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Abstract

In this short paper, we prove that the Strominger-Yau-Zaslow (SYZ) conjecture holds by showing that mirror 
symmetry is equivalent to ܶ- duality under fibrations from Lagrangian tori. In order to do this, we use some recent 
developments on Ooguri- Vafa spaces to construct such fibers. Moreover, we show that this is only possible under 
the trivial vector bundle {0}, thus giving an equivalence between the triangulated categories ܦ௕݇ݑܨ଴(ܻ, ߱) and ܦ଴௕( ෘܻ).
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Introduction

In this paper, we prove that the Strominger-Yau-Zaslow (SYZ) conjecture holds by showing that mirror 
symmetry is equivalent to ܶ- duality under fibrations from Lagrangian tori. In order to do this, we use 
some recent developments on Ooguri- Vafa spaces to construct such fibers. Such spaces were recently 
studied in [Lu] , and are important to this solution. For example, we have the following theorem:

Theorem 1.1 [Lu] ܶℎ݁ ݂݅ݎݑ݃݋ܱ ݊ܽ ݎ݋݂ ܽݐܽ݀ ݃݊݅ݓ݋݈݈݋ − :݉ݏ݈݅ܽ݉ݎ݋݂ ݃݊݅ݏݏ݋ݎܿ ݈݈ܽݓ ℎ݁ 4݀ݐ ݏ݂݁݅݅ݏݐܽݏ ܿ݅ݎݐ݁݉ ݂ܸܽܽ
Ω(߫ݍ௘ + (௠߫݌ = ௣,଴Ω௤ߜ 

,ݎ݁ݒ݋݁ݎ݋ܯ ߵ ܵܲܤ ݉݋ݎ݂ ݏ݊݋݅ݐܽ݉ݎ݋݂ݏ݊ܽݎݐ ݈ܽ݅ݒ݅ݎݐ݊݋݊ ℎ݁ݐ − ߵ ݁ݎܽ ݏݕܽݎ ,ݏݎ݋ݐ݂ܿܽ−  .ݏ݃݊݅ݏݏ݋ݎܿ ݈݈ܽݓ 4݀ ݈ܽ݅ݒ݅ݎݐ ℎ݁ݐ ݃݊݅ݕ݂݅ݏݐܽݏ
The reader can refer to [Cer] for the detailed description of the invariant Ω. This theorem will serve as the 
starting point of our proof. However, we will need some more algebraic details, such as this theorem:

Theorem 1.2[Bru] ܶℎ݁ ݂ݐ݈݊݁ܽݒ݅ݑݍ݁ ݁ݎܽ ݏݐ݊݁݉ݐܽݐݏ ݃݊݅ݓ݋݈݈݋:
1. ܯ ≅ ݏ݈݀݋݂ܾ݅݊ܽ݉ݑݏ ݊ܽ݅݃݊ܽݎ݃ܽܮ ݊݅ ܤ ݎ݁ݒ݋ ݀݁ݎܾ݂݁݅ ݏ݈݀݋݂݅݊ܽ݉ ܿ݅ݐ݈ܿ݁݌݉ݕݏ ݏܽ Λ\ܤ∗ܶ
2. ܶℎ݁ ܾߨ ݈݁݀݊ݑ: ܯ → :ߪ ݊݋݅ݐܿ݁ݏ ݊ܽ݅݃݊ܽݎ݃ܽܮ ݈ܾܽ݋݈݃ ܽ ݏݐ݅݉݀ܽ ܤ ܤ → ܯ
3. ܶℎ݁ ܥℎ݁ݒ ݏݏ݈ܽܿ ݊ݎ = , ݏℎ݁ݏ݅݊ܽݒ([ߤ])ߜ  :ݏ ݊݋݅ݐܿ݁ݏ ݕ݊ܽ ݎ݋݂ ݀݊ܽ ܤ ,ܯ→ ℎ݁ 2ݐ − .ݏℎ݁ݏ݅݊ܽݒ ܤ ݊݋ ߱∗ݏ ݉ݎ݋݂
Before we move more in depth into these details and any other important definitions, we recall the 
statement of the SYZ conjecture:

Conjecture 1.3 (Strominger- Yau- Zaslow) ܺ ܽ݊݀ ݅ݎ݋ݎݎ݅݉ ݏݐ ෘܺ ܿܽ݅ݎ݋ݐ ݊ܽ݅݃݊ܽݎ݃ܽܮ ݈ܽ݅ܿ݁݌ݏ ݕܾ ݏ݊݋݅ݐܽݎܾ݂݅ ݈ܽݑ݀ ݕݎݎ; ݅. ݁:
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ෘܺ = ,ܮ)} ∇), ,ߨ݂݋ ݎܾ݂݁݅ ܮ ∇∈ hom(ߨଵ ܶ, ܷ(1)) 
We will show the implications of our proof after we prove the main result. But, before we do so, we recall 
some important facts about these objects. 

Preliminaries

Recall that the ܿݐ݅ܪℎ݅݊ ݉݁ܿܽ݌ݏ ݈݅ݑ݀݋ consists of the following [Cha]:

-A Riemannian surface ܥ
- The solutions to the equations 

஺ܨ − ߶⋀߶ = 0
݀஺ ⋆ ߶ = 0

The solutions to these equations are well known to exist with a flat ℎܽ݇ݎ݁݌ݕℎ݈݁ݎ metric, given by

ଶݏ݀ =  − ߨ14 න|݀ଶܣߜ)ݎܶ |ݖ௭ ⊗ ௭̅ܣߜ + ௭̅ܣߜ ⊗ ௭ܣߜ + ௭߶ߜ ⊗ ௭̅߶ߜ + ௭̅߶ߜ ⊗ (௭߶ߜ
A more detailed description can be found in [Swa]. As a general fact, recall that these metrics are 
basically a combination of the symplectic and complex forms. Thus, they will serve to be a major part of 
our proof. Some recent works have introduced a notion from theoretical physics and algebraic geometry 
known as ݃݊݅ݏݏ݋ݎܿ ݈݈ܽݓ. In particular, we have the following two formulas[Cer]:

- :ఊߵ Given the birational automorphism  :݈ܽݑ݉ݎ݋݂ ݃݊݅ݏݏ݋ݎܿ ݈݈ܽݓ 4݀ ܺఊ′ → ൫1 − ܺఊ′ ൯〈ఊ,ఊ′〉ܺఊ′   
, we take the product of all the geodesics ߛ that are near the wall or ݃݊݅ݐܽ݌݅ܿ݅ݐݎܽ݌, raised to the 
powers of the invariant Ω(ߛ) (see [Neit] for a more detailed description). More specifically, we 
have

: ෑ ఊΩ(ఊ):ఊߵ
,where the :’s are multiplied by the order of a phase ܼఊ.

- 2݀ − :݈ܽݑ݉ݎ݋݂ ݃݊݅ݏݏ݋ݎܿ ݈݈ܽݓ 4݀ We can extend the first formula by introducing two 
automorphisms of a vector bundle ܸ over torus ܶ (see [Neit] for the exact formulations of these 
automorphisms) , thus extending the first formula to the following:

: ෑ ఊఠܵఊ೔ೕߵ
ఓ

ఊ,ఊ೔ೕ
:

Before we move on to the presentation of the proof, we rewrite the invariant Ω(ߛ) in a discrete 
version for the purposes so it will satisfy the metric mentioned above:

Definition 2.1. The ݀݅ݐ݊ܽ݅ݎܽݒ݊݅ ݃݊݅ݏݏ݋ݎܿ ݈݈ܽݓ ݁ݐ݁ݎܿݏ is given by the following data:

௤ߞ =  ቄ1 ݂݅ ݐ݅ݓ ݊݋݅ݐܿ݁݊݊݋ܿ ݈݁݀݀ܽݏℎ ݈݂݅ݐ݋ 0ߛ ݐℎ݁݁ݏ݅ݓݎ �



3

      Now we prove the Strominger-Yau-Zaslow (SYZ) conjecture in the next section.

Main Result

Our main result is the following theorem, which we have divided into 2 parts for clarity:

Theorem 3.1. ܶℎ݁ ܵݎ݁݃݊݅݉݋ݎݐ − ݑܻܽ − :݃݊݅ݓ݋݈݈݋݂ ℎ݁ݐ ݎ݋݂ ݏ݈݀݋ℎ ݁ݎݑݐ݆ܿ݁݊݋ܿ ݓ݋݈ݏܼܽ
ܽ) ܶℎ݁ ݅݊ݐ݊ܽ݅ݎܽݒ Ω ݂݀݁݅݊݁݀ ݅݊ [Neit]
,݁ݏܽܿ ݈ܽݎ݁݊݁݃ ℎ݁ݐ ݊ܫ (ܾ .݁ܿܽ݌ݏ ݈݅ݑ݀݋݉ ℎ݅݊ܿݐ݅ܪ ℎ݁ݐ ݂݋ ݁ݎݑݐܿݑݎݐݏ ℎ݁ݐ ݕܾ ݈݀݁݅݌݉݅
.݂݋݋ݎܲ We break down the proof into several pieces, as follows:

Theorem 3.2. ܶℎ݁ ݀݅݁ܿݑ݀݊݅(2.1 ݊݋݅ݐ݂݅݊݅݁ܦ ݂݋) ݏݐ݊ܽ݅ݎܽݒ݊݅ ݁ݐ݁ݎܿݏ ܽ ℎ݌ݎ݋݉݋݈݋ℎ݅ܿ ܿݐ ݊݋ ݊݋݅ݐܿ݁݊݊݋ℎ݁ ݏݑݎ݋ݐ.
,ݎ݁ݒ݋݁ݎ݋ܯ .݈݁݀݊ݑܾ ݈ܽ݅ݒ݅ݎݐ ℎ݁ݐ ݏ݅ ݊݋݅ݐܿ݁݊݊݋ܿ ݏℎ݅ݐ ݃݊݅ܿݑ݀݊݅ ݈݁݀݊ݑܾ ℎ݁ݐ
.݂݋݋ݎܲ We can induce a foliation ∆⊂ ܶܵ, where ∆ is equivalent to the modified invariant introduced in 
the last section. Since we are working under a Riemannian structure, there must exist a holomorphic 
subbundle to ∗ܶ(ܲ), where ܲ is the principal bundle of the manifold[John]. As a side note, it was shown 
in [Bis, Iyer] that holomorphic bundles over a manifold admit a holomorphic connection on the manifold. 
This is an important fact as we continue to construct this implication. This bundle is the trivial bundle as 
it follows from the definition of holomorphicity. Finally, we use these trivialization maps to construct 
fibers ିߨଵ(ܷ), which are equivalent to the set {0, −݅ଶ}. 

Theorem 3.3. ܶℎ݅݊݋݅ݐܿݑݎݐݏ݊݋ܿ ݏ ݅݊ ܶℎ݁ݐ ݏ݂݁݅ݏ݅ݐܽݏ 3.2 ݉݁ݎ݋ℎ݁ ℎܽ݇ݎ݁݌ݕℎ݈݁݁ݎݑݐܿݑݎݐݏ ܿ݅ݎݐ݁݉ ݎ.
.݂݋݋ݎܲ First we check that this is a Riemmanian structure. This follows since we have the holomorphic 
connection induced by the trivial bundle in Theorem 3.2, and that we have a foliation. Moreover, since it 
is isotropic, property (1) is implied. From this, the rest of the proof of the Riemmanian part is trivial. It is 
obvious that we have a complex structure. Finally, we check that it is Lagrangian. So, we take the 
Cartesian product of the metric of the Lagrangian tori and the trivial bundle itself to obtain

({0} × {0}, ߱ × −߱) = ({0}, {0, 0}, {߱}, {߱, −߱})
(Here, we omitted the metric for the purposes of the reader’s clarity). Since the metric ߱ ∈ Δ, and since 
there exists a projection ߨ: ℤ × {0} → ℤ it satisfies the properties of a Lagrangian manifold, thus 
completing the proof. 

Theorem 3.4.ܶℎ݁ ݀ߨ ݐ݁ݏܾݑݏ ܽ ݋ݐ ݐ݈݊݁ܽݒ݅ݑݍ݁ ݏ݅ ∗ߨ ݊݋݅ݐܽݎܾ݂݅ ݈ܽݑ଴ ݐ ݂݋ℎ݁ ݂ܾ݅ିߨ ݊݋݅ݐܽݎଵ(ܷ) 
.݂݋݋ݎܲ First let  ߨ଴: {0}, {0, 0} → {0} be a subset of the projection ߨ: {ℤ}, {ℤ, 0} → {ℤ}. Then since the 
dual fibrations are given by the map ߨ∗: hom({ℤ}, {ℤ, 0}, ܸ) → hom ({0}, ܸ), where ܸ denotes a vector 
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space, we realize that there exists an equivalent projection ߨ଴ because 0 is an ideal of a vector space and 
of the integers, thus completing the proof. 

Theorem 3.5.ܶℎ݁ ܾ݀݁݅ݎܿݏ݁݀ ݁ݎݑݐܿݑݎݐݏ ݅݊ ܶℎ݁3.2 ݏ݉݁ݎ݋ .݁ݎݑݐ݆ܿ݁݊݋ܿ ܼܻܵ  ℎ݁ݐ ݊݅ ܾ݀݁݅ݎܿݏ݁݀ ݐℎܽݐ ݋ݐ ݐ݈݊݁ܽݒ݅ݑݍ݁ ݏ݅ 3.4−
.݂݋݋ݎܲ First we check that the discrete invariant described earlier is in hom൫ߨଵܶ, ܷ(1)൯. This follows 

from the fact that it is equal to hom(ℤ × ℤ,∗) = ∗ where the ,(∗,଴ߨ) denotes multiplication as usual. It is 
well known that a line bundle is a part of a fiber bundle. Next we check that ܮ ݇݊ܽݎ = 1. This follows 
from the existence of the two elements in the set described in Theorem 3.2. Moreover, by Theorem 3.4 of 
[Bru], it follows that the dual of the torus ܶ∗ is equivalent to ߨ∗(ℤ), and over the fibration on the 
Lagrangian submanifold, we obtain ܯ ≅  .ℤ/Λ, thus completing the proof(ℤ)∗ߨ

.3.1 ݉݁ݎ݋ℎ݁ܶ ݂݋ ݂݋݋ݎܲ Part a) of the proof is trivial because it is already proven in [Cha]. For part b), 
the result simply follows from Theorems 3.1-3.5. 

Theorem 3.6. ܶℎ݁ܦ ݏ݁݅ݎ݋݃݁ݐܽܿ ݀݁ݐ݈ܽݑ݃݊ܽ݅ݎݐ ݂݋ ݈݁ܿ݊݁ܽݒ݅ݑݍ݁ ݊ܽ ݏݐݏ݅ݔ݁ ݁ݎ௕݇ݑܨ଴(ܻ, )଴௕ܦ ݀݊ܽ(߱ ෘܻ) . 
.݂݋݋ݎܲ This is a consequence of the Main Theorem in [Cha].
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