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Abstract

The Majorana matrices are the Dirac Gamma matrices times the imaginary unit.
They are 4x4 real matrices in the Majorana representation. The Dirac equation for
the free fermion is written only with Majorana matrices.

We show that the Majorana spinor is an irreducible representation of the re-
stricted Lorentz group. The Fourier-Majorana and Hankel-Majorana transforms
are defined and related to the linear and angular momentums of free fermion fields.
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1 Introduction

The Majorana matrices, iy*, are the Dirac Gamma matrices times the imaginary unit.
In the Majorana bases, the Majorana matrices are 4 x 4 real matrices and the Majorana
spinors are 4 dimensional real vectors.

The Dirac equation for the free fermion is written only with Majorana matrices:
(iv*0,, —m)¥(x) = 0. The solution can be a Majorana spinor. Due to this fact, Ettore
Majorana noted in 1937 that “it is perfectly, and most naturally, possible to formulate
a theory of elementary neutral particles which do not have negative (energy) states” [1].
The Majorana fermions, the hypothetical particles represented by Majorana spinors, are
their own anti-particles and, therefore, neutral. There are applications of Majorana
fermions in neutrino physics, dark matter searches, the fractional quantum Hall effect
and superconductivity [2].

The Dirac spinors are 4 dimensional complex vectors. They represent particles dif-
ferent from their anti-particles. In 1967, David Hestenes tried to found a geometric role
for the imaginary unit in Dirac spinors: “As the increasing theoretical importance of an-
tiparticle conjugation tends to show, the appearance of this (—1)Y/2 is no triviality. We
submit that the (—1)'/2 in Dirac’s equation can be interpreted geometrically and (...) is
inseparable from spin” [3]. In 2008 he was still working on his theory [4].

Weyl spinors are 2 dimensional complex vectors and are irreducible representations of
the restricted Lorentz group. They represent massless particles in one helicity state that
are different from their anti-particles. The Electroweak theory is based on Weyl spinors,
used as building blocks of any kind of spinor [5]. In this construction, the imaginary unit
is implicitly considered inseparable from spin, although its interpretation is not usually
discussed.

The generalization of the Dirac Gamma matrices algebra to other dimensions and
metrics is called Clifford algebra. In the context of Clifford Algebras, there are people
working on the geometric square roots of —1 [6] and on the generalizations of the Fourier
transform [7], with applications to image processing.

Our goal is to show that the kinematic properties of a free fermion can be described
by the Majorana spinors verifying Dirac equation. In chapter 2 we define the Majorana
Matrices and spinors. In chapter 3 we show that the Majorana spinor is an irreducible
representation of the restricted Lorentz group. In 4 and 5 we define the Fourier-Majorana
and Hankel-Majorana transforms of a Majorana spinor. In 6, using the solutions to the
Dirac equation, we show that the Majorana transforms are related to the linear and
angular momentums of a free fermion. In 7, we extend the Majorana transforms to
include the energy.

2 Majorana Matrices and Spinors

The Majorana matrices, represented by the symbol iv*, u = 0,1, 2,3, are the Dirac
Gamma matrices, v, times the imaginary unit. The notation maintains explicit the
relation between the Majorana and Dirac Gamma matrices.

Definition 2.1. The Majorana matrices, iy*, are 4 x 4 unitary matrices with anti-



commutator {iv*, iy"}:

(i) (i7") + (iy") (") = 29", p,v = 0,1,2,3 (2.1)

Where g = diag(1,—1,—1,—1) is the Minkowski metric. The pseudo-scalar is i7y® =

01 243
B A

The product of 2 Dirac Gamma matrices is minus the product of 2 corresponding
Majorana matrices: y#y" = —iyHiy”.
Definition 2.2. Ty = {i°,iv°,7%%,iv°7%y7}, Ts = {1,7%47,i77, 747}, T = s U Ty,
where j = 1,2, 3.

All matrices in I' either commute or anti-commute with each other. Since the Majo-

rana matrices are unitary, the matrices in I'4 are skew-hermitian while in I'g are hermi-
tian.

Definition 2.3. The set of matrices that anti-commute with a matrix A is Q(A) = {B €
[:AB = —BA}.

Proposition 2.4. Q(A) Ny is not empty for A€ T\ {1}.

Corollary. The matrices A € I' \ {1} have null trace: tr(A) = tr(BAB) = —tr(A), for
B e Q(A) NIs.

Proposition 2.5. I' is a basis for the space of 4 x 4 complex matrices.

Proof. There are only 16 linearly independent 4 x 4 complex matrices.

Let B = Zil a;A;, where a; are coefficients and A; € I' are different elements of the
set for each 7. We have tT(A}B) = 4a;, for j =1,...,16. Then, B = 0 implies that all the
coefficients are null and so all the elements in I" are linearly independent. O]

Proposition 2.6. For all commuting matrices A, B € I'\{1}, AB = BA: all matrices in
'\ {1, A, B, AB} anti-commute with A or B. That is, Q(A)UQ(B) =T\ {1, A, B, AB}.

Definition 2.7. Ty = {£1, +iy*, £4%97, iy, £A#45 +iy5}, with p=0,1,2,3
and j = 1,2, 3, is the group of 32 Majorana matrices products.

Definition 2.8. A 4 x 4 unitary representation of the Majorana matrices, M, is a map
from the group I'y to the space of 4 x 4 unitary matrices, verifying:

{MH*),M(»")} = —2¢"", u,v=0,1,2,3 (2.2)
M(kl)M(kQ) - M(k1k2>, kl, k’g € FQ (23)
Proposition 2.9. The 4 x4 unitary representations of the Majorana matrices are related

by unitary similarity transformations.

Proof. Let A and B be 4 x 4 unitary representations of the Majorana matrices. Let a
and b be 4 dimensional complex vectors, verifying:

.= 1A 1+ AG)

fa =1 24
5 5 a, a'a (2.4)

14+ B(v*°) 1 + B(v*4°
b= 2< ) 2(7 >b, bib =1 (2.5)



We define the matrix U as:

U= S Blo ) al Al (26)

g€l

For all h € T, it verifies UA(h) = B(h)U:

UA(h) = é > Blg™")b alA(gh) (2.7)
= %l; B(hl™Yb ot A(l) = B(h)U (2.8)

Consequently, UTUA(h) = A(h)UTU. Since T is a basis, then UTU must be equal to the

identity matrix times a coefficient. To check what the coefficient is:

tr(UtU) = 6—14 > bIB(gl )b alA(lg T )a (2.9)
l,gel's
= % > b B(kb aA(k)a (2.10)
kel's

From proposition 2.6, we have that at A(k)a = b B(k™1)b = 0, for all k # £1, £9'9°, £4245, ir®.
For the eight remaining k, a’ A(k)a = b’ B(k~1)b = £1. Then, tr(UU) = 4 which implies
that U is unitary. O]

The Majorana matrices are themselves a 4 x 4 unitary representation of the Majorana
matrices. Therefore, choosing a 4 x 4 unitary representation of the Majorana matrices is
the same as choosing an orthonormal basis.

In the Majorana bases, the Majorana matrices are 4 x 4 real orthogonal matrices. An
example of the Majorana matrices in a particular Majorana basis is:

r+1 0 0 0 T 0 0 +1 0 7 0 +1 0 0
o 0 -1 0 0 L9 0 0 0 +1 . 3_|+10 0 0
vy = 0 0 —10 vyt = +10 0 0 Y"=10 0 0 -1
L0 0 0 +1] 0 +1 0 0 | 0 0 -1 0
(2.11)
ro 0 +1 07 0 —-10 07
-0 _ 0 0 0 +1 5 _ |41 0 0 0 _ 0123
vy = -10 0 0 vyt = 0 0 0 +1 ==Y
Lo -10 0 | Lo 0 -1 0 |

Definition 2.10. The Dirac spinor is a 4 dimensional complex vector.
The space of Dirac spinors is a 4 dimensional complex vector space.

Definition 2.11. Let U be an unitary matrix such that Uiv*UT is real, for 4 = 0, 1,2, 3.
The Majorana spinor u is a Dirac spinor verifying the Majorana condition:

UU*u* = u (2.12)

Where * denotes complex conjugation.



The space of Majorana spinors is a 4 dimensional real vector space. Note that a linear
combinations of Majorana spinors with complex coefficients do not verify the Majorana
condition. The Majorana spinor, in the Majorana bases, is a 4 dimensional real vector.

The linear transformations from and to Majorana spinors, are generated by the linear
combinations with real coefficients of the 16 matrices in the basis I'.

If p, q are Lorentz vectors, we define p = v¥p, and p - q = p"q,. Given a mass m > 0,
we define:

p=p,i=123 (2.13)
=7 (2.14)
E, = /7?2 +m? (2.15)
p=7""—-7-7 (2.16)
W =1"E,—7-7 (2.17)

Note that g is not necessarily on-shell, while [p] is on-shell, that is ([p])*> = m?. Both E,
and [p] do not depend on p°.

3 Majorana representation of the Lorentz group

3.1 Lorentz group

We define some symbols for the sets we will use:

Definition 3.1. M(n,R) is the set of n x n real matrices.
GL(n,R) is the group of n x n real invertible matrices.
O(n) is the group of n x n real orthogonal matrices.
SO(n) is the group of n x n real orthogonal matrices with determinant 1.
SPD(n) is the set of n X n real symmetric positive definite matrices.

Definition 3.2. The Lorentz group, O(1,3) = {A € M(4,R) : ATgA = g}, is the set
of matrices that leave the metric, g = diag(1,—1, —1,—1), invariant. Their elements are
the Lorentz matrices.

Proposition 3.3. O(1,3) is a group, with the matriz product as the group operation.

Proof. 1) The matrix product is associative.
2) The identity matrix 1 € O(1,3): 17g1 = g.
3) From the equation defining O(1, 3), we get that det?>(A) = 1 and so A is invertible.
Multiplying the equation by (A~ on the left and A~! on the right, we get:
g=(A"")"gA™ (3.1)
The inverse matrix A~' € O(1,3). 4) For A1, Ay € O(1,3), the product AjA; € O(1,3):
AZATgA Ay = AGghy = g (3.2)

]



Note. If A € O(1,3), also the transpose matrix A7 € O(1,3). Multiplying eq. (3.1) by
AT on the left and A on the right, we get AgAT = g.

Definition 3.4. The discrete Lorentz group is the subgroup A = {1, g, —g, —1}, where
1 is the identity matrix and g the metric.

The parity and time-reversal transformation matrices are g and —g.
Definition 3.5. The restricted Lorentz group is the subset
SOt (1,3) ={A € O(1,3) : det(A) = 1, Agy > 1} (3.3)

It is also called the special, or proper (det(A) = 1) orthochronous (Agy > 1), Lorentz

group.

Proposition 3.6. The restricted Lorentz group SO™(1,3) is a group.

Proof. 1) SO*(1,3) is a subset of a group. It includes the identity matrix, 1 € SO™(1, 3).
2) If A € O1,3), let vy = /327 | AZ,. We have:

(AgAT)go = A3y —v3 =1 = AZ; > 1, A}, > v (3.4)

If Ae SO+(1,3), then Agg > wvp.
Given A, A’ € SO*(1,3), the product AA~' € SO*(1,3):

_ det(/\l)
MAH=—"""""=1 .
det(A A1) det(Ay) (3.5)
3
(AA _1)00 = (AgA Tg)()o = A00A60 — Z AOzAi)z > AOOAE)O — UAUAY > 0 (36)
=1
Since (AN)Z, > 1, then (AN )go >0 = (AN )go > 1. O

We will now see how a Lorentz matrix can be factorized in matrices of the restricted
and discrete Lorentz groups.

Proposition 3.7. For all Lorentz matrices A € O(1,3), there is an unique discrete
Lorentz group matriz d € A and an unique restricted orthogonal Lorentz matriz A’ €

SO™(1,3), such that:
A=dN (3.7)

Proof. All A € O(1,3) verify det(A) = £1 and aMgy > 1, with a = £1. In each case there
is an unique d € A, such that A’ = dA € SO*(1,3):

+a=+det(A) =1 = d=+1, ' =+1A (3.8)
+a=—det(A) =1 = d=+g, N =+gA (3.9)
—a=+4det(A) =1 = d=—1, N = —1A (3.10)
—a=—det(A)=1 = d=—g, N'=—gA (3.11)

O



Remark 3.8. Every real invertible matriz can be uniquely factored as the product of an
orthogonal matriz and a symmetric positive definite matrix.

Lemma 3.9. For all Lorentz matrices A € O(1,3), there is an unique orthogonal matrix
© € O(4) and an unique symmetric positive definite matriz 11 € SPD(4), such that
A = OII. These are Lorentz matrices ©,11 € O(3,1).

Proof. From remark [B.8] for all A € O(3,1), there are unique © € O(4) and unique
Il € SPD(4) such that A = ©II. This implies:

ellgll’ e’ = elgle’ =4 (3.12)
e’ yell = 1e’¢ell = 4 (3.13)

We multiply the first equation by II67 on the left and by ©II on the right. Using the
second equation, we get:

[T°gI1% = g (3.14)

For all symmetric positive definite matrix II, there is a unique symmetric matrix B such
that I = e®. From the above equation:

623 eZB — 62B€gQBg

9=9 (3.15)

Since B is unique, we get B = —gBg, e®ge? = ¢ and:

9

Olgl"e” =040 =g (3.16)
So, ©,11 € O(3,1). O
Now we will study the symmetric positive definite matrix II.

Lemma 3.10. All symmetric positive definite Lorentz matrices II € SPD(4) N O(1, 3)
are restricted Lorentz matrices 11 € SO*(1,3).

Proof. I € SPD(4) verifies det(IT) > 0 and u'Tlu > 0 for all non-zero real vectors u.
Choosing ug =1 and u; = 0, © = 1,2, 3, we obtain IIy, > 0.

I € O(1, 3) verifies det?(IT) = 1 and T13, > 1.

IT e SPD(4)NO(1,3) verifies det(IT) = 1 and IIyg > 1. O

The symmetric positive definite Lorentz matrices represent the Lorentz boost trans-
formations.
It follows the study of the orthogonal restricted Lorentz matrices.

Lemma 3.11. The set of orthogonal restricted Lorentz matrices O(4) N SO*(1,3) is a
group. For all © € O(4)NSO™(1,3), there is an unique 3 X 3, determinant 1, orthogonal
matriz 0 € SO(3) such that:

1000
0



Proof. The intersection of 2 subgroups is a subgroup. O(4) and SO7(1, 3) are subgroups
of the group of real invertible 4 x 4 matrices. Let the orthogonal restricted Lorentz matrix
O be given by:

o {u " } (3.18)

Where a is a real number, u, v are real 3 dimensional column vectors and ¢ is a 3 x 3 real
matrix.
From the Lorentz group condition:

07g0g=1 = a* —u'u=1 (3.19)

090Tg=1 = a* —vlv=1 (3.20)

From the orthogonality:

0’0 =1 = d>+u'u=1 (3.21)
00T =1 = > +vlv=1 (3.22)

We get v = u = 0 and #79 = 1. From the proper and orthochronous conditions, we get
a =1 and det(0) = 1. O

The orthogonal restricted Lorentz matrices represent the spacial rotations.

Theorem 3.12. All A € O(1,3) can be factored uniquely in the product of a discrete
Lorentz group matriz d € A, a spacial rotation ©' € O(4) N SO*(1,3) and a Lorentz
boost I1 € SPD(4) N SO*(1,3).

In the particular case of a restricted Lorentz matriz A € SO*(1,3), d = 1.

Proof. From propositions and [3.10] there are unique © € O(4) N O(1,3) and II €
SPD(4) N SO*(1,3), such that A = OIL.

From proposition 3.7, there are unique d € A and ©' € O(4) N SO (1, 3), such that
O =do".

Since ©', 11 € SO*(1,3), the product ©'IT € SO*(1, 3).

In the particular case A € SO*(1,3), since the factors are unique, d = 1.

From proposition[3.7 there are unique d’ € A and A’ € SO™(1, 3), such that A = d'A’.
From the uniqueness of the factors, we have d = d and A’ = ©'II.

In the particular case A € SOT(1,3), these are the unique factors d = 1 € A and
AN = A € SO*(1,3) that satisfy A = d'A’. O

3.2 Restricted Lorentz group

Definition 3.13. The boost generators are the matrices:

2000 0000 0000
Ky = |g000| - K2=1]1000|-%3= {0000 (3.23)
0000 0000 1000
The rotation generators are the matrices:
000 0 0001 00 10
J1=1000-1|:/2=|0000 [+/= {0100 (3.24)
001 0 010 0 000 0



They verify the Lie algebra:

[Ji, J]] = — Eijkt]k (325)
[Jis K] = — €K, (3.26)
[Ki,Kj] =€z‘ijk (3-27)

Where i, j,k = 1,2,3 and € is the Levi-Civita symbol.

Remark 3.14. Let A and B be square matrices. The Baker-Campbell-Hausdorff formula
[8], expresses the product ee® as an exponential of a series of nested commutators of A
and B.

Lemma 3.15. The restricted Lorentz group is the set of exponentials of the linear com-
binations of generators. That is SO*(1,3) = E, where:

E={E gl e R i=1,23} (3.28)

Proof. Using proposition [3.10} any Lorentz boost II € SPD(4) N SO*(1,3) can be given
by © = "% for unique ¥ € R, i =1,2,3.

For all orthogonal matrix with determinant 1, 6, there is a skew-symmetric matrix A
such that § = e*. From proposition any spacial rotation © € O(4) N SO*(1,3) can
be given by © = e"/i, for some 6" € R, i = 1,2, 3.

From theorem , for all A € SO™(3), there are 6, b° € R such that:

A= eligh K (3.29)

From the Baker-Campbell-Hausdorff formula in remark and the fact that a series
of nested commutators of the generators can be expressed by a linear combination of
generators, we get e/ it Ki = ¢ Jit<'Ki for some ¢, ' € R, and so A € E.

For all #%,b* € R, we have:

o'y, 'K,
Ap=(enen) (3.30)
IV — im A, (3.31)
n—oo

A, is the n times product of restricted Lorentz matrices, which verifies det(A,) = 1 and
(Ayn)oo > 1, even in the limit n — co. So, e/ /it?"Ki ¢ SO*(1, 3). O

3.3 Majorana Spinor representation

Definition 3.16. A representation (Mg, V') of a group G is defined by:

1) the representation space V', which is a vector space;

2) the representation map M : G — GL(V) from the group elements to the automor-
phisms of the representation space, verifying for Ay, Ay € G:

M (A1) M(A2) = M(A1As) (3.32)

Two examples of representations of the restricted Lorentz group are the real scalar
(M(A) =1 and V = R) and the real Lorentz vector (M(A) = A and as representation
space the real Lorentz vectors V' = R*) representations, where A € SO™(1, 3).

9



Definition 3.17. The Majorana spinor representation is defined by:
1) the representation space V is the space of Majorana spinors;
2) For 0,0 € R, i = 1,2, 3, the representation map is:

M (It Ky = (B +6)39°7 (3.33)
Where iy® = —9y142+3.

Proposition 3.18. The Majorana spinor representation is a representation of the re-
stricted Lorentz group.

Proof. The commutation relations of the Lorentz generators J; and K; are verified by

their correspondent Majorana matrices J; = $i7°7%y" and K] = 174"

1. 1 . 1,
(i, T = [5275707 752’75707]] = —Gijk§2’75707k = —¢ijrdj (3.34)
1, 1, 1
[ KG) = [57°7°7 57 ] = —eingn ™ = =k, (3.35)
1,1, 1.
(K KG) = 57 57" ] = €iingin™ ™" = e (3.36)

From the Baker-Campbell-Hausdorff formula in remark we get for Ay, Ay € SOT(1,3):
M (A1) M(Az) = M(A1As) (3.37)
[

Definition 3.19. Let W be a subspace of V. (Mg, W) is a subrepresentation of (Mg, V)
if W is invariant under the group action, that is, for all w € W: (M(g)w) € W, for all
g€,

Definition 3.20. W+ is the orthogonal complement of the subspace W of the vector
space V' if:

1) all v € V can be expressed as v = w + x, where w € W and z € W+;

2) if w e W and x € W+, then zfw = 0.

Definition 3.21. The representation (Mg, V') is semi-simple if for all subrepresentation
(Mg, W) of (Mg,V) , (Mg, W) is also a subrepresentation of (Mg, V), where W+ is
the orthogonal complement of the subspace W.

Lemma 3.22. Consider a representation (Mg, V') of a group G. For all g € G, if there
is h € G such that M(h) = M1(g), then the representation (Mg, V) is semi-simple.

Proof. Let (Mg, W) be a subrepresentation of (Mg, V). W+ is the orthogonal comple-
ment of W.

Forallz € W+, w e W and g € G, (M(g)z)w = 21 (MT(g)w).

Since W is invariant and there is h € G, such that M(h) = MT(g), then w' =
(M'(g)w) € W.

Since x € W+ and w' € W, then zfw’ = 0.

This implies that if x is in the orthogonal complement of W (x € W), also M(g)x
is in the orthogonal complement of W (M (g)z € W), for all g € G. O

10



Proposition 3.23. The Majorana spinor representation of the restricted Lorentz group
18 semi-simple.

Proof. In the Majorana spinor representation, for all ¢, € R, i = 1,2, 3:
MT(eeiJi—l-biKi) — 6(—9ii75+bi)%'70'7i — M(e—QiJi-i—biKi) (338)
Since —0 € R, from lemma [3.22] the Majorana spinor representation is semi-simple. [l

Definition 3.24. A representation (Mg, V') is irreducible if their only sub-representations
are the trivial sub-representations: (Mg, V') and (Mg, {0}), where {0} is the null space.

Lemma 3.25. Consider a semi-simple representation (Mg, V') of a group G. If the set of
hermitian automorphisms of V' that square to 1 and commute with M (g), for all g € G,
is {+1,—1}, then the representation (Mg, V') is irreducible (1 is the identity matriz).

Proof. Let (Mg, W) and (Mg, W) be sub-representations of (Mg, V), where W+, the
orthogonal complement of W.

There is an automorphism P : V — V, such that, for w,w’ € W, z,2’ € W+,
P(w+ )= (w—1x). P?=1 and P is hermitian:

(w' + 2 (P(w +2)) = w'lw — 2Tz = (P(w' + ') (w + 2) (3.39)
Let w' = M(g)w € W and 2/ = M(g)r € W+:

M(A)P(w+2z) = M(A)(w —z) = (v —2') (3.40)
PM(A)(w+z)=Pw +2') = (w—2) (3.41)

Which implies that P commutes with M (g) for all g € G.
If P=+1, then W =1V:

+(w+z)=Plw+z)=(w—1) = =0 (3.42)

If P = —1, then W is the null space:
—(w+z)=Plw+z)=(w—12) = w=0 (3.43)
O

Proposition 3.26. The Majorana spinor representation of the restricted Lorentz group
15 irreducible.

Proof. The hermitian linear transformations from and to Majorana spinors, are generated
by the linear combinations with real coefficients of the 10 matrices in the basis I'g =
{1,797, iy, 45+ }, where j = 1,2, 3.

The only matrix in I's commuting with M(A), for all A € SO™(1,3) is the identity
matrix. Therefore, the set of hermitian automorphisms of the Majorana spinors that
square to 1 and commute with M(A), for all A € SO*(1,3), is {+1,—1}. Applying
proposition [3.23] and lemma the proposition is proved. ]

11



3.4 Discussion on the Dirac Spinor representation decomposi-
tion

In the Dirac spinor representation the Dirac spinors are the representation space, the
representation map M is the same of the Majorana spinor representation. The matrix
7% = —i(i7°) is an hermitian automorphism of the Dirac spinors that squares to 1 and
commutes with M(A), for all A € SO*(1,3).

The subspaces of Dirac spinors u4, related with Weyl spinors, verifying uy = Uy
are invariant: M(A)uy = 1i2—75M(A)ui, for all A € SO*(1,3). So, the Dirac spinor
representation is reducible. The invariant spinors u4 are the representation spaces of the
subrepresentations.

The subsets of Dirac spinors vy, related with Majorana spinors, verifying in the
Majorana bases v} = Fwvy are also linear subspaces for linear combinations with real co-
efficients. Since in the Majorana bases, M (A) is real, then v are also invariant subspaces
over the real numbers. vy are the representation spaces of two subrepresentations of the
Dirac spinor representation.

Note that for linear combinations with complex coefficients, the spinors vy do not
form a subspace, that is, they are only subspaces over the real numbers, not over the
complex numbers.

The reader should not be confused by the fact that usually in the literature, the Dirac
spinor is only decomposed in Weyl spinors, with no mention to the Majorana spinors.
The reason for this is that in many successful theories, from Quantum Mechanics to
Quantum Field Theory, the vector spaces are over the complex numbers.

Some readers might have the respectful belief that modern Physics must be based
on vector spaces over the complex numbers. Such belief, even if it is founded, should
not confuse them when judging the correctness of proposition [3.26] because the fact is
that the representation theory is valid for vector spaces over the real numbers, complex
numbers or any other field.

The Jordan-Holder theorem implies that if a semi-simple representation of a subgroup
H of a group G is decomposable in two non-trivial irreducible subrepresentations, then
this decomposition is unique up to an isomorphism. But it does not imply that the
isomorphism is valid when considering the larger group G. For instance, if we consider the
subgroup of rotations SO (1,3)NO(4), then the subspaces of Dirac spinors wy verifying
wy = #wi are invariant: M(A)wy = 11270M(A)wi, for all A € SO*(1,3) N O(4).
It can be shown that the subrepresentations where the representation spaces are w4 or
u4, are irreducible. Although there is an isomorphism between the subrepresentations
w4 and uy, through the correspondence between 4" and ~°, valid for the subgroup of
rotations, the isomorphism is no longer valid when considering the restricted Lorentz
group.

The restricted Lorentz group is a subgroup of the group of symmetries of Quantum
Field Theory. The Jordan-Holder theorem implies that there is an isomorphism between
the Weyl and Majorana spinor representations of the restricted Lorentz group. But Weyl
fermions have charge and no mass, Majorana fermions have mass and no charge, so they
are not isomorphic in Quantum Field Theory.

14+°
2
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4 Linear Momentum of Majorana spinors

Definition 4.1. L?(R") is the Hilbert space of real functions of n real variables whose
square is Lebesgue integrable in R™. The internal product is:

< fig>= / & f(2)g(x), [,g € LAR") (4.1)

Remark 4.2. The Fourier transform is injective in the space of complex square integrable

functions.
If f € L*(R"), then f, f. € L*(R"):

fo(p) = /d”:z: cos(p - x)f(x) (4.2)
f) = [ @ sinp-a)f(a) (43)

Also, the Dirac delta 6™ is well defined:

—~cos(p- ) (4.4)

= | G
0= [ (4.5)

The domain of integration is R™.

Remark 4.3. The derivative 0;, i = 1,...,n, is a skew-symmetric operator of the Hilbert
space L*(R™):

/ (0, (x))g () = — / Iz f(@)(@ig(x), f.g € LA(RY) (4.6)

Definition 4.4. L3(R") is the Hilbert space of Majorana spinors whose 4 real components
in the Majorana bases are in L?(R™). The internal product is:

<V, d>= /d”x Ul (2)®(x), ¥, € LA(R™) (4.7)

Definition 4.5. The Fourier-Majorana Transform ¢ (p) of a Majorana spinor ¥ (Z) €
L3(R3) is the Majorana spinor:

W(7) = / &7 O(F, 7)U(7) (4.8)
05 = ﬁ’)/o +m

O 7)) =e —iyVp-%
(7:7) JE, + m\/2E,

Where m > 0 p° = E, = \/p? + m?.

Proposition 4.6. The Fourier-Majorana Transform ¢(p) of a Majorana spinor V(Z) €
L3(R3) is also in the Hilbert space L3(R3).

13



Proof. In the Majorana bases, O(p, ) and ¥(Z) are real and so is ¥(p).
We have:

m\/ﬁ P < 75g,
()2 < Z|/d3x cos(7- )9, |2+|/d3x sin(F - £);(7)? (4.11)

<1,i,j=1234 (4.10)

From remark [4.2] we have that both [ d®Z cos(p- )¥;(¥) and [d°Z sin(p- )V, (&) are
square integrable and therefore |¢;(p)|? is square integrable. O

Proposition 4.7. The inverse Fourier-Majorana transform of ¥(p) is:

» PNy
¥@) = [ 50 i (4.12)
R P+ m O5F
O'(p, &) = \/m\/ﬁe (4.13)

O' is the hermitian conjugate of O.
Proof. The matrix O'(p, ¥) verifies:

ol(7.7) = Lot (4.14)
Wo(ié —m)O'(p, &) = ,’}/fOT(  2)iy° — pOT(p, 7)in" (4.15)
= —OT( 7)i"E (4.16)

From remark ﬁ the operator iv" (@é — m) is skew-hermitian, implying:
[ #0000, ~ [ 5 E06G 501G (4.17)
Noting that £, 4+ E, > 0, this implies that:

/d?’“ i 4 (E, +m) + py°(E, +m) o°BE _ (4.18)
VEq;+m\/2E\/E, +m\/2E,

Therefore, we get:

o~ (Ep E, (05
[#r0a 0 = @z BB DD ne ()

VE;+m\/2E,\/E, —l—m\/QE

_ 3= —iy®(G—p)F (E, +m)(E; +m) + WY JZW

= /d Te~ 0 (@P) JE, T my/2E /B, = m\/7E, (4.20)
- (npe(g-p Bt e (1.21)
= (27)35%(F — ) (Ep +m)(E,p E"E?i;()g%:— m)(E, —m) (4.22)
— (271_)353((7_@ (4.23)

14



The other way around:

ddﬁ ddﬁ %’}/04’7’” o p70+m
o' (p, )O(p, @ :/ P (§—%) 4.94
/(27?)3 PAOCD) = | 5 o mRE JE +myaE,
_ [ it a P
_/<27T)36m Fp (425)
>y P
= / 2n)? cos(p- (y — @)+ (4.26)
BF L miy
+ [ s (—costi (7= D)+ s (7 ) (4.27)
P P
— 53(@*_ f) (4.28)

Note that both cos(p’- (§ — f))’%: and sin(p’- (¥ — f))%zo are odd in p and therefore do

not contribute to the integral. O]

5 Angular momentum of Majorana spinors

5.1 Majorana Spin

Definition 5.1. The Majorana spin operators %ak are defined as:

1 k_]' k.5
0 == k=1,2,3 5.1
2‘7 2777 )4y (5.1)

They verify the angular momentum algebra:

[=o, 503] :i’yoe”k§ak (5.2)

Where €% is the Levi-Civita symbol. Note that i7" commutes with o* and squares to
—1, so it plays the role of the imaginary unit in the angular momentum algebra.
The eigenstates of %03 are the Majorana spinors v verifying:

1403
Yo =

(8 (5.3)

The cigenvalues are 309y = +1¢,.

5.2 Majorana orbital angular momentum

Definition 5.2. A set S of elements of an Hilbert space H with internal product <, >,
is an orthonormal basis if:

1) For all a € S: < a,a >=1;

2) (orthogonality) For all a,b € S, with a # b: < a,b >= 0;

3) (completeness) For all f,ge H, <g,f>=3) .o <g,a><a,f >.

15



Definition 5.3. Let # € R3. The spherical coordinates parametrization is:
Z = r(sin(0) sin(yp)e7 + sin(f) sin(p)es + cos(6)és) (5.4)
where {€},, 3} is an orthonormal basis of R* and r € [0, +oo[ 0 € [0, 7], ¢ € [—7,7|.

Definition 5.4. L?(S?) is the Hilbert space of real functions with domain S? = {7 €
R3 : |#| = 1}, whose square is Lebesgue integrable in S?. The internal product is:

<f9>= /d(COS 0)dof(0,0)9(0. ), f.g€ L*(S?) (5.5)

Definition 5.5. L%(S?) is the Hilbert space of Majorana spinors whose 4 real components
in the Majorana bases are in L?(S?). The internal product is:

<%®>E/ﬂwwﬂ¢wwm@meW@eLﬂ?) (5.6)

Definition 5.6. The Majorana angular momentum operators Ly, are:

Li= Y =i ea’d;, k=123 (5.7)
i,j=1,2,3
Where ¢;j;, is the Levi-Civita symbol.
The operators verify the angular momentum algebra:
(Li, L;) =ineiju L (5.8)
In spherical coordinates:
"Ly =, (5.9)
(D) = —sin(0)2 ( sin()2(0)) — — -

- s (5.10)

Definition 5.7. The cosine spherical harmonics Y, , sine spherical harmonics Y,;, and
associated Legendre functions of the first kind P, are:

Yo (0, ) = \/214; ! Eé :L Z;iPIm(COS 0) cos(mep) (5.11)

Y (0, ) = \/21447; ! 8 ; :i: P (cos 0) sin(mep) (5.12)
_1ym I+m

e =S - ey i@ - (5.13)

where 0 € [0, 7], p € [—7, 7], £ € [-1,1] and [, m are integer numbers | > 0, =1 < m < .

16



The spherical harmonics verify [9]:

. . 1 2 a __ a —
—<s1n(0)69<sm(9)89> + Sn2(0) 8¢> Yo =l(l+1)Y, a=cs (5.16)

Remark 5.8. The spherical harmonics verify L*(S?):

<Yi.nYe5 >=0 (5.17)
<Yy Yo >+ <Y Y >=010mm (5.18)

For all f,g € L*(S?):
<g.f>= > <g, Y5 ><Yi.,f> (5.19)

a=c,s, >0, —I<m<l

Definition 5.9. The Majorana spherical harmonics Y}, are:

204+ 1(l—m)! 0
— pm 1y me 21
\/ A (I+m) ! (cos f)e (5:21)

The Majorana spherical harmonics are similar to the standard Laplace spherical har-
monics definition, with i7° in place of i. The properties are also similar.
They verify:

(Ls = m)Yim ()

(L% = 1(1 +1))Yim ()

0 (5.22)
0 (5.23)

Proposition 5.10. The columns of the Majorana spherical harmonics matrices form an
orthonormal basis of the Hilbert space L3(S?).

Proof. We apply the remark [5.8 to directly obtain:

/ d(cos 0)deY; (8, 0)Yim (8, ©) = 610mm (5.24)
For all ®, U € L3(5?):
<PU>= Y <O Vithm > (5.25)
>0, —I<m<l
i = [ dlcosO)daY (6. (0,) (5.26)
0
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5.3 Majorana total angular momentum space

The operator 7 - L is:

G- L=—in"ioke,;0, (5.27)
j
__ ’2" ]xiaj (5.28)
ind _ i
_ 277%@’ i,j=1,2,3 (5.29)
In spherical coordinates:
1 -
i) =iy (0, — & - L) (5.30)
r
. 1
5 L =7"9"0+~%7"—0 5.31
g VO 7 50, (5.31)
6 and ¢ are the angles of ¥ in spherical coordinates, r is the radius.
It verifies:
2.7 7oLy 2 3
J'L:(L+§U) - L ~ 1 (5.32)

The term L + %5 is the sum of two angular momentum operators of integer and one-half
spin.

Remark 5.11. Let L be an integer spin angular momentum operator, with orthonor-
mal eigenstates |l,m >. Let %E be a spin one-half angular momentum operator, with
orthonormal eigenstates \%, s >, where s = i%. Then, the orthonormal eigenstates of the

operator L + 13, are given by [9:

. ) J— u+1 1
1/2) >=— /=11 +1/2,n —1/2 > - > 5.33

[i+p+1 . 1 1

- 1/2 1/2> =, — > 5.34
. ) + 1
o, (G = 1/2) >=+,/] li-1/2 p12> 1%, S5 > (5.35)

j—pu—1,. 1 1
1|7 —1/2 1/2>|=,—= .
+ 2 7 =1/2n+1/2> 5, -5 > (5.36)
Where j = %, %, woand —j < p < j. They satisfy:
3
2 o . . . .
(L3+—)IJ o (G £1/2) > = plj.p, (£ 1/2) > (5.37)
(L+ ) gops (G £1/2) > =50+ Dlj,p, (G £1/2) > (5.38)
G- Lljop, (£ 1/2) > = =(£( +1/2) + 2)lj, 1, ( £ 1/2) > (5.39)
o ‘jmua (] + 1/2) > = _’j7ﬂ7 (j - 1/2> > (540)

18



Definition 5.12. The Majorana spherical matrices are:

l — U \/m 1 1 + 0.3
-V Y 1 Y 41
( 01 (0, 0) + N1 WH(@,@)J) 5 (5.41)
[+ p . I—p—1 1 53
+ < o] — 1}/2—1,/1(07 ‘;0)0 + —2l 1 Yi—l,;H_l(Q, gO)) 5 (542)

with the integers [ > 1 and -1 < pp <1. Y}, the Majorana spherical harmonics.

Qlu(ea ()0)

Proposition 5.13. The columns of the Majorana spherical harmonics matrices form a
complete orthonormal basis of the Hilbert space L3(S?).

Proof. Using remark [5.11} after some calculations, we get:

/d(COS Q)dSOQ;f/H’ (0, @)Qlu(e, QO) = 51/15#’# (543)
S [ dtcostrds #0000, 00 = [ dlcosthp 00086 5) (5.0

1>1, —I1<p<l
For all ® € L3(5?). O

Using remark [5.11] the Majorana spherical matrices verify:

- o’ 1
(L% + o) Q= (4 5) (5.45)
G-L Yy =—(lo® +1) (5.46)
o" Y= —Q0! (5.47)
i Q= (—1)PQ o 1iy° (5.48)
G- Lin" Q= i7" Y, (lo® — 1) (5.49)

5.4 Radial Momentum Space

Remark 5.14. The spherical Bessel functions of the first kind, 5, : R, — R with the
integer | > 0, verify:

@+ 20, "y ior) = —p2ior) (5.50)
/0+00 dr r25,(pr)ji(p'r) = % (5.51)
| ity = 2 (5.52)

Where the Dirac delta § is such that for all f € L*(R):

10) = [ do 5(@)f(a) (5.53)
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Definition 5.15. The Hankel-Majorana Transform ¢ (p, [, ) of a Majorana spinor ¥(Z) €
L3(R?) is the Majorana spinor:

U(p,lp) = / drd(cosd)dpr® Al (p, L, pu, 7,0, 0)U(r,0, ) (5.54)
1 3

Alp, L, 0,¢0) = (pjz(pr) + (Ep — m)jz_l(pr)iv’“>%(9, ©) za (5.55)
1 — 3

+ (Pt (r) = (By = m)is(pr)in” ) a0, 0)—5 (5.56)

Where A are the Hankel-Majorana matrices, m,p > 0, E, = y/p? + m? and the integers

Proposition 5.16. Let 1 (p,l, ) be the Hankel-Majorana Transform of a Majorana
spinor W € L2(R3). The inverse Hankel-Magorana Transform of ¥ (p, 1, ) is

+o0
Viro,p)= Y / o E+m)/\(p,l,u,n@,@)w(p,l,ﬂ) (5.57)

1>1,—1<p<l

It verifies, for all ® € L3(R3):

/d(cos@)dgp dr 2 O (r,0,0)V' (1,0, ) = /d(cos@)dgp dr r2®1(r,0,0)¥(r,0,¢) (5.58)
Proof. The following equation is verified:
(i — m)A(p, 1, ) = E,A(p, 1, p)in° (5.59)
Since the operator i'yo(z'é — m) is skew-Hermitic the equation above implies that:
iv’Ey I = Ii7"E, (5.60)

I= /d(6089)ds0 dr r* AT U, r, 0, 0)A(p, 1 p, 7,0, ) (5.61)

As E, + E,; > 0, in the integral I the terms odd in ¢y" are null. From the orthogonality
of the spherical matrices, we get that the A matrices are orthogonal:

I =610, | d(cosf)dyp dr r? (5.62)
;g . . ’ . 1+ o3
(p J@' ) pa(pr) + (Ey —m)ji—1(p'r)(Ey — m)ji—1(pr) 5 (5.63)
/ / . . / . 1— O’3
+ 051 (P'r)pji1 (pr) + (Ey — m)5i(p'r)(E, — m)ji(pr) 5 > (5.64)
mo(p —p') TE,0(p —p')
= 51,1(5“/“2—]72(Ep — m)2Ep = 5lll5ﬂl“;jpﬁ (565)
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To show completeness, using iv"y, = (—1)*Qy _,—1i7°, we first show that:

> / d(cosO)de T (p, U, W YA (p, ' 1 7,0, 0) (6, @) = (5.66)
Uy
. 1+ 03 . 1—03
= ¢!, L, Wp(i(pr) —5— + Jia (o) —5—) (5.67)
. 1—-0% . 1403 .
L= (A, — m) (o) 4 o) T (569
= /al(cosﬁ')dgo'dr'('r")2 \I’T<T/,¢9l,g0/)< (5.69)
o . - 1403
pai(pr )(mz(pr) + (B, — m)ji—1(pr)iv )%(9 )5 (5.70)
. / . . s T ol 1— 03
+ pjia(pr )(pjz_l(pr) — (Ep —m)ji(pr)ivy )%(9 ) (5.71)
: , ) ) L , A1+ o3
(=1)*(Ep —m)ji-1(pr )(pjz(pr) + (Ep — m)jia(pr)iy >Ql,—u—1(9 ,¢') v’ (5.72)
. / . . - T o 1-o° - 5
— (=B = m)iupr") (P (or) = (B = m)js(pr)in ) Qs (0, 9') —5 i7" (5.73)
= /cl(cos@')alcp’alr’(r’)2 Tl ¢, go’)( (5.74)
. . ., , 1403
phi(pr )(pjz(pf) + (Ep — m)ji—1(pr)iy )Qzu(Q ) (5.75)
: ! . . . p I 1-— 03
+ pjia(pr )(pjz_l(pr) — (Ep —m)ji(pr)iv >Qzu(9 )5 (5.76)
~ N : . , o 1—=0
(Ep — m)jia(pr )(pjz(pr) + (Ep — m)jia(pr)ivy >Qz,y(9 )3 (5.77)
. . . oy p 1+ 03
— (B, —m)5(pr’) (pjz_l(pr) — (Ep — m)ji(pr)iv )Qz,u(Q ) (5.78)
2°E
_ / P30 (N2 gt (! ot A p
/d(cosQ Ydo'dr' (r')* W (', 0", ")y, B, + m( (5.79)
o 1+0% " 1—o°
o Vi) =57 + s (pr i (pr) =5 ) (5.80)
If we integrate on p and use the completeness of the spherical Bessel functions, we get:
/d(cos@)dgo\II/T('r’, 0,0)0,(0,p) = /d(cosﬁ)dap\lﬁ('r’, 8,0),(0,¢) (5.81)

Since the columns of the spherical matrices ), are a complete basis, we have shown the
completeness of the Hankel-Majorana transform:

/d(cos@)dgodr 2 Ul(r,0,0)®(r,0,p) = /d(cos@)dgodr Ul (r,0,0)®(r,0,0) (5.82)

For all ® € L3(R?). O
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6 Dirac equation for the free fermion

The Dirac equation for the free fermion can be written as:
iy (i — m)¥(z) =0 (6.1)

Where ¥ is a spinor. Note that the equation contains only Majorana matrices. The
Fourier or Hankel Transforms of the equation are:

(00 + i7" E,) ¥ (2 p) =0 (6.2)
The solutions can be written as:
Py P +m 0
V(z) = e TP 6.3
0= | Gy T 03
Where p° = E, and (p) is an arbitrary spinor. If ¥(p) is a Majorana spinor, then the

solution ¥(z) is also a Majorana spinor.
The solutions can also be written as:

oo g E +m —inOF .20
V(O r,0,0) = ) / d )A(p,l,um,@,so)e TEE(p, L) (6.4)

1>1,-1<pu<l

Where ¢(p, [, 1) is an arbitrary spinor and A are the Hankel-Majorana matrices.

The set of quantum numbers (p) and (p, [, i) are related with the linear and spherical
momentums of free fermions. The Majorana spin is related with the standard spin éieﬁni-
tion. For instance, to obtain the usual free electron solution, we just set 1 (p) = 221 (p)
and we get:

3y p+m _Zp.xl—i—*yo
U, (z) = / oV B Tm aE 2 Ye(D) (6.5)

The matrix v° was replaced by the identity matrix 1, due to the presence of the projector.
The same thing happens with the spherical solution and with the spin. .

To obtain the usual free positron solution, we just set ,(p) = 5-9,(p) and the
matrix 7° gets replaced by —1.

7 Energy-momentum space

Now we can extend our transforms to define an energy-momentum space.

Definition 7.1. Given a Majorana spinor ¥ € L?(R?), the Fourier-Majorana transform
in space-time is defined as:

v = [ a0l 2)¥() (7.1)
Where O(p, z) is
[Py +m

VE, + m\/2E,

Note that E, and [p] = ~°E, — 7 - j don’t depend on p°, but p -z = p°2° — p’- ¥ does.

Op,x) = "7 0(p, 7) = €7 (7.2)
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Proposition 7.2. The inverse Fourier-Majorana transform in space-time is given by:

¥e) = [ 50 i (73

Where OT is the hermitian conjugate of O, given by:

[Py’ +m

O'(p,z) = O'(p, Z)e” P " = \/m\/me_w b (7.4)
Proof.
d'p &y T P’ iop0(y0a >
/ (27T)4OT(p7 y)O(p, 1’) = / (27T)3OT(]?, y)( %e "W’ ))O(p, l') (75)
=30~ ) [ 5507 PO (7.
=0y — =) (7.7)

/d”‘xO(q,x)OWp, x) = /dxoewoq%o(/dng(q, )01 (p, )) —ip0? (7.8)

= (271)%8% (4 — ﬁj/dmo i%(a"=p")z? (7.9)
= (2m)'0"(¢ — p) (7.10)
[

Definition 7.3. The Hankel-Majorana transform in space-time of a Majorana spinor
U e L3(RY) is:

V(% p, L) = / da®e P (20 p, 1, 1) (7.11)

Where 1(2° p, [, i) is the Hankel-Majorana transform in space of .

Proposition 7.4. Let ¢(p° p, 1, 1) be the Hankel-Magjorana Transform in space-time of
a Magorana spinor W € L3(R*). The inverse Hankel-Majorana Transform of 1(p°, p, 1, 1)
18:

o dp(E, +oo g
V(O r00)= > / P +m)/ TN, 0,0)e” P 0 (0%, p, L )

oo 2T
1>1,-1<p<l
(7.12)
It verifies, for all ® € L3(R*):
/dl’od(COSe)dép dr 2 (2 7,0, )V (2%, 1,0, ¢) = (7.13)
= /dxod(cosﬁ)dgo dr r2®T (2%, 7,0, p)U(2°, 1,0, ) (7.14)
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Proof. The matrices A(p, 1, u, 1,0, cp)e*”()po"”o are orthogonal:

/d;tod(cosﬁ)d<p dr % NN U 1) 0, 0)A(p, L i, 0, 0)e P = (7.15)
TE(p —p' 000050 i 00 TEN(p —p'
= 6l/l5ﬂlﬂﬁ/d$oel’y()po 06 ,YOPO 0 _ 6Z/Z5M/M#27T6(plo _ pO)
p p
(7.16)
To show completeness, we first show that:
+oo 4yl (B} +m
/ M/d(cos@)dgpdr r? (7.17)
U 0 Epﬂ'
W0, 1 e AT W 0, 0) A, Ly, 6, 0) = (7.18)
=i (p°, p, L, )" (7.19)
= /dx’od(cose)dgodr U r, 0, 0)A(p, 1, 1,7, 0, @) P P’ (7.20)

If we integrate on p°, we get:
/d(COSQ)dwdT P20 (a0, r, 0, 0)A(p, 1, p, 1, 0, ) = /d(COSG)dwdT r2UN(r, 0,0)M(p, 1, p,7,0, )
(7.21)

Since the columns of the Hankel matrices A(p, [, i, r,0,¢) are a complete basis, we have
shown the completeness of the Hankel-Majorana transform in space-time:

/dxod(cose)dgodr P2 U (20 r, 0, 0)0 (20,7, 0, p) = (7.22)
= /dxod(cose)dcpdr r2 Ut (20 7,0, )0 (2%, 7,0, ) (7.23)
For all ® € L3(RY). O
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