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Abstract

The Dirac matrices (y*) in Majorana representation are purely imaginary. The
Majorana matrices (i7*) are 4x4 real matrices in Majorana representation. Several
complete sets of Majorana matrices, solutions of equations related with the Dirac
equation, are shown to exist. They define momentum, orbital angular momentum,
total angular momentum and radial spaces. They are applied in the solution of the
Dirac equations for the free fermion and the Hydrogen atom.
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1 Introduction

In reference [1] written in 1937, Ettore Majorana, states that “it is perfectly, and
most naturally, possible to formulate a theory of elementary neutral particles which do
not have negative (energy) states.”. In his theory, Majorana uses a basis in which the
Dirac Gamma matrices have only imaginary entries.

In reference [2] written in 1967, the Oersted Medal’s winner David Hestenes proposed
an alternative to the Dirac equation for the charged fermions, where the imaginary unit is
replaced by matrix multiplications on the right. In reference [3] written in 2008, Hestenes
proposes an improved version of his original theory where Gravity and Electroweak in-
teractions may be accounted.

The Dirac matrices, v*, in Majorana representation are purely imaginary. That means
that the Majorana matrices, iv*, are 4x4 real matrices.

An example of such matrices in a particular basis is:

r+1 0 0 0 7 T0 0 41 07 0 +1 0 0
. 0 -1 0 0 L9 0 0 0 +1 . 3_|+10 0 0
vy = 0 0 —1 0 Yy = +10 0 O W=10 0 0 -1
Lo 0 0 +1] Lo +1 0 0 J 0 0 -1 0
(1.1)
ro0 0 +1 0 7 0 —-10 017
-0 _ 0 0 0 +1 ‘5 _ |+10 0 o0 _ 01 2.3
v = -10 0 0 vyt = 0 0 0 +1 ==Y
Lo -10 0] Lo 0 -1 0 J

The metric, given by the anti-commutator of the matrices, is the Minkowski space-
time metric:

g“” = —{Z'y“,yy”} = 7“*}/” + 'yyfy“ = dlag(l7 —1, —1, —1), w, V= 0, 1, 2, 3 (12)

In fact, when working with 4x4 real matrices, we can only find a set of 5 anti-commuting
matrices. This means that with 4x4 real matrices we can describe the Minkowski space-
time, but we can not describe, for instance, a 4D euclidean space.

We define p = 4#p,,. The Dirac equation for the free fermion can be written only with
real matrices:

i (iv"0, — m)¥(x) = iv°(id — m)¥(z) = 0 (1.3)

And we can express Lorentz transforms only with real matrices.
The spin operators are defined as:

o =7k k=1,2,3 (1.4)
They verify:
(0", 07] =in e o (1.5)

Where 62‘7 is the Levi-Civita symbol. Note that iy commutes with o* and squares to —1,
so it can be thought of as the imaginary unit in the spin algebra.
We will use the following conventions:



If p is a Lorentz vector:
(Yo (V') = P)P) = p'pu=p-p=p0" = ") = @)’ - )’ - ")  (1.6)

Given a 3-vector p and a real number m > 0, we define:

pr=p,i=12.3 (1.7)
p=7-7 (L9)
E, = 7% +m? (1.9)
p=1"E, =77 (1.10)

Note that (p)* = m?. A Majorana spinor is a real 4D vector on which the Dirac matrices
act. A Dirac spinor is a complex 4D vector, on which the Dirac matrices act.
The references I most used were [4] and [5].

2 Lorentz transformations

A Lorentz transformation can be represented by a tensor a /* which leaves the metric
invariant:

¢7ata) = g" (21)
Let S be a Majorana matrix that verifies:
Valt =S"4"S (2.2)

Then it verifies v°S~! = ST4? and S = S+°. In the particular case of a Lorentz boost,
the S matrix is given by:
0
+m
5 = (2.3)

VEp, +mv2m

’yop—l—m

V Ep +my2m

St =—aSlal = (2.4)

where % = \/%7,17 is the boost velocity. In the particular case of a rotation, the S matrix
is given by:

Sk = exp(iv’7*7'¢i), 1=1,2,3 (2.5)

Sg' = Sh= 'S}’ (2.6)

In general, the S matrix is the product of a Lorentz boost and a rotation.

3 Momentum space
The equation which defines the momentum space is:
iV (i — m)M (T) = M(2)iV"E, (3.1)
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One solution is M (%) = O'(p, Z):

0
+
ol z) = 2"

O is the hermitic conjugate of O, given by:

057 p’yo+m

JE, T my2E,

O(F7) = e %7

VE, +my\/2FE,

Where p° = E,. Since the operator iy°(i@ — m) is anti-hermitic, we have:

/ d*70(q, )0V (p, )iy E, = / 77" E,0(q, ¥)O' (p, 7)

Noting that £, 4+ F, > 0, this implies that:

/ s iz I (Ep +m) + Py’ (Eg +m)
d’Te e
\/Eq—i—m\/QEq\/Ep—l—m\/QEp

Therefore, we get:

(Ep+m)(Eg+m) + §7°p° o oss

1y p-&

/ PPz0(q, )01 (7, 7) = / Bie~n"TT

(Ep +m)(E; +m) + %/YO%VO

VE, + m\2E,\/E, + mr/2E,

— /dBfeivo(tTﬁ)-f
\/Eq + m\/2Eq\/Ep + m\/ZE][J
(Ep + m)(Ep +m) + p?
(E, +m)2E,

= (2m)°6*(7 - p)

= (20)°%(7— )

(Ep +m)(Ep, +m) + (B, + m)(E, —m)

(Ep +m)2E,
— (287

To check that the momentum space is complete, we do:

&Py P +m

5 ot 7007 - e
/(27r)30 (7, 9)O(P, )_/(27r)3 R NGToN

yp

p’yo+m

+f %(—cos@- 7 - I + sin(- (7 - )"

VE, +my\/2E,

(3.4)

(3.5)

(3.9)

(3.10)

(3.11)
(3.12)
(3.13)

(3.14)

(3.15)

Note that both cos(p"- (¢ — f))pio and sin(p- (y — f))% are odd in p and therefore do

EP
not contribute to the integral.



This means that given an arbitrary matrix in coordinate space, M (Z), it can be given
in terms of other matrix in momentum space M (p):

M@ = [ 0w (3.16)
Where M (p) is given by:
M(p) = / BFO(F, ) M(7) (3.17)

This defines a transform, similar to the Fourier transform, which we will call Fourier-
Majorana transform.

4 Energy-momentum space

Now we can extend our transform to define an energy-momentum space. Given a 4x4
matrix M (z), the Fourier-Majorana transform (in space-time) is defined as:

M(p) = [ dta0p.0)M () (4.1
Where O is the 4x4 matrix given by:
jyﬁ’yo +m
VE, +my\/2E,

Note that £, and ,7)70 don’t depend on p°, but p - & does. The inverse Fourier-Majorana
transform is given by:

Op, ) = 7P O(p, ) = P (4.2)

M) = [ 550" m.0M ) (13)

Where O is the hermitic conjugate of O,given by:
P+ m

VE, +my\/2E,

O'(p,z) = Of(p, )e """ = e (4.4)

To prove it:
d4p d?’ﬁ RN dpo —iy0pO (yO—z0 =
/ (%)40*(1?7 y)O(p, ) = / (%)SOT(p, D 5 e V=N (p, 7) (4.5)
=30~ =) [ G50 B PO (4.6)
=0y — 2) (4.7)
/ '20(q, 2)0' (p, ) — / a0’ / FTO(F. D0 (F.3)e "' (438)
— (2)°6% (G — ) / 420" (@ ") (4.9)
= (2m)"6"(q — p) (4.10)



In what follows we will call just Fourier-Majorana transform to both Fourier-Majorana
transforms in space and space-time. It will be clear from the context to which we are
referring to.

5 Dirac equation for the free fermion
The Dirac equation for the free fermion is:

iy (i — m)¥(z) =0 (5.1)

Where U is a spinor, a vector of the 4D space, on which the Dirac matrices act. Note
that the equation contains only real matrices.
We can make a Fourier-Majorana transform and go to momentum space:

- A3
(i~ m) V(o) = (=0 -+ 1"id — irm) [ GO EDVFT  (52)
d*p . 0= . R
- [ G0 im0l mavGa) 63
’p LB, 0B
= — p— — iy — p, )W (p, 2° 4
| Gt - 0GRt (54
Py Vg L
= [ st — 2250 ) w0 (55)
d’p t(m = 0 = 0
= (2%)30 (P, Z)(—00 — iy E,)¥ (P, x") (5.6)
The Dirac equation in momentum space is then:
(~0 — i °B)U(p,a") = 0 (5.7)
The solution is:
U(p,2%) = e E () (5.8)
Making an inverse Fourier-Majorana transform we get:
d3ﬁ 7)70 +m .0
V() = e 5.9
0= | Gy v 9

Where p® = E, and ¢(p) is an arbitrary spinor. In Majorana representation, if ¢(p) is a
real spinor, then the solution ¥(z) is real.
6 Spin

A spinor verifying the Majorana condition has 4 degrees of freedom. There are 2
degrees of freedom that are consumed by the phase of the oscillation of the wave. The 2
degrees of freedom that left correspond to the spin up/down property of the spinor.
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The spin vector s verifies s#s, = —1 and s = 0. The spin operator #y°> commutes
with 7 and squares to 1. Therefore, it has eigenvalues 1 (up) and —1 (down). The
eigen-vectors of §7°, in momentum space, can be defined as:

w(7 ) = (6.1)
07— = (5 -s) (62)

And the Majorana spinor in momentum space with a defined spin and that satisfies the
Dirac equation is:

(o’ fis) = e, 5) (6.3)
The spin operators are defined as:
oF =4k k=1,2,3 (6.4)
They verify:
(0%, 07] =in e o (6.5)

Where ezj is the Levi-Civita symbol. Note that i7? commutes with o* and squares to —1,
so it can be thought of as the imaginary unit in the spin algebra.

7 Orbital angular momentum space

A good reference for this part is [6]. We define the angular momentum operator L as:

0 _ij

Ly = —i7 €7 2,0, (7.1)

Where e? is the Levi-Civita symbol. Note that the usual definition for the angular
momentum has 4 instead of i+".

One solution to the equations (m stands for the angular momentum, not for the mass):

(Ls —m)Y(Z) =0 (7.2)
(L2 =11+ 1))Y(Z) =0 (7.3)
Is the Majorana matrix:
Yim(0, ) = \/%4; : 8 1 giipf"“ (cos 0)e" ¢ (7.4)
m (_1)m . dl+m
P = g (1= &) g (€ = 1) (7.5)

Y, are the spherical harmonics and P/ are the associated Legendre functions of the first
kind. 6 and ¢ are the angles of 7' in spherical coordinates, r is the radius. Note that the
usual definition for the spherical harmonics has the i instead of i°.
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The orbital momentum space defined by (I, m) is complete, that is:

/d(COSQ)dQOY:[m/(Q, QO)Y(Q, SO)Zm = 51/15m/m (76)

S V0, Q)Y (0, )i = d(cost — cost)i(¢ — @) (7.7)
lm

We don’t need to show this because the definition of the spherical harmonics is similar
to the standard definition, with i7° in place of 1.

8 Total angular momentum space

The operator 7 - L is:

=

G- L=—iy"elo"2,0, (8.1)
—[O’ s aj]a:iﬁj
ing G
— %xﬁj (8.3)
i.je1,2,3 (8.4)
It verifies:
. 1, -
i =iy (0, — & - L) (8.5)
T
L "0, —0 8.6
V'Y Oy + " g (8.6)

0 and ¢ are the angles of ¥ in spherical coordinates, r is the radius.
We define the spherical matrices, in a basis independent form, as:

N— N+m+1 1+&
Q .
lm + lm 2l + 1 lm+l 9 (8 7)

+m 3

l1—0

e Y 90)) ;88
with
lef{l,2,..} (8.9)
me{-l,-l+1,...,01—1} (8.10)
Vin(0,0) = \/ o P cos o) (8.11)
" —_1)m dl+m
g - St - et -1y (8.12)

Where Y}, are called the spherical harmonics and P/ are the associated Legendre func-
tions of the first kind.



The spherical matrices verify:

1
(L + ) Qun = (m =+ 5) (8.13)
G- L Q= —Qm(lo® +1) (8.14)
O'T le == —legl (815)
G Liy" Q= iy Qe (l0® — 1) (8.16)
Now, we note that:

1 /.3 1 3

/d(cos@)dgp +2€0 Q(0, 0) 1m0, ©)im +2€0 =0 (8.17)

For I',m/ ¢ # 1,m,e and ¢',e = £1, because the matrices correspond to different eigen-
values of hermitic operators.
Therefore, we have orthogonality:

/ d(cos8)de Q1(0,0) 1m0, ©)im = (8.18)
1 3 1 3
Sridmim S / d(c0s0)do——"01(8, )0, @)1 —— (8.19)
e=+1 2 2
= 5l/l5m/m (820)
The space is complete:
1+ eo?
Z Q<0/7 @l)lmQT(ea cp)lm = Z Q(le @l)lm QT(Q’ @)lm (8'21)
lm lme
= d(cost’ — cos8)d(¢" — ) (8.22)

This can be shown in the same way it is shown for the standard spin spherical harmonics,
with 7 playing the role of the imaginary unit. For instance, one can note that for each
set of quantum numbers [.m, €, there is only one eigen-vector.

9 Radial Space

We define the matrix:

3
/ ! _ -3

Where f, g, f’, ¢’ are such that the equation hold:

—

2’70(23 - m>Anlm = nlAnlmi’YO (93)



The last equation can be written as:

<—Enl—Hl(r)> [H =0 (9.4)

(Enz - Hz(r)) [7]=0 (9.5)
Where the operator H is given by:
l
Hiry=m[5 5] +0 [A 0]+ [0 7] (9-6)

We will not solve these equations here, the solution can be seen in [7]. We just need to
know that the solutions exist for discrete n and that all solutions verify: f(r = 0) =0
and f(r — +o00) = 0 where f can be replaced by f, g, f’,¢’. Therefore, H is hermitic and

since the vectors [g : } and [J; ] have distinct eigenvalues, they are orthogonal.
We also have:

0 Q= =17°Y U = —=17°0" Qi = 17 Qo™ = (1)U 1 (0, 0)7° (9.7

Now, we can show that:

/Tzdrd(cose)dgp AT(T, 0, O) v A7, 0, 0) i, = (9.8)
5n’n51’15m’m (99)
The space is complete:

S A A (1,6, = N cost? ot~ ) (9.0

nlm

10 Hydrogen Atom

The Dirac equation for the Hydrogen atom is:

iV (i — ed —m)¥ =0 (10.1)
With A; =0, Ag = —=. The term with the potential is imaginary, therefore, the equation
is complex.
We define the matrix:
Anime = (f r) g l(r)z"y’”) Qi +2€U (10.2)
r r

If f and g are such that the following equations hold:

(Bt & =m0 (g, Lo yml) (10.3)
(—Ew — e—: - m)g";(r) + (0 + 1%61)%(” =0 (10.4)
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The last equations are the same equations as for the Dirac fermion in the hydrogen
atom. That is, one can obtain the same solution for the Hydrogen atom, absent from the
imaginary unit, using Majorana fermions. We will not solve these equations here, the
solution can be seen in [7].

Then A verifies:

. 00:7 1+4° e 1440
i (i — M) At — = (Bt + =) At ——— (10.5)
2 r 2
The solution to Dirac equation is:
. 14A0
U = AnlmeeilWOEnlIO %w (106)

Where 9 is a fixed spinor.
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