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Abstract: This paper investigates the influences of inertia and process parameters on two-layer fiber 

spinning process for incompressible, isothermal and Newtonian filament jet flow. The present study 

focuses on the steady flow considering inertia, gravity and non-uniform velocity of each layer across 
the fiber. The governing equations are solved numerically as nonlinear two-point boundary value 
problem given the analytical solution is practically impossible. The effects of inertia and initial process 
conditions (draw ratio, initial velocity ratio and die exit radius ratio) are discussed. The velocity 

increases monotonically with the axial position in each layer due to inertia effect, at a rate that is 
relatively slower (faster) near the spinneret (take-up point) as Re increases. In contrast, the radii 
decrease monotonically with the axial position in each layer.  
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1. Introduction 
 

In a typical fiber spinning process, a thin cylinder is manufactured by extruding the molten polymer 
through a spinneret. The molten fiber is normally stretched in length and drawn to reduce its diameter. 
With appropriate draw ratio (ratio of the take-up velocity to the extrusion velocity at the spinneret) the 
desired fiber diameter can be obtained. In the actual process, a bundle of many filaments are extruded 
and stretched together [1], hence, it is important to investigate multilayer fiber spinning process. The 

fiber with multi-layer filament jets has constantly been enlarged in various applications, for example, in 
plastic fabrication process, inserting batteries, placing colors, burying recycled materials, coatings for 
controlling film surface properties etc [2]. One of the major instability and defects which limits the 
productivity in industrial operation is draw resonance. The draw resonance appears typically at high 
draw ratios. There exists a critical draw ratio, beyond which stable operation is impossible and draw 
resonance instability is observed. 

Extensive studies have been conducted on fiber spinning of Newtonian and non-Newtonian fluid since 
early 1960’s when draw resonance was first introduced by Christensen [3] and Miller [4]. The previous 
experimental and theoretical studies on the fiber spinning process are mostly focused on single-layer 
flow [see, for instances 5-10], and most of the studies were without inertia, gravity, and surface tension. 
The inertia and gravity can, however, play an important role in stability of the real process, which is 
shown by Shah and Pearson [11] in their stability analysis. The effects of inertia on fiber spinning 

process, which have not been investigated in detail, especially about their compound effect, is one of 
the main objective in the present study.  
Although significant studies, either theoretical or experimental, are available for single-layer fiber 
spinning, the investigation on multilayer fiber spinning, even on film casting, is very limited in 
literature. Park [12] performed the first theoretical analysis on two-layer film casting, where one layer 
was Newtonian and another was Upper-Convected Maxwell fluid. Using simple constitutive models, 

he investigated the effects of the interaction between two fluids with different rheological properties on 
the film thickness and stress profiles. Co et al. [13, 14] adopted a similar assumption and studied the 
multi-layer film casting of modified Giesekus fluids. Recently, the film casting of multi-layer flows of 
Newtonian fluid and non-Newtonian fluid was studied by Zhang et al. [15] and Lee et al. [16], 
respectively. Of closer relevance to the present study is the investigation of Suman and Tandon [17] 
who examined the three-layer flow stability of fiber drawing for both Newtonian and non-Newtonian 
fluids of constant densities in the absence of inertia, gravity and surface tension. They derived the 

governing equations as slender jet approximation, and did not treat three layers separately. They, 
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instead, used a combined momentum balance equation. They imposed continuity of velocity vector on 
the layer interface, which predicts uniform velocities across the fiber cross section regardless the 
shearing in the layers. This prediction of continuous velocity at the interface was reported somewhat 
erroneous by Zhang et al. [15], who reported that there is bound to be a certain amount of shearing that 

increases with the viscosity ratio, hence the axial velocity cannot be (even approximately) uniform 
across the entire film. For the case of isothermal Newtonian drawing, Suman and Tandon [17] 
predicted the critical draw ratio for multi-layered fiber is 20.21, which is the same value that has been 
reported for the single layer fiber spinning.  
The major objective of this study is to investigate how the kinematics of the two-layer fiber spinning 
flow is affected in the presence of inertia and gravity when non-uniform velocity of each layer across 

the fiber is considered. The numerical results predicts the influence of inertia and other process 
parameters, such as the draw ratio, the initial velocity ratio and the die-exit radius ratio on the steady 
state flow will be investigated. It can be noted that the influence of gravity and other rheological 
properties like density ratio and viscosity ratio of the two layers were discussed elsewhere by the same 
authors [18], thus their influence on the flow will not be repeated here. 
 

 

2. Problem formulation 
 
Consider an axisymmetric, two-layer incompressible, Newtonian and isothermal fiber exiting from 
spinneret is drawn continuously and wrapped by the rotating cold roll at some distance down from the 
spinneret. The distance between the spinneret and the chill roll is L. The jet is assumed to exit from two 
concentric circular tube type die, where one layer exits from the inner circular tube and the other layer, 

which completely surrounds the inner layer, exits from the thin annulus in between the circular tubes. 
The two layers, inner layer (layer 1) and outer layer (layer 2), are assumed immiscible, and attach each 
other immediately after the spinneret. The problem is schematically described in figure 1. The radii of 
inner and outer layer are R

1
 and R

2
, respectively. The densities and viscosities of layer 1 and layer 2 are 

ρ
1
 and ρ

2
, and viscosities

 
µ

1
 and µ

2
, respectively. The problem is formulated in the  r, ,X space with 

r,  and X axis coinciding with the radial, azimuthal and axial directions. The corresponding velocities 

in the axis directions are  r xU , U , U
. The radii of two-layer fiber and mean velocities at the 

spinneret (X =  
 

 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 

0) are, 1
0

R  and 2
0

R  and 1
x0

U and 2
x0

U . The fiber drawing length (air gap) between the spinneret and 

winder/chill roll is L. The die swell is also ignored, considering the variation of fiber radius is small. 
The flow is assumed to be dominant axial velocity that is uniform across each layer separately 
indicating the flow is predominantly elongational. The stream wise velocities of two layers are, thus, 

Figure 1. Schematic illustration of the two-layer fiber spinning process 
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functions of axial direction X and time t only. Under these assumptions and in the presence of inertia 
and gravity force, the conservations of mass and momentum reduce, respectively, to 

 
i

i x
r

U1
rU 0,

r r X


 

 
                   (1) 

   i i i i i i i
x, x x,X xx,X rx

,r

1
U U U r g

r
       ,    (2) 

where i refers to 1 or 2 for layer 1 or layer 2, respectively, and a subscript after a comma denote a 

partial differentiation. Here xx and rx are the normal and shear stress, respectively, g is the 

gravitational acceleration, and   is the time. 
The interfacial condition for multi-layer fluid flow is different from the single layer flow where no 
traction at the interface is considered. Suman and Tandon [17], in their study on multi-layer fiber 
drawing, applied no-slip boundary condition at the interface of two fluids result in the constant axial 
velocity across the whole cross section of fiber regardless of the viscosity ratio of the two layers. Zhang 
et al. [15], however, reported that the boundary conditions at the interface between two layers, namely 

the continuity of the axial velocity i.e. no-slip condition and the traction, cannot be simultaneously 
accommodated. Thus either the velocity or the traction can be continuous across the interface. However, 
in addition to the constant axial velocity across the fiber, the imposition of continuity of velocity across 
the interface is neglected for two other reasons, as reported by Zhang et al. [15] in their two-layer film 
casting process. Firstly, in the real two-layer process, a certain amount of shearing increases with the 
viscosity ratio indicating the axial velocity cannot be (even approximately) uniform across the entire 

film. In fact, in the limit of zero or infinite viscosity ratio, one of the layers is effectively a solid, 
resulting in the formation of a boundary layer. Secondly, there exists a possibility of considerable slip 
at the interface, for instance, the case where the fluid in contact with the chill roll is the less viscous 
layer. Since the flow in this layer is predominantly elongational, it may fail to fully entrain the second 
layer, resulting in slip. Thus, following Zhang et al. [15], in the present study, the continuity of traction 
is ensured at the interface, and the axial velocity is assumed to be uniform across each fiber layer 

separately. Therefore, the boundary conditions for system of governing equations (1) and (2) are 
prescribed as follows. 
At the spinneret (X = 0) and the chill roll (X = 1), the velocities in the axial direction are given as 
 

        
The fiber radius of each layer at X = 0 is given as 

 

where 1R and
2R are the fiber radius of layer 1 and layer 2, respectively. The traction of the two layers, 

t1 and t
2
, are continuous at the interface: 

   1 1 2 1r R , r R , ,     t t                      (5) 

where 1R  and 1R  denote the interfacial radii for the layer 1 and layer 2, respectively.  
Noting that the molten polymer has a high viscosity and the fiber radius varies slowly, surface tension 
and air drag are assumes to be negligible, leading to the following dynamic condition of the free 
surfaces:  

 2 2r R , 0.  t                           (6) 

Upon using the boundary conditions, the following non-dimensional governing equations are obtained,  
2 21 1 1

x, t U , x 0,
 

    
 

            (7) 

2 2o o 2
x, t U , x 0

 
    

 

           (8) 



International Journal of Mechanical Engineering 

                           ISSN : 2277-7059           Volume 2 Issue 5 (May 2012) 

http://www.ijmejournal.com/         https://sites.google.com/site/journalijme/ 

22 

 

  
 

2 2 2 2

2 2 2 2

2

1 o 1 1 2 o 1 1
x,t x x,x

1 o 1 1 o
x,x

o 1
U x,x

R R u R R u u
Re Re

u , x R ,
3 3Fr

R R R R u

   



  

    
                               

      
   
 

    

(9) 

 2 1
x x Uu R u 1 R  

,               (10) 

where 
2 2 2o 2 1    in equations (15) and (16) . The boundary conditions are reduced to 

       1 1 1 2
x x ru x 0, t 1, u x 1, t Dr, x 0, t 1, x 0, t R .                    (11) 

The details of the derivation for the equations (7-11) are obtained in the reference [18]. In this case, L 

is taken as the reference length, 1
x0

U the reference velocity, and 1
0

R the reference radius. The 

dimensionless variables evolved in the equations are defined as follows 
1 i i

i ix0 x
x 1 1

x0 0

U UX R
x , t , u , ,

L L U R


    

              (12) 

and six non-dimensional parameters emerge in the problem, namely the draw ratio, Dr , the velocity 

ratio, uR , the density ratio, R , the viscosity ratio, R , the Froude number, Fr , as well as 

Reynolds number, Re , are introduced as  
22 12 1 11 2 1

0 x0 x0 x0xL
r U1 1 1 1 2 1

x0 x00

R UU U LU
Dr , R , R , R , R , Fr , R e .

gLU R U
 

 
      

  

         (13) 

One can readily be solved the steady state radii in terms of velocities as follows 

 

2
1s os r U

1s1s
x Ux

R R1
, ,

R u 1 Ru 

   
 

            (14) 

and upon substituting these expressions and the steady state velocity of layer 2 (Eq. 10) into (9), the 
equation for the velocity of layer 1 is obtained, 

 

2 2

2 2 2 2

2

1s 2 os 1s 1s
x x,x

1s os 1 1s os
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                       
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              (15) 

with the boundary conditions 

   1s 1s
x xu x 0 1, u x 1 Dr.   

      
            (16) 

Due to the unavailability of analytical solution, the equation (15) with conditions (16) is solved 
numerically by two-point boundary value problem using MATLAB. The coupled governing equation is 

recast as the system of first order equation. The nonlinear system is solved by using function ‘bvp4c’. 
Numerical solution is obtained by solving a global system of algebraic equations stemming from the 
boundary conditions. The mesh is chosen adaptively to make the local error in the tolerance limit, 
which is chosen 1e-6 for all computations. 
 
 

3. Discussion and results:  

 
In this section, the results of the numerical solution are presented for the two-layer fiber spinning flow 
systematically for the effects of inertia, the draw ratio the velocity ratio and the radius ratio. The 
velocity profiles and the fiber radii distributions for each layer are determined. 

 
3.1 Effect of inertia: The influence of inertia on the two-layer fiber spinning flow is examined in 
figure 2 by varying the Reynolds number over the range  Re 0,2  for Dr = 15, Rµ = 1.5, Rρ = 0.5, 

Fr = 1. The ratio of initial fiber radii Rr and the reference velocity ratio, Ru at the spinneret is taken as 
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1.2 and 1, respectively. In order to dominate the influence of inertia over the effect of gravity, since the 
effects are opposite in single layer, the gravitational effect is chosen sufficiently small (Fr =1). The 
flow responses are depicted in figure 2a-2d, where the velocity and fiber radius for layer 1,u (x)(1)s  

and (x)(1)s , are shown in figure 2a and 2b, respectively, and for layer 2, u (x)(2)s and (x)(2)s , in 

figure 2c and 2d, respectively. The results show that the velocity increases monotonically with x in 

each layer, at a rate that is relatively slower (faster) near the spinneret (take-up point) as Re increases. 
The velocity in layer 2 at the take-up is larger than that of layer 1, despite the equal velocity imposed at 
the spinneret. This is particularly due to the response of the viscosity ratio. For the equal reference 
velocity ratio and viscosity ratio the velocity of layer 2 will be larger or smaller than the velocity of 
layer 1 by a factor equal to viscosity ratio (see the relation 10). Interestingly, the velocity of each layer 
at the take-up merge to a point, and thus independent of inertia. This observation is of course expected 

for layer 1 to  
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 

 
 
satisfy the boundary condition (11), while it is less obvious regarding layer 2. This is, however, 

confirmed from the relation (10), which shows that    2 1
x x uu R u 1 R

 
   

   
is indeed 

independent of Re. The radii decrease monotonically with x in each layer. Both the layers have similar 
qualitative behavior with Re. The decreasing tendency is almost linear for Re close to unity, however, 
the decreasing rate is faster near the spinneret and close to the take-up region for smaller inertia values 
(Re less than unity) and higher inertia values (Re greater than unity), respectively (see figures 2b and 

2d).
The overall velocity and radius deviates from the exponential behavior as inertia increases, reflecting 
an augmentation of the nonlinear character of the flow. It can be annotated that the velocity profile and 
the film fiber radius distribution along the x direction coincide with those of the single-layer fiber flow 
[19], if the flow parameters in the two-layer problem are chose such that Rµ =Rρ =Ru =1.
 

3.2 Influence of draw ratio: The effect of draw ratio is thus examined in figure 3 for the velocity (3a, 
3c) and radius (3b, 3d) profile in each layer in the Dr range from 5 to 25. The other parameters are 

R= 1.5, R = 0.5, Rr = 1.2, Re = 1, Fr = 1 and Ru = 1. Overall, the fiber radii and the velocity 

Figure2. Influence of inertia on the velocity and radius in layer 1 (a,b) and layer 2 

(c,d) , , , , , . 
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distributions are sensitive to Dr, but the influence of the draw ratio is strongest near the take-up point. 
The velocity increases with draw ratio, and the rate of increase of velocity at the take-up seems linear 
in the given draw ratio range (see figure 3a and 3c), whereas the change of velocity tends to 
insignificant when approaching to the spinneret.  

 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 

 
The velocities at the take-up point in layer 1 and layer 2 follows from the boundary condition and 

equation (9), respectively, and can be written as (1)su (x 1) Dr   and 

(2)su (x 1) 1.5Dr 0.5   . On the other hand, the film radii decreases linearly with the position 

for all draw ratios. The film radius at the take-up point decreases with the increase of draw ratios in 
both layers, however, more significantly in layer 1. For large draw ratios, the radii seem to have 

insignificant change with Dr (see figures 3b and 3d). The radii at the take-up point are given as 

1
Dr

in layer 1, and 1
1.5Dr 0.5

 in layer 2. 

3.3 Influence of reference velocity ratio: The influence of the reference velocity ratio (the ratio of 

velocities at the spinneret at layer 2 and layer 1) on the fiber spinning flow is discussed in figure 4 over 

the velocity ratio range  R 0.5,1.5u  , where figures 4a and 4b, and 4c and 4d show the velocity and 

radius profiles of layer 1 and layer 2, respectively The remaining parameters are fixed at, 

Re 1 R 0.5  , R 1.5  , 
rR 1.2 , Fr 1  and Dr = 15. The results show that the velocity 

(thickness) of two layers increases (decreases) monotonically against the spinning distance, similarly to 
the figures 2a and 2c. However, the velocity of layer 1 is almost independent of velocity ratio, whereas 
the velocity of layer 2 increases moderately with Ru, particularly close to the spinneret. This 
observation is attributed to the limitations of layer 1 by boundary conditions at the spinneret and take-
up. Similarly to the effect of inertia, nonlinear character of the flow is observed at close to the take-up 
region whatever the velocity ratio is imposed at the spinneret. The change of velocity in layer 2 with Ru 

is insignificant near the take-up where this comparatively small change in velocity is overlooked by the 
draw ratio. The thickness profiles deviate from nonlinear behavior to linear profile for the whole 
spinning distance, which is particularly true for layer 1 and for layer 2 with Ru equal to or lager than 

Figure3. Influence of draw ratio on the velocity and radius of layer 1 (a, b) and 

layer 2 (c, d) for , , , , , . 
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unity. Ru has no influence on the fiber radius of layer 2 at the die exit region, which, however, has 
significant influence at the take up point and fiber radius increases with the increase of  Ru. 
 
 

 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
3.4 Effect of reference radius ratio: The two-layer fiber typically obtains from two concentric 
circular die exits. The influence of die exit for single layer flow is not obvious, thus never investigated. 
However, for multiple layer flow this process condition may have some influence, which will be seen 

next.If the outer die exit sets far away from the inner die exit, the two layers essentially will be separate, 
and will flow through the spinning distance separately. The two-layer flow will not be obvious in this 
case. Thus, the effect of reference radius ratio (same as die radius ratio) is shown in figure 5 by varying 
Rr while keeping other parameters fixed. The radius ratio varies from 1 to 2 and other parameters are 
taken as , , , , , .It is evident from figures that Rr has no 

influence on the layer 1 and the velocity of layer 2. However, fiber radius in layer 2 is significantly 
influenced by Rr. The decreasing linear distributions of radius again are observed with the position x. 
The neck-in tendency of fiber radius is more with the increase of Rr near the take-up region. 

 

 

 

 

 

 

 

 

 

 

Figure4. Influence of initial velocity ratio on the velocity and radius for , 
, , , , ,  
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4 Conclusions: 
 

 In this study, the steady, incompressible two-layer fiber spinning process is investigated. Due to the 
unavailability of analytical solution, the governing equations are solved numerically by two-point 

nonlinear boundary value problem. The effect of inertia and process parameters such as the draw ratio, 
the initial velocity ratio and the die radius ratio, on the velocity and fiber radius distributions for each 
layer is examined for a wide range of parameters. The results are summarized below. 
The velocity and radius increases monotonically with the position in each layer. For the equal initial 
velocity ratio and viscosity ratio the velocity of layer 2 will be larger or smaller than the velocity of 
layer 1 by a factor equal to viscosity ratio. The decreasing tendency of radii is faster near the spinneret 

and close to the take-up region for smaller inertia values and higher inertia values, respectively.  
 Overall, the fiber radii and the velocity distributions are sensitive to draw ratio. The velocity increases 
with draw ratio, and the rate of increase of velocity at the take-up seems linear in the given draw ratio 
range. The film radius at the take-up point decreases more significantly in layer 1 with the increase of 
draw ratios. The velocity of layer 1 is almost independent of velocity ratio, whereas the velocity of 
layer 2 increases moderately with the initial velocity ratio, particularly close to the spinneret. Fiber 

radius in layer 2 is significantly influenced by the die exit radius ratio. The neck-in tendency of fiber 
radius is more with the increase of the radius ratio near the take-up region. 
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