the reader.

Let S = Z,,, where m = pip, ... p,, p; are distinct that m is the
product of t distinct primes.

(i) How many idempotents does Z,, \ {0,1} contain?

(i) Is P = {sy, ..., sy, 0, 1}, a semigroup where sy, ..., s,
are idempotents of Z,?

This is left as an open problem for the reader.

Now we proceed on to describe semivector spaces and
semilinear algebras of special dual like numbers.
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Let M = {(a}, @y, ..., Q) | a; = X; + yig where x;, yi € Z" U
{0}, g such that g® = g; 1 <i <9} be a semivector space of
special dual like numbers over the semifield.

M is also known as the special dual like number semivector
space over the semifield Z" U {0}.

Clearly M is not a semivector space over the semifields
Q" U{0} or R" U{0}.

Example 2.57: Let

V=4la, || ae{xitygl| x,yi € Q U {0},

g=3eZyg =gl<i<5})
be the semivector space of special dual like numbers over the
semifield Q" U {0} or Z" U {0}. If on V we can define x, the

natural product, V becomes a semilinear algebra.

Example 2.58: Let
a, a,

be the semivector space over the semifield Z" U {0}.

a; = {X; + yig where x;,y; € Q' u {0},

g=7¢€Zus, 1 <i1<4}}

If we define the usual matrix product x on S then S is a non
commutative semilinear algebra.
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If on S we define the natural product x, then S is a
commutative semilinear algebra special dual like numbers over

the semifield Z" U {0}.

3+2g 0 0 1+3g )
Let A= and B = be in S.
4+5g 2+¢g 2+g 4+2g

[3+2g 0 0 1+3g
AxB= X
|4+5g 2+¢g 2+g 4+2g

0 (3+2g)(1+3g) }
(2+g) (4+5g)(1+3g)+(2+g)(4+2g)

B 0 3+2g+9g+6g°
4+4g+g> 4+12g+5g+15g> +8+4g+4g+2g’

(using g* = g)
0 3+17g
= eS
4+5g 12+42g

Suppose instead of the usual product x we define the natural
product x;

3+2¢g 0 0 1+43g
Ax,B = Xy
4+5g 2+¢g 2+g 4+42g

0 0
_{8+10g+4g+5g2 8+4g+4g+2g2}

0 0
= eSS
8+19g 8+10g

However we see A x B # A x, B.
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Example 2.59: Let

2 a,]
a, a,

P=<las; ag||a=xtyg
a, a,
a9 3y

where g=5 € Zjo, X, yi € R"U {0},1<i<10}

be a semivector space of special dual like number over the
semifield Z" U {0}.

On P we can define the usual product, however under the
natural product x,, P is a semilinear algebra.

Consider

_al az_

0 0

M;=4]0 O ||a=x;tygwhereg=5 e Z,,
0 0
X, yie R"U {0}, 1<i<2} cP,

0 0]

al a2

M,=4]0 O ||a=x;tygwhereg=35 € Z,,

X, yie R"U {0},1<i<2} P,
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0
0 O
Ms;=<la, a,||a=xit+ygwhereg=35 e Z,,
0 O
_O -
X, yi€e R"U {0},1<i<2} P,
0 0]
0 O
My=<10 0 || a=x+ygwhereg=>5 e Z,
a1 aZ
X, yi€ R"U {0},1<i<2} cPand
0 0]
0 O
Ms=<0 0 || a=x+ygwhereg=>5 e Z,
0 O
(&1 3]

X, yie R"U {0},1<i<2} cP

be semivector subspaces of the semivector space P. Infact My,
M,, M3, My and M5 are semivector subspaces of special dual
like numbers over the semifield Z" U {0} of P.
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Clearly M; " M; = ifi#j,1<i,j<5and

oS O o o O
S O O O O

P =M, + M, + M; + M, + Ms, that is P is the direct sum of
special dual like number semivector subspaces of P over the
semifield R" U {0}.

Suppose
2 a]
a, 0
Ti=<10 0 || a=xtygwhereg=>5 € Z,,
0 0
_O 0_
X, yi € R"U {0},1<i<3} P,
0 0
a1 aZ
T,=1la, 0 ||a=x;+yigwhereg=5 e Z,,
0 o
_O O_
X, yie R"U {0}, 1<i<3} cP,
0 0
a, 0
Ts=1</0 a,||a=xit+ygwhereg=5 e Z,,
a, 0
_0 0_

X, yie R"U {0},1<i<3} P,



0 0
a, 0
Ts=</0 O
0 a,
a0
and
0 0
a, 0
Ts=</0 0
0 a,
(3, 0]
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a; =Xx; Ty;g where g=5 € Z,,,

X, yie R"U {0},1<i<3} P,

a; =Xx; Ty;g where g=5 € Z,,,

X, yie R"U {0},1<i<3} cP

be special dual like number semivector subspaces of P over the

semifield R" U {0}.

Wesee T, N T; =

oS O O 0 O

0]

0|ifi#],1<1,j<5 a=x+yg;

0]

ge”Zi,X,y€E R"uU {0}}.
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Only in one case

TanTs= =X Tyig g=5 € Zy,

o o f o
o o o o ©

X, yie R"U {0},1<i<2} cP.

Thus P < T, + T, + Tz + T4 + Ts, so P is the pseudo direct

sum of special dual like number semivector subspaces of P over
the semifield R" U {0}.

We have several semivector subspaces of P. P can be
represented as a direct sum or as a pseudo direct sum depending

on the subsemivector spaces taken under at that time.

Example 2.60: Let

V=1la,||ae{xtygl xyieQ u{0}},

ISiSS,gZIOEZm}

be a semivector space of special dual like numbers over the
semifield Q" L {0}.

W= {(ala A, a3, A4, 35) | a = {Xi + Yyig | Xi, Yi € Q* o {0}}7 1
<i1<5,g=06 € Z3} be a semivector space of special dual like
numbers over the semifield Q" U {0}.
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ConsiderT: V> W

T ( a3 ) = (ala ay, az, d4, 35),

then T is defined as a semilinear transformation from V to W.

Likewise we can define the notion of semilinear operator
and semilinear functional of a semivector space of special dual
like numbers.

Forif A=(3+2g,4+g,15+g 2g,0) e Vtheniffisa
semilinear functional from V to Q" U {0}, we see
f(A)=3+4+15+0+0 =22 Q" U {0}.

So we can define f as a semilinear functional of V.

Thus the study of semilinear functional, semilinear operator
and semilinear transformation can be treated as a matter of
routine. This task of defining / describing the related properties
of these structures and finding Hom (V,W),

Q" u{0}
Ho (V,V) and L (V, Q" U {0}) are left as exercise to the
reader.

mQ*u{O}

We can also define projection and semiprojection on vector
spaces and semivector spaces of special dual numbers
respectively.

Further both projections as well semiprojections themselves
can be used to construct special dual like numbers.

One can do all the study by replacing the semivector space
of special dual like numbers by the semilinear algebra of special
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dual like numbers over the semifield. This study is also simple
and hence left for the reader as exercise.

Finally we can define the notion of basis, linearly dependent
set and linearly independent set of a semivector space /
semilinear algebra of special dual like numbers.

We can also define the notion of set vector space of special
dual like numbers and semigroup vector space of special dual
like numbers over the field F. We have two or more dual
numbers and they are not related in any way we use the concept
of set vector space of special dual like numbers.

All these concepts we only describe by examples.

Example 2.61: LetM= {a+bg;,c+dg|a,b,c,deR, g =5
€ Zjpand g, =3 € Z¢} be a set vector space of special dual like
numbers over the set S = 3Z.

Example 2.62: Let
a,||a, a, .
T= ) , (a1, &, a3, a4) | 8 = {x; T y;g with
a

x,Vie R}, 1<i1<4,g=(3,4,3,4,3,4) where 3,4 € Zs}

be a set vector space of special dual like numbers over the set
S={3ZU5ZV7Z}.

Example 2.63: Let

a a a .. a
! ’ ’ 10:| 5 (al: a, a3) |

13 e dy
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a;= {x; +yig with x;,y; € R}, 1 <120,
g=(10, 10,0, 10, 0) where 10 € Z3,}

be a set vector space of special dual like numbers over the set
F=5Z.

Example 2.64: Let

W= {iaixi’ibixi a; = {x; T yig; with
i=0

i=0

Xi, ¥i € Q, g1 =5 € Zio}, and b; = xj + yiga,
2 =10 € Z3, Xj, yj € 32}

be the set vector space of special dual like numbers over the set
S=5ZuU3Z".

It is pertinent to mention here that we can define subset

vector subspaces of special dual like numbers and set vector
subspaces of special dual like numbers.

Example 2.65: Let
M= {a+bg,d+cdg,e+fg|abe3Z c,de5Z
ande,fe 112" U {0} where g, =4 € Z,,,

&= ,3,4 € Zsand g3 = (6, 10, 6, 10), 6, 10 € Z3o}

A LW O W

be the set vector space of special dual like numbers over the set
S=5Z.
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Example 2.66: Let

a’l

a2 - i :
S= ,c +dg, Zdix a; = {x; + yig; with

a, i=0

a

X, Vi € 13Z,1<1<4,g,=6 € Z3p,¢c,d € Q,

4
3

L= 4 ,4,3 € Zg, d;=m; + n;gz where
3

2:=(5,5,5,6,0,5,6),5,6 € Zio, m, n; € 12Z}}

be a set vector space of special dual like numbers over the set

572" U 3Z.

Example 2.67: Let

S={a+bg,d+cdgande+fg;|a,beZ c,de Q and

e, f e 147", where 21=(0,4,9,0,4,9),4,9 € Z,,

10 6
&= ,3,4ezéandg3={6 10} where 10, 6 € Z30}

W A W A~ W

be the set vector space of special dual like numbers over the set

S=57"uUg8Z".
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All properties associated with set vector spaces can be
developed in case of set vector spaces of special dual like
number without any difficulty. This task is left as an exercise to
the interested reader.

Now we proceed onto define a very special set vector
spaces which we choose to call as strong special set like vector
spaces of special dual like numbers.

DEFINITION 2.1: Let S = {collection of algebraic structures
using special dual like numbers} be a set. Let F be a field if for
everyx eSanda e F

(i) ax=xa €S.

(i) (a+ b)x =ax + bx

(i) a (x+y) = ax + ay

(iv) a.0=0

(V) ls=sforallx,y,s eSanda,b,0 eF,
then we define S to be a strong special set like
vector space of special dual like numbers.

We will illustrate this situation by some examples.

Example 2.68: Let
Xl XS X9

X
_ 10 _
M= ) ,(di, d, ..., dio) | @ = m; + nig,
EERST
A [ Xy X3 Xp

di=tj+sjg;and X, =pr + 1 g where m;, n; € Q, 1 <1 <4, p,
n € R, 1 <k <12 and t, s; € Q; 1 <j < 10; with
g =4, 3,4),4 3 € Zs, g = (17, 18), 17, 18 € Z34 and

7 8 7 8 7.8 ¢ Zyu)
= b b e
3 708 7 14
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be the strong special set like vector space of special dual like
numbers over the field Q. Clearly no addition can be performed
on M.

Example 2.69: Let

S= {a + bgla C+dg29 C+fg39 m+ ngy, X + Yg&s | a, b9 c, fe R, c,

4
3
d,mnx,yeQ,g= 4 ,4,3 € Zs,
3
7 8 7
8 7 8|,8,7¢Z 1061061062
= b 9 e 9 = b 9 e b
& &6 10 6 10 o
& 8 8
g = ,5,6 € Zipand

AN L N W
AN L W DN

4 9 4 9 4 9
g2 =

with 9, 4 € Z;,}
9 4 9 4 9 4

be a strong special set like vector space of special dual like
numbers over the field Q. We see gy, g, g3, g4 and gs5 are
idempotents which are unrelated for they take values from
distinct Z,’s. No type of compatability can be achieved as it is
not possible to define operations on them.

Example 2.70: Let

a,

0
_ 1
M= 4| a, |, (X1, X2, X3), m + ngs, Ztix a; =1t s;g,
i=0

a,



Special Dual like Numbers and Lattices | 89

Xj = ¢j + diga, t = qu + px g4 such that r, s;, ¢j, dj, qx, Prs

mandne Q;1<i1<3,1<j<3, 1 <k<w;g=(6,10,06),

10 6 10 6 10
e=16|,g35=|6 10 6 10| andg,=(10,6)
10 6 6 10 10

with 10, 6 e Z30}

be a strong special set vector space of special dual like numbers
over the field Q.

Though the gi’s are elements basically from Z;, that using
the idempotents 6 and 10 of Z;, still we see we cannot define
any sort of compatible operation on M.

Now on same lines we can define strong special set like

semivector space of special dual like numbers over the semifield
F.

We only give some examples for this concept.
Example 2.71: Let
P = {a+bg, c+dg, m+nd; wherea, b e Q" U {0},

c,de3Z U {0}andm,n e R" U {0};

34 3 4 3 4 3 4
gl:(374)a3,4ezé,g2:

4 3 43 4 3 43

4,3 € Zgand g3 = ,4,3 € Z¢}

W A~ W A
A B~ bW
w W A~ A
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be the strong special set like semivector space of special dual
like numbers over the semifield Z" U {0}.

Clearly no compatible operation on P can be defined.
Further P is not a semivector space over Q" U {0} or R" U {0}.

Example 2.72: Let

a a, p,
X, X
S=<la, a,|, (dy,dy ds, ds, ds), { }, p, | where
X; X,
as 4 ps

a=xityg X,y €32 U0}, 1<i<6, di=m;+njg; mj,n e
5270 {0}, 1 <j<S5, x=r+sg 1<t<4, 1,5 € 1727 U {0}
and ps=qs + t.q, qs, ts € 43Z" U {0}; 1 <s <3 withg=4 € Z,}
be a strong special set like semivector space of special dual like
numbers over the semifield Z" U {0}.

Example 2.73: Let
i=0 i=0 i=0

W= {Zaix‘,Zbix‘,Zmix‘ a; =t + sig; + n; = mi+ n;g,

and my = ¢, + dyg; where t;, s; € VARV {0}, mj, n; € 477" L {0}

3

4
and ¢y, dy € 102" U {0} with g, = |3 14,3 € Zs,

4

3

B~ LW A W A

2= (10, 6, 10, 6, 10, 6), 10, 6 € Z3 and
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11 12 11 12 11
gy=[12 11 12 11 12|;11,12 € Zx}
11 11 12 12 12

be the strong special set like semivector space of special dual
like numbers over the semifield Z" U {0}.

Example 2.74: Let

a a
a1 a5 d d, d b, b
S = az a6 Jd, d, dg ,L‘ bz}xwg X, yeQ'U {0},
3 7 d7 d8 d9 3 4
a a

a8 =X Tyig, Xi, Vi € VARV, {0}, 1 SiSS,bj:tj"‘Sjg; tj, s; € Q+
U {0}, dy=an +bpg an, bn e QU {0};1<m<9,1<j<4
and g = 10 € Z3} be the strong special set like semivector
space of special dual like numbers over the semifield Q" U {0}.

Example 2.75: Let

S _ al aZ bl bZ Cl C2 dl d2
a, a,||b, b,[les ¢, ||dy d,
=m; + njg,, ¢ = s + gz and dp, = ay, + bygs where x;, X, yi, nj,
Sk, I, am and by, € € Q" U {0}, 1<i,j, k, m <4,

a; = X; +yig, b;

10 6
81:(4343), 4,3 €Z¢,2={10 6 |,10,6 € Zs,
6 10

11 12 11 12 11
23 =

;11,12 € Zy, and
12 11 12 11 12
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[6 10 6 10 6 10
847

10,67
10 6 10 6 10 6} € Lo}

be the strong special set like semivector space of special dual
like numbers over the semifield Z" U {0}.

The study of substructures, writing them as direct sum of
subspaces, expressing them as a direct sum of pseudo vector
subspaces, linear transformation, linear operator and linear
functionals happen to be a matter of routine, hence left as an
exercise to the reader.

Example 2.76: Let

a'1 aZ
a1 a2 a}
a, a,
S= JJa, ay agl|,(a,a,,...,a,)] a € {Xityg
aS aé
a, ag, a,
a, a

h Quandg=> ¥ 3 i
where x;, y; € Q" U and g = wi
J 8714 3 4 3

3,4e Zpp};1<i1<12}

be the strong special set like semivector space of special dual
like numbers over the semifield Z" U {0}.

al a2
a, a,
Take M, = a € {Xityg
a5 ag
a, ag

where x;, yi e Q"U {0} 1<i<8} S,
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a'1 a2 a3
N
M,=<la, a, a,||a € {xitygwherex;y € Q U {0},
a, ay a,

3 4 3 4 .
g= , 1219} S
4 3 4 3

and
M; = {(al, a, .- 312) | a; € {Xi +yig

343 4

,1<i<12) S
4 3 43

where x;, yi € Q" U {0}, g= {
are strong special set like semivector subspaces of special dual

like numbers of S over the semifield Z" U {0}.

Clearly S=M; + My + Myand M " Mj=¢ ifi#j; 1 <1,j <
3. Thus S is the direct sum of semivector subspaces.

Now consider

a, a,
a, a,
P, = ,(@,8,,..,a,,) | ai=x;tyig
a‘S aé
a, ag

where x;, y; € Q" U {0}; 1 <i< 12,

—3434342}5
g4343,,€12§,
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al aZ a3
P,={(ai, a, ...,a10), |a, a5 a,||a=xityg
a, ay a,

withx;, y;e Q U {0}; 1<i<12,

343 ALy Zi) S and
= ,3,4 € c S an
8 4 3 4 3 "

_ a, a,

a, a, a,

a, a,
P;=4la, a, ag|, 4=x;tyg
as  ag

a'7 aS a9

- a; dg

, N ) 3 43 4
with x;, y; € Q U{O},1S1S9,g={ }

4 3 4 3

3,4e€Zpy =S

be strong special set like semivector subspaces of special dual
like numbers over the semifield Z" U {0}.

Clearly P, Pj= ¢ ifi#j; 1 <1,j<3.

Thus S o P, + P, + P; so S is only a pseudo direct sum of
semivector subspaces of S over Z" U {0}.

WecandefineT:S —> S

a, a
1 2
a’l aZ a3
a, a
3 4
where T ( )=la, a; a,]|,
aS a6
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T (ala Az, 43, A4, A5, Ag, - - -y alz) = a8 a10 al2

and

a, a, a,
T(la, a5 a4 |)=1(ai, ay, a3, as, as, a, a7, as, a9, a10, a11, A12).
a

a a

7 8 9

Thus T is a special set linear operator on S.
Similarly we can define

f:S—Z" U {0} as follows:

al a2
PP ) =[x+ xo X3+ Xe x5+ X6 X0+
( ) =[X1 + X2+ X3+ Xg + X5 + X6 T X7 + Xg]
a5 a'é
a, ag

where a; = X; + yig; X;, yi € Q" U {0} thatisif Y x;=nifnisa
fraction we near it to a integer.

For instancen=t/st,sbutt/s > % =0.5thenn=1 if t/s <
%=0.5thenn=01ift/s = m /s withr /s < 0.5 then t/s = m if
t/s=m+tr/s r/s>0.5 t/s=m+l.

fis a set linear functional on S.

Interested reader can study the properties of basis, linear
independent element and linearly dependent elements and so on.

Now we just show we can write a matrix with entries
a; = X; + yig in the form of two matrices that is A + Bg where A
and B are matrices with g” = g, we can define this as the special
dual like matrix number.
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We will illustrate this situation only by examples.

Example 2.77: Let

M= {(Xl, X2, X3, X4) + (Yh Y2, Y3, Y4)g | Xi, ¥i € Q+ o {0}’ g2 = g}
be a special dual like row matrix number semiring.

We see N = {(ay, a, a3, a4) | & = x; + yig, X;, yj € Q" U {0},
1 <i,j<4, g’ =g} is a special dual like row matrix number
semiring such that M is isomorphic to N, by an isomorphism

1 : M — N such that

N (X1, X2, X3, X4) + (Y1, Y2, Y3, Y4)8)
= (X1 T Y18, XoT2:8, X3TY3g, XaTYsg) = (a1, a2, a3, a4).

Example 2.78: Let

Xy Y1

=) % || |3 43 43
P BB 4 3 4 3 4
Xio ] Y10

with3,4 € Zs, xi,yi € Z"U {0}, 1 <i<10}

be the special dual like column matrix number semiring such
that T is isomorphic with

P= Zllai=x;,yig+ 1 <i<10and

343 43
704 3 4 3 4

}, 3,4 € Zgwithx;, y; € Z" U {0} }.
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Example 2.79: Let

a1 a’2 a}
S=4la, a; a,||a=x+tygwith
a, ag, a,
4
g=13 ,4,3626,Xi,}7i€z+u{0},1Sig9}
4

be the special dual like square matrix number semiring such that
S is isomorphic with

X X, X3 Yi Y2 ¥ 4
P=4X, X5 Xg|+|Ys ¥s Yel|8| 8=|3]
X7 X3 X9 Y7 Y5 Y 4

43 eZsx,yicZ U0}, 1 <i,j<9}
the special dual like square matrix number semiring.
Finally consider the following example.

Example 2.80: Let

W %o 7 8 7 8 7
P=<la;, a, .. a, xi,yig;g={8 78 7 8]
Ay A, .. Ay

7,8 € Zi; X, yi€ Z U {0},1 <i<30}

be the special dual like rectangular matrix number semiring. P
is isomorphic with
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X Xy e Xy Y Y2 o Yoo
Q=19|Xn X o Xy |F| Y Yo - Y |8
Xy Xy - Xy Ya Y - Vi

78T 8T 87€Z Z U {0}
= VANS s Xi, Yi € )
E718 78 7 38 14 X Y

1 <1,j <30} as a semiring.

Now we just show if

a=t+tsgwithg=7¢e Zi4t,si € Qu {0}}

S[x] = {iaixi

then S[x] isomorphic with

P= {Z(ti)xi JrZ:sigxi withg=7 € Zi4; ti, si € Q" U {0}}.
i=0 i=0
For define 1 : S[x] > P by n (p(x)) =n [ZaixiJ
i=0

=1 [i:(ti +sig)xiJ = i:tixi +(isixiJg e P.
i=0 i=0 i=0

n is 1-1 and is an isomorphism of semirings.

The results are true if coefficients of the polynomials are
matrices with special dual like number entries.



Chapter Three

HIGHER DIMENSIONAL SPECIAL DUAL
LIKE NUMBERS

In this chapter we for the first time introduce the new notion
of higher dimensional special dual like numbers. We study the
properties associated with them. We also indicate the method of
construction of any higher dimensional special dual like number
space.

Let x = a + bg; + cg, where g, and g, are idempotents such
that g;g, = 0 = g,g; and a, b, ¢ are reals. We call x as the three
dimensional special dual like number.

We first illustrate this situation by some examples.

Example 3.1: Let x =a + bg; + cg, where g, =3 and g, = 4; 3,
4 € Z¢. x is athree dimensional special dual like number.

We see if y = ¢ + dg; + eg, another three dimensional dual
like number then x x y = (a + bg; + cgy) (c + dg; +egy)



100 | Special Dual like Numbers and Lattices

= ac + beg; + ¢’g, + adg; + bd g’ +cdgyg + aeg,
+begig, +cegl

=ac + (bc + ad + bd)g; + (c* + ae + ce)g.

We see once again xy is a three dimensional special dual
like number.

Thus if g, and g, are two idempotents such that g/ = g, and

g; = & with g1 = gog; = 0 then
R(gi, g2) = {a+bg; +cg, | a, b, c € R} denotes the collection of
all three dimensional special dual like numbers.

Clearly R(g;) = {a + bg; | a, b € R} < R(g;, &) and
R(g) = {a+bgy | a, b e R} < R(gy, g) we see (R(gi, g), 1) is
an abelian group under addition.

Forif x =a+bg; + cg, and y = ¢ + dg, + eg, are in R(g;, g»)
then x +y =a+ ¢ (b+td)g; + (ctd)g, is in R(gy, ).

Likewise x — y = (a—) + (b—d)g; + (c—e)g is in R(g;, ).
Further x + y=y + x for all X, y € R(gi, g2).

0=0+ 0g; + 0g € R(g, g) is the additive identity in
R(gi, g2). Clearly for every x = a + bg; + cg, in R(g1,g) we
have —x = —a — bg; — cg; in R(gy, g») is such that x + (x) = (a +
bg; + cg + (-a — bg) — cg) = (a—a) + (b-b)g; + (c¢)g =0+
O0g; + 0g, = 0, thus for every x in R(g;,g;) we see —x is in
R(gla gZ)

Further if x =a + bg; + cg; and y =d + eg| + fg, € R(g;, 2)
thenx xy =y xxand x xy € R(g;, g2). We see (R(gi, ), X) is
a semigroup in fact the semigroup is commutative with unit so
is a monoid. Thus it is easily verified (R(g;, g), +, X) is a ring,
infact a commutative ring with unit and has nontrivial zero
divisors for ag; and bg, in R(g;, g;) are such that ag; x bg, =0,
forall a, b € R.
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We define (R(g;, &), +, x) as the special general ring of
special dual like numbers.

We call it “special general” as R(g;, g) contains also
elements of the form ag;, bg, and ¢ where a, b, ¢ € R.

Example 3.2: LetM = {a+bg;+cg|a,b,ceR, g =7and g
=8, g,2€Z14, 8 =7,g =8and g x g =g xg =0} be
the special general ring of three dimensional special dual like
numbers.

In view of this we have the following theorem.

THEOREM 3.1: Let R(91, 92) (Q(91, 92) or Z(g1, 92)) = {a + bg:
+cgy|a b ceR, g =g, g =0 and 019, = o0 = O}.
{R(91, 92), +, x} is the special general ring of three dimensional
special dual like numbers.

The proof is direct and hence is left as an exercise to the
reader.

Example 3.3: Let

Z(g1, g)={atbg +teglabceZ g=58=6,g,2
€ Zyo} be the special general ring of three dimensional special
dual like number ring.

Example 3.4: Let Z(g, g2) ={a+bg, +cg|a,b,ceZ and g
=(1001001)andg,=(0110010)}.

Wesee g =(1001001)=g;and g =(0110010)=

g, further g, g, = g,g, =(0 00 0 0 0 0) we see Z(g, g) is a
special general ring of special dual like numbers.

Example 3.5: Let

1 0 0 1
M= {a+bg +cglabceQg = 01 1 0 and
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0110 , [100°1 ;
= ; gl = = o, an
71 00 1'% Jo1 1 0o ®

|01 1.0 b 0000
= =g, Wi = =
g, 100 1 2 2182 = 2281 00 0 0

be the special general three dimensional ring of special dual like
numbers.

We just show how product is performed.

1 0 0 1 0110
Letx=5+7 +3 and
0110 1 0 0 1

1 0 0 1] {0110"
+8

y=-2 4 be in M.
01 10 1 0 01

01 10

(1 0 0 1 01 10
To find x xy= —10 + (~14) +6
1 0 0 1

1 0 0 1 1 0 0 1
-20 -28
0110 0110
0110 0110
—12 x (0) + 40 +42 (0) +24
1 0 0 1 1 0 0 1
0110
0 eM
[1 0 0 1}

This is the way product on M is performed.

1 00 1
=10 + (-62) +7
0110
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Example 3.6: Let

S={a+bg +cglab,ceR,

g = and g, =

—_— O = = O =
S = O O = O O

be a special general ring of special dual like numbers.

—_— O = = O =
+
S = O O = O O

Suppose x =3 + 2 and

o o0

1 0

0 1

y=-3-2|1|+7|0]|areinS,

1 0

0 1

_1_ _O_
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thenx +y =38 eS.

S = O O = O O

Wefindx xy=(3+2

(-3-2

—_— O = = O = =

= e e = T e T

0
0
1
+710
0
1
_0_
1 [o
0
1
+710
0
1
| o

) x
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1 0 1 1 0
1 0 1 1 0
0 1 0 0 0

=9-6(1]-37|0]-6[1]|4[1]+14/0
1 0 1 1 0
0 1 0 0 0

1] o) 1] |1 0
0] 0] 0]
0 0 0
1 0 1
+21 (0| +14|0|+7]0
0 0 0
1 0 1
0 o] o]
- o
1 0
0 1
=—9-16|1[+25|0]isinS,
1 0
0 1
_1_ _0_

Thus (S, +, x) is a special general ring of special dual like
numbers.

Now we can as in case of dual numbers define general
matrix ring of special dual like numbers. However the definition

1S a matter of routine.

Now we illustrate this situation only by examples.
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Example 3.7: Let S = {(a, a, a3, a4, a5, @) | & = X T y181 T 212
where x;, v, z1€ Q; 1 <1<6,g,=4and g, =3, 3,4 € Zg} be
the general special ring of special dual like numbers.

We see (S, +) is an abelian group for if
X = (al, ay, a3z, g, as, 36) and y= (b], bz, b3, b4, b5, bﬁ) are in S
then
X+y=(a1 +b1, a2+b2, a3+b3, a4+b4, 35+b5, a6+b6) isin S.

Consider x x y = (ay, ay, ..., ag) X (by, by, ..., bg)
= (a;by, azbs, ..., agbg), x x y € S. Thus (S, +, x) is a special
general ring of row matrix special dual like numbers.

LetP = {a + bgl + C2 | a= (al, ay, ..., 86), b= (bl, b2, vy b6)
and ¢ = (¢, €2, ..., Cg) With gy =3 and g, =4, 3, 4 € Zg; 3?=3
(mod 6), 4> = 4 (mod 6) and 3.4 = 4.3 = 0 (mod 6)} is also a
special general ring of row matrices of special dual like
numbers. Clearly P is isomorphic with S as rings.

Example 3.8: Let

M=|a, | where ai=x; +yigi + 2, Xi, ¥, zZ € Z; 1 <1< 5,

g, =7 and g, = 8 with 7, 8 € Z,4} be the special general ring of
column matrices of special dual like numbers under the natural
product x,,.

1

(8

Weseeifx=|a, | andy= are in M, then

EN

oo o

w
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[a,+b, |
a,+b,
Xx+y=|a,;+b, |isin M.
a,+b,
| a5 +by |
_al 1 _bl 1 I albl
a, b, a,b,
Wefindx x,y=|a, | x, | b, | =|ab, | e M.
a, b, a,b,
E asb
_Xl ] _Y1 ] _Zl |
X Y Z,
Suppose N = 9| X, |+| ¥, |g +|2; |8, | Xi» Vi-Zi € Z,
Xy Y. Zy
_XS_ _y5 _ZS_

1<1,j,k<5with gy =7 and g, = 8 in Z4} is again a special
general ring of column matrix special dual like numbers.

We see clearly M and N are isomorphic as rings under the
natural product x,,.

Example 3.9: Let

a, a, a; a,
S= a; a, a, a, whereai=xi+yig1+zig2

ay 3 A Ap

withx;, v,z € Q;1<1<12;21=(7,8,7,8,0) and

2= (8, 7, 8, 7, 8) with 7, 8 e Z14}
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be the special general ring of 3 x 4 matrices of special dual like
numbers under natural product x,,.

a, a, a; a,
Suppose x=|a; a, a, a, |and

a9 a10 all a12

b, b, b, b,
y=|b; b, b, by |areinS§,
b9 blO bll b12

a,+b, a,+b, a,+b; a,+b,
thenx+y=|a,+b, a,+b, a,+b, a;+b, |isinS.
a9 +b9 a’lO +b10 a11 +b11 a12 +b12

ab, ab, ab, a,b,
We find x x,y=|asb; asb, ab, ab, | €S.
a9b9 alOblO a'llbll a12]312

Thus (S, +, x,) is the special matrix general ring of special dual
like numbers.

Finally we give an example of the notion of special general
square matrix special dual like number ring.

Example 3.10: Let

P= a; =t + 82 + 12y
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[13] [14]
14 13
where t;, s;, ;€ Q, 1 <1<16,g,=| 0 | and g, = |13
13 0
114 ] 1 0]

with 13, 14 € 226}

be the special general ring special dual like numbers of square
matrices under the usual product x or the natural product x,.
Clearly P is a three dimensional commutative ring under x,,.

Now we just show how we can generate the idempotents so
that x = a + bg; + cg, forms a three dimensional special dual
like numbers.

We get these idempotents from various sources.

(i) From the idempotents of Z, (n not a prime or a prime
power) has atleast two non trivial idempotents.

(i1) From the standard basis of any vector space.

Forifx=(10000...0)andy=(0, 1,0, ..., 0) we see
X*=x,y’=yand xy =yx=(0, 0, ..., 0).

0

0 (0]

0 0
. . 0 :

This is true even if x = andy = ;

0 0

: 1

0 10]
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0
0
XX X=X, yXy=yand X X, y=y X, x=| . |.
0
, 1 0] 0 1
Alsoifx = andy = then
10 0] 0 0
[0 0] 10
X X,y = =y X, Y, X Xy X =
Y 10 0] Y 0 0
d 0 1
andy x,y=
y*nYy 0 0
1 00 .. 0 010 ..0
Finally ifx=10 0 0 .. Ojandy=|0 0 O .. O
0 00 0 000 .. 0
0 0 0 0
thenalsox x,y={0 0 0 0| =y x,xand
0 0 0 0
1 00 0 010 ..0
xx,x=[0 0 0 Olandy x,y=10 0 0 .. Of.
0 0 0 0 00 0 .. 0

All these idempotents can contribute for three dimensional
special dual like number.

(iii)) We know if we have a normal operator T on a finite
dimensional complex inner product space V or a selfadjoint
operator on a finite dimensional real inner product space V.
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Suppose ¢y, ¢, ..., ¢ are distinct eigen values of T, W;’s the
characteristic space associated with c; and E; the orthogonal
projection of V. on W;. Then W; is orthogonal to W; (i #j). Ei’s
are such that Ef =E;,i1=1,2, ..., ksowe can have special dual
like numbers of higher dimension can be got from this set of
projections.

(iv) If we take either the elements of a lattice or a
semilattice we get idempotents. All the more if we take the
atoms of a lattice say a, ..., a, then we always have a; N a; =0
ifi#jand a; M a; =a;1<1,j <M. By this method also we can
get a collection of special dual like numbers.

Finally we can construct matrices using these special dual
like numbers to get any desired dimension of special dual like
numbers.

Now we will illustrate them and describe by a n-
dimensional special dual like numbers.

Let x =a; + ag; + ... + a,g, 1 be such that a; € R (or Q or
Z), 1 <i1<nand gs are such that gf =g, g.g=gor0if

i#i:1<ik j<n-l Weseex=A;+Ag + ...+ Agn
where Aj e R(1 <j<n).

We will first illustrate this situation by some examples.

Example 3.11: Let x = a; + ayg; + az@y + asg; where a; € R;
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1 <i<4 and g, g, and g3 are marked in the diagram and g; N g;
=georOifizjandgng=g;1<1,j,k<3.

Of course we can take ‘U’ as operation and still the
compatibility is true.

Example 3.12: Suppose we take x = a; + a,g; + a;g, + asg; with
a; € Q; 1 <i<4and g, g and g; from the lattice

1

&l 3

0

we see we cannot claim x to be special dual like number of
dimension three as this lattice is not distributive.

We so just define the following new concept.

DEFINITION 3.1: Let F be the field or a commutative ring with
unit. L be a distriblute lattice of finite order say n + 1.

ageFandm eL;0<i<n+l} (L= {0=

FL = {Z“aimi

Mo, My, My, ..., My = 1}). We define + and xon FL as follows:

(1) Forx=2"am;andy 2bim;in FL; x =y in and only if
a;=b;fori=0, ..., n+l.
(2) Oom;=0,i=0,i,..,ntlandamy=0foralla e F.
(3) x+y=2"(a+by) m;forall x,y e FL.
(4) x1=1x=xformy;=1elLforallx eF.
(5) x xy=2am; x 2'bim;
=Zaibj (mimmj)

= Zakmk
k

(or equivalently 2aib; (mj om;) = x xy = X'a, my).
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(6) amj=m;aforalla e Fand m; e L.
(7) xx(y+2z2)=xxy+xxzforallx,y,z eFL.
Thus FL is a ring, which is defined as a ring lattice.

We see the ring lattice is a n-dimensional general ring of
special dual like numbers.

We will illustrate this situation by some simple examples.

Example 3.13: LetL =

0

be a distribute lattice. Q be the ring of rational. QL be the
lattice ring.

QL = {myp + mja + mpb | mg, m;, my € Qanda, b € L}.

We just show how product is performed on QL.

Takex=5-3a+8bandy=-10+ 8a—7bin QL.

x+y=-5+5a+be QL.

xxy=(5-3a+8b)(-10+ 8a—7b)
=-50+30a—80b+40a—-24a+8x8(bna)

—35b+21 (amb)—56b

=-50+46a—-91b € QL.

Thus QL is a three dimensional general ring of special dual
like numbers.

Suppose we take ‘U’ as the operation on QL.
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xxy=(5-3a+8b)(-10+ 8a—"7b)

= 50 +30a—80b+40a—42a+8 x 8 (b U a)—35b+
2 (a U b) - 56b

= 50 +46a—91b+ 64 +21

=35+46a—91b e QL.

Example 3.14: Let Z be the ring of integers. L be the chain
lattice given by

Ag— 1
as
A
a3
a
a;

a():O

6
ZL = {zaimi m; € Z and a; € L; 0 <1< 6} be the lattice ring.
i=0

ZL is a 5-dimensional special general ring of special dual like
numbers.

Suppose x = m; + mpa; + m;z a, + my a3 + msay + meas and

y =n; + ma; + n3 a, + n4 a3 + nsay + neas are in ZL, then we
can find xy and x +y.

Suppose y =7 — 5a, + 3a, + 6as and x =3 + 4a; + 5a, — 8a;
are in ZL.

x+y=-4+4a, +0—8a; + 3a, + 6as and
x xy =(3 +4a; + 5a, — 8a3) (-7 — Sa, + 3a, + 6as)
=-21- 28211 — 3532 +56 az — 1532 — 2031 —
2532 + 4032 + 934 + 1231 + 1532 — 2433 + 1835 +
24a; + 30a, — 48a;
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=-21- 1231 + 103.2— 1633 + 934 + 183.5 e ZL.

Thus ZL is a six dimensional general ring of special dual
like numbers.

Example 3.15: Let Z be the ring of integers. L be a lattice
given by the following diagram.

a=1
al ’ 4 a3
dg } ay
O:ao

L is a distribute lattice. ZL be the lattice ring given by ZL =
{m; +mea; + ... tmeag|aje Lym e Z; 1 <1<6, 1 <j<6}.

Take x =3 + 4a, + Sag and y =4 — 2a, + 3a; we find x +y
and x x y (where product on L is taken as ‘U’.

x+y=772a2+4a4+3a5+5a6.

x xy=(3+4a,+ 5a5) x (4 —2a, + 3as)

=12+ 16a4+ 2036—632—832— 1032 + 935 + 1233 + 1531
=12+ 1531 *2432 + 12213 + 1634 + 935 + 2036 e ZL.

Suppose we replace ‘U’ by ‘"’ on ZL then x x y;
X xy = (3 +4a, + 5a6) (4 —2a, + 3as)
=12 + 16a4 + 20as — 6a, — 8as N a, — 10ag M a, +
9as; + 12as N ay + 15a5 M ay
=12+ 168.4 + 2036 — 6212 — 88.4 — 1036 + 935 +
12x0+15x0.
=12+ 8as + 10ag + 9as — 6a, € ZL.
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Clearly x x y # x ® y for we see x is under ‘U’ and ® is
under ‘M.

Example 3.16: Let R be the field of reals. L =

a
25}
a3

Ay as

a0:0

be a lattice. RL be the lattice ring RL is a 5-dimensional
general ring of special and like numbers.

Thus lattices help in building special dual like number
general ring. However we get two types of general rings of
special dual like number rings depending on the operation ‘U’
or ‘r’.

Example 3.17: Let F be a field. M = {(0, 0, 0, 0, 0, 0), (1, 0, 0,
0,0,0),(0,1,0,0,0,0) (0,0,1,0,0,0),(0,0,0,1,0,0), (0,0,
0,0, 1,0), (0, 0,0, 0,0, 1)} be the semigroup under product.
FM = {a; + a,g; + a;gy + ;g3 + asgq + asgs + asge | g1 = (1, 0, 0,
0,0,0),g=(0,1,0,0,0,0),g5=(0,0,1,0,0,0), ga= (0,0, 0,
1,0,0),g=1(0,0,0,0,1,0) and gs= (0, 0, 0, 0, 0, 1) where g
=g;, 1 <1< 6} be the seven dimensional general ring of special
dual like numbers.

Example 3.18: Let F = Q be the field.

S ={(0,0,0,0),(1,0,0,0), (0, 1,0, 0), (0,0, 0, 1), (0,0, 1, 0)}
be the idempotent five dimensional general ring of special dual
like numbers.

Example 3.19: Let F =R be the field.
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S=1{0,0,...,0),(,0,...,0) ... (0,0, ..., 0, 1)} be the
idempotent semigroup of order n + 1. Clearly FS the semigroup
ring is a n + 1 dimensional general ring of special dual like
numbers.

Example 3.20: Let V be a vector space over a field R. W, W,
..., Wi be t vector subspaces of V over R such that

V=W, & W, ® ... ® W,is a direct sum. Suppose E,, E,,
..., B¢ be t projection operator on Wy, W, ..., W, respectively. 1
be the identity operator.

Now S={a;+aE; +a3E, +....ta EiJase R; 1 <i<t+
1; Fjis aprojection of V onto Wj; 1 <j <t}; Sisageneral t + 1
dimensional ring of special dual like (operators) numbers.

In this way we get any desired dimensional special dual like
operator general rings.

Finally show how we construct special dual like rings using
idempotents in Z,,.

Example 3.21: Let Z, be the ring of integers. S = {g, g, ...,
g, 0} be idempotents of S such that {m; + myg; + msg, + ... +
my g | m e R 1 <i<tHl; ggeS;1<j<t});Pisa
t + 1 dimensional general ring of special dual like numbers.

Example 3.22: Let Z, be the ring of modulo integers. S = {0,
g1, &, 83, 84} < Z, be idempotents such that g} = g;; 1 <i<4;
gigi=0orgg1<ijk<4,

0110 ||g||&][0]0
ConsiderP=<|g, |,/g, 1,/ 0|,/ O |,|O[,| O || gi.g=0}.
2 |{0[[0]]0]|0]|]|g
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Suppose
0 0 0 g g
B={a,+a, |0 |+a,|g [+a,|g,|+a,| 0 |+a,| O || aeR,
8 g, 0 0 0

1 <1< 6}. Bis a 6-dimensional special dual like number
general ring.

We can construct idempotent semigroup or matrices using
the idempotents in Z,. Using these idempotent matrices we can
build any desired dimensional general ring of special dual like
numbers.

Now having seen methods of constructing different types of
special dual like numbers of desired dimension. Now we can
also construct t-dimensional special semiring semifield of
special dual like numbers.

We illustrate this only by examples.
Example 3.23: Let M = {a; + ayg; + a3, + asgs + asgy + as2s | a;
€Z,1<i<5,2=(1,0,0,0,0), g =(0,1,0,0,0), g3 = (0, 0,
19 05 0)’ 24 = (O, 09 0’ 1’ 0) and g5 = (05 05 03 05 1)} o {O} be the
6 dimensional general semifield of special dual like numbers.

Example 3.24: Let

S={a; +axg +asg +asgs +tasgs|aeZ, 1 <i<4

and gy =

o - o o
- o o o
C
o o o o

be the special dual like number semifield of dimension five.
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Example 3.25: Let

M= {a; +a)g +asg + ... +tasgg|a e Q5 1<i<9;

1000 0100 0010
gl:[o 1 00}’&_{0000}‘%{0000}
"fTooo 1] [0o000] [0000
g4—[0000},g5—{1 ooo}’gé_{o 1 oo}’

0000 .
000 0 T
fori=1,2,...,8} U {0}

be the special semifield of special dual like numbers of
dimension of nine.

Example 3.26: Let

a, b, c, d, €
S=14la, [+|b,|g +|c, |g, +|d, [g;+]|¢€, |24 a,bj e,
a3 b, C; d, ¢

d,e;e R 1< Lj,kts<32=04,3,0),2=@3,0,0),
23=(0,0,4)and g,= (0, 4, 3),4,3 € Z¢}

be the special five dimensional semifield of special dual like
numbers.



120 | Special Dual like Numbers and Lattices

Example 3.27: Let
P = {a; +axg + asgy + asg; + asgy + aggs + a7 | a € R,
1<i<7,gel;1<j<6} U {0};

where L is a chain lattice given below:

g3
2
21

Clearly P is a seven dimensional semifield of special dual like
numbers.

We see every distributive lattice paves way for special dual
like numbers.

However modular lattices that is lattices which are not
distributive, does not result in special dual like numbers on
which we can define some algebraic structure on them.

Another point to be noted is lattices and Boolean algebras
do not in any way help in constructing dual numbers, they are
helpful only in building special dual like numbers.

We give examples of semirings and S-semirings of special
dual like numbers.



Higher Dimensional Special Dual like Numbers | 121

al a2 a3
Example 3.28: LetM = 2 =X| T X8 + X3, +

a, a; ag

X4g3 where x; € Q U {0}, g =(,4,0,0),g =(0,3,0,0),
25=03,4,0,0) with 3,4 €Zs; 1 <i<6and 1 <j <3} be the
semiring of special dual like number. Clearly M is not a
semifield for we see in M we have elements x, y € M;

0 00
X X,y = =y X, X.
y 0 0 0 y

X, X

X
Consider N = { 2 s}{yl v yg}gl+
X4 X5 X6 Y4 y5 y6

z, 7, 1z, s, 'S, S,
gt 25
7, 7y 7, S, S, S

Xi, y_]a Zy, Sy € QJr U {0}: gl = (3a 45 O: O)a gZ = (Oa 35 0: O)a
g=04,0,3,4); 3,4 € Zs 1 <1,j, k, r <6} be the special
semiring of special dual like numbers.

We see M and N are isomorphic as semirings.
We define n : M — N as follows:

n(A) =

|: X, +Y,8 t28,+8g X, +¥,8 12,8, 15,8 X;3+¥:g 128, +S3g3}
Xy TYa8 1248 18,8 X5 +Ys8 +7:8, +8:8; X +VYeg +7Z:8, +5:8;

_1 X X X i Y29 Z 2y Z4 5 8, §

= + g+ g+ g;
Xy X5 X Yo Y5 Ys Zy Zs Zg 84 S5 Sg

is a one to one onto map. Infact it is easily verified n is an

isomorphisms of semirings. This result is true for any m x n
matrix of semirings with entries from any t-dimensional special



122 | Special Dual like Numbers and Lattices

dual like numbers. We denote by R(g;, g») = {a; + arg; + a3g |
a,eR;1<1<3, gf =g, g; =g and g2, = g8, = 0}

Qg 82, 83) = {X1 T Xog1 T X3+ Xugs [ Xi € Q1 <1< 4
gl =g, 1<k j<3;ga=2gg=(0)} Onsimilar lines we
have a t-dimensional special dual like number collection which
is denoted by

R(gi, g2, .., g1) = {ar T axg T a3z + ... T ag. | a € R,
1<i<t; g =geandg. g =(0) =g g; 1 <j,k<t-1}. Rcan
be replaced by Q or Z still the results hold good. In all these
cases we can say R(g)) < R(gi, &) < R(g1, &, &) < ... <
R(gl, g2, .- 1 gt—l)-

However if we replace R by R" we see this chain is not
possible and every element in R'(gy, gy, ..., g.1) is of dimension
t and t alone. However if R” is replaced by R"U{0} then we see
the chain relation is possible. When the chain relation is not
possible the set R'(g;, g2, ..., g.1) U {0} is a semifield of
dimension t.

Example 3.29: Let

a; = X; T X281 + X382 + Xa@3 + X584 T

Xegs T X786 + Xsg7 Where 1 <1<4;x; € R 1 <j<8and
g =(1,0,...,0),2=(0,1,0,...,0),g2=(0,0,1,0,...,0),

g4 = (05 07 05 1’ 05 O: O)a g5= (0, 05 0: O: 1a 05 0)5

0 0
g6 = (0, 0: 07 O, 0, 17 0) and g = (0: 0: ceey O, 1)} U{|:0 0:|}

be a semifield of special dual like numbers under the natural
product x,,.
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N={A1+A2g1+...+Agg7|Where Ai€|:X1 2:|;Xj €
X; X,
R;1<i<81<j<4. g=(1,0,...,0), ...,g,=(0,0, ..., 0,
00
1)} U{O O}} be the semifield under x, of special dual like

numbers. Clearly M is isomorphic to N as semifields.

If in M and N instead of using R" if we use R"U{0} we get
semirings under natural product x, as well as under the usual
product x.

Thus we can study M or N and get the properties of both as
they are isomorphic.

Example 3.30: Let

d, +d,g +d,g, +d,g; +dsg,
ai=| ¢, +c,g +c,8, +c,8, +cg, | withdy, cj,

¢ +¢,g, t¢e,8, +¢,2; +¢:8,

S = {i ax'
i=0

e, € QU{0} 1 <j, k,p<5;and g = (5, 6,0) g = (0, 0, 5),
g3 =(0, 0,6), g4=1(6,5,0) with 6, 5 € Z,o} be the general
semiring of five dimensional special dual like numbers. Clearly
S is only a semiring and not a semifield.

i i i
P= Z c, x‘+z c, glxl+z c |g,x' +
i=0 i i=0 i i=0 i
€ 2 €
i i
Z i i+z i i| g ool L0 1<i<5:
C, 83X Cs | 84X i2C>€, € Qu {0},1<j<5;

i=0 i=0 i

5

1<t<5,1<p<Swithg =(5,6,0),2=(0,0,5),

i
€4

2:=(0,0,6)and g, = (6, 5, 0)}
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is a general semiring of five dimension special dual like
numbers and S and P are isomorphic as semirings.

Interested reader can study subsemirings, semiideals and
other related properties of semirings.

We can also use lattices to get any desired dimensional
special semiring of special dual like numbers. Thus lattices play
a major role of getting special dual like numbers.

Further for a given lattice we get two distinct classes of
general special semiring of t-dimensional special dual like
numbers.

We will illustrate this by an example.

Example 3.31: Let L be the lattice given by the following
diagram.
1

®a
¢ Ay

¢ A3

0

Clearlyaimai=aiuai=ai,alma2=a2,a1ua2=a1,alma3=
a3, Yaz=arayMaz=az, aYaz=ap.

Now let S = {x; + x,a; + X33, + X433 | X; € Qu {0};
1<i<4,1,a,a,a; € L}.

Consider x =3 + 2a; + 4a, + 5a; and y = 8 + 4a, + 6a, + a3
inS. x+y=11+6a; + 10a, + 6a;.

x xy=(3+2a; +4a, + 5a;) (8 +4a; + 6a, + a3)
=24+ 1631 + 3232 + 4033 + 1231 + 831 + 1632 + 208.3
+ 1832 + 1232 + 2432 + 3033 + 333 + 233 + 433 + 533
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=24+36al+102 32+104a3 L
(operation under M)

Nowx xy=24+16+32+40+ 12 + 8a; + 16a, +20a; +
18 + 12a; + 24a, + 30a, + 3 + 2a; + 4a, + Sa3

= 145+5831 +5832+Sa3 i
(operation under L)

Clearly I and II are not equal so for a given lattice we can
get two distinct general special semiring of four dimensional
special dual like numbers.

Thus lattices play a major role in building special dual like
number.

We can also build matrices with lattice entries and use
natural product to get special dual like numbers.

Now we proceed onto study the vector spaces and
semivector spaces of t-dimensional special dual like numbers.

We also denote them by simple examples.

Example 3.32: Let S = {a; + ayg; + a3 + asg3 + asgs + aegs | g
= (Oa 09 4)a &= (4: Oa 0)’ 2= (39 07 0)7 g4= (09 4’ 3) and g2 = (09
3,0)where 4,3 € Zs; a; € Q 1 <1< 6} be a special vector space
of special dual like numbers over the field Q.

We see if T is a linear operator on S then to find the eigen
values associated with T.

The eigen values will be rationals. On the other hand we
use the fact Q(gy, g, ..., &) is a Smarandache ring and study the
Smarandache vector space of special dual like numbers over the
general S-ring of special dual like numbers, we can get dual
numbers as eigen values.

We will illustrate this situation by some simple examples.
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a, a
Example 3.33: Let S = { ! 2} a; = X + Xpg; + X3, where

a, a,

g1 and g, are the elements of the lattice L

1
g1 2

0
1 <i1<4;x5 € Q; 1<j<3} be the Smarandache special vector
space of special dual like numbers over the Smarandache ring.

P={x+xg +tx:g|xeQ;1<i<3; g =g,
gmgz=gzﬁg1=0andg§ =g 8, g e L}

Clearly eigen values of any linear operator can also be
special dual like numbers. So by using the Smarandache vector
spaces of special dual like numbers we can get the eigen values
to be special dual like numbers. This is one of the advantages
of using S-vector spaces over S-rings which are general special
dual like rings.

Example 3.34: Let S = {(a;, ay, a3, a4) where a; = x| + Xpg; +
X3 + X485 + X524 + Xegs + X786 | Xi € R; gj € L where L

1

g1
2
23

24
2

6
0
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1 <j<6,1<1i<7} bea S-vector space of special dual like
numbers over the S ring

R(g1, 22, 83, 84, 85, Zo) = {X1 T X081 T X3 + ... + X986 | g € L
1<1<6,x; € R; 1 <j<7} of special dual like numbers. If T is
a linear operator on S then the eigen values related with T can
be specal dual like numbers from R(g;, g, ..., ).

Similarly the eigen vectors related with any linear operator
can be special dual like numbers.

Now we proceed onto study linear functional of a vector
space of special dual like numbers and S-vector space of special
dual like numbers.

Example 3.35: LetV= 2 A = X1 T Xp81 T X382 T X483 T

1<j<5,x € Q,1<1<6} be a S-vector space of special dual
like numbers over the S-ring, Q(g;, £, &3, g4, &5) = {X; T Xog; +
X3Z t X3t Xsg T Xegs [ Xi € Q;1<51<6;geL;1<j<5}
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al a2 a3 a7
Example 3.36: Let V = ai = X; t Xog t

a, as a, a,

X3 1<1<8,x,e R;1<j<3, g, 2 eL;
1 A

2

be the S-vector space of special dual like numbers over the S-
ring R(g), 2) = {X; + Xo8 + X322 X; € R; g, ¢, € L, 1 <i <3},

We see V is a S-linear algebra under the natural product x,
over the S-ring, R(g;, g,) and for any S-linear operator on V we
can have the eigen vectors to be special dual like numbers.

Now having seen examples of S-linear algebras, S-linear
operators T and eigen vectors associated with T are special dual
like numbers we proceed onto give examples of special n-
dimensional semivector spaces / semilinear algebras of special
dual like numbers and strong special n-dimensional semivector
spaces / semilinear algebras of special dual like numbers.

2 =X + Xo81 T X322 T Xa8s3

al a2
Example 3.37: LetS =

a, a,
+x5g4, 1 <1<4,x;€ R'U{0}; 1 <j<5and g, € L where

1
g1
L= t@
g3

4
0
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1 < p <4} be the semivector space of special dual like numbers
over the semifield R"U{0}. The eigen values of S associated
with any linear operator is real and the eigen vectors are from

(R'U{0}) (g1, 22 3, 84).

Example 3.38: LetS= =Xt X781 + X38>

+ X423 + X584, With x, € Q'U{0}; g € L where

1

g1

125)
L= g3

4
0

1 <i<18, 1 <k<5and 1 <j <4} be the strong semivector
space of special dual like numbers over the semifield R'(g,, g,
g3, g4) = {XitXog T X3 tXags T Xsga [ g e L, 1<)<4,x €
R", 1 <i<5} U {0}. The eigen values of S related with any
linear operator on T can be special dual like numbers.

Example 3.39: Let

a, a a
1 2 10
P= { }
a, A, .. 8y

Xsgs; 1 €120, x5 € Q'U{0};1<j<5andg eL;

=X TXog T X320 T Xug3 +
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24 2

g« € L; 1 <k <4} be a strong semivector space over the

semifield Q (g1, 2, €3, 84) = {X1 T Xog1 T X382 T Xug3 T X584, X; €
Q',1<i<5},gel;1<j<4} U {0}.

Any linear operator T has its associated eigen values to be
special dual like numbers.

Further if f: P — Q'(gy, g, g3, g4) U {0}; then f also has for
any A € P; f (A) to be a special dual like numbers.

Finally we give examples of them.

Example 3.40: LetM = {(31, ap, 33) | a; = X1 + X281 + X382, 1<i
<3x€e QU{0}; 1<j<3;
1 a

g1, & € L= g 2 >

J

be a strong semivector space over the semifield
Q'(g1, 22) U {0} = {x; + xo81 + X382} U {0} where x; € Q"

andgielL,1<i<3and1<j<2.

Define f: M — Q'(g;, g2) U {0} as
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f((a1, a2, a3))= f(X; + Xo@1 + X322, y1 T Y281 T Y382, Z1 72281 + Z3€2)

=Xty Tz T (Xatyatzo)g + (Xstystza)g, € Q'(g1,g) U
{0} if x;, yj, zx € Q; 1 <1, j, k <3 and 0 if even one of x;, y; or
7, 1S zero.

f 1s a semilinear functional on M.

a8 = X1+ X g1 T X3

a1 a2
Example 3.41: Let S =

a, a,

1<i1<4,x, X, X3 € Z7;

gL@2el = g 2 s

be the special vector space of special dual like numbers.

Example 3.42: Let S = 1 ay=xy + X8 + X3 t Xegs +

X584 T X685 + X786, 1 <156,

21

SO}

g6 g4
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xx € Zy1; 1 £k <7} be the special vector space of special dual

like numbers over the field Z;;.

_al_
a2
a3
Define f: S —» Zy; by f(
a,
a5
36 |
(mod 11);
where
ar =X T X821 T ... T X786
BL=Y1 Y221 T ... T Yig
A3=2z T 22+ ... T 2786
34:(11 +d2g1 + ... +d7g6
as=e¢ T eg ... t¢e7g
a6=f1 +f2g1 + ... +f7g6;
f 1s a linear functional on S.
a, a, .. ay,
Example 3.43: Let S = <la,, a,, .. ay
Ay, Ay ... Ay

+...+X7g6; 1 S1S30, Xj € Z37; 1 S_] <7

1

g1

125)
andgyeL = ¢g

)=xityitz +d +te +1

ai = Xq + X281
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1 <k < 6} be special vector space of dual like numbers over the
field Z;;. Clearly S has only finite number of elements. If T is
any linear operator then the eigen vector associated with T are
special dual like numbers.

a a
Example 3.44: Let M = {01 2} &= X| T X8 + X3 + Xugs

a,

+ Xs@s + Xegs Where 1 <i<3,x;€ Zs; 1 <j<6

and gy, e L=

1 <k <5} be a special vector space of special dual like numbers
over the field Zs.

M is also finite dimensional; M under the natural product x,
is a special linear algebra of special dual like numbers over Zs.

Now we give example Smarandache special vector spaces /
linear algebras of special dual like numbers over the S-ring
Zy(g1, 2, ..., ); where Zy(g1, &, ..., g) = {Xi T Xog1 + ... +
X | Xi € Zp; 1 <1 <t+l and g; € L; L is distributive lattice,
1 <j<t; paprime}.

We give a few examples. The main property enjoyed by
these Smarandache vector spaces are that they have finite
number of elements in them and the eigen values can be special
dual like numbers from Z,(g;, ..., g).

We will illustrate this situation by some examples.
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Example 3.45: Let S = {(aj, a5, a3) | a; = X1 + X,g; + X3, Where
1<i<3;xje€Z3,1<j<3and
1 3\

gL el= & o

0 J
be a Smarandache special vector space of special dual like
numbers over the S-ring

Zy(g1, &) = {Xi T X8 t X3 | g, @2 € L, xi € Z3 1 i< 3}

Clearly the eigen values in general of Tof S(T : S — S)
can also be special dual like numbers from Z;(g;, g»).

Example 3.46: LetS=<{la; a, | whereaj=x; +Xpg +... +
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be the Smarandache special dual like number vector space over
the S-ring Z(g1, g, ..., &) = {X1 T Xog1 + ... T X986 | gi € L,
I<i<6andxje Z; 1<j<7}.

Clearly Z; < Z+(g1) < Z+(g1, &) < Z+(g1, &, &) < ...
Z1(g1, 82, - > 6)-

All Z+(g1, g2, ---, g); 1 £t <6 1is also a S-ring for Z7; the
field is properly contained in them.

The eigen values related with a linear operator T on S can
also be a special dual like number.

a, a, a,
Example 3.47: Let S = q|a, a, a,| where aj = x; + X8
a; a4y

geel= g3

1 <k <5} be is Smarandache special vector space of special
dual like numbers over the S-ring; Z3(g1, €, g4) = {X; + X281 +
X3g> + X484 Where the operation on g;’s are intersection and g,
2, gsare in L; xj € Zy3, 1 < j <4}, Here also for any linear
operator on S we can have the eigen values to be special dual
like numbers from Z3(g;, g2, 4).

Finally we give examples of polynomial special dual like
number vector spaces.
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a, a, .. a
Example 3.48: Let S= 4| a, a, .. a,|| a =X * Xg
A7 8y e Ay

+..+xs86 Withxj € Z;;1<j<7, 1 <i<24and g € L;

g3
LK
g6 g4
0
1 <k <6} be a special vector space of special dual like numbers

over the field Z,;.

The eigen values of any linear operator on S has only
elements from Z;;, however the eigen vectors of T can be
special dual like numbers.

However if S is defined over the S-ring, Z,,(gi, g, --., &)
with g; € L then S is a Smarandache special vector space over
the S-ring, Zy; (g1, &, ..., &) and the eigen values associated
with a linear operator on S can be special dual like numbers.

Thus we see the possibility of getting eigen values of
special dual like numbers will certainly find nice applications.
Finally we give examples of Smarandache vector spaces / linear
algebras over the S-ring of special dual like number where the
S-rings are Z,(g1, ...,g); n not a prime but a composite number.

a = x1 +Xa g + x3g; with

a1 aZ
Example 3.49: LetV =
a, a,

Xj€Zip;1<i<4;1<j<3andg,gel=
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2

be the strong Smarandache special dual like number vector
space over the S-ring

Zio(g, @) ={X1+Xg + X3 | Xi € Zip; 81, 2 € L; 1 <13}

Example 3.50: Let

a a .. a
I I 1 2 10
|: :|
a,, a4, .. a,

X483 T X584 + Xe8s + X178 With 1 <1 <20 and x; € Zy4,

2 =X; tXo8 + X382 +

1<j<7and

1 < p < 6} be the Smarandache special vector space of special
dual like numbers over the S-ring Z,4. Clearly M is not a strong
Smarandache vector space over a S-ring.
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Example 3.51: Let P = 4| a, a; = X| + Xog) t+ X38 + Xeg3 +

L3156

X584 + X685 + X786 + Xgg7 with 1 <i< 16, Xj € Z30, 1 S_] <8 and

grel= g4

1 < p <7} be a strong Smarandache special dual like number
vector space over the S-ring.

Z30 (81, ..o, Z7) = {X1 T X081 + ... T Xgg7 | Xj € Z30, 1 <18
andgje L; 1 <j<7}.

This P has eigen vaues which can be special dual like
numbers for any associated linear operator T of P. Also T can
have eigen vectors which can be special dual like numbers.

Study of these properties using strong Smarandache special
dual like numbers using Z.(g,...,g) can lead to several
applications and the S-ring Z.(g,...,g) can be so chosen that
Z.(g1,...,g) contains a field as a subset of desired quality.



Chapter Four

SPECIAL DUAL LIKE NEUTROSOPHIC
NUMBERS

The concept of neutrosophy and the indeterminate I, was
introduced and studied by in [11].

Recently in 2006 neutrosophic rings was introduced and
studied [23]. In this chapter we study the notion of neutrosophic
special dual like numbers.

Consider S=(QuUI)={a+bl|a,be Q};SisaringSisa
general special dual like number ring.

Suppose T=(RuUI)={a+bl|a,beR I=1};Tisa
general neutrosophic ring of special dual like numbers.

LetF=(ZuUl)={a+bl|a beZ I?=1}; Fis a general
neutrosophic ring of special dual like numbers.

Like S=(Z,ul)={a+bl|a,be Z, I>?=1} is a general
neutrosophic ring of special dual like numbers.
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Example 4.1: LetS={(Z, Ul ={a+bl|abe Z, =1
be the general neutrosophic ring of special dual like numbers of
finite order.

Example 4.2: Let T={(5Zul)}={a+bl|abe5Z =1}
be the general neutrosophic ring of special dual like numbers of
infinite order.

Example 4.3: LetM={(RuUD}={a+bl|a,be R, =1} be
the general neutrosophic ring of special dual like numbers.

Example 4.4: Let M= {(Zs, u D} ={a+bl|a,be Zy P=1}
be the general neutrosophic ring of special dual like numbers.

Clearly we have to use the term only general ring as M
contains Zsy as a subring as well as Z3;ol — M as a neutrosophic
subring which is also an ideal, that is every element is not of the
form a + bl, both a and b not zero.

A ring which has special dual like numbers as well as other
elements will be known as the general neutrosophic ring of
special dual like numbers.

Example 45: LetS= {(ZsuUI)} ={a+bl|a be Zs, ’=1} be
the general neutrosophic ring of special dual like numbers of
dimension two. Clearly S is a Smarandache ring. ZsI < S is an
ideal of S. Zs < S is only a subring of S which is not an ideal.
Clearly S is a finite ring characteristic five.

Example 46: S={ZuD}={a+bl|a,beZ I’=1} be the
general neutrosophic ring of special dual like numbers.

S has ideals and subrings which are not ideals. Clearly S is
of infinite order and of dimension two.

Now we build matrices and polynomials using general
neutrosophic ring of special ring of special dual like numbers.
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) X, X,
Consider A =
X, X,

A is a non commutative general neutrosophic matrix ring of
special dual like numbers under the usual product x.

xie{Zulyi=1,2,3,4};

Infact A has zero divisors, units, idempotents, ideals and
subrings which are not ideals.

If on A we define the natural product X, then A is a
commutative neutrosophic with zero divisors, units and ideals.

0 x x, 0 0 0 )
For X, = X, e{(Zul)1<1L2.
0 x, x, 0 00

We can have general neutrosophic row matrix ring of
special dual like numbers.

Consider
B={(a;, a, ..., aj0) | a; = a+ bl with a, b € Q and I’=I; 1<i< 10};

B is a general neutrosophic row matrix ring of special dual like
numbers. B has zero divisors, units and idempotents.

a,

a
LetC= 21l ae(QuTI); 1<i<n};Cis a general

neutrosophic column matrix ring of special dual like numbers
under the natural product x,,.
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2
Ifx= e C we see X" =x and so on.

However we cannot define usual product x on C.

Finally consider

a, a, a5
a, a a
16 Q7 30
P a,=x+yle(RuUl;
a3 Ay ays
a, a a

x,yeR;Iz=I 1<i<6};

P is a general neutrosophic 4 x 15 matrix ring of special dual
like numbers under the natural product x,,.

P has zero divisors, units and idempotents.

Further

Livis =

—_ =
—_ e
—_ e

is the unit (i.e., the identity element of P with respect to the
natural product x,.

Now we will give more examples of this situation.
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Example 4.7: Let

a1 aZ a}
S=<la, a; a aie(ZéuI);lsiS9;Iz=I}
a, ay a,

be the general neutrosophic square matrix ring of special dual
like numbers.

111
1 1 1| is the identity with respect to natural product x,.
1 11
1 00
If on S we define the usual product x then Shas |0 1 0] to
0 0 1

be the unit. (S, +, x,) is a commutative ring where as (S, +, x) is
a non commutative ring.

S has units, zero divisors, ideals and subrings which are not
ideals. Further S has only finite number of elements in it.

0
X = I is an idempotent under natural product x,
I

O
—_ O O

and X is not an idempotent under the usual product x.

Example 4.8: Let

P=4|" PllaeZul;1<i<l6)
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be the general neutrosophic matrix ring of special dual like
numbers under the natural product x,. P has zero divisors,
units, idempotents, ideal and subrings which are not ideals.

1 1] [0 I
11 1 0
x=|1 1|istheunit,y=|0 1] isan idempotent.
|1 1] |1 0]
—al a2
a; a,
M= 0 Of|lae(Z;ul);1<i<4}cP
10 0]

is a subring as well as ideal of P.

a, 0 0 b,
a b
x=| 7 .|andy= ;
a, 0 0 by
in Paresuchthatx x,y=|, | isazero divisor in P.
0 0

P has only finite number of elements in it.
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Example 4.9: Let
a, a, .. a
a, a, .. a,

be the general neutrosophic 2 x 5 matrix ring of special dual
like numbers under the natural product x,. S is of infinite order.

P [al a, .. as}
a, a, .. a,

is only a subring which is not an ideal of S.

a, e (RUI); 1<i<10}

2, e(ZuUl);1<i<10} S

S has zero divisors, units, idempotents.

11111

e S is the unit in S.
11111

Clearly [

I T 1T 1), . .
in S is an idempotent;
I T T T1TII

I 0110 _ .
y= € S is also an idempotent of S.
0 I 111

Example 4.10: Let

P=< ¢ 7 T lae(Zyul);l1<i<I2)
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be the general 4 x 3 matrix neutrosophic special dual like
number ring of finite order. P is commutative. P has units,
idempotents, and zero divisors.

Lz = € P is the unit of P.

— e e
—_ = =

Now we proceed onto study neutrosophic general
polynomial ring of special dual like elements of dimension two.

Example 4.11: Let

P= {Zaixi a,e(Zul)y; IZ=I}

i=0

be the general neutrosophic polynomial ring of special dual like
numbers. P has ideals and subrings which are not ideals.

Example 4.12: Let

a e (ZgUl; P=1}

S= {iaixi

i=0

be the general neutrosophic polynomial ring of special dual like
numbers. S has zero divisors and ideals.

Example 4.13: Let

a e RUIP=I}

i=0

S= {iaixi

be the general neutrosophic polynomial ring of special dual like
numbers. S has subrings which are not ideals.
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For take

P= {iaixi

i=0

aie(ZuI);Iz=I}gS;

P is only a subring of S and is not an ideal of S.

Example 4.14: Let

ae(Z;Vl)}

S= {i ax'
i=0

be the general neutrosophic polynomial ring of special dual like
numbers.

Example 4.15: Let

ae RUI;IP=I}

S= {i aixi
i=0

be the general neutrosophic polynomial of special dual like
numbers can S have irreducible polynomials.

Now having seen polynomial general neutrosophic ring of
special dual like numbers, we now proceed onto give a different
representation for the general ring of matrix neutrosophic
special dual like numbers.

Example 4.16: Let
M = {(x1, X2, X3) + (Y1, Y2, Y3)I | =1 , X, yj € Ry 1<14,j <3}
be the neutrosophic general ring of special dual like numbers.

Consider N = {(aj, a5, a3) | a; = x; + y1I; ay = X, + y,I and a3
=x3+y3l,xi,yjeR;lsi,j£3,12=I};Nisalsoa
neutrosophic general ring of special dual like numbers.

Clearly N and M are isomorphic as rings, for define
n:M— Nby n((x1, X2, X3) + (y1, Y2, y3)I)
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= (X1 + le, X2 + sz, X3 + Y3I)
It is easily verified n is a ring isomorphism.
By considering ¢ : N — M given by ¢ (X1 + y11, x2+y,l, x3+y3])

= (X1, X2, X3) + (Y1, ¥2, ¥3)I we see ¢ is an isomorphism from
N to M.

Thus N and M are isomorphic, that is we say M and N are
isomorphically equivalent so we can take M is place of N and
vice versa. Hence we can work with a m x n matrix with entries
from(Z U I) (RUI)or{Qul)or(Z,ul)) or A+ BI where A
and B are m x n matrices with entries from Z (or R or Q or Z,).

We will only illustrate this situation by some examples.

Example 4.17: Let

al aZ a3
_ . C 0. 12 —
M=<la, a; a,||ae(Zsul)1<i<9I'=I}
a7 a8 a9

be the general neutrosophic ring of 3 x 3 matirces of special
dual like numbers.

Take

X X X Yi Y2 ¥

N=91%, X5 X |+|Ye ¥s Yo l|l|XYi€ Zs;
9 Y Ys Yy

1<i,j<9;P=1}
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be the general ring of neutrosophic matrix special dual like
numbers.

We see 1 : M — N defined by

a4, a, a, i +yl x,+y,l x4yl
nia, a; ag | =n|x,+y,l X, +yl xo+yl
a, ag a, X, +y, I xg+y I x,+y,l
X X X5 Yi Y2 Y3
=X X5 Xg |ty ¥s Ye|leN
X; Xy X Yo ¥Ys Yo

Clearly n is a ring isomorphism.
Consider ¢ : N - M given by

X, X3 Yi Y. Vs
Ol Xy X5 Xg|H|Ye Y5 Yol

X7 Xg Xg Y Y5 Y

,+y, I x,+y,I x5+y,l
Xty xs+y I x,+y .
X, +y,l xg+yl xy+yol

¢ is again a ring isomorphism thus N = M and M = N. So
we say M can be replaced by N and vice versa.
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Example 4.18: Let

S= ai=xi+yil;xi,yieZ”;1Si£6;IZ=I,

that is a; € (Z;; U 1)} be the general ring of neutrosophic
column matrix of special dual like elements.

Take

_X1_ _YI_
Xz YZ
X

P= i Y3 I Xi,yl'ezll;lgiajs6;12:1}

X4 Y4
X5 YS

[ X6 ] Y6

be the general ring of column matrix coefficient neutrosophic
special dual like number.

Clearly 1 : S — P defined by

a, I X +yl | X Y1
a X, +y,l X, Y2
n a; —n X3yl X RERN e P,
ay X, +y,l Xy Y4
a5 Xs+Ysl Xs Ys
| a | | X + Yl | | X6 | [ Ve |
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1 is a ring isomorphism that is S = P.

Similarly ¢ : P — S can be defined such that;

X Y I X +yl 1
X, Y2 X, +y,l
ol ||V i =2V s,
Xy Ya X, +y,l
Xs ¥s X5 +ysl
X6 L[Ye] | Xg + Vel |

thus ¢ is an isomorphism of rings and P = S. Thus as per need S
can be replaced by P and vice versa.

Finally it is a matter of routine to check if

a1 aZ alO
M=<la, a, .. a,||lae{QuI);l<i1<30}
A, Ay, ... Ay

be the general ring of neutrosophic matrix of special dual like
numbers and if

X Xy e Xy Yi Y2 o Yo
N=91X, X o Xy | T Yy Yo o Yol
Xa Xy e Xy Ya Yo o V3o

where x;, yj € Q, 1 <i,j <30, P =1}

be the general neutrosophic matrix ring of special dual like
numbers then M is isomorphic with N. Hence we can use M in
place of N or vice versa as per the situation.

Now finally we show the same is true for polynomial rings
with matrix coefficients.
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For if p(x) = z“aixi with a; = x; + yiI; 0 <i<nthen

i=0

p(x) = i“xixi + iyilxi = ixixi + [iyixi}
i=0 i=0 i=0 pary

forx;, y; € Q(or Zor R or Z,).

Similarly if

p(x) = Z:aixi with a; =
i=0

X, +yl

X, +y,l
X; +y,l

Xy +Yy,l

M

Yi
Y2
bE
Ya

forxj, yx€e Q(orZorRorZ,); 1 <j,k<4;,0<i<n.

Thus p(x) = Zaixi =

i=0

X
o0
>
i—0| X3

Xy

0
i=0

>

i=0

I x

Y
Yliz i
Y;
Vs

I.

Similar results hold good for row neutrosophic matrices,
rectangular neutrosophic matrices or square neutrosophic
matrices as coefficient of the polynomials. Hence as per need
we can replace one polynomial ring by its equivalent
polynomial ring and vice versa.

All properties of rings can be derived for general
neutrosophic rings of special dual like numbers. This is left as
an exercise to the student as it can be realized as a matter of
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routine. Now we can also build using the neutrosophic dual like
numbers a + bl (a, b € R or Q or Z or Z,)) vector spaces.

Let
V=A@, a,..,as5)|a=xtyl1<i<15, =1 x;, yi € Q}
be the general neutrosophic vector space of special dual like
numbers over the field Q.

We see V is also a general neutrosophic linear algebra of
special dual like numbers.

This definition and the properties are a matter of routine
hence left as an exercise to the reader. So we provide only

some examples of them.

Example 4.19: Let

al a2 a3
a, a; ag
V=4dla, a;, a,||aeQuI);l<i<ls)
alO all a'12
A3 Ay A

be a general neutrosophic vector space of special dual like
numbers over the field Q. Infact using the natural product x, of
matrices. V is a linear algebra of neutrosophic special dual like
numbers.

Example 4.20: Let

W= a,E(ZwUI),lSlSlS}
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be the general neutrosophic vector space of special dual like
numbers over the field Zs.

Example 4.21: Let

al a’2 aS
P=4la, a; a,||aceRUI);1<i1<9}
a7 aS a9

be the general neutrosophic Smarandache vector space of
special dual like numbers over the Smarandache ring (R U I).

The eigen values and eigen vectors associated with P can be
special dual like numbers from (R U I).

All other properties like basis, dimension, subspaces, direct
sum, pseudo direct sum, linear transformation and linear
operator can be found in case of general neutrosophic vector
spaces of special dual like numbers which is a matter of routine
and hence is left as an exercise to the reader.

Now we can also define neutrosophic general semiring /
semifield of special dual like numbers and also the concept of
general neutrosophic vector spaces of special dual like numbers.

We only illustrate them by some examples as they are direct
and hence left for the reader as an exercise.

Example 4.22: Let M = {(a;, ay, a3) | a; = x; + y;I where a;
(R"U {0y UI),1<i<3, =1} be the general semiring of
neutrosophic special dual like numbers.

Clearly M is not a semifield as M has zero divisors,
however M is a strict semiring.
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Example 4.23: Let

W= a, ai:Xi+in,Xi,yi€Z+U{O},IZZL1Si§5}

be the general neutrosophic semiring of special dual like
numbers under the natural product x,. Clearly W is not a
semifield.

Example 4.24: Let

ai=xi+yil,xi,yieQ+u{0},1Si£4}

be the general neutrosophic non commutation semiring of
special dual like numbers. T is not a general neutrosophic
semifield.

Example 4.25: Let

a, a, aj,
a a .. a
13 Ay 2%
S= a=x; tyil,
325 326 336
a3, Ay a8

X,yi€Z U0}, 1<i<48}

be the general neutrosophic special dual like number semiring
under natural product. S has zero divisors, so is not a semifield.
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Example 4.26: Let

_ _ +
S=4la; a, a, a;|la=xitylLx,yieZ,

1<i<12} U

S O O
S O O
S O O
S O O

be the general special neutrosophic semivector space over the
semifield Z" U {0} of special dual like numbers.

Clearly M under the x, is a linear algebra.

Also M is a semifield.

Example 4.27: Let

al a2 a3
_ _ +
T=4la, a, a,||a=x+tylx,yieQ,
a, ay a,

0 0 0
1<i<9, =1} u4l0 0 0
0 0 0

be the semifield of general neutrosophic special dual like
numbers only under x,, under usual product x, T is only a
semidivision ring.
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Example 4.28: Let W = {(aj, &, a3, a4) | ai=X T yil, X;, i € R
1<i<4} U {(0,0,0,0)} be a semifield of general neutrosophic
special dual like numbers.

Example 4.29: Let

a a .. a
AV 1 2 10
|: i|
a,, a4, ... Ay,

Xpyie (RTU {0} Uy, 1<i<20}

ai =x; +yil,

be the semiring of neutrosophic special dual like numbers under
natural product x,. V is not a semifield however V is a general
neutrosophic semilinear algebra of special dual like numbers
over the semifield R" U {0}.

Infact V is a strong Smarandache semilinear algbera of
neutrosophic special dual like numbers over the Smarandache
general neutrosophic ring of special dual like numbers.

Example 4.30: Let

a, a, a; a,

B=<la, a;, a, ag||a=x+tyl

X, yi € RTU {0},1<i<12}

be the general semilinear algebra of special dual like numbers
over the semifield Z" L {0}.

All properties related with semivector spaces / semilinear
algebras of special dual like numbers over the semifield like
basis, dimension, semilinear transformation, semilinear
operator, semilinear functions, direct sum of semivector
subspaces and pseudo direct sum of semivector spaces can be
derived in case of these new structure. As it is direct it is
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considered as a matter of routine and hence is left as an exercise
to the reader.

Now can we have higher dimensional neutrosophic special
dual like numbers. We construct them in the following.

RIzZtla &)= {xi txog *x3%: [ g1 =, L) and g = (1, 0, D} is
a three dimensional neutrosophic special dual like number.
Forifa=3+4(I,I,1)+2(,0,1)
andb=-1+3({, LI -7(,0,I)arein R (g;, g,) then
a+tb=2+7{,LD)-5(,0,1)

andaxb=-3-4CLD-200,0+9@LY)+120LI) +
6(1,0,1)—21(L,0,1)—28 (L 0,I)— 14 (1, 0, 1)

=-3+17 (Ia I: I) —-49 (L 03 I) € R(gla g2)

It is easily verified R(g;, g) is a general ring of
neutrosophic special dual like numbers of dimension three.

Likewise we can build many three dimensional
neutrosophic special dual like numbers.

ForQ (g, &) ={a;taxg ta;g|a € Q; 1 <i<3,

I I I 1
gi=|1 O0|landg = |1 TI|,"=1};(Q(gi, ), X +)
0 I I 1

is a general neutrosophic using of special dual like numbers.

Example 4.31: Let W = {Z (g}, &)} = {a1 + a,g + asgy) | & €
Z;1<i<3, ge=(LLL 1L and g = (0,1, 0, 1, 0)} be a three
dimensional special dual like number general neutrosophic ring.
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Example 4.32: Let M = {Q(g1, )} = {a; + axg; + azg, where a;

’ : 0 I 2 I I

dimensional neutrosophic special dual like number ring where
g1 X, g2 = gi. Clearly M under the usual product is also M is a
three dimensional neutrosophic special dual like number ring of

g1 X 2= &
However both rings are different.

In this matter we can define any desired dimensional
neutrosophic special dual like numbers; we give only examples
of them.

Example 4.33: Let Z(g, g2, g3) = {a1 + a2 + a3g, + aygs | a; €
Z,1<i<4withg =(LLLLLI,g=00010,1,0)and g; =
(0,1, 0,1, 0, I) where gf =g,1=1,2,3; g212=(,0,1,0, 1, 0),
g3 =1(0,0,0,0,0,0) and gig; = (0, I, 0, I, 0, I)} be a four
dimensional neutrosophic general special dual like number ring.

Example 4.34: Let Z(g1, g, 23, 84, €5) = {a1 T a2g; + a3y + asg;
+asgstasgs|aeZ; 1<i<6;g2,=(1,0,0,0,0),2=(0,1,0,0,
0)g;=(0,0,1,0,0),2,=1(0,0,0,1,0)and gs = (0, 0, 0, 0, I)} be
the general neutrosophic ring of six dimensional special dual
like numbers.

Example 4.35: Let

Z7 (g1, 82, 23, &4, 5, €7, 88) = {a1 T gy + ... + a0gs, aj € Zy;

cico g |L 000 fo100
SIERET 0 0 078 o0 0 o)

foo10] Jooo1] 0000
B0 00 0% looo0o o' 100 of
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0000 000 0]
= , 87 = an
B o100’ oo 1 o0

000 0
88710 0 0 1

be the nine dimensional general neutrosophic ring of special
dual like numbers of finite order.

Thus we can construct any n-dimensional neutrosophic ring
of special dual like numbers.

We can also have semirings / semifield of neutrosophic
special dual like numbers of desired dimension.

We will only illustrate this situation by some examples.

Example 4.36: Let

S={a; +ag ta=g, +a,g+asg|a e R"uU {0};

i I 0 01 00
_1_7 == , = , =
B0 0’8710 o'® 7|1 0
| 0 0
an =
870 1

be a five dimensional neutrosophic dual like number semiring.
Clearly S is only a semiring and not a semifield.

Example 4.37: Let

S ={a; +ag +asg +a,g; +asgyt+ aggs +agst+ aggs |
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a,€eZ'U{0;1<i<8,g=[0],2=1]0],

_ 0 0
_ 0 o
0 0 0 0 _
0 0
0 0 0 0
0 ) 0
I I 0 0 : .
g3: 9g4: ag5: ag(): ,g7: ag8: :
0 1 0 0
) 0 0
: . 0 | 1
: . I
0 : 0 0 -
L~ 0 L~
- 0 0

be the eight dimensional neutrosophic special dual like number
semiring. Clearly S is not a semifield.

Now having seen examples of any higher dimensional
neutrosophic special dual like numbers we can as a matter of
routine construct semivector spaces and vector spaces of higher

dimensional neutrosophic special dual like numbers.

Example 4.38: Let

V= : 2 =X + X8 + X3 X483, 1 <154, %€ Q,

21=(,0,0),2,=(0,1,0)and g3 = (0,0, )}

be a special neutrosophic four dimensional vector space of
special dual like numbers over the field Q.
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Example 4.39: Let

T= a; = X1 +X2g1 +X3g2+X4g3 +

X5g4+X6g5; 1<i< 12, Xj S Zlg, 1 SJ §6,

g1 =

S O O~
S O O O
S O = O
S O o O
S O = O

g5 =

— O O O
S O O O

be the general neutrosophic for six dimensional vector space of
special dual like numbers over the field Z;. T is a finite order.

Example 4.40: Let

a; =Xt Xog + X3 T X4g3 +

Xs@4 + Xe@s T X786 + Xsg7 + Xogs where 1 <1< 8,x, € Q" U {0},

1<j<9withg =

S O -~

0 0 0
0 0 > 827 0
0 0 0

S O =

0
0],
0
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0 0 0 0 00 0 00
g&%=10 0 I|,g=]/0 0 Ojandgg=|{0 O O
0 0 0 I 00 010

be a general neutrosophic nine dimensional semivector space of
special dual like numbers over the semifield Q" U {0}.

Example 4.41: Let

1 0 0 I 0 0
Xjexu; 1<j<7,21=10 0],2=]|0 0|, g=|1 0],
0 0 0 0 0 0

o

o
o
o
(=]
(=]

aQ
B
|
[e)
)]
W
|
[e)
[e)
[e)
[e)

and g¢ =

(=]
(=]
L]
(=
()
[

be a general neutrosophic seven dimensional Smarandache
vector space over the S-ring Z,, of special dual like numbers.
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Example 4.42: Let

al az a3
M=qla, a; ag||a=x +Xg +X38 + X483
a7 a8 ag

Wlth g1 :(Oa 09 07 I)’ gZZ(O, 0, I) O) g3:(0, I) 07 O) and
g =(1,0,0,0,x € (Q U0} UD1<j<4,1<i<9)

be a general neutrosophic strong semivector space of special
dual like numbers over the semifield (Q" U {0} U I).

Clearly under the natural product x,; M is a strong
semilinear algebra over the (Q" U {0} U I). Likewise with
usual product x, M is a strong non commutative semilinear
algebra over (Q" U {0} U I).

Thus working with properties of these structures is
considered as a matter of routine and this task is left as an
exercise to the reader.



Chapter Five

MiXED DUAL NUMBERS

In this chapter we proceed onto define the new notion of
mixed dual numbers. We say x = a; + apg; + azg, is a mixed

dual number if g/ =g, and g5 =0 with gjg&, =g gi= g (or &

or 0 where g;, g, are known as the new elements and a;, a,, a;
R (orQor ZorZ,).

First we will illustrate this situation by some examples.

Example 5.1: Let S = {a; + ag; + asgx | 3, € Q, 1<i <3,
g =4,8=64,6 € Z; gl2 = g; (mod 12) and gi = 0 (mod
12)} be a mixed dual number collection.

Example 5.2: LetT= {a; +ag, +asg |a; € Z, 1<i<3,g,=9
and g, = 6 in Z;, with g’ = g, (mod 12) and g; = 0 (mod 12)
212 =9 x6=54=6 (mod 12)} be the mixed dual number.

Mixed dual numbers should have minimum dimension to be
three.
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Example 5.3: Let S = {a; + a,g; + a3g, |2, € Q, 1 <i <3,
g=5and g =10 € Zy, g’ =5 (mod 20)and g5 = 0 (mod 20)}
be the mixed dual number.

Consider x =5+ 3g, + 2g, and y =3 —4g, + 5g, in S.
xty=8-g +7g €8S.
xxy=(5+3g+2g) x(3-4g+5g)
=15+09g, +6g,—20g, —12g, — 8z, +25g, + 15g, + 0
=15-23g,+32g, € S.

Example 5.4: Let P = {a; + ayg; + a3, |a; € Z, 1 <i <3,
g =21 and g = 14 in Zys. Clearly g = g (mod 28) and

g5 =0 (mod 28) g2, = g = gg; (mod 28)}. P is a mixed dual
number.

Example 5.5: Let W = {a; + ayg; + a3¢, |2 € Z, 1 <1< 3,
21=9, g = 12 € Z3s are new elements such that gl2 = g; (mod

26) and g; = 144 = 0 (mod 36) and g2, = g2, = 0 (mod 36)};
W is a mixed dual number.

Takex=-2+g +g andy=5+7g +10g, in W.

x+ty=3+8g +11g,.

Xxxy =(=2+g +g)x(5+7g +10g)
=-10-14g; —20g, +5g; + 7g; + 0+ 52, +0+0
=-10—-2g; —15g, € W.

We wish to give structures on these mixed dual numbers.
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LetS={a+bg +cg|a b,ce CorZorQorRorZ,;
gi=giand g5 =0, g1g = g8 = g or g or 0} be the collection
of mixed dual numbers.

S is a general ring of mixed dual numbers denoted by
C(g1, &) or Z(g1, g2) or R(gy, g2) or Q(gi, &) or Z(gy, g2)-

Clearly C(g1) < C(gi, g2) and C(g;) is a two dimensional
special dual like number.

Also C(g) < C(gi1, g) and C(g,) is a two dimensional dual
number. C < C(gy, g2). The same result is true if C is replaced
by RorZor QorZ,.

We will illustrate this situation by some examples.

Example 5.6: LetS={a+bg +cg|a b, ceQ;g =16and
g =20 1in Zy, g'= 16 = g, (mod 40) and g, = 0 (mod 40),
212 = 2g1 = 320 = 0 (mod 40)} be a three dimensional mixed

dual numbers. (S, +, x) is a general ring of three dimensional
mixed dual numbers.

Example 5.7: LetP = {a+bg; +cg|a b, c e Z; g =22and
g =33 € Zy, g =0 (mod 44) and g5 = 33 (mod 44),
212 = 221 = 22 (mod 44)} be the three dimensional mixed dual
number general ring.

Example 5.8: Let T={a + bg; + cg | a, b,c € Q, g = 12,
2 =16 € Zy g8 = 12> =0 (mod 48) and g = 16 (mod 28),
212 = gg1 = 0 (mod 48)} be a three dimensional general ring of
mixed dual numbers.

Example 5.9: Let M = {a+ bg, +cg,|a, b, c € Z;7, g =13,
g =26 € Zs;, gi= g (mod 52) and g5 = 0 (mod 52),

218 = 28 = 26 (mod 52)} be the three dimensional general
ring of mixed dual numbers.



168 | Special Dual like Numbers and Lattices

Example 5.10: LetM = {a+bg, +cg |a,b,c € Z; g, =30 and
g =40 € Zg, gi= 0 (mod 60) and g; = 40 (mod 60),

212 = 212 = 0 (mod 60} be a general ring of mixed dual
numbers.

Example 5.11: LetM = {a+bg; tcg |a,b,c € R; g, =34 and
g =17 € Zgg we see g’ =0 (mod 68) and g5 = 17 (mod 68)}
be the general ring of mixed dual numbers.

Clearly g;g, =g = g,g1 (mod 68); we have several subrings
of mixed dual numbers.

Example 5.12: Let M= {a+bg +cg|a, b, c e Zy, g =36
and g, = 48 € Zy, such that g5 = 0 (mod 72), g/ =0 (mod 72),

212 = 2g = 0 (mod 72)}, M is a three dimensional dual
number general ring.

Now we proceed onto study the mixed dual numbers
generated from Z,, where n = 4m, m any composite number.

THEOREM 5.1: Let Z4y be the ring, m any composite number.
Zm has element gy, g, such that g2 = g; (mod 4m) and g2 =0

(mod 4m), 919> = g»0: = 0 or g; or g, (mod 4m). Thus gi, 92
contribute to mixed dual number.

The proof is direct by exploiting number theoretic methods
hence left as an exercise to the reader.

Example 5.13: Let S = {a; +a)g; tasgy tasgsz |a; € Q; 1 <i<
4,g,=4, & =6and gs=9 € Z5; 9° =9 (mod 12), 6> = 0 (mod
12) 4 =4 (mod 12) 6 x 9 = 6 (mod 12), 4 x 6 = 0 (mod 12),
4 x9=0(mod 12)}. S is a four dimensional mixed number.

Letx=5+3g +2g,—4gs;andy=6—-g, +5g, + g3 € S,

x+y=11+2g1+7g273g3eS.
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xxy=(5+3g +2g,—4g;) x 16 —g; + 52, + g3)
:30+18g1+12g2*24g3*5g1*3g1+0+0+
25g,+0+0—20g, +5g;+3 x0+2g,—4g;

=30+ 10g; + 19g, —23g; € S.
We can have higher dimensional mixed dual number also.

Example 5.14: Let P = {a; + a,g; + a;gz +asg;|ae R 1< i <
4, =16, g =20 and g3 =25 € Zy, g/ = 16 (mod 40), g>=
(mod 40) and g = 25 (mod 40), g2, = 16 x 20 = 0 (mod 40),

g1 x g, =0 (mod 40), g, x g3 =20 x 25 =20 (mod 40)} be a four
dimensional mixed dual number.

Example 5.15: Let S = {a; + a,g; + a;g, + as,g; + a5g4 | ai € R,
115, g =16, g =20, g3 =40, g, =60 € Zg, g1 g =16
(mod 80), g2=20> =0 (mod 80) and g = 40° = 0 (mod 80)
and g> = 60> = 0 (mod 80). g;g, = 0 (mod 80), g,g3 = 0 (mod

80), gi1g3 = 0 (mod 80), g;g4 = 0 (mod 80), g;g4 =0 (mod 80),
224 =0 (mod 80)} be a five dimensional mixed dual number.

Example 5.16: Let P = {a; + a,g| + a;g, + a,g; + asg4 | a; € Zy,
1<i<5,g=12,2=16,g;=24and g, = 36 € Zy, g = 12°=
0 (mod 48), g2= 16> = 16 (mod 48), g2= 24" =0 (mod 48) and
g; =36"=0 (mod 48), 12.16 g, = 0 (mod 48), g;.g; = 12.24 =

0 (mod 48), 2124 = 12.36 = 0 (mod 48), g,g; = 0 (mod 48),
2.84 = 0 (mod 48) and g;.g4 = 0 (mod 48)} be a five
dimensional mixed dual number.

Example 5.17: Let us consider S = {a; + ayg; + azg + asg; +
asgs +asgs |2, € Q, 1<i<6, g, =16, g'=16 (mod 120), g, =
25, g>=25 (mod 120), g; = 40, g3= 40 (mod 120) g4 = 60 g;
=0 (mod 120), g5 = 96, gZ=96 (mod 120) belong to Z,5}. S is
a general ring of 6 dimensional mixed dual numbers.
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Clearly g; g, = g3 =40 (mod 120).

g1g; = g3 (mod 120)

g1 x g4=0 (mod 120)

g1 X gs = gs (mod 120)

22 X g3 = g3 (mod 120)

2 % g4 = g4 (mod 120)

g x g5 =0 (mod 120)

g3 x g4 =0 (mod 120)

g3 x gs =0 (mod 120) and
g4 x g5 =0 (mod 120).

Thus P = {0, g1, 2, &3, €4, &5) < Zi20 1S a semigroup under
product and is defined as the mixed dual number component
semigroup of Zi.

Example 5.18: Let S = {a; + a)g; + asg, + asg; + asgs + asgs +
azge + agg; witha; € Q,1<1<9, g =16, g, =60, g; =96,
g4 =120, gs = 160, gc = 180 and g; = 225 in Zy} be a general
ring of mixed dual numbers of dimension eight.

g’ = 16> =16 (mod 240),

g2 =60 = 0 (mod 240),

g2=96" = 96 (mod 240),

g5 =120 = 0 (mod 240),

=160% = 160 (mod 240),
g2=180% = 0 (mod 240),
and g2 =225 =225 (mod 240).

218 = 16 x 60 = 0 (mod 240),
2123 = 16 x 96 = 96 (mod 240),
2124 =16 x 120 = 0 (mod 240),
2185 = 16 x 160 = 160 (mod 240),
g1 %X g¢ =16 x 180 = 0 (mod 240),
g1 x g7 =16 x 225 = 0 (mod 240),
g x g3 =60 x 96 = 0 (mod 240),
2 x g4=60 % 120 = 0 (mod 240),
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2 x g5 =60 x 160 = 0 (mod 240),

2 % g6 =60 x 180 = 0 (mod 240),

2 x g7 =60 x 225 = 60 (mod 240),
23 x g24=96 x 120 = 0 (mod 240),

g3 x g5 =96 x 160 = 0 (mod 240),

g3 X g6 =96 x 180 = 0 (mod 240),

g3 X g7=96 x 225 = 0 (mod 240),

g4 x g5 =120 x 160 = 0 (mod 240),
g4 % g6 =120 x 180 = 0 (mod 240),
g4 x g7 =120 x 225 =120 (mod 240),
g5 x g6 =160 x 180 = 0 (mod 240),
g5 x g7=160 x 225 =0 (mod 240) and
g6 x g7 =180 x 225 = 0 (mod 240).

Thus P = {0, g1, 2, ..., g7} € Zs4 is a mixed dual number
semigroup component of Zy4.

In view of this we propose the following problem.

IfZ, (n=pp> ... p: each p;’s distinct). Find the cardinality
of the mixed dual component semigroup of Z,.

Now having seen examples of mixed dual general ring of
n-dimension we just proceed to give methods of construction of
such rings of any desired dimension. We give a method of
constructing any desired dimensional general ring of mixed dual
number component semigroup of Z,,.

Suppose S = {0, g1, ..., g&| g1, ..., g are nil potentelements
of order two and g1, ..., g are idempotents we take m tuples
Xi, ..., Xm With X;’s either all idempotents or all nilpotents of
order two in such a way x;, X; = Xx; if i = j in case X; is an
idempotent tuple x;x; = 0 if i = j in case X;’s are nilpotent of
order two X; X Xj = Xi, Xk is either nilpotent of order two or
idempotent if i # j}.

That is if x; = (g, ..., g&) and Xj = (g, ..., ), ] <1, 8, p <t
then XiX; = Xx = {gq, & ..., &) 1s such that every component in xy
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is either nilpotent of order two or idempotent ‘or’ used in the
mutually exclusive sense, 1 <p,s, ..., 1 <t.

We will illustrate this situation by some examples.

Example 5.19: Let P = {g|, g, ..., g, 0} < Zyy (given in
example 5.18).

Consider x; = (0, 16, 0, 0, 0), x, = (16, 0, 0, 0, 0), x3 = (0, 0,
16, 0, 0), x4 = (0, 0, 0, 16, 0), xs = (0, 0, 0, 0, 16), x¢ = (120, 0,
0,0, 0, 0), x;=1(0, 120, 0, 0, 0), xg = (0, 0, 120, 0, 0), xo = (0, 0,
0, 120, 0), x;0 = (0, 0, 0, 0, 120), x;; = (60, 0, 0, 0, 0), x;, = (0,
60, 0, 0), x;3 = (0, 0, 60, 0, 0), x4 = (0, 0, 0, 60, 0) and x;5 = (0,
0,0, 0, 60).

Using S = {xy, X, ..., X15, (0, 0, ..., 0)} we can construct a
16 dimensional general ring of mixed dual numbers.

We can also instead of row matrices use the column
matrices like

(96 | L o o o

0 0 0 0

0 96 0 0 0

0 0 96 0 0
=101, x,= 0 , X3 = 0 , X4 = 96,x5= L
0 0 0 0 96

g | 0 | 1 0 1 0 | 0 |

[0 ] (180 | [0 ] 0 [0 ]
0 0 180 0 0

0 0 0 180 0
Lol o P o P o P T 1so
0 0 0 0 0
|96 | 0 | | 0 | | 0 | | 0 |




Mixed Dual Numbers | 173

F 0 ] [0 ] [120] [0 ] [0 ]
0 0 0 120 0
0 0 0 0 120
X1 = 0 > X12 = 0 > X137 0 > X14 = 0 > X15 = 01’
180 0 0 0 0
L 0 | 1180 | | 0 | | 0 | | 0 |
F 0 ] [0 ] [0 ]
0 0 0
0 0 0
X16 = 120 , X7 = 0 and X3 = 0
0 120 0
| 0 | | 0 ] 1120 ]
o]
0
Using P = g , X1, X2, ..., X8}
0
_O_

we can construct a general ring of eighteen dimensional
mixed dual numbers where

Xj Xp Xj = under the natural product X,

S X O O O O

Finally we can find



174 | Special Dual like Numbers and Lattices

120 0 0 0 0 0 120 0 0 0
X1 = , X2 = 5 ++es Xn
[o 00 0 o} [0 0 0 0 o}

100 00 O
0 0 0 0 96
using natural product x, we can find a n dimensional general
ring of mixed dual numbers.

Thus we mainly get mixed dual numbers Z,.

However we are not aware of getting mixed dual numbers
by any other way. We feel if we can find linear operator in

Hom(V,V) such that T; o T; = T; or Or, zero operator and if Tf
=T, and sz =0 then T; o Tj = Tj o Ti = 0 or Ty where Ty is again

an idempotent operator or a nilpotent operator of order two.
This task is left as an open problem to the reader.

Now having introduced the concept of mixed dual numbers,
we proceed onto introduce the notion of fuzzy special dual like
numbers and fuzzy mixed dual numbers.

Let [0, 1] be the fuzzy interval.

Let g be a new element such that g’ = g; we call x = a + bg;

with a, b € [0, 1] to be a fuzzy special dual like number of
dimension two. Clearly ifx =a+bg;andy =c +dgj,a, b,c,d
€ [0, 1] are two fuzzy special dual like numbers then x + y and
X x 'y in general need not be again a fuzzy dual like number for a
+ ¢ and bc + ad + bd may or may not be in [0, 1], we over come
this problem by defining min or max of x, y.

For if x =0.03 + 0.4g; and y = 0.1 + 0.7g; the min (X, y) =
0.03 + 0.4g, and max (x,y) = 0.1+ 0.7g;.
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Thus if S = {a + bg,; | a, b € [0, 1] and g = g, is a new
element}, then {S, min} and {S, max} are general semigroups
of dimension two of special dual like number.

We will first illustrate this situation by some examples.

Example 5.20: Let A={a+tbg|a,be[0,1]g=4 e Zs} be
the general semigroup of fuzzy special dual like numbers under
min or max operation of dimension two.

Example 5.21: LetW={x+yg|x,y € [0,1],g=4 € Z),} be
the general semigroup of fuzzy special dual like number under
max operation of dimension two.

Example 5.22: Let

M={x+yg|x,y € [0,1]and g= 3,4 € Z¢}

A LW B~ B~ W

be the general fuzzy semigroup of special dual like number
under max operation of dimension two.

Example 5.23: Let

M= : a;=x; tygwithx;, y; € [0, 1]; 1 £i1<4,

g:76214}

be the general fuzzy semigroup of special dual like number
under max operation.
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Example 5.24: Let

a, a, a; a,
s a4, a, ag||a=xtygwith
a‘) a10 all a12

Xi, ¥i € [07 1]71S1S127g2(7787897,8)7786214}

be the general fuzzy semigroup of special dual like number
under max operation.

Example 5.25: Let

S= A a; =x; Tyig with x;, y; € [0, 1];

alO all alZ

al} al4 alS

_alé a17 alS_
11 12 0

1<i<18,g= 2 12 11,12 € Zy}

12 11 0
11 12 11

be the general fuzzy semigroup of special dual like number
under min operation of dimension two.

Now we proceed onto give examples of higher dimension
general fuzzy semigroup of special dual like number.
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Example 5.26: Let

M={a+bg +cg +dg|ab,c,de[0,1];
11 12 11 12 0 11 q 11 12 0

= . = an =
700 11 o® 0 12T 0 12
be the general fuzzy semigroup of special dual like number of
dimension four.
Example 5.27: Let T = {a; + a,g; + a3 + asg@s + asgy + asgs | a;
€ [0’ 1]3 1 < 1 < 6’ gl = (13’ 05 05 14)’ g2 = (Oa 133 05 0)’ g3 = (Oa
0,0, 14), g4=(0, 0, 13, 0) and gs = (13, 0, 0, 0) are idempotents
13, 14 € Zys} be the general fuzzy semigroup of special dual

like number of dimension six.

Example 5.28: Let

S=14la, ay a, || a=xTxXg T X38 T X483 T X584

+ Xegs + X786, 1 <115, %€ [0, 1], 1 <j <7,

1

21

o

g6 g4

0

1 < p <6} be the general fuzzy semigroup of special dual like
numbers of dimension seven under max (min) operation.
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Example 5.29: Let

a, a, .. a
1 2 8
T= { }
a4, A, .. a5

a; = X1+ X021 + X322,

1<i<16,x€[0,1],1<j<3,

1 N\

g,gel= g 2 >

0 J

be the general fuzzy semigroup of special dual like numbers of

dimension three under max operation.

Now we proceed onto give examples of general fuzzy

semigroup of mixed dual numbers.

Example 5.30: Let

M={a +bg +tcigi|abce[0, 1]g=6andg =4 € Z,}
be the general fuzzy semigroup of mixed dual number of
dimension three. g = 6> =0 (mod 12) and g, =4 =g, (mod

12). Finally g2, = gog1 = 0 (mod 12).

Example 5.31: Let S = {x; + Xpg; + x38 + x4g;3 | X; € [0, 1]
1<i<4;,8=6,2,=4,28=9 € Z;5; g'=6"=0 (mod 12) and
gﬁ =4%= g (mod 12), g§= 9 = g3 (mod 12), g1g, = 0 (mod 12)

2123 = 69 =54 =6 (mod 12), gg; =4.9 =36 =0 (mod 12)} be
the general fuzzy semigroup of mixed dual number of

dimension four under min or max operation.
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Example 5.32: Let

P={(a;, &, a3) | a; € ([0, 1] L [0, I]); 1 <1< 3} be a general
fuzzy semigroup of neutrosophic special dual like numbers
under min or max operation.

Example 5.33: Let

a, a, .
M=% % e eqo,1]u o0, 17 1 <i <20}
a9 Ay

be the general fuzzy semigroup of neutrosophic special dual like
numbers under min or max operation.

Example 5.34: Let

a, a, .. a

a17 a’lS a32
be the general fuzzy semigroup of neutrosophic special dual like
numbers under min or max operation.

a; € ([0, 17U [0, 1]); 1 <i<32}

Thus fuzzy neutrosophic numbers under min or max
operation are special dual like numbers.

Finally we see as in case of dual numbers we can in case of
special dual like numbers and mixed dual numbers define the
notion of natural class of intervals and operations on them to
obtain nice algebraic structures.

Example 5.35: Let

al a2
a, [|aie([0,]]U0, 1]); 1 <i<6}

a6
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be the general fuzzy semigroup of neutrosophic special dual like
numbers under min or max operation.

Now we give examples of mixed dual numbers.

Example 5.36: Let M = {(a, a,, a3, a4) | ai = X; + X281 + X382, X;
€[0,1],1<i<4,1<j<3g =6andg, =4 € Z»; g'=0and

g> =12, gig2 = 0 (mod 12)} be the general fuzzy semigroup of
mixed dual numbers under min or max operation.

Example 5.37: Let

T=11 " 7 7 lla=x+xg + X3g + x4g; with

xje [0,1],1<1<30,1<j<4; g =6and
g=4and g;=9 € Z5}

be the general fuzzy semigroup of mixed dual number of
dimension four under max or min.
Example 5.38: Let
p {al a, .. am}
a, A, .. Ay

Xsg4 + Xegs + X786 + Xsg7, 1 £1<20 with xje [0, 1], 1 <j<8;

a; = X1 + Xog T X382 + X4gst+

g, =16 and g, = 60 and g; = 96, g, = 120, g5 = 160,

6= 180 and g7 = 225 € 2240}
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be the general fuzzy semigroup of mixed dual number under
max or min of dimension 8.

Finally just indicate how mixed dual number vector spaces,
semivector spaces can be constructed through examples.

Example 5.39: Let

al a2
a, a,
P= a; = X; + Xog; + X3g, where g; =6,
a5 a()
a, a

©=4eZpxeQ; 1<i<8,1<j<3; g'=0(mod 12),
g>=4 (mod 12) and g;g, = 0 (mod 12)}

be the general vector space of mixed dual numbers over the
field Q. Infact M is a general linear algebra of mixed dual
numbers over Q under the natural product x,,.

Example 5.40: LetP ={(a1, a, ..., 315) | a; = X; T Xo81 T X382 +
4g3 + X584 + Xegs + X786 With xj€ Q; 1 <1<15,1<j<7;

1

21

v P

g6 g4

1 <p <6 be a vector spage / linear algebra of special dual like
numbers over the field Q}.
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Example 5.41: Let

a, a,

+ X786+ Xgg7with 1 <i<4, x;e R; 1 <j<8; g, =16,

;=X T Xo81 +X3gy +4g;+ X584 + Xegs

2 =60, g3 =96, g, = 120, gs = 160, g¢ = 180 and
g7=225in Zouo; 2= 0, g/ =16, g;=96, g;=0,
g2 =160, g;=0and g; = 225}

be the general vector space of mixed dual numbers over the
field R (or Q). S is a non commutative linear algebra of mixed
dual numbers over R (or Q) under usual product x and under x,;

S is a commutative linear algebra of mixed dual numbers over
the field.

Study of basis, linear transformation, linear operator, linear
functionals, subspaces, dimension, direct sum, pseudo direct
sum, eigen values and eigen vectors are a matter of routine
hence the reader is expected to derive / describe / define them
with appropriate modifications.

Example 5.42: Let

al aZ
a, a, .

M= . . ai=x1+x2g1+x3g2 +X4g3,1S1S22,
aZl a22

xje Q;1<j<4;g=4,g=6and g3 =9inZ;, and

Q (g1, 22, g3) = X1 + X081 T X3 + Xugs = a3}
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be a Smarandache general vector space of mixed dual numbers
over the Smarandache general ring of mixed dual numbers Q(g;,
£, &)-

Clearly M is a S-linear algebra over the S-ring, Q(g;, 2, g3)
under the natural product x,. Further in general the eigen values
and eigen vectors can be mixed dual numbers.

Example 5.43: Let

a, a, .. a
S=4la, a, .. a,||aeQ(gn,, s &5, Lo 7)s
al7 a18 a24

1<i<24,p=g =16, =60, g3 =96, g, = 120, gs = 160,
g6 = 180, g7 =225} < Zys9 and a; = X; + Xpg; + X328 + X4g3
+ .ot xg7; 1<1<8, xj€ Q; 1 <p<7}

be the Smarandache general vector space (S-linear algebra
under natural product x) of mixed dual numbers over the S-ring,
Q(gla g2, 00 g7)

We now proceed onto give examples of semivector space of
mixed dual numbers.

Example 5.44: Let

a; = X1 T X081 + X821 T X385

xje QU {0},1<i<8,1<j<3,g =12and g= 16 with

g’ =0 (mod 48), g>=16 (mod 48) in Zss}
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be the general semivector space of mixed dual numbers over the
semifield Z" U {0}.

Example 5.45: Let

W= : S AT X T Xog T X T T XsEy

aZS a29 a30
with 1 <1<30,x; € Z"' U {0}, 1 <j<8;

T=1{0,g, 8, ..., 87} S Zoo}

be the general semivector space of mixed dual number over the
semifield Z" U {0}.

Example 5.46: Let

a, a, a,
M= <la, a; a,||a=xX X8 T X8 + X3 T X483
a, a, a

with 1 <i<9,x,€e Q" U {0},1<j<4,g,=6,g,=4
and g3:9 € le}

be a general S-semivector space of mixed dual numbers over the
Smarandache semiring.

P={(Q" U {0}) (g1, 2 &) =X + Xag1 + X3g + Xag3 With X
€eQ U {0}, 8,2 8 €Zng =6 g=4and g =9}. In this
case M is a Smarandache semilinear algebra over P. Further the
eigen values and eigen vectors associated with any T : M - M
can be mixed dual numbers.
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Example 5.47: Let

S= ai=x1+x2g1 +...+ Xgg7 Wlthlglglo,

Xj € lea 1 SJ < 8a g1 = 165 &= 605 g = 965 g4 = 1205
g6 = 160 and g7 = 225 € 2240}

be the vector space of mixed dual numbers over the field Z;;.
S is not only finite dimensional but S has only finite number of
elements in it.

Example 5.48: Let

a4 =X T X021 + X320 T Xugs

with 1 <1<30,xj€ Zys, 1<j<4,g,=6,2 =4and
g3=9in212}

be the Smarandache general vector space of mixed dual
numbers over the S-ring Zs.

For all these semivector spaces, semilinear algebras and
finite vector spaces of mixed dual numbers we can derive all
properties with no difficulty. Thus this task is left as an
exercise to the reader.

Now we indicate how intervals of special dual like numbers
and mixed dual like numbers are constructed and the algebraic
structures defined on them.
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Let No(S) = {(ai, a)) | @i, aj € S = {X; + Xog; with X;, X, € Q
(or Z or Z, or R or C) g/ =g, is a new element}} be the natural
class of open intervals with special dual like numbers.

Similarly we can define closed intervals, open-closed
intervals and closed-open intervals of special dual like numbers
of any dimension.

We will illustrate this situation first by some examples.

Example 5.49: Let M = {[a, b] | a, b € Q(g1, 22, &) = {x1 +
X2 X3 tXags [ X € Q, 15154, g,=6,g,=9and g3 =4 €
Z12}} be the closed interval general ring of mixed dual numbers.

Example 5.50: Let P = {(a, b] | a, b € (R U I)} be the open-
closed intervals general ring of neutrosophic special dual like
numbers.

Example 5.51: Let W= {[a,b) |a,b € S= {x; + X22; + X322 | X;
€eQ;1<i1<3,g,=10,g =6 € Z3}} be the general ring of
closed-open interval special dual like numbers of dimension
three.

Example 5.52: Let T= {(a,b)|a,b € S= {x; + xo81 + X358, +
X423 T Xs@4 T X625 T X786 | Xj € R, 1 <j <7,

1

g1

wer P

245 g4

0

1 £k £ 6}} be the seven dimensional open interval general ring
of special dual like numbers.
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Example 5.53: Let P= {[a,b) |a,b € S = {x; + Xpg + X3¢, +
X483 + X584 where g1 = 16, 2 = 96, g3 = 160, g4 = 225 € 2240, X
€ Z, 1 £1 < 5}} be the closed-open interval general ring of
special dual like numbers.

Example 5.54: Let M = {(a, a, ..., a,) | 8 = [X;, yi] where x;,
yi € S={X1+ X8 + X3 | X1, X2, X3 € Q,

1

gl,gzeLI g1 2

1 <1< n}} be the closedlinterval row matrix general ring of
special dual like numbers.

Example 5.55: Let

a'l a2
s a, )

P= . . a;=(c;, dj] with ¢, dj € S= {x; + xpg1 +
all a12

X3t Xags TXsg|X€Q,1<j<4, g =16,g =96,
g3 = 160 and g4 =225 ¢ 2240} 1<i< 12}

be the open-closed interval column matrix general ring of
special dual like numbers.

Example 5.56: Let

B {al az}
a, a,

= X1t Xg T X3g + Xags [ % €Q, 1<t<4,

a;=|[c,d]withc,d € S
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gieL=8& 2

0

3

1 <j < 3}} be the closed interval square matrix general non
commutative ring of special dual like numbers.

Example 5.57: Let

a = (di, Ci], di, c,eP= {X] + Xog1 + X382 +

S= {iaixi

i=0

X483 + X584 + Xegs + X7gs Where x; € Q, 1 <j <7 and

21

e XS

g 4

0

1 <p < 6}} be the open-closed interval general polynomial ring
of special dual like numbers.

These interval rings has zero divisors, units, idempotents,
subrings and ideals. All properties can be derived which is a
matter of routine.
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Example 5.58: Let

T= {Z:aixi a;=(c,d],c,de S=

i=0

{Xi X8 +... +Xngu | Xj€7Z,

1

g

lgz
gel= :g3

£10

g1
0

1 £j<12and 1 £ p £ 11}} be the closed-open interval
coefficient polynomial general ring of special dual like
numbers.

Example 5.59: Let S={[a,b)|a,b e P = {x; + Xpg) + X3 +
Xa€3 +Xsg4 | X € Q U {0}, 1 <i<5,

gielL=

1 <£j < 4}} be the closed open-interval general semiring of
special dual like numbers.

Clearly S is not a semifield.

Example 5.60: Let S= {(a,b)|a,b e P={x; +xg +x38 +
X483 + X584 | X5 € VARV {0}, g1 =16, g, =120, g3 =96 and g, =
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225 € Zyy, 1 <1< 5} be the open interval general semiring of
special dual like numbers.

Examp|e 5.61: LetS = {(al, d, as, 34) | a; € P= {X1 + X281 +
X382 + Xags + X584 + XeZs + X786 | x; € Q7L {0},1 <j <6,

21

o X8

g 4

where 1 < p < 6}} be the interval row matrix general semiring
of special dual like numbers.

Clearly M is not a semifield only a smarandache semiring.

Example 5.62: Let

T= . ai:[C,d];C,deS:{X1+X2g1+X3g2|Xj€

Z'U{0},1<j<3andg =6,2=10¢c Z3},1<i<9}

be the column interval matrix semiring of special dual like
numbers.
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al a2 a3
Example 5.63: LetT= <|a, a, a, || where aj=][c,d];c,d
a; 8; 8
e P = {x; + xg + X3g + X483 + ... + X685 wWhere g; be
elements of a chain lattice with 17 elements x; € Z" U {0}; 1 <i
<16,1 <t<15}, 1 <j <9} be a closed square interval matrix
general semiring of special dual like numbers. W is a non

commutative semiring under usual product x of matrices where
as a commutative ring under the natural product x, of matrices.

Example 5.64: Let

a1 aZ alO
M=<la, a, .. ay,|| a=(cdl;c,deS={x+xg +
aZl a22 a30

X3 +xags + Xsga| xj € RTU {0}; 1 <j<5, g =16,
2= 96, g3 = 160 and g4:225 € 2240}; 1<i< 30}

be the rectangular matrix of open-closed interval general
semiring of special dual like numbers. Clearly the usual product
of matrices cannot be defined on M. M is not a semifield has
zero divisors.

Example 5.65: Let S = {Zaixi a=(c,d],c,deP={x+

i=0

Xogi + ...+ Xi5g17| Xj € Z" U {0}, 1 <j < 18 and g, are elements
of chain lattice of order 19, 1 <p < 17}} be the closed interval
coefficient polynomial semiring of special dual like numbers.

Example 5.66: Let M = {(aj, a5, a3, ..., a;0) | ai=[c,d); c,d € S
={X| T X8 TX3@ +Xug3 + X584 [ Xj € Q, 1<j<5,g,=16g, =
96, g5 = 160, and g4 = 225 € Zy4}, 1 <1 <10} be the interval
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row matrix general vector space of special dual like numbers
over the field Q.

Likewise we can define interval column matrix general
vector space / linear algebra of special dual like numbers,
interval rectangular matrix general vector space / linear algebra
of special dual like numbers and interval matrix general vector
space/ linear algebra of special dual like numbers.

The reader is expected to give examples of all these cases.

Example 5.67: Let

a, a, a
1 2 3

T= { }
a, a; ag

X3 | xjeZ+u{O};1Sj£3,g1=6,g2=106230}}

a,=(c,d];c,d e S={x; +x,g +

be the closed open interval general semivector space of special
dual like numbers over the semifield Z" U {0}.

Likewise semivector spaces of row matrices, column
matrices and square matrices with interval entries can be
constructed. This task is also left to the reader.

a, a; a
Example 5.68: LetT=+ " . ' |la=(cdl;c,de {x

16 17 18

+ Xog ... T X080 | Xj € Ziso, 1 1 £j <20, g, € L, L achain
lattice of order 21, 1 <p <19}, 1 <1 < 18} be a Smarandache
vector space rectangular matrix of intervals of special dual like
numbers over the S-ring Z;s.
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al a2 a3
Example 5.69: LetP=<|a, a; a, || where aj=[c,d];c,d

eS :{Xl + X281 + X32> + X483 + X584 | Xj € Zlg, 1 S_] < 5, g1 = 16,
2 =96, g3 = 160 and g4 = 225 € Zyy}, 1 <1< 9} be a square
matrix with closed intervals entries. P is a general vector space
of special dual like numbers over the field Z .

Now we can also construct intervals of mixed dual numbers.
This is also considered as a matter of routine. So we only give
some examples so that interested reader can work in this
direction.

Example 5.70: Let W= {[a,b] |a,b € P= { x| + Xog| + X3, +
R Xgg7 | X € Q, g1 = 16, 2 = 60, g3 = 96, g4 = 160, g5 = 180
and ge = 120 and g; = 225 € Zys}}. W is a general ring of
natural class of closed intervals of mixed dual numbers.

Example 5.71: LetS= {(a,b]|a,b € P = {x; +Xpg; + ... +
X20g19 | Xi € R, 1 <1<20, g, € L, L a chain lattice of order 21,

g1
' 2

I 19
0

1 < p £ 19}} be the general ring of open-closed intervals of
special dual numbers.

Using chain lattices or distributive lattices one cannot
construct mixed dual numbers.
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Example 5.72: Let M= {(a,b) |a,b € S= {x; + xpg; + X328, +
Xag3 | xi€Q,1<i<4and g =6, g,=4and g; =9 € Zy,}} be
the general ring of open intervals of mixed dual numbers.

Example 5.73: Let S= {(a,b]|a,b € P = {x; + Xpg; + X3, +
X423 + Xs@4 T Xe@s T X786 T Xsg7 | Xi € Zyoo, | <1< 8 and g, = 16,
g =60, g5 =120, g4 = 96, g5 = 160, g; = 180 and gs = 225 €
Zy0}} be the open-closed interval general ring of mixed dual
numbers.

Example 5.74: LetS= {(a,b)|a,b € P = {x; + Xog; + x38 | X;
€Z,1<i1<3,g=6and g, =4 € Z»}} be the open interval
general ring of mixed dual numbers.

Let x = (3+5g;+g,, 7g,t5) and y = (—7+8g,,5+g,+3g,) € S.
Now x +y=(—4+ 5g, +9g,, 10+g; + 10g,) € S;
Xxy=(G+5g +g)x(7+8g), (7g:+5) 5 + g1 +3g2)
= (21 —35g; — 7g,+ 24g, + 40g,g, + 8¢5 + 35, +

25+ 7gig, + 581 +21g; + 15g)

=(-21-35g; +25g,,25 + 5g; + T1gy)
(v g=g and g1g, = 0).

x x y € S. This is the way operations ‘+’ and ‘x’ are
performed on S

a

a

Example 5.75: Let S=<| || a=(c,d);c,d € P= {x; + xog;
aS
a4

+ X382 + X4g3+ X5g4| Xi € Z7, 1<i< 5, g1 = 12, 2 = 16, g3 = 24,
g, =36 € Zs}, 1 <j <4} be the general ring of open interval
matrices of mixed dual number.



Mixed Dual Numbers | 195

Clearly cardinality of S is finite.

Q= [c, d);

a, a, a,; a, a,
Example 5.76: Let S =
a4, ag Ay 3y

c,d e S={xitxg + X328+ x| xi € Q;1<1<4,g,=(6,6,
6),2:=(4,4,4),2=(9,9,9),4,6,9 € Z5} 1 <j <10} be the
closed - open interval matrix ring of mixed dual number.

Example 5.77: Let W = {(a;, a,) | aj=(c, d]; c,d € P = {x; +
X2 +X3@ | Xi€Zs;1<i<3and g =14and g, =21 € Zy}, 1
<j £ 2} be the open-closed interval general ring of mixed dual
numbers.

a, 5 a6 .
Example 5.78: Let T = : : : aj=[c,d; 1 <i<

a28 a29 a30
30,c,d € P={x; + Xog; + X322 + X4g3 + ... T Xgg7| X € R;
1<j<8,g =16, g =60, g3=96, g, = 120, gs = 160, gc = 180
and g; = 225 € Zys}, 1 <1 < 30} be the closed-open interval
general ring of 10 x 3 matrices of mixed dual numbers.

Example 5.79: Let L = {(a;, a, a3) | aj=(c, d]; ¢, d € {x; +
X8 X328 | Xi€Zs;151£3,21=6,2=4€Zp}; 1<j<3}
be the open-closed interval general ring of mixed dual numbers.

Letx = ((3 +2g + g +3g], (4 +5g, g1 +4],
(3g1 + g, 3g, +4g; +1]) and

y=(2+g, g +4], (32 + g, g, (0,4g]) bein L.

x+y=[5+3g1+g,g+4g+t4],4+3g, g+t
4], (3g1 + gz, 1+ 3g2 + 3g1]) (S L
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xxy=(B+2g +g, g +320]x(2+g,gt+4],
(4+5g,2 +4](3g1 + 2, 221,
(3g1+ g2, 38 +4g, +11(0, 4g1))

=((6+3g +2g +2g +glg, gig +4g +
3g2 + 12g], (12g, + 42 + 15g,2, +
5g;, 218 4], (0, 12g1g, +
16g} +4gi])

=(6+3g1,4g1 +32:], g1 + 32, 4],
(0, 4g]) € L.

Thus L is a ring.

Example 5.80: Let S={[a,b]|a,b e P = {x; + xpg) + X358, +
Xa@3 FXsgs | Xi€ ZU {0}, 1<i<5, g =12, g =16, g3 =24,
g4=36 € Zs3}} be the closed interval general semiring of mixed
dual numbers.

Example 5.81: Let M = {(a;, a;) |a; = [c, d),c,d € S= {x; +
X2g1 + X3 T Xag3 T X584 + Xe8s | Xj € VARG {0},1<j<6,g,eL
= a chain lattice of order seven 1 < p <5}, 1 <1< 2} be the
closed open interval general semiring of mixed dual numbers.

Example 5.82: Let

a, a, .. a
1 2 8

T= { }
ay, a, . a

X328 T X423 T X584 T X625 T X786 T Xgg7 With x; € Q+ v {0},

a,=|[c,d),c,d e S={x;+xg +

1<j<8,g1=16,g =60, g;=96, g, =120, gs = 160,

g6 = 180, and g7:225 € 2240}, 1<i< 16}
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be the open-closed interval rectangular matrix of semiring of
mixed dual numbers. Clearly T is not a semfield of mixed dual
numbers.

Now we see we can build as in case of special dual like
numbers in case of mixed dual numbers also vector spaces and
semivector spaces / linear algebra of intervals. This work is left
for the reader, however we give problems in this regard in the
last chapter of this book.

Finally we can have fuzzy interval mixed dual numbers and
fuzzy interval special dual like numbers and they are fuzzy
semigroups under max or min operations.

We will illustrate this situation by some examples.

Example 5.83: Let S = {[a, b) | a=xX| + Xpg; + X3g, and b=y,
+y»g1 + ysg where xi, yj € [0, 1], 1 <1,j<3,g,=6and g, =4
€ Zi,} be the closed-open interval fuzzy semigroup of mixed
dual number under max or min operation.

Example 5.84: Let
M = {(a,b) | a=x; + X8 + X3 + X483 T X584 + Xegs5 + X786 and

B=y +yxg +..+yg where x;, y; € [0, 1], 1 <1,j<7

and
1

£1

e

86 4

1 <p <6}} be the open interval fuzzy semigroup of special dual
like numbers under min (or max) operator.
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Example 5.85: Let S = {(a), a;, a3, a4) | a;=[c, d], c,d € P =
(X1 + X081+ ... T Xogs | X,€[0,1],1<j<9andg,eL;La
chain lattice of order 10 given by L = {1 > g, > g, > ...> gg> 0},
1 <p <8}, 1 <1< 4} be the closed interval general fuzzy
semigroup of special dual like numbers under min or max
operation.

a
Example 5.86: Let W=<| || a=[c,d),c,deS={x;+

a9

Xog1 + X3 txag3 [ x5 € [0, 1], 1 <j<4and g =6,g,=4and g
=9 e Z1»}; 1 <1< 10} be the closed open interval general fuzzy
semigroup of mixed dual numbers for in x x y = min {X, y}, we
take min {x;, y;} + min {x,, yo} g + min {xsy3}g, + ... +
min {X, y3}g X g; and so on be it min or max operation we
take only gig; (product modulo 12), 1 <1i,j <3.

a, a, .. a,
Example 5.87: LetP=<la;, a, .. a,||la=(cd],cd

Qs 8y o Ay

€ {Xi + Xog T X32 + Xa@sT X524 + Xegs + X786 + Xgg7 v With X €
[0,1],1<j<8and g =16, g =060, g3 =120, g, =96, gs = 180,
g7 =160 and gg = 225 € Zy}, 1 <1< 36} be the open closed
interval fuzzy semigroup of mixed dual numbers.

Interested reader can construct more examples; derive
related properties as most of the results involved can be derived
as a matter of routine.



Chapter Six

APPLICATIONS OF SPECIAL DUAL LIKE
NUMBERS AND MIXED DUAL NUMBERS

Only in this book the notion of special dual like number is
defined. In a dual number a + bg; we have g/ = 0; a and b reals

and in special dual like number a + bg we have g° = g; a and b
reals. Certainly special dual like numbers will find appropriate
applications once this concept becomes popular among
researchers. For we have the neutrosophic ring (R U I) or (Q U
I) or (Z U 1) or (Z, U I) happens to be special ring. Thus where
ever neutrosophic concepts are applied certainly the special dual
like number concept can be used. We view I only as an
idempotent of course not as an indeterminate.

Since to generate special dual like numbers distributive
lattices are used certainly these concepts will find suitable
applications. Further we also make use of the modulo integers
in the construction of special dual like numbers. Keeping all
these in mind, researchers would find several applications of
this new number.
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Finally the notion of mixed dual numbers exploits both the
concept of special dual like numbers and dual numbers, so
basically the least dimension of mixed dual numbers are three.

For if x =a + bg; + cg, g; and g, two new elements such
that g =0, g =g, and g, =g =0org organda, b, c
are reals then we define, x to be a mixed dual number.

It is pertinent to mention here we cannot use lattices to
construct mixed dual numbers.

The only concrete structure from where we get mixed dual
numbers are from Z,, n not a prime n = 4m. So we think this
new numbers will also find applications only when this concept
becomes popular and more research in this direction are taken
up by researchers. Also this study forces more research on the
modulo integers Z,,, n a composite number.



Chapter Seven

SUGGESTED PROBLEMS

In this chapter we suggest 145 number of problems of
which some are simple exercise and some of them are difficult
or can be treated as research problems.

1. Discuss some properties of special dual number like rings.
2. IsM={a+bg|abeQ;g=10 € Z;5} be a semigroup

under x. Enumerate a few interesting properties
associated with it.

a a,
a, a, . .
3. LetS= =X tygwithx,y; € Q; 1 <18,
aS a’6
a, ag

like numbers under natural product x,.
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(i)  Find subrings in S which are not ideals of S.
(i) Find ideals of S.

(ii1) Find zero divisors in S.

(iv) Show ideals of S form a modular lattice.

4. ShowifS={a+bg|abeR, g =g=3c Z) is the
special dual like number ring then any x x y in S need not
in general be of the form a + bg; b, a € R.

(i)  Can S have zero divisors?

(i1)) Can a+ bg have inverse? (a, b € R\ {0}).

(iii) Canx =a+ bg € S be an idempotent? (witha, b e
R\ {0}).

5. Enumerate the special properties enjoyed by Z,(g).

6. LetS={a+bg|a beZ;g=11 € Zy} be the special
dual like number ring.

(i) Find subrings of S which are not ideals? (is it
possible).

(il)) Find the cardinality of S.

(ii1)) Does S contain subring?

(iv) Can S have zero divisor or idempotents?

7. Is (Q (g), +, x) where g =9 € Z;;, an integral domain?

8. LetZ(gl={a+Dbg|la beZand g-= be a

SO = O =
(el =T

special dual like number ring.

(i) Can Z(g) have idempotents?
(i) Can Z(g) have ideals?



10.

11.

12.

13.
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LetS=Zy(g)={at+tbgla,beZ, g” = g} be the special

dual like number ring (p a prime).

(i) Can S have subrings which are not ideals?

(i1) Can S have zero divisors?

(iii)Cana +bg,a, b € Z,\ {0} have inverse?

(iv) Can S have idempotents of the form a + bg, a, b €
Z,\ {0}?

Find the orthogonal subrings of S given in problem 9.

Let S = {(x1, X2, X3, X4, Xs) + (Y1, Y2, Y3, ¥4, ¥5)& | Xi, ¥i €
Q,1<1<5,g=4 € Zg} be the special dual like number
ring.

(i)  Prove S have zero divisors.

(il)) Can S have idempotents?

(iii) Find ideal of S.

LetM= <la; a, ||a=x+ygwherex;y €Q;1<1

<10,g=(3,4,3,4,4,3,4) with 3, 4 € Zs} be a special
dual like ring under the natural product x,.

(i) Do the zero divisors of M form an ideal?
(ii)) Does M contain a subring which is not an ideal?

a, a, a; a,

as 3 a; 8

LetM = a; = X; T y;g where x;, y;
a9 a10 all a12
a13 a14 alS a16
. 3 45 .
eZ;;1<i<l16,g= 43 4 ,3,4 € Zg} be a special

dual like ring under the natural product x.
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14.

15.

16.

17.

18.

(i)  Show M is non commutative.
(i1))  Find zero divisors of M.

(iii)) What is the cardinality of M?
(iv) Is M a S-ring?

In M in problem 13 is under natural product x, distinguish
the special features of M under X, and under x.

a1 aZ alO
LetP=<la, a, .. a,||a=xit+ygwherex,y;e
Ay Ay ... Ay

11
Z3;1<1<30,g= {0 J, g %, g = g} be the special dual

like number ring under the natural product x,.

(i)  Find the number of elements in P.
(i1))  Find subrings which are not ideals in P.

Describe some of the special features enjoyed by special
dual like number vector spaces V over the field Q or R.

Let V={a+bg|a beR,g =g, gthe new clement} be

the special dual like number vector space over the field R.

(i) Find a basis of V over R.

(il))  Write V as a direct sum of subspaces.

(iii)) Find L(V,R) = {all linear functional from V to R}.
What is the algebraic structure enjoyed by L(V,R)?

al aZ
Let W=
a, a,

4, g =7 € Zy4} be the special dual like number vector
space over the field Q.

a=x;+tygwherex,y;€ Q; 1<i<

(i) Is W a linear algebra under usual matrix product?
(i1)) Find a basis of W over Q as a vector space as well
as a linear algebra.



19.

20.
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(iii) Is the dimension of W the same as a vector space or
as a linear algebra?
(iv) Write W as a pseudo direct sum of subspaces.

al a2 bl b2

a, a, b, b, .
LetP = + gla,be”Z;,1<1,j<8;

a5 dg b, b,

a, ag b, by

g =13 € Zy} be a linear algebra of special dual numbers
under the natural product x, over Z,.

(i) Find Hom (P, P).
(i1)) Find a basis of P over Z;.
(iii) Find the number of elements in P.

al aZ a’8
LetM = B o al a =x; +yigwithx, y; €
a17 alS a24
a25 a26 a32
4]
3
Z11,1<1<32; g=1414,3 € Zs} be a special dual like
3
_4_

number vector space over the field 11.

(i)  Find dimension of M over Z;.

(i1)  Find the number of elements in M.

(iii)) If on M we define the natural product x,, what is
the dimension of M as a linear algebra over Z,,?

(IV) Find L (M, le).
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21.

22.

23.

24.

Let

S={a+bg|a,beZ U {0}, g=(13,14),13, 14 € Zy}
be the semiring.

(i) Can S be a semifield?

(i1)) Is S a strict semiring?

(iii) Can S have zero divisors?

a
LetM=1{| *|| a=x;+yigwhere x;, y e Q" U {0}; 1 <

1i<4,g=(17,18,17,18), 17, 18 € Z34} be the semiring.
(i)  Does M contain subsemirings which are not ideals?
al
a
(ii) CanT= 02 a=x;+ygwithx;, y; € Q" U {0};
0
1<i<2,g=(17,18,17,18), 17,18 € Z34} <M be
a semiideal of M?

0

(iii) Suppose W = a = x; +yig with x;, y; €
al

aZ
Q U0} 1<i<2, g=(1718,17,18),17, 18 e

734} < M; can W be a semiideal such that T and W
are orthogonal?

Give an example of a general semifield of special dual
like numbers.

;5,6 €
6 5 6 5

Z1o} {0} be the semified of special dual like numbers.

. 5 6 56
LetP={a+bg|a,beZ,g=



25.

26.

27.

28.
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(i) Can P have subsemifields?
(ii)) Can P have subsemirings?

a, 13
LetM= 4| a, ai=xi+yigwherexi,yieQ+;g= 14 |;
a, 13
0
13, 16 € Zys 1 £ 1 <3} U {|0];be the semiring of
0

special dual like numbers under natural product x,,.
(i) Can M be a semifield?
(i) Can M have semiideals?

(iii) Can M have subsemirings?

Give an example of a general semiring of special dual like
numbers which is not a semifield.

al aZ
LetM =
a, a,

0 0
4, g=(5,6),5, 6 € Zjp} v {{O O}} be the general

a=x+ygwithx;, yje R;1<i<

semiring of special dual lime numbers under the usual
product x.

(i) Can M be a semifield?

(i1)) Is M a S-semiring?

(iii)) Can M have right semiideals which are not left
semiideals?

Suppose M in problem (27) is under natural product x,
what can we say about M?



208 | Special Dual like Numbers and Lattices

29.

30.

31.

32.

33.

34.

35.

LetP={x+yg|x,yeQ,g=(1001110)} U {0} be
the semifield of special dual like numbers. Study the
special features enjoyed by P.

a, a, @, ap,
LetP=<la, a, a5 .. a,||witha=x+yg
a,y a, a a

where x;,y; € 23 1<1<36,g=3 € Zs} U

0 00 0
0 0 0 .. O|rbe a semiring of special dual like
0 00 0

numbers.

(i) CanZ < S? Justify.
(ii)) CanZ'gc S? Justify.
(ii1) Can S have subsemifield?

Find all the idempotents of Zs.

Find all the idmepotents of Z,.

(i)  Are the idempotents in Z;, orthogonal?

(i1)) Do the set of idempotents of Z,, form a semigroup
under product?

Find all the idempotents of Z.

(i) How many idempotents does Z3, contain?

(i1)) Do the set with 0 form a semigroup under product?

Find the number of idempotents in Z,os.

Let Z, be such that n = p; p, ... p; t <n and each p; is a

prime and p; # pj if i # J.
(i)  Find all the idempotents in Z,.



36.

37.

38.

39.

40.

41.
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(il)  What is the order of the semigroup of idempotents
of Z, with zero?
(iii))  Are the idempotents of Z, orthogonal?

Let Z4900 be the ring of modulo integers. Find the number
of idempotents in Z49qp.

(i)  Hence or otherwise find the number of idempotents
n sz . each p; is a distinct prime;i=1, 2, 3.

»P3

—_— be the ring of integers p; # p;
2]

(ii))  Further if me ;
if i # j are distinct primes; n; > 2; 1 <1 <t. Find the

number of idempotents in Zp,,]

ny

-
JP5% Dy

Prove Z,, p a prime cannot have idempotents, other than
O0and 1.

Prove using 5, 6, 0 of Z;p we can build infinitely many
idempotents which can be used to construct special dual
like numbers.

Study the special dual like number semivector space /
semilinear algebra.

Let V={(a, a, ..., as) | a, = x; + yig where x;, y; € Z"; 1
<i<5,g=7¢€ Zy} v {00, ..., 0)} be a semivector
space over the semifield F = {a + bg|a,b e Z'} U {0}.
(g=17 € Zy).

(i) Find a basis for V.

(i1)) Is V finite dimensional over F?

(iii) If F is replaced by Z" U {0}; will V be finite
dimensional?

(iv) Is V asemilinear algebra over F?

(v)  What is dimension of V as a semilinear algebra?

(vi) Write V as a direct sum of semivector spaces.

Can sz have idempotents, p a prime?
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42.

43.

44,

45.

aI a2
a, a,
LetS= ai=xTyig;g=10 € Z3, x,yi €

aS aé

a, ag
0 0

e 00 :
Z51<i<8} v 0 0 be the semivector space of

0 0

special dual like numbers over the semifield
F={atbg|a,beZ,g=10 € Z;,} U {0}.

(i) Find a basis of S over F.
(i1)) Can S be made into a semilinear algebra?
(iii) Study the special features enjoyed by S.

Find the algebraic structure enjoyed by Homg(S, S), S
given in problem 42.

Find the properties enjoyed by

L(S, F) = {all linear functional from S to F}, S given in
problem (42).

a, a a, .. a
1 2 3 10
LetM= { }
all alZ a'13 a'20

. 0 rcicam o [0 00 Ol
> Xi, Yi € 11 e
€ fob X Y 000 ..0

ai=xTyg;g=17

the semivector space over the semifield S= {a+ bg|a, b
€ Q") U {0} of special dual like numbes.
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P= P M lasxtyigig=17 € Zyg, X, yi €

Q+; 1<ig21yus). . . be the semivector space

over the semifield S={a+bg|a,be Q'} U {0}.

(i) Find Hom (M, P).

(i1)) Study the algebraic structure enjoyed by Hom(M,
P).

(iii)) Study the properties of Hom(M, M) and Hom(P, P)
and compare them.

(iv) Study L(M, S) and L(P, S) and compare them.

(v)  What will be the change if S is replaced by VARG
10}?

(vi) Study (i), (ii) and (iii) when S is replaced by VARG
{0}.

Let

S= {i ax

i=0

ai=xityg;g=4¢€Zs x,yicZ U {0}}

be the semivector space of special dual like numbers over
the semifield
F={a+bg|la,beZ;4=ge Zs U {0}.

(i)  Find dimension of S over F.
(i) Find a basis of S over F.
(iii) Find Homg(S, S)

(iv) Find L(S, F).
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47. Determine some interesting features enjoyed by special
set vector spaces of special dual like numbers.

a
1 a, a,
48. LetM= {(a;, &), | a, |,

a, a,

a=xtyg;g=(4,

a3

3,4,3),4,3 € Zs, X3,y € Q; 1 <i<4} be the special set
vector space of special dual like numbers over the set 3Z
U 5Z.

(i) Find Hom (V, V).
(i) Find L(V, 3Z U 5Z).

49. LetT={a+bg,c+dg, e+fg|ab,cdefecQ; g=

13 14

7,8,7,8), &= dg; =
( ), & and g; {0 3

:|,7,8€Zl4,5,6€

AN LK N W

Zip and 13, 14 € Zys} be a special set vector space of
special dual like numbers over the set S=3Z U 7Z U 11Z.

(1)  Find set special vector subspaces of T over S.

(il)) Write T as a direct sum of set special vector
subspaces over S.

(iii) Find Homg(T, T).

(iv) Find L(T, S).

a,beZ U {0},

3

a, 4,
50. LetW={a+bg,
a, a,

11 11
= , 11,12 € Zyy, a,=x; +y; g withx;, y; €
g Lz 12} 2 Yi 82 y
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7 8 7 8

U0 1<i<4, g =
Q v {0} g2[8787

},7,86214}bea

special set semivector space over the set S =3Z" U 52" U
{0} of special dual like numbers.

(i) Find Homg(W, W).

(i) Find L(W, S).

(ii1)) Can W have a basis?

(iv) Write W as a pseudo direct sum of special set
semivector subspaces of W over S.

LetV={(a;,a a3, a4), |a, |,|a, a5 a;||a=XiTYyg

7 g d

5
a,||a

X, yie RTU {0}, g=4 € Zs} 1<i<9} and

al
a a a a a a
_ 1 2 5 2 1 2 _
M= [ }, {0 } a; = X; +yig,
aé a7 a10 a3
a

g=4 e Zg X, yi € Q U {0}, 1 <i< 10} be special set
semivector spaces of special dual like numbers over the
set S=3Z"U5Z" U {0}.

(i)  Find Homg(V, M).

(ii)) Study Hom (V, V) and Hom (M, M) and compare
them.

(ii1) Study L(V, S) and L(M, S) and compare them.
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52.

53.

54.

55.

56.

57.

58.

Prove M = {A + Bg | A and B are m x n matrices with

entries from Q and g = ,3,4 € ”Z¢} and S

W N W N
S W A~ O
w o O b
S W A~ W

= {(aij)m «n Where a;; = c¢;; + d;; g where ¢jj, djj €Q; 1 <i<m

4 0 4 3

and1<j<n,g= 30404 3,4 € Zg} as general
4 3 0 3
3030

ring of special dual like numbers are isomorphic.

(i) If M and S are taken as vector spaces of special
dual like numbers over the field Q are they
isomorphic?

Is it possible to get any n-dimensional special dual like
numbers; n arbitrarty positive integer?

Find some special properties by n-dimensional special
dual like numbers.

What is the significance of using lattices in the
construction of special dual like numbers?

Give some applications of n-dimensional special dual like
numbers?

What is the advantage of using n-dimensional special dual
like numbers instead of dual numbers?

Prove C(g;, g») = {a + bg; + cg, | a, b, ¢ € C(complex
numbers)
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gL@el=2& j25)

0 J
is a general ring of special dual like numbers of
dimension three.

59. Study some special features enjoyed by C(g;, g, ..., &) =
Xitxg +...txmg|xjel; 1<j<t+1l.ggelL=

*1

g

l bo1<ks<t
23]

* 83

&t
0
60. Study the 5 x 3 matrices with entries from C(g;, g, 23, g4)

where g e L =

1 1<i<4,

61. Obtain some interesting properties about lattice ring RL
where L is a distributive lattice of finite order n and R a
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62.

63.

64.

65.

66.

67.

commutative ring with unit. Show RL is a (n—1) special
dual like number ring.

a,ae€e/Z,mel= 1

LetZL = {a + Zaimi

1

.
[5

1 <1 <8} be the lattice ring.

(i) What is dimension of ZL as a special dual like
number ring?

(i1) Can ZL have ideals of lesser dimension?

(iii) Can ZL have 4-dimension special dual like ring?

(iv) Can ZL have zero divisor?

(v) IsZL an integral domain?

Let Zg4 be the ring of integers. Find all idempotents of
Zg4. 1s that collection a semigroup under multiplication
modulo 84?

Give an example of a 8-dimensional general ring of
special dual like numbers.

Give an example of a 5-dimensional general semiring of
special dual like numbers.

Give an example of a finite 5- dimensional general ring of
special dual like numbers.

Is Zg (g1, 22, 23, 84) = { a1 T axg + a3y + aygs T asgq | a; €
Zo 1<i<5,g e L,



68.

69.
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g1 22)

23

g4
0

1 <£j <4} a general 5-dimensional special dual like
number ring?

Let S={a; +ayg +asg +asgs + asgs + asgs + asge | a; €

Zzs, 1 S1§7, and
1

g1

e K

245 4

0

1 <£j <6} be the general seven dimensional special dual
like number ring.

(i)  Find the number of elements in S.

(i1)) Can S have ideals which are 3-dimensional?
(iii)) Can S have 2- dimensional subring?

(iv) Can S have zero divisors?

(v)  Can S have units?

Let P={a; +ag +asg +asg +asgy |a €Z;, 1<1<5,
g =(1,0,0,0),g=(0,1,0,0) g =(0,0, 1, 0) and
g4= (0, 0, 0, 1)} be the special dual like number general
ring.

(i)  Prove P is a S-ring.

(i1) Can P have zero divisors?
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70.

71.

(iii) Give examples of subrings which are not ideals.

Let M = { a; + axg) + a3g, + as@s + asgs + a6gs | & € Zs;

30 0 4
1<i<3;g,=|10 4|,2=(0 3|g=[3 0
0 0 0 0
0 3 0 0
g@=14 0|,gs=|0 0] where4, 3 e Z¢} be the special
0 0 4 3

dual like number ring.

(i)  Find the number of elements in M

(il) Can M have zero divisors?

(ii1) Can a;ta,g; (a;, a, € Z3 \ {0}) be an idempotent in
M?

(iv) Can x in M have x ' such that xx ' =1 (x & Z3) ?

Let S = { a; + ag) + a3y + asgs + asgs + asgs T~ a78¢ | a; €

2 2 0
Z"uU {0}, 1<i<6 0 2 0
9 - 1 - b = 9 = b =
g1 0 22 0 g3 5
0 0 0
0 0
2 0 o
g = 1k gs = 0 ; 2 € Z4} be a general semiring of
2 2

special dual like numbers.

(i) Is S aS-semiring?
(il)) Can S have zero divisors?
(ii1) Is S a semifield?



72.

73.
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Let S = {a; + a g + asgy + as@3 + asgs + as@s + asgs + azgy
laeZ', 1<i<8;

1 0] [0 1] [0 0] [0 0]
0 0 00 1 0 0 1
g =10 O0f,zm=|1 1],g=]0 0]g=|0 0},
0 0 0 0 1 0 00
10 0] 10 0] 10 0] 10 0]
[0 0] [0 0] [0 0]
0 0 0 0 0 0
gs=10 0|,g6=|0 Oflandg;=|0 O
0 0 0 0 0 1
|1 0] 10 1] 10 0]

under natural product x,, g;’s are idempotents and g; x, gk

ifj =k} U {0} be a general semiring of special

Il
o ©o © © ©
o © o © o

dual like numbers.

(i) Is S asemifield?

(il)) Can S have semiideals?
(iii)) Can S have subsemifields?
(iv) Is S a S-semiring?

LetP = {Zaixi a;=(0,0,...,1,0,...,0),a,=(1,0, ...
i=0

0) and a, = (0, 1, 0, 0, ...0) of 9 tuples} be the

polynomials with idempotent coefficient

(i)  Prove (P, +) is not a semigroup.
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(i) Is (P, x) a semigroup?
(ii1) Can the semigroup (P, x) have ideals?
(iv) Can P have zero divisors?

g &
] 8 & .
74. LetS= g€1{0,3,4} cZs 1<i<8} bea
gs &
g2; &

semigroup under natural product x,,.

(i)  Prove S is finite?

(i) Find ideals in S.

(ii1) Find zero divisors in S.

(iv) Can S have subsemigroups which are not ideals?

75. LetS=
|:X1 X X 0% :| + |:Y1 Y. V5 Y g+ |:Z1 Z, 7 Z, :| g
Xs Xg X 0 Xg Ys Yo Y7 V5| Zs Zg Z; L

c, ¢ ¢ ¢ a, a, a, a,| d d, d, d,
g+ g+ &s
CS C6 C7 CS aS a6 a7 a8 i d5 d6 d7 d8

i, Xj, Yio Zps & ds € Q', 1 <14, j,k, p, t, 8, < 8, g € L where
Lis




76.

77.
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. 0000 .. .
1<i<5}0 be the semiring of special
0 00O

dual like numbers.

(i) Is S asemifield?
(ii)) Can S have subsemifields?
(ii1) Can S have zero divisors?

A A, A, A
LetM=
A, A, A, A

A =X +X0g +.+xg 1<i<8, x} eQ,1<j<6

andngL: 1

00 00 .
1<k<5 v be the general semiring
00 00

of special dual like numbers.

(i) Is M a semifield?

(il)) Can M have zero divisors?

(iii)) Is M a strict semiring?

(iv) Can M be isomorphic to S given in problem (75)

Show if idempotents are taken form distributive lattice of
order 9 and if

S={xXi+Xg+...txg|xiecQ;1<1<8,gel, 1<
< 7} be the general ring of special dual like numbers then
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x x y under the operation M of g; and g; is different from x
x y under the operation ‘U’ of g; and g;.
78.  Verify problem 77 if Q is replaced by Q" U {0}.

79. Obtain some interesting properties enjoyed by vector
space of special dual like numbers over a field F.

a, a, a;
80. Let V = a, a5 Qag a; = X; + X281 + X382 + X483 +
a7 aS a'9

Xsgs; 1 <1<9;x5€ Zy, 1 <j<5and

gel= c1<k<4)

be a special vector space of dual like numbers over the
field Z]l.

(i)  Find the number of elements in V.

(i1)  What is the basis of V over Z,,?

(iil)) Write V as a direct sum of subspaces.

(iv) What is the algebraic structure enjoyed by

Hom, (V,V)?
al aZ a'3
(v If T:V —> Vissuch that T||a, a, a || =
a7 a'8 a9
0 a, 0
a, 0 a,|;find the eigen values of T and eigen
0 a, O

vectors of T.
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LetV = ’ a; =X+ X2 + X3 T Xeg3; 1 <18,

ag

Xj € Q) g1 = (39 Oa 4): 2= (0, 3: 0) and 2= (09 4: 0)9 3, 4
€ Zs, 1 <j <4} be a special vector of special dual like
numbers over the field Q.

(i) Find a basis of V over Q.

(il)) Write V as a pseudo direct sum.
a1

o a
(iii) Suppose W, = 21 ai =X+ Xogr + Xaga + Xas s

0
1<i1<2,21=(304),2,(030),2:=(0,4,0),3,4

0
0

&

EZG,ISjS4}gV, sz a;, Ay €

S O o O
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0]
0
0
0
Qg &)} <V, W3 = a, aj, a € Q(g1, &)}
a2
0
_0_
0
0
0
cV and W, = g a, ap € Q(g1, 2)} < Vare
0
al
132 |

subspaces of V. Find projections E,, E,, E; and E,4
of Von W;, W,, W5 and W, respectively and show
projection contribute to special dual like numbers.
Verify spectral theorem E,, E,, E; and E4 by
suitable and appropriate operations on V.

82. LetV={(a;, a, a3, a4) |8 € Qg, 2); 1 <i<4,
1 3

g, gel= g 2 >




&3.

&3.
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be a Smarandache special vector space of special dual like

numbers over the S-ring Q(g;, 22).

(i)  Find a basis of S over Q(g;, g2).

(il)) Write S as a direct sum of subspaces.

(iii) Find Hom(S, S).

(iv) Find L(S, Q(g1, £2).

(v) Show eigen values can also be special dual like
numbers.

a a a
LetM = { b 6 }
a, ag .. ap,

+ Xsg4 T Xegs + X786, | <1< 12 a5 € Zin(g1, €25 -5 L6)
where

a; = X; tXo81 T X382 + Xag3

g1

o XS

6 g4

~—

0 J

be a Smarandache vector space of special dual like
numbers over the S-ring; Z, (g1, g, ---» 6)»

(i)  Find the number of elements in M.

(i1)) Find a basis of M over Z;, (g, ..., )

(iii) Write M as a direct sum.

(iv) Find Hom (M, M).

(v)  Find L (M, Zy2, (g1, 22 ---» Z6))-

Let V= {(a;,a, ...,a7) | a; € Q'(g, &) U {0}, 1 <i< 7},
1

g,gpel= 8 [22)
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&4.

be the special dual like number semivector space over the

semifield Q" U {0}.

(i)  Find a basis of V over Q" L {0}.

(ii)) Study the algebraic structure enjoyed by
Hom(V, V).

(iii) Study the set L (V, Q" u {0})iff: V> Q" U {0}
is given by f (aj, a, ... a7) = (X, +X +...+X])
where a; = x| +xbg, +x4g,; 1 <i<7.

Does fe L (V,Q U {0})?

_ a3 4 + .
Let S = . . a € 72(g, g, ..r ), 1 <112

all a12
1
&1 g3 5
gj el= } ’ <
&6 g4

1 <j < 6} be a strong special semibivector space of

special dual like numbers over the semifield

Z'(g1, g2, .- 86) Y {0}

(i)  Find a basis of S over Z'(g), g, ..., g) U {0}.

(i1)) Find Hom(S, S). For at least one T € Hom (S, S).
find eigen values and eigen vectors associated with
T.

(iii)) Write S as a direct sum of special semivector
subspaces of special dual like numbers.

(iv) Can S be made into a semilinear algebra by
defining x,, the natural product?
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a; € Z+(g1, &) where g, g, € L

i=0

86. LetS= {iaixi

1 3

& 21 >

0 J

be a vector space special dual like numbers over the field
Z;.

(i)  Find dimension of V over Z,.

(ii) Can V be written as a direct sum?

(iii)) Find Hom(V,V).

(iv)  Study the structure of L(V, Z,).

87.  What happens if in problem (86) Z; is replaced by the S-
ring, Z-(g1, &), that is V is a Smarandache vector space of
special dual like numbers over the S-ring Z,(g;, g).

ai € Q (g1, &, ..., &) Where gje L=
1

88. LetP= {Zaixi
i=0

g1

19

g4

0

1 <j <6} be a special vector space of special dual like
numbers over the field Q.

(i)  Find a basis of P over Q.

(il)) What is the dimension of P over Q?

(iii)) Can P be a linear algebra ?
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9.

90. LetS= {f:aixi

93.

94.

95.

96.

Study P in problem 88 as a S-vector space of special dual
like numbers over the S-ring Q(g;, g2, -.., Z)-

3 € Q'(g, @)U {0},8,8, eL=
3\

i=0

1

g1 2 >

J

be a semivector space of special dual like numbers over

the semifield Q" U {0}.

(i)  Find a basis of V over S.

(i1)  Write S as a direct sum of semivector subspaces.

(iii) If S is a linear algebra can S be written as a direct
sum of semilinear algebras?

(iv)  Study the algebraic structure enjoyed by Hom(S, S).

(v) Is (Zy v 1), a general neutrosophic ring of special
dual like number?

(vi) Characteristize some of the special features of
special dual like numbers.

Can Zs¢ have idempotents so that a + bg;, g; € Zs6 \ {0, 1}
is an idempotent contributing to special dual like
numbers?

Does Z, for any n have a subset S such that S is an
idempotent semigroup of Z,?

Find all the idempotent in Zs.

Is 0, 16, 96, 160 and 225 alone are idempotents of Z,49?
Does S = {0, 16, 96, 160, 225} < Z,4 form a semigroup?



97.

98.

99.
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a; € P= {Xl +X2tg1 +

Let § = {al a, a, a, as}
a6 a7 ag a9 a'10

x3¢x€Q, 1<j<3,g1=4and g =9 € Z;p}, 1 <1<

10} be a general vector space of special dual like

numbers over the field Q.

(i)  Find a basis of S over Q?

(i)  What is the dimension of S over Q?

(iii)) Find Hom (S, S).

(iv) Find eigen values and eigen vectors for some T €
Hom (S, S) such that T= (0).

(v)  Write P as a direct sum of subspaces.

LetM= *|la e (RUD, 1<i<4} bea general

vector space of neutrosophic special dual like numbers
over the field R.

(i)  Find dimension of M over R.

(il)) Find a basis of M over R.

(iii) Find the algebraic structure enjoyed by Hom(M,

M).
al a’l
. a, 0
(iv) IfT:M — M be defined by T = find
a, a
a, 0

eigen values and eigen vectors associated with T.

LetS = {Z:aixj a8, e{Zyvl), I’= I} be the general ring

i=0

of neutrosophic polynomial of special dual like numbers.
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100.

101.

(i)  Can S have zero divisors?

(ii)) Can S have units?

(iii)) Is S a Smarandache ring?

(iv) Can S have ideals?

(v)  Can S have subrings which are not ideals?
(vi) Can S have idempotents?

LetP = {Zaixi a; € (Z1 U I), I =1} be the general ring

i=0

of neutrosophic polynomial of special dual like numbers.

(i)  Prove P has zero divisors?

(i1)) Find ideals of P.

(ii1) Find subrings in P which are not ideals of P.

(iv) Can P have idempotents?

(v) Prove P is a S-ring.

(vi) Does p(x) = x> — (7+3D)x + 0 (5+31) reducible in P?

LetS = {Zaixi a; € (R U I); I =1} be the general ring

i=0

of neutrosophic polynomial of special dual like numbers.

(i) Does S contain polynomials which are irreducible

in S?
(i)  Find the roots of the polynomial (3+41)x> + (5-31)x*
+ 7Ix — (81 — 4).

a e (ZUI); =1} c S an ideal of

(ili) IsT= {Zaixi
i=0
S?

(iv) Can S have zero divisors?
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102. Let W= {Z:aixi a; € (Q U I); I’ =1} be the general

i=0

ring of neutrosophic polynomial of special dual like

numbers over the field Q.

(i)  Find subspaces of W.

(i1)) Is W infinite dimensional?

(ii1) Can linear functional from W to Q be defined?

(iv) Can eigen values of any linear operator on T be a
neutrosophic special dual like numbers?

103. Let S = {(aj, ay, ..., a10) | & = X1 + Xog; + X3, where 1 <i
<10,x€e(QuUI); 1<j<3g =9and g, =4 € Zj;»} be
the general neutrosophic ring of special dual like
elements.

(i) Find ideals of S.

(i1)  Prove S has zero divisors.

(iii) Prove S has idempotents.

(iv) Does S contain subrings which are not ideals?

a1 aZ 33 a4 aS
104, LetV=1<|a, a, a, a, a,||aeQuUIl;l<i<
all a12 al3 al4 a15

15} be a general vector space of neutrosophic semivector

space over the semiring S =(Z" U 1uU {0}).

(i) Find a basis of V over S.

(ii)) What is a dimension of V over S?

(iii) Find Hom(V, V) = {T : V - V all semilinear
operators on V} and the algebraic structure enjoyed
by it.

(iv) Canf:V — Sbe defined? Find L (V,S).
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105.

106.

al a2 a3
LetW=1la, a, a,|| ae(Q U{0}uUIl);1<i<9}
a, ag a,

be a general semivector space of neutrosophic special

dual like numbers over the semifield S = (Z"U{0}u {I}).

(i)  Find dimension of W over S.

(i1))  Find the algebraic structure enjoyed by L(W,S).

(iii)) Can W be written as a direct sum of semivector
subspaces?

(iv) Is W a linear semialgebra on W by define usual x
product of matrices?

al a2
LetW=<|a; a, A =X T X021 + X3@ + Xug3 + X524 +
as  aq4

Xegs T X7gs Where xj € Q, 1 <j<7and

1 < p £ 6} be the general vector space of special dual like

numbers over the field Q.

(i)  Find dimension of S over Q.

(i) Find Homg(S, S).

(iii) Can a eigen value of T : S — S be special dual like
numbers?
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107. Let M = {xo + xig + Xo€ T X3g3 + Xag4 T Xs5€5 + Xegs |
xi€ Q;0<i<6andg = (1, 0,0,0,0,0), g = (0, 1,0,0,0,0)
g; = (0, 0,1,0,0,0), g4 = (0, 0,0,1,0,0) g5 = (0, 0,0,0,1,0) and
g6 = (0,0,0,0,0,I) with = I} be a general linear algebra of
neutrosophic special dual like numbers over the field Q.
(i)  Find dimension of M over Q.

(il)) Find a basis of M over Q.

(iii) Write M as a pseudo direct sum of subspaces of M
over Q.

(iv) Find Hom(M, M).

(v) Find L(M, Q).

108. Find P = {x; + X,g; + Xagy + X423 + X584 | Xj € Z13; 1 L1 <
5,2=(,0,0,0),2=(0,1,0,0),2g5=(0,0,1,0) and g4 =
(0, 0, 0, D} be a general vector space of neutrosophic
special dual like numbers over the field Z;3.
(i)  Find the number of elements in P.
(i1))  Find dimension of P over Z;3.
(iii) Find a basis of P over Z;3.
(iv) Can P have more than one basis over Z5?
(v) How many basis can P have over Z,5?

109. Let F = {{ Z3; W 1 )} be the general neutrosophic ring of
special dual like numbers.
(i)  Find order of F.
(ii) Is F a S-ring?
(i) Find ideals in F.
(iv) Can F have subrings which are not ideals?
(v)  Can F have zero divisors?
(vi) Can F have idmepotents other than [?

110. Let A= {X' T Xﬂ
Xs X¢ X; Xg
wherea; € Q,1<i1<4,1<j<8,g1=6,g,=9and g;=4
€ Zy5} be the general ring of mixed dual numbers.
(i)  Can A have zero divisors?
(ii)) Find idemponents in A?
(iii)) Prove A is a commutative ring.

X;=a; + g + a3 + X483
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111.

112.

113.

al aZ a10
LetA=1la,, a, .. ay||lae(Zprul)1<i1<30,
A, Ay ... Ay

I> = I} be the general neutrosophic matrix ring of special
dual like numbers.

(i)  Find zero divisors of S.

(ii)) Can S have subrings which are not ideals?

(ii1) Find ideals of S.

(iv) Can S have idempotents?

(v) Does S contain Smarandache zero divisors?

a,

a
LetT= 2 || ai € (Z; U I); 1 <i< 12} be the general

a12

neutrosophic ring of special dual like numbers.
(1)  Find the numbers of elements in T.

(ii)) Can T have idemponents?

(iii)) Give some special features enjoyed by T.
(iv) Does T contain Smarandache ideals?

Let A = [al a, .. 315}
a,, A .. ay

X2g1 T X3@ T Xag3 + X584 T X5 T X7g6 + X327 | Xj € [0, 1],
1<j<8,g=16,g =60, g; =96, g4=120, gs= 160, gc =
180 and g; = 225 € Zy4}, 1 <1 <30} be a closed open
interval fuzzy semigroup of mixed dual numbers under
min.

(i)  Find zero divisors in M.

(i) Can M have idempotents?
(iii) Can every elements in M be an idempotent?

a; € (c,d]c,de {x; +
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(iv) Find ideals in M.
(v) Can M have subsemigroup which are not ideals?

114. Find some interesting properties associated with interval
fuzzy semigroup of mixed dual numbers.

115. Obtain some applications of interval fuzzy semigroups of
special dual like numbers under min (or max operation).

116. Let P = {x; +xog + X3 + ... +X13817 | X5 € [0, 1], 1 £j <
18, g, € L = chain lattice of order 19} be the general
fuzzy semigroup of special dual like numbers under min

operation.
(i)  Find fuzzy subsemigroups of P which are not fuzzy
ideals.

(i1) Find ideals in P.

(ii1) Under min operation can P have zero divisors?

(iv) If max operation is performed on P can P have zero
divisors?

117. Obtain any interesting property / application enjoyed by
general fuzzy semigroup of special dual like numbers.
Let M = {[a,b] | a,b € S= {X; + Xog1 + X3gs + X4g3 + X584
where x; € Q" U {0}, 1 <i<5, g, € L, L a chain lattice
of order six, I < p < 4} be a general closed interval
semivector space over the semifield T = Q" U{0}.
(i)  Find a basis of M over T.
(il)) Find Hom(M, M).
(iii) Find L(M, T).

118. LetV = {(al, az] ‘ =X+ X281 + X382> + X483, 1<1< 2, Xj

62127,13j§4,
1
g, eL= 1¥® 1<p<3}
22
g3
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119.

120.

121.

122.

be a general vector space over the field Z;»; of special
dual like numbers.

(i) Find a basis of V over over Z,,.

(i) Write V as a direct sum.

(iii) Find T : V — V so that T" does not exist.

(iv) How many elements does V contain?

(V) Find L(V, Z]27).

Is every ideal in P = {Z:aixi a; €( Z19 U 1)} principal?

i=0

Justify.

a; = X; tXo21 T X382 + X423 + X584 T Xegs
i=0

Can S = {iaixi

withx, e R, gje L; 1 <j<5,1<p<6} have S-ideals?

X ¥
_ % Y2 ) .
Let W= + Ix;,y;€Q;1<1,j<4} be the
X3 Ys
Xy Ya

neutrosophic general ring of special dual like numbers.
(i)  Find ideals of W.

(ii)) Does W contain S-subrings which are not ideals?
(iii)) Can W have S-idempotents?

X Xy e X Y Y2 Y5
LetP= < X, X, . X |+ Ye Y7 o Yo || X
X X X5 Yu Yoo o Vs

y;i € R; 1 £1,j <15} be a general neutrosophic ring of
special dual like numbers.

(i)  Find ideals of P.

(i1)) Does P have S zero divisors?

(iii)) Prove P is isomorphc to



123.

124.

125.
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x,+yl x,+y,I .. x5+yl
S=| x,+ydl x,+y,I ... x,+y,l | where
Xptyul Xp+ypl o X5yl

Xi, ¥i € R, 1 <1< 15} as a ring of special dual like

numbers.
" X, +yl
LetR={Z:aixi a = : X,y €Q,1<i<9}
e Xy + Yol

be a general neutrosophic polynomial ring of special dual
like numbers.

(i)  Prove R has zero divisors.

(ii)) Can R have S-zero divisors?

(iii)) Is R a S-ring?

(iv) Can R have S-subrings which are not ideals?

a, a, .. a,
LetM=+<|a, a, .. a,|lae(QuI)l<i<2l}
a5 A .. Ay

be a general vector space over Q of special neutrosophic

dual like number over Q.

(i) Find a basis of M over Q.

(il)) Find subspaces of M so that M is a direct sum of
subspaces.

(iii) Find Hom(M,M).

(iv) Find L(M, Q).

(v) IfQisreplaced (Q U 1), Mis a S-vector space find
LM, (QuI)).

(vi) Find S-basis of M over (Q U I).

Obtain some special properties enjoyed by general vector
spaces of special dual like numbers of n-dimension n > 2.
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126.

127.

128.

129.

130.

131.

132.

133.

134.

135.

136.

137.

Obtain some special features enjoyed by general
semilinear algebra of special dual like numbers of t-
dimension, t > 3.

Study problems (126) and (125) in case of mixed dual
numbers of dimension > 2.

Let S =Zs (21, 22, 23) = {X1 + Xo21 + X322 T Xag3 | X; € Zg,
1<i1<8,g =6,g=4and g3 =9 € Z,}, study the
algebraic structure enjoyed by S.

Find the mixed dual number semigroup component of
Zi.

Study the mixed dual number semigroup component of
Z352-

Study the semigroup mixed dual number component of
Z3p, Where p is a prime.

Study the semigroup mixed dual number of component of
Z¢4m Where m is a odd and not a prime.

Compare problems (131) and (132) (that is the nature of
the mixed semigroups).

Study the general ring of mixed dual numbers of
dimension 9.

Can any other algebraic structure other than modulo
integer Z, contribute to mixed dual numbers?

Show we can have any desired dimensional general ring
of special dual like numbers (semiring or vector space or
semivector space).

Obtain some special properties enjoyed by fuzzy
semigroup of mixed dual numbers.
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138. Let M = {x; + X8 + ... + X20819 | X;j € VARG {0};1<1<20
and g; € L a chain lattice of order 21, 1 <j < 19} be a
semivector space over the semifield S = Z" U {0} of
special dual like numbers.

(i)  Find a basis of M over S.

(i) What is the dimension of M over S?
(iii) Can M have more than one basis over S?
(iv) Find Hom(M, M).

(v) Find L(M, S).

139. Using the mixed dual number component semigroup of
Z40 construct a general ring of mixed dual numbers with

elements from Z;. Study the properties of this ring.

140. Give an example of a Smarandache general ring of mixed
dual numbers.

141. Study the properties of open-closed interval general ring
of mixed dual numbers.

142. Characterize all Z, which has mixed dual numbers
semigroup component.

143. Characterize those Z, which has idempotent semigroup.

144. Characterize those Z, which has no idempotent (when n
not a prime).

145. Characterize those Z, which has no mixed dual number
semigroup component (n not a prime n # 2'p).
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