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Abstract

Bernhard Riemann has written down a very mysterious work
“Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse” since
1859. This paper of Riemann tried to show some functional equations
related to prime numbers without proof. Let us investigate those functional
equations together about how and where they came from. And at the same
time let us find out whether or not the Riemann Zeta Function {(s) =
Zs(n)(s'l)sin(ng)f‘(l — s){(1 — s) really has zeroes at negative even

integers (—2, — 4, — 6 ...), which are called the trivial zeroes, and the
nontrivial zeroes of Riemann Zeta Function which are in the critical strip
(0 < R(s) < 1) all lie on the critical line (R(s) =3 ) (or the nontrivial
zeroes of Riemann Zeta Function are complex numbers of the form

( % + i)). Step by step, you will not believe your eyes to see that Riemann

has made such unbelievable mistakes in his work. Finally, you can easily
find out that there are no trivial and nontrivial zeroes of Riemann zeta
function at all.

1.Introduction

Prime numbers are the most interesting and useful numbers. Many
great mathematicians try to work with them in several ways. One of them,
Bernhard Riemann, has written down a very famous work “Ueber die
Anzahl der Primzahlen unter einer gegebenen Grosse” since 1859 showing
a functional equation {(s) or Riemann Zeta Function without proof. He
believed that with the assistance of his functional equation and all of the
methods shown in his paper, the number of prime numbers that are
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smaller than x can be determined.

Someone believes that by using analytic continuation technique, he
or she can extend a domain of a powerful analytic function, derived from
two or more ordinary expressions or equations, which can help him or her
reach the shore he or she tries to. One of them, Riemann, might has thought
for about 150 years ago that he could extend the domain of his new analytic
function, which was the composition of Riemann Zeta Function and Pi or
Gamma function, to the entire complex plane by using this technique. But
this technique, just like others, needs to be checked or proved for the
essential conditions of the former equations and of the new functional
equation itself. Until now usages of Riemann Hypothesis in mathematics
and physics are still found more and more, despite the truth that itis justa
“hard to solve” problem, not a proven one!

2. What are {(s), I'(s) and [](s)? What is the relation between I'(s)

00 )\ (s-1)
and [](s)? How can we derive 2sin s {(s)[[(s—1) =i f:oo % dx and

{(s) = an(s‘l)sin? I'(1 — s)7(1 — s)? Can we really find out trivial zeroes
of {(s)?

2.1 Let’s begin from the great observation “The Euler Product”

1\~ o 1
ni-=) = %9 @
For p = all prime numbers = 2,3,5,...
n = all whole numbers = 1,2,3,...,,+00

Leonard Euler proved this “Euler Product Formula” in 1737.
Let us start following his proof from the series
o 1 1,1 1,1
Zr-;-=1 (E) =1 +;+§+;+;+... ..(A)

Multiply ...(A) by 2i both sides

1
10°

1 wae 1 1011 1
;Z;Ll (E) =;+E+E+E+ + ... (B)



Subtract... (A) by ...(B) to remove all elements that have factors of 2

Lygoo Ly gy il 111
(1_§)Zn:1 (;) - 1 + 3s +55 + 78 + 9s + 118 + "'(C)
Multiply...(C) by = both sides
L lygwe Ay o L 1111
3s (1 28 )anl (ns) - 3s +9s + 158 + 218 + 278 + "'(D)

Subtract ...(C) by... (D) to remove all elements that have factors of 3
or 2 or both

_Ayii= iyt Ly —oqp ittt 1
(1 35)(1 25 )2/7:1 (ns) - 1+ 55 +7s + 115 + 135 + 175 +"' '"(E)

Repeating the process infinitely, we will get

(=)A= A-5) A-2) -8 () = 1

or 3% () = e

+oo 1y
n=1 (ns) p pl‘;!me[ (1_# )]
+oo 1 1y-1
2 (= = 1—=
n=1 (ns) p pl-:!me( ps )
Riemann denoted this relation {(s) = >3 (#) = J] (1- %)‘1

p prime
would converge only when real part of s was greater than 1(R(s) > 1) in his

paper “Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse”

in 1859.

¢(s)( Riemann Zeta Function ) will diverge for all s < 1, for example
IFRE) =1,06) = 538 () = s+mtotate
(1) = L4lalalgl

By comparison test %+% +§+i S T I
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N¢ (1) =+ +-+-+--
= 400
(finally diverges to +o0)
IfRE) =0, {()=324% () = mHpteutote
U0) = Gttt
= 1+141+1+..
= 400
(finally diverges to +o0)
FRE) =-1,35) = 538 () = S+ o+t o+
¢(-1) = 1+2+3+4+..
= 4o
(finally diverges to +o0)
2.2 Next, let us consider TI'(s) (Gamma function)

2.21T(s) whens >0

Gamma function was first introduced by Leonhard Euler
(1707-1783) in his goal to generalize the factorial to non integer values,

and was studied more by Adrien-Marie Legendre (1752-1833).

I(s) = f, (@ W™ du



Which will converge if real part of s is greater than 0 (R(s) >0,

and can be rewritten as

I'(s+1)
s

I'(s) =
or TI(s+1) = (s)I'(s) ; convergesif R(s)>0
Let us prove using integration by parts.

Fs+1) = [ 7@ WS®du for R(s)> 0

0

_[(u)(s)(e)(—u)]goo + J'0+00(e)(_u) (S) (u)(s—l) du
= 1imy, o0 —[(WOO ] = Tim,,o —[(W) P ()]

+ fo+oo(e)(_“) ()W du

= [+ +sf; (&Y WS du

e}

Use L’Hospital’s Rule to find the value of % (indeterminate form).

- GO - GNOIC
limy, 4 00[ W] = limy 5400 T oW

Repeat differentiation (I + 1)times until(u)=¢+D) — (1)©)

—(U) (s)

Then lim,,_, +OO[W] = limu_)+oo[(—1)(s)(s—(3£;§s—z)(u)(O)]
_ EDEG6-D..-D®)
(e)(+o)
=0
Thus ['(s+1) = 0 + sf0+°°(e)(—u) W& du
50 [(s+1) = sT(s) R(s) > 0

Find I'()

From I(s) = [ (&)™ W)™ du



I = [ @ du

Let r = (u)(%)

Then du= 2rdr , (u)(‘%) -t _1

1
w2 T

o _1 too |
f0+ @YW D du = fO (e)~ ™ (%) 2rdr
+oo 2
= Zfo (e)~) dr
+o0oo 2
Let [ = fo (e)~) dr
+o0oo 2
= fo (e)~*9 dx , on x- axis
+oo 2
- fo (e)~0? dy ,ony- axis

Then M = (@ a0 [, @0 dy)
= L@ dxdy

Change from rectangular to polar coordinate
X = rcos® , y= rsin@
So x*+y?= (rcos0)*+(rsinB)?
= r?
For a very small 0 (in radian), d0,and dr
cos® ~ 1, sin® =~ 0; (sinB)?, (d6)?%,and (dr)? are negligible
dx = drcos®@ = cosOdr + rdcos® = cosBdr — rsin6d6
dy = drsin@ = sinOdr + rdsin® = sinOdr + rcos0d6
dxdy = (cosBdr —rsin6d0)( sin@dr + rcos0d0 )
= co0s0sinB(dr)?+r(cos8)?drd® —r(sinB)?drd® — (r)?sinBcosB(d0)?

= 0+ rdrdd6 —0 -0



= rdrd©

Then (D2 = f0+°° f0+°°(e)'(xz+y2)dxdy

= %fgfoJroo(e)_(rz)rdrdB

= 1f2(1)de

NE

JE

+o00

So TR = [T WP du

o a

= 21
=Vr
Or from Euler’s Reflection Formula
I'(s)T(1—s) = Sh’fm , 0<s<1
rQra-3 = g = 7
rQ) = vm
= 1.772
Find I'(1)
[(s+1) = [, " W du

[0+1) = [ W du
= ~[@17

= 1imu—>+oo _[(e)(—u)] - lirnu—>0 _[(e)(—u)]

= —0+1



ra =1
Find I'(2)
From ['(s+1) = sTI(s)
r(1+1) = 1r()
rez) =1
And for s = positive integers 1, 2, 3..., the relation between
gamma function and factorial can be found from
['(s+1) = sT(s) for s=1,23,..
= s(s—DI'(s—1)
=s(s—1)(s—2)..() )
= sl for s = positive integers 1, 2, 3,...
From I(s+1) = sTI(s) fors = positive integers 1,2, 3,...
,forexample I'(2) = 1I'(1) = 1!T(1)
(2)(Hray = 2!ra)
(3)()(MI(@) = 31I(1)

r(3)= 2rQ)

['(4) = 3I'(3)

We can rewrite

_T(2) _ ra+1) _ T(1+1)
ra) = 11

_ I3 _ ra+z) _ r@a+z)

o200 20 T 1(2)

_T(4) __T(1+3) _ T(1+3)

o331 T 12)(3)
Or I'(s) = @

_ TI(s+2)

- s(s+1)

I'(s+3)

s(s+1)(s+2)



I'(s+1)

The identity ['(s) = ———can be used (by analytic continuation

technique) to extended the integral formulation for I'(s) to a meromorphic
function defined for all real (and complex) numbers except s = zero and
negative integers (0, —1, —2 ...) which are poles of the function.

Thus we can evaluate I'(s+1) for (s+1) >0 or s > —1 from

I'(s+1)

['(s) = ,s>—-1,s#0

And we can evaluate I'(s+2) for (s+2) >0 ors > —2 from

__ I(s+2)
F(S) o s(s+1)

,s>—-2,s#0,—1
In general, we can evaluate I'(s) for (s+k) >0ors > -k, k=
1, 2, 3... (all positive integers) from

_ I'(s+k) _ 4 _ _
F(S) o s(s+1)(s+2)..(s+k-1) '’ s>-ks#0,-1,-2.., (k 1)

Hence we can evaluate I'(s) from all s = real numbers (negative non
integer or positive integers and non integers) except s = zero and negative
integers (0, —1, —2, ...) which are poles of the function.

2.2.2 T(s) whens= 0
Find I'(0) (pole of the function)

From Euler’s Reflection Formula

F(S) F(l—S) = si:ns
lims—>(0)_ F(S) F(l - S) = lims_)(o)_ si:ltns
I[O)7Ir[1—-(0)7] = Simf(o)—

T

MO = —

T .
= = , undefined

limsq(0)+ F(S) F(l - S) = limsq(0)+

sinms
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T
sinm(0)*

NIOMNFEIONES

T

NONIOERF~T

= % , undefined
And ra = 1

So I['(0) = +— ,undefined

=N =]

( ¥4 =+ in the Riemann sphere)

2.2.3 T'(s) whens< 0

Find I'(—>)
. I'(s+k) . 14 . .
From F(s)—S(S+1)(5+2)m(s+k_1) ,s>—k,s#0,—-1,-2,...,—(k—1)

= F(Ssﬂ) ,for s>—1,s#0

F(S) _ F(s;—l)

1, T(—5+D)

M=2= 7
G
)
= (=2)0Vrm
= —3.545

Find I'(—1) (pole of the function)

I(s+k)

From I'(s) = SGIDG+2).GiED *S >—k,s+0,-1,-2,...—(k—1)
= [6+2) ,fors>—-2,s#0,—1, -2
s(s+1)

['(s+2)

lims_)(_1)+ F(S) = limS*(_l)-l- s(s+1)
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T[(-1*+2]
(D [(=1)*+1]

['(s+2)
s(s+1)

lims—>(—1)_ F(S) = 1ims—>(—1)_

F[(-1D)~+2]
(—D7[(-1)7+1]

[1]

]

—

So TI'(-1) = +-,undefined

ol

( +: = +o0 in the Riemann sphere)

[=RE

Find I'(—2)

_ I'(s+k) _ 4 _ _
From TI'(s) = SGIDGD D , >—k,s#0,-1,-2..,—(k—1)

__ T(s+2)

= , for s>—-2,s#0,—1,-2
s(s+1)

3, T(—5+2)
A e Ty

rG;)
(=)
2
= (=) Ve

= 2.363

Find I'(—2) (pole of the function)

_ ['(s+k) _ 1 _ _
From I'(s) = S(s+1)(s+2)m(s+k_1),s> k,s+0,-1,-2,...—(k—1)

I'(s+3)

= Ginery fors>-3,5#0,-1,-2,-3

I'(s+3)

limg_, )+ T(s) = lims_ o)+ s 70
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T[(-2)*+3]
T (=)= +1][(-2)F+2]

_ 1

[0]

| o s
llms_)(_z)— F(S) = th—’(—Z)_ s(s+1)(s+2)
I[(=2)"+3]

T o~ +1l(-2)+2]

So I'(-2) =& % , undefined
(£ ; = £ in the Riemann sphere)

2.3 Consider [](s) = Pifunction

Pi function has been denoted by Carl Friedrich Gauss since

1813
[1(s) = f0+oo(e)(_“) (W®du ,conversesif R(s) >0
The relation between Pi and Gamma functions is
-1 = [ @Y W% du (D
= TI(s)
The two functions will converge if real part of s is greater than 0,
(R(s) >0)

2.4 Finding the product of {(s)[[(s—1) and corresponding
value of R(s)
From equation ..(1) [[(s-1)= f0+°°(e)(‘“) (W& Pdu, R(s)>0,
For +o0>u=0
Let u= nx ,n=1273..

Then 400 >x>0
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Multiply equation ... (1) by ni both sides
(DD = ) Jy 7@ W™ du
— f0+°°(e)(—nx) (nx)="? (n)* dnx
— f0+°°(e)(-nx) (nx)®" (n)© ndx
= Jo (@™ @0 ()¢ Ddx
= [(e)T™ ()& dx ~(1.1)
Important: 1. To make sure that the result of (nx) > multiplies
by(n)~¢~D of equation ...(1.1) will exactly be (x)* without (n) ®~Dleft,
the value of s from (%) of {(s) which 1 < R(s) < +o0, and from (u)® " of

[1(s—1) which 0 < R(s) < +co must be the same number or 1< R(s < +oo.

2. Next we have to prove that the values of all the real
parts of s of the product (%)]'[(s— 1) or new analytic function that will make
the new function converge have to be only those numbers which are larger

than 1 or 1< R(s < 4+ as it’s original function (%) and [J(s—1) or not.
Then try to make infinite summation of (%)H(s—l)
3 - =33 @™ @ d .(12)
or IO =3 [T@™ @©Pdx .(13)
And from () €™ = (eC¥)m

)N\ () (&)
= ()™ [

(e)(—x)

— (e(—x)) (n-1) (e) (-x)

Then I(s)[I(s—-1) = X' 0+°° (eC) -1 () (30 (1) (s-Dgy
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— f0+°° Z:z(e(—x))(n—l))(e)(—x)(x)(s—l)dx e (14)

Let Z:z(e(—x))(n—l) — Z:zar(n—l)

From Geometric Series

+o00 _ .
o ar® = limy,_, ., Sn

1i (a—ar™)

n-+oo (1-7)

— . a _ ar® — — (—X)
n_l)lmo [(1_r) (1—r)] ,a=1 ,r= ()79, (r<1)

, [0 <x < +0)

. ar" ) (e)n
But lim,_ o = lim,, 40 ooty = 0 [0 <x < +)
So Z:z ar(n—l) — (1fr) ,a= 1, r = (e)(—X)’ (r <1)’ [0 <x< +OO)

1
(1_e(—x))

Andthen Y} (et™)D =

[ L2
0 (1—e(—x))

Thus ¢S)I(s-1)

f+ 0 (X) (s-1)
0 (1-e")(e

or )I(s-1) = f;ooﬂdx . (2)

(e*-1)
2.5 Riemann’s attempt to extend the analytic equation {(s)[](s—1)

to the negative side of real axis, the formation of the equation

. 400 (_X)(s—l)

2sinmts ¢(s)[[(s—1) = i +00de

Riemann substituted (—x) into (x)®™® of equation ... (2)
and took consideration in positive sense around a domain (400,400 ).
Next, by Cauchy’s theorem “if two different paths connect the same two

points, and a function is holomorphic everywhere “in between” the two
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paths, then the two path integrals of the function will be the same” and
briefly “the path integral along a Jordan curve of a function, holomorphic in
the interior of the curve, is zero” , we have
$fwdu = 0
If a and b are two points on Jordan curve (simple closed curve) C, then
$fwdu = [ fwdu + [ fwdu
= 0
And let us consider the improper integral when b— +o00 ,a =0, then

§fdu = limy o [y f@du + limy_ 4o f, f0)du

or  $fwdu = [ "fwdu + [ fwdu

=0
(-x)C~D .
And for f(w)du = de (from Riemann),
+00 (_X)(s—l) . +00 (_X)(S—l) 0 (_X)(s—l)
then [, oo I = Jo oo dx Jyo ooy WX
=0

400 (_X)(S—lJ . 400 (_X)(s—l) _ 400 (_X)(s—l)
Or f ro @D dx = fo = dx fo o dx
=0

+00 (X) (s-1)

That means the value of the equation (s)[[(s—1) = fo == dx after

dx is always equal to zero.

0o (—x)6-1
extending to [ :Oo ((e)’(‘)—l)

Now, let us go further from the above equation

400 (_X)(s-l) . +00 (_1)(5—1) (X)(s—l) _ +00 (_1)(5-1] (X)(s—l)
f+oo (e"—l) d - fo (e"—l) dX fO (ex—l) dX
(CD® o0 @O0 L (DY o (0O
f f() (ex_l) dX

(-1 70 (e*-1) -1
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From Euler’s Formula
()" = -1
(cosm tisinm) = —1

cost = -1, sinm= 0

o (—x)6-1D
Hence [/ _g4x = o0

too  (e*-1)

_ (_1)(53 f+oo (X)(s—l) d _ (_1)(5) f+o° (X)(s—l)

1) - X T Ty -

i1 (s) 0 (s-1) —i7\(s) 0 (s-1)
_ () f+ SN d _ (e )J“" (x) dx

1D 0 (e-n X7 Ty Jo T

_ (eirt)(s) _ (e—irt)(s) f+°o (X)(s—l)
(- (-1 170 (e*-1)

[0 =(0) ;"2 dx ]

= [_(ein)(s) + (e—in)(s)] f0+oo (()Zx(i-ll)) i

= ( —LTL')(S) (elTL’)(S) 400 (X)(S 11)) dx - (3)

+00 (X)(s 1)
(e*-1)

= [(cos s - i sin 7ts) — (cos s +isin 7s)] f dx

0 (s—1)
= —2isin s f0+ ((ng_l)

= —2isin s {(s) [[(s—1) - (4)

_X)(S—l)

Or f:;o((e—_l)dx = —2isin s {(s)[[(s—1)

[0 = (0)3(s)[I(s-1)]
Multiply by i both sides

. 4o (—x)CD 2
if, . %dx = —2(i)%sin s {(s) [[(s—1)

= —2(—=1)sin s {(s)[[(s—1)
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Or 2sinms {(s)[[(s-1) = if+ooﬂdx =0 .. (5)

too  (e*-1)

[2(0)3()[1(s-1) = 0]

That means the value of the equation 2sin s {(s)[[(s—1) =
i f+°o (_X)(s—l)

oo (e*-1)

derive the equation, and sinmts always equal zero in this case.

dx must always equal zero by the way that we have used to

Riemann observed the many valued function from the above

equation

(s-1)Log(-x)

05V = (e)
and said that the logarithm of (—x) was determined to be real only

when x was negative. Therefore Riemann tried to show that the integral
f+°o (_X)(s—l)

oo (e¥-1)

(+o0, +0) of the integral. This looked strange and confused.

dx would be valuable if x < 0 in contrary with the domain

Big confusion was that Riemann did not change (x) of the

(—X) (s-1)
(e*-1)

denominator (e* — 1) of his equation [ dx to (—x) at the same time

when he changed (x) of the numerator (x)* " to (—x). Actually (x) of both
denominator and numerator came from the same function [](s—1) or both
are the same (x), so they had to be changed to (—x) simultaneously.

[ do not know what was in his mind at that time, but if one looks
carefully at the first page of his original paper “Ueber die Anzahl der
Primzahlen unter einer gegebenen Grésse”, you can see the traces of

confusion and hesitation which urged him to change the boundary of the

X)(S—l)

integral f((_e—l)dx from (400, +o0) to (—oo, +) and back to

X_

+00 , +00) again.
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2.5.1 Firstly, he might try to extend the functional equation
¢(s) [1(s—1) to the negative values along the x-axis which meant that he
had tried to consider the integral on the domain (—oo, +0), but failed.

Let us prove together start from equation ... (1.4)

¢(s)[I(s-1) = f0+°° Z:z(e(—x))(n—l) (&) P (x) S Vdx

Riemann extended it to negative values along x-axis

SOI-1) = [ T (@)0D () ()¢ Vdx

+ 0, T () () ()¢ Vdx

Consider f_ooo Z:;(e(‘X))(“‘l) (&)™ (%) Pdx

Let Zn’fz(e(—x))(n—n — Z,J:j ar®-1 a=1.r= (&) (r >1),
(—0 <x<0]

From Geometric Series

Y0 ar®™ P = atar+ar? + .. +ar® D a=1,r= (), (r >1),
(—o0 <x<0]

=1+ (@ +(e)92+... +(e) *VOD

Z+°o ar® D = 1+ (e)O+(e) @24 (e)O-D forx =0

n=1
= (+»)
T @D = 14 ()W4(e) V24 (DD forx=—1
= (+)
to -1 T . (-x)\(n-1)
SO zn=1ar - Zn=1(e )

= (+) fora=1,r= (&)™ (r >1),(—o0 <x<0]
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Thus [°, %7 (7)™ () ™0(0 " Vdx
= [, (+00)()™ ()¢ Vdx
= (+0) [°, (&)™ ()¢ Vdx
= (+o)
diverges to(+) for (- <x < 0]
Then (1= = [~ 2,7 )(@) () Vdx

+ 7 (+00) () (x)®Vdx

— f0+°° D :z(e(—x))(n—l))(e)(—x)(x)(S—l)dX
+ (o)
= (+o)
diverges to(+o0) for (—oo0 <x < 0]

So extending {(s)[J(s—1) = fotoo Z:z(e("‘))(“'l) (e)™(x)*Pdx to

f0+°° Z:z(e(—x))(n—l) (€)™ () Vdx + f—Ooo(+OO) (€)™ (x)¢Vdx
will cause it to diverge to (40).

2.5.2 Secondly, he might try to take integration along a closed
curve C covered the domain (+00, +0). By famous Cauchy’s theorem
“if two different paths connect the same two points, and a function is
holomorphic everywhere “in between” the two paths, then the two path
integrals of the function will be the same” and briefly “the path integral

along a Jordan curve of a function, holomorphic in the interior of the curve,

is zero”, we get

§ fadu = 0
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If a and b are two points on Jordan curve (simple closed curve) C,
then  $fwdu = [ fwdu + [ fw)du

= 0
And let us consider the improper integral when b— +o00 ,a=10

Then ¢ f(w)du = lim, e fobf(u)du + limp 4o fbof(u)du

or  $fwdu = ["fwdu + [ fwdu

=0
_ e
For f(u)du =~
+00 (X)(S_l) _ 400 (X)(S_l) 0 (X)(s—l)
Then [, oy dx = Jo oy dx + Joo oD
=0
_ [t & (o (¢
- f() (ex_l) dX fO (ex—l) dX
_ f+00 (1)(5) (X)(S—l) _f+oo (1)(5) (X)(s—l)
S0 @ (e 0 (@ (e*-1)
_ ) ® [P RST pre (0
= WP ey - WPy oy dx

From Euler’s Formula again

(@™ = -1
(_e)iin = 1
(cosm tisinm) = —1
cosm = —1 ,sinm= 0
+oo (X)(S_l)
Hence |, = 0

_ () [rRe @Y L s re 6T
(D [ o dx (DS [ oo dx
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00()(S D - o (x)¢D
_( elTL’)(S) too (X dx — (_ lT[)(S) + (X -

— [(_ein)(s) ( e—m)(s) +oo (X)(S Y

== dx ...(6)
+oo ()1
= [0] J; " & dx]
[0 (s—1)
= [(—cos s — isin s) — (—cos s + isin ©s)]| f+ ((X) 11)
_ _2 . f+00 (X)(S_l) 7
= isinms ), ooy dX . (7)
+oo (x)& D P +oo (x)(=D
Or o Ny dx = —2isinms | =y
= —2isin s {(s) [[(s—1)
[0 = (0)¢()[1(s—1)]
Multiply by i both sides
. too (X)(S_l) _ N2 s
if, . =y dx =-2(i)*sin7ms {(s) [[(s—1)
= 2sinms {(s) [[(s—1)
: Lt (&
Or 2sinms §(s) [I(s-1) = if, =y dx .. (8)

[(@) ) [I(s-1) =0]

That means the value of the equation 2sin s {(s)[[(s—1) =

.t (x)V .
if roo (@ 1) dx must always equal zero, and sin s always equal zero.

Now look at the many valued function again
(X) (s-1) — (e)(s—l)Log(x)

The logarithm of x is determined to be real when x is positive

number within the domain (400, +0).

2.6 Can we really get trivial zeroes ( —2, —4, —6,...) from
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Riemann Zeta Function (s) = ZS(n)(s‘l)sin(?)F(l —s)l(1 —1s)?
To answer this question, we have to study four functional

equations and their relationships.
1. (MEIrELs) = f; (@™ )G dx
2. M)~ GIrE)y1 - 9) = (™) 0% -V dx
3. (M) Or((s) = f," (@™ ®)C Vdx
4. (M T - )L —s) = [T ()35 Ddx
Firstly, you have to pay attention to interesting facts which

are hidden in those equations.

2.6.1 Let us start from trying to change [[(s—1) of equation
(1) to [IC — 1).
From J[J(s-1) = f0+°o(e)(_“) (W) du (1)
Or r(s) = f; (@) W™ du
Which converges when R(s) >0 ,+co>u=>0

Thus [IE-1) = [[7@©WWEYdu  R(s)>0

Multiply by ( ) (r)2) both sides and let u = nnmx (as Riemann tried to)

() @INE-1) =7 () @ @D a

)

—(rr L1 (= (-nnmx) G-1)
Js (n)(%)<(nn)(g)>(e) (nnmx) d(nnmx)

_ f+oo (nnnx)(( )1) (e)( ) gt dx
(nnm)\2
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_ f+oo (nnnx)(s ) ( )(—nnrcx) dx
(nnm)\2 (7 _1)
= [ () ) (0 G -1)
Important: 1. To make sure that the result of (nn7mx) (3-1)

devides by (nnr)z =1 of equation above will exactly be (x)z =) without
(nnm) G ~Vleft, the value of s from (%) of {(s) which1 < R(s) < 4+, and
from (u) G-1) of ]'[(; —1) which 0 < R(s) < +oo must be the same number

or 1< R(s < +o.

2. Next we have to prove that the values of all the real
parts of s of the product (%)H(% —1) or new analytic function that will make
the new function converge have to be only those numbers which are larger
than 1 or 1< R(s < 4+ as it’s original function (%) and ]'[(% —1) or not.

Then take infinite summation both sides
% GM@UITIE-1) =355 f) @™ dx
=17 s @m0 dx
But Riemann denoted  Y}% (@)™ = y(x)
Then Y14 (DMEII(E-1) =" @6 dx
or (MMNE-1)36) = J; 7w E dx (9)

Let's consider the value of Y(x).

Evaluate y(x) by Euler’s Formula for [0 <x < +00)
U =X (et
— Z;gi [(e)(—nnn)](x)
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= B4 [0
= Yo [(e)D*mOnN]x)
= Y+ (&)™) OOME

=21 [COS(TI)+iSin(n)](nnxi)

+00 (_ 1) (nnxi)

= Zin=1
From (a)™) = cos(Ln(a)™) + i sin(Ln(a)™)
And  Ln(z) = Ln(|z|) + i Arg(z), for all complex z
Z = —1+(0)i
So Ln(—1)= Ln(]—1|) + i Arg(—1)
= im
And Ln(1)=0
Then for [0 <x< +) ifn=odd,x=odd then nnx = odd
(=)D = cos(Ln(—=1)") + i sin(Ln(—1)"%)
And  XrE (-DU™D = ¥ [cos(Ln(=1)"™) + i sin(Ln(=1)""™)]
= [cos(Ln(—=1)%) + isin(Ln(—=1)%)]
+ [cos(Ln(—1)?*) + i sin(Ln(—1)°%)]
+ [cos(Ln(—1)2°%) + isin(Ln(—1)%5%)]
i+
= [cos(Ln(=1)) + isin(Ln(=1))]
+ [cos(Ln(=1)) + isin(Ln(—=1))]
+ [cos(Ln(=1)) + isin(Ln(—=1))]
+ o
= [cos(im) + isin(im)]

+ [cos(im) + i sin(im)]
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+ [cos(im) + i sin(im)]
+ ...
= ()M 4 ()4 (e)limy

= (@ +(e) P+(e)+..

1 1 1

[om T om T om t

1 1 1
+

1 (e)™ + (e)™ T (e)™ -]

1 1 1 + ]

Howtom t om T

= [~1] + [*1] + [*1] +...
= (+o)
for [0 <x< 4) ifn = even,x = odd then nnx = even
(=)D = cos(Ln(—1)") + i sin(Ln(—1)"%)
And 375 (D™D = 31 [cos((—1)"™%) + i sin((—1)")]
= [eos((—D)*) + isin((-1)*)]
+ [cos((—=1)') + i sin((—1)19)]
+ [cos((—=1)*) + isin((~1)*)]
+ ..
= [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ ...
= [cos(0) + isin(0)]

+ [cos(0) + isin(0)]
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+ [cos(0) + isin(0)]
+ o
= 201+ i0)]
= (+)
For [0 < x < +0) if n = odd , x = zero or even then nnx = zero or even
(=)D = cos(Ln(—1)") + i sin(Ln(—1)"%)
And 332 (D)™ = ¥ [cos(Ln(—1)") + i sin(Ln(—1)"™)]
= [cos((=1)") + isin((-1)")]
+ [cos((—1)*) + i sin((—1))]
+ [cos((=1)%%*) + i sin((—1)**)]
o
= [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ ..
= [cos(0) + isin(0)]
+ [cos(0) + isin(0)]
+ [cos(0) + isin(0)]
+ ..

= S22 0+ i(0)]

= (+0)
For [0 < x < +) if n = even, X = zero or even then nnx = zero or even

(—1)™=D = cos(Ln(—1)") + i sin(Ln(—1)""™)
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And 375 (D)™ = 31 [cos((—1)"™%) + i sin((—1)")]

= [eos((-D)*) + isin((-1)*)]
+ [cos((—=1)*%) + i sin((—1)'*9]
+ [cos((—1)%) + i sin((—1)**)]
+ ..

= [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ ...

= [cos(0) + isin(0)]
+ [cos(0) + isin(0)]
+ [cos(0) + isin(0)]

+ ...

= 21+ i(0)]
= (+)
SoP(x) = T+ (=1)@=D  for [0 < x < +00) (zero, odd and even)
= [(+) + (+) + -] ,undefined for [0 < x < 400) ... (9.1)
Andso [1(3-1)m2g(s) = [ v 0GE dx
= [T7[(+00) + (+0) + 1)V dx
= [(+) + (+) + -] ,undefined ...(9.2)
or TO@ys) = 7wt dx
= [(400) + (+) + -] , undefined

See another method of finding the value of F(%) (n)'(%)Z(s )=
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f0+°°(e)(‘““”x) x) &1 dx using integration by parts on appendix A.
2.6.2 From I(s) = ["*(e)CW (W)™ du
Thus I = 7@ wEYdu

Let u = nnmx

1 C(AS) L [1-s\ _ oo (@) 1ms_
(“(H)) A )F(T) =)y a2 (nnm) 7" (nn) dx

= [ @)™ (905 dx
Important: 1. To make sure that the result of (nnmx) (-1
devides by (nnm) (7°-1) of equation above will exactly be (x) (*2*-1) without
(nnT) (¥‘1)left, the value of s from (%) of {(s) which 1 < R(s) <+, and
from (u)(Z>~1) of [T(5% 1) which 0 < R(s) < +oo must be the same
number or 1< R(s < +oo,

2. Next we have to prove that the values of all the real parts
of s of the product (%)H(% — 1) or new analytic function that will make the
new function converge have to be only those numbers which are larger than
1 or 1< R(s < + as it’s original function (%) and H(% ~1) or not.

Then take infinite summation both sides

19 () @ I (52) = 5 @m0t dx
= [773n @m0 1) dx
But Riemann denoted Y% (e)C"M™) = y(x)

And from {(x) = [(+o) + (+) + :--] as proof above
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SoT (?) ()1 —5) = f0+oo U D dx
= [* [(+00) + (+00) + - ] (Z" 1) dx
= [(+) + (+0) + -], undefined

See another method of finding the value of F(?) (n)‘($)((1 —s) =

f0+°°(e)(‘““”x) (x) (2°-1) dx using integration by parts on appendix B.

2.6.3 From I'(s) = f0+oo(e)('“) (W& du, R(s) >0
Thus r1—s) = f0+°°(e)(‘“) (u)(1=s-Ddy

Let u = nnx

1 (1 +00 (—nmx) e
(55) (70710 =) = [ s (o nm dx

= [, @™ o= dy)
Important: 1. To make sure that the result of (nmx) -~V
devides by (nm) Y of equation above will exactly be (x) *~*-? without
(nm)-s-V]eft, the value of s from (%) of {(s) which 1 < R(s) < +, and
from (u) =~V of [J(1 — s — 1) which 0 < R(s) < + must be the same

number or 1< R(s < +oo,

2. Next we have to prove that the values of all the real parts
of s of the product (%)H(l — s — 1) or new analytic function that will make
the new function converge have to be only those numbers which are larger
than 1 or 1< R(s < + as it’s original function (%) and [J(1 — s — 1)or not.

Then take infinite summation both sides

400

i (n(ll_s)) (@)~ Ir(1 —s5) = Tk 77 (@)™ ) 57D dx
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= [F3 (@m0 dx

denote Y153 ()" = ¢(x)
So (m)~A=9r(1—s)Y(1—s) = f0+°° d(x)(x) 15V dx
Let’s consider the value of ¢ (x).
Evaluate ¢(x) by Euler’s Formula.
d(x) = X321 (e)™
= 5% ()]
=315 (V@)

+00 [(e)(i)z(n)](nX)

= Zin=1

400 [(e) (in)(i)] (nx)

= Zin=1

= Y+ [cos(m) + isin(m)] D0
=Yg (=D
From (a)™ = cos(Ln(a)") + i sin(Ln(a)™)
And Ln(z) = Ln(|z|) + i Arg(z), for all complex z
Z = —-1+(0)i
So Ln(—1)= Ln(|—-1]|) + i Arg(—1)
= im
And Ln(1)=0
Then for [0 <x< +o) ifn=o0dd, x=oddthen nx =odd
(=)™ = cos(Ln(—1)™) + i sin(Ln(—=1)™)
And Y1 (-1)™D = Yt+e [cos(Ln(—=1)™) + i sin(Ln(—1)™)]
=  [cos(Ln(—1)*) + isin(Ln(—=1)%)]

+ [cos(Ln(—1)3%) + isin(Ln(—1)3%)]
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+ [cos(Ln(—1)°>%) + isin(Ln(—1)%%)]

+ ..

[cos(Ln(—1)) + isin(Ln(—1))]

+ [cos(Ln(—1)) + isin(Ln(—1))]
+ [cos(Ln(—1)) + isin(Ln(—1))]

+ ..

[cos(im) + i sin(im)]

+ [cos(im) + i sin(im)]
+ [cos(im) + i sin(im)]

+ ...

(e)lim) 4 (e)lim) 4 (e)lim) 4

@)™ + (@) + ()™ +...

1 1 1

[ (e)(™ T (e)™ T (e)™ el

1 1 1 + ]

* o™ T om T om T

1 1 1

(e)™ + (e)™ + el

+[ i+

[~1] + [#1] + [*1] +...

(+00)

for [0 <x< 4+00) ifn=even,x=o0dd then nx =even

(_1)(nxi) —

And X35 (-1H)™O =

cos(Ln(—1)™) + i sin(Ln(—1)™)
3 [eos((—1)™) + i sin((—1)™)]
[cos((—1)%*) + isin((—1)%¥)]

+ [cos((—1)**) + isin((—1)™)]
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+ [cos((—1)®) + i sin((—1)*)]
+ ..
= [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ ...
= [cos(0) + isin(0)]
+ [cos(0) + isin(0)]
+ [cos(0) + isin(0)]
+ ...
= 21+ i(0)]
= (+o0)
for [0 <x < 4)ifn=o0dd, x =zero or even then nx = zero or even
(=)™ = cos(Ln(—1)™) + i sin(Ln(—1)"™)
And TS (D™D = ¥ [cos((—1)™) + isin((—-1)™)]
= [eos((=1) + isin((=1))]
+ [cos((—1)*) + isin((=1)*)]
+ [cos((—1)%) + i sin((~1)")]
+ ..
= [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ ...

=  [cos(0) + isin(0)]
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+ [cos(0) + isin(0)]
+ [cos(0) + isin(0)]

+ ..

(+)

= 221+ i(0)]
= (+o)
for [0 < x < +00) if n = even, x = zero or even then nx = zero or even
(=)™ = cos(Ln(—=1)™) + i sin(Ln(—1)"™)
And 3% (-1)®D = ¥ (cos((—1)™) + isin((—1)™)]
= [eos((—1)%) + isin((-1)*)]
+ [cos((—1)*) + i sin((~1)*)]
+ [cos((—1)®) + i sin((—1)*)]
+ ...
= [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ [cos(Ln(1)) + isin(Ln(1))]
+ ...
= [cos(0) + isin(0)]
+ [cos(0) + isin(0)]
+ [cos(0) + isin(0)]

+ ..

= S22+ i(0)]
= (+o0)

Sop(x) = X% (=D forall [0 < x < +) (zero, odd and even)
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= [(4+) + (+) + ---] ,undefined for [0 < x < +0)
And so (m)~A=9T(1 —s)Y(1 —s) = f0+°° d(x)(x) 15~ D dx
= [ 7I(e0) + (+00) + 105D dx
= [(4) + (+) + -] ,undefined
See another method of finding the value of I'(1-s-1) ()~ (-5-Y(1-s)
= f0+°°(e)(‘"”x) (x)(15- ¥ dx using integration by parts on appendix C.
2.6.4 From I(s) = ["*(e)W (W)™ du
Let u = nmx

1 _ +00 (e)(—nnx) .
(E) (T[) (s)I‘(S) = fo W(DT{X)( Dnn dx

= [ " @™ (06D dx
Important: 1. To make sure that the result of (nmx)~?
devides by (nm)“~1 of equation above will exactly be (x)~V without
(nm)5-Vleft, the value of s from (%) of {(s) which 1 < R(s) <+, and
from (u)®V of [[(s — 1) which 0 < R(s) < +oo must be the same

number or 1< R(s < +oo,

2. Next we have to prove that the values of all the real parts
of s of the product (%)H(s — 1) or new analytic function that will make
the new function converge have to be only those numbers which are larger
than 1 or 1< R(s < + as it’s original function (%) and [](s — 1) or not.
Then take infinite summation both sides

oo (L) (1)~ ®r(s) = e 0+oo(e)(—nnx)(x)(s—1) dx

n)
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= 78 (@™ot dx

Denote Y75 ()" = ¢(x)

And from ¢(x) = [(+) + (+0) + -+ ] as proof above

So  (@™Or)s) = [ dE)EC D dx
= J37[(+00) + (o) + -+ ]C D dx
= [(+o) + (+) + ---],undefined

See another method of finding the value of I'(s — 1)(m)~¢-Y{(s)
= f0+°°(e)(‘“”x) (x)~ Y dx using integration by parts on appendix D.

Next, from ()~ C9T(1 —s){(1—5s) = f0+°° d(x) (x) 157D dx,

if we try to extend f0+°° d)(x)1-V dx to f:ozo d(x)(x) 15~V dx by
taking integration along a closed curve C covered the domain (+o0 , +0),

then, by famous Cauchy’s theorem, we will get
[72 000 Ddx = [F o)) Vdx + [, d()E) 15D dx
=[5 TP dx — [ 9V dx
= [[(+00) + (+00) + -] =[(+09) + (+00) + -] ]
undefined , indeterminate form

_ O @)t (1-s-1)

=[(0) ;7 pE D dx]

= [(0)[(+00) + (+00) + ---]], undefined (from law

for infinite limits, but = 0 in measure theory)
From Euler’s Formula

(e)iin = 1
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(cosm tisinm) = —1

cosm = —1,sinm = 0

M )9, oo (1-s-1)
So [ o o ]fo d(x) (x) dx

— [(_ein)(l—s) . (_e—in)(l—s)] f0+°° (I)(X)(X)(l_s_l) dx

= [(—cosm(1 — s) —isinm(1 — s)
—(—cosm(1 — s) +isinm(1 — )] ;7 )5V dx
= —2isinn(1—s) [~ dp) ™D dx
= [(0) [ o))V dx |
= [(0) [(+0) + (4+0) + ---]], undefined (from law for infinite
limits , but = 0 in measure theory)
And from sinm(1 — s) = (sinmcosms — cosmsinms)
= sinms
=0
And [T o) dx = (0) [(+00) + (+0)]

But sints = 2 sin%scos%s
+o (1-s-1)
Then [, ¢(x)(x) dx
= —2isinm(1 —s) f0+°o d(x) (x) 15D dx
= —2isin s f0+°° cl)(x)(x)(l-s‘l) dx
— _9i9(cin S Sy (T (1-s-1)
= —2i2(sin= cos z)fo d(x)(x) dx

= —2i2(sin%s coS %S) 1" =I9r(1 -s){(1 —=5s) ..(9.3)

= —2i2(0) n="IT(1 - 5)(1—5) ]



37

= [(0) [(+o0) + (+0) + --]], undefined (from law for
infinite limits , but = 0 in measure theory)

And from

@ ()i -9 = 7 dx
= [(+o0) + (o) + -]

Next, extend [ () )%V dx to [7” ()07 ) dx by
taking integration along a closed curve C covered the domain (400, 4+00),
then, by famous Cauchy’s theorem, we will get

72000l Vax = 77000l ax - 7 960605 ax
= [[(+00) + (+00) + -] = [(+e0) + (+e0) + -]

undefined , indeterminate form

_ W) _ R f+oo (x0)( )($—1)d
=g @ Ho P X

=[(0)[(+0) + (+) + ---]], undefined(from law

for infinite limits, but = 0 in measure theory )

N e IR N s R 1-s_
= (1)) - e(l)) 1 ¢(X)(X)( > 1) dx
(—cosm(=2)=isint(=2))  (—cosm(=2)+isinm (=) +00 1-s_
= G ()1) — - G ()1) : ]fo (I)(X)(X)( >-1) dx

= —2isinn(12;s) f0+°° d)(x)(x)(?‘l) dx , or
= —2isinn($) n_($)I‘ (%) (1 —>s)

= [(0) [(+) + (+) + ---]], undefined (from law for infinite limits,,

but = 0 in measure theory)
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I
o

. 1-s
From smTc(T)
. T .
= (sinZcos® — cos—sin®
2 2 2 2

= cos?
Then f:;o q)(x)(x)($_1) dx =0
= —ZlSIIlT[( )n_(_)F( )((1 —s)

= —2icosZr (TP ()51 -5) .. (94)
= [-2i(0) [(+0) + (+) + ---]], undefined (from
law for infinite limits , but = 0 in measure theory)

( As mention before, the aim of our work is to follow or prove all of
Riemann’s process of deriving equation even though it looks so strange . So
we have to go on although the way to derive the desired equation may use
doubtful or illegal mathematics. We will try to discuss about this later.)

Thus, from equations ...(9.3) and ...(9.4), if one do not care about the
fact that they are undefined then

—ZLZSln—COS =901 — $)7(1 —s)
= —2icos?n_(_) ( )Z(l —s)
[—2i25in?(0) [(400) + (+0) + - ]] = —2i (0) [(+0) + (+0) + ---]],
undefined (from law for infinite limits, but = 0 in measure theory)

If one do not care about (0) [(4+o0) + (4+00) + -:-] or undefined term,

then by Canceling term —2icos %S which equals zero both sides, we will get

1-s

Zsm ==l —-$s)(1—5s) =7 (T)F(?) {(1-5)

[ 2sin=> [(+00) + (+00) + -] = [(+00) + (+00) + -]
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And from (M)~ OTr(s)Y(s) = fotoo d)(x)CD dx

[[(+00) + (+00) + -] = [(+00) + (+00) + - ]]

Itis true that I'(s) alone is undefined or has poles [ T'(s) =

I(s+k) B L o _ .
SGrDG+D i D s>—k,s#0,-1,-2,...—(k—1)orI'(s) = +xin

the Riemann sphere] only for some values of s (s = 0, —1,—2, ... ) and
(m)~®alone is never equal to (+), so {(s) itself must always equal
[(+00) + (+00) + -] to cause ()" OT(s)q(s) = [(+0) + (+0) + -]
Or  i(s) = [(+0)+ (+00) + -]
So (@)~ OT(s)Y(s) = 2sin =7~ IT(1 - $)i(1 ~s) ... (9.5)

[(+00) + (+00) + -] = (2sin ) [(+00) + (+00) + -]

Because 7~ "9T(1 — 5){(1 — s) and ()~ T(s)(s) are always equal
to[(+00) + (+00) + ---], and because sin ? CoS ? = 0 while cos ? always=
0, 50 sin=>should be 1.

Finally ¢(s) = 2sin2-n“YT(1 - $)3(1 — ) .. (9.6)

[(+o0) + (+00) + -] = 2(1) [(+0) + (+0) + -+ ]]

That means {(s) is always equal to [(+o0) + (+o0) + -+ ] or undefined

and sin %S should be 1.

If you need the exact {(s) = ZSsin%sn(s_l)F(l — 5)T (1 — s) instead of

ZSin?n(s'l)F(l — 5){(1 — s), you can get it by multiplying equation
(M)~ - $)3(s) = [, d(x) D dx

= [(+0) + (+00) + -]

by (2)~(1=9) both sides. The above equation then becomes
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o +00 (1-s-1)
2m)~AIT(1 - $){(s) = [ %dx

= [(+o0) + (+00) + -]

e (1-s-1) e (1-s-1)
And then extend f0+ %dx to f:oo % X

By famous Cauchy’s theorem

+oo p)E)IY oo 9T 0 $EI)1I=S—D
f+oo (2)(1—5) - fo (2)(1—5) f+oo W dX
Y GRS~

+o0 p(x)(x) 175~V
0 (2)a-s) dx — f

0 (2)(1-9)
= [[(+00) + (+00) + -] = [(+00) + (+0) + 1]

undefined , indeterminate form

_ (@ _ (1)(2=9) f+oo dx)(x)A=s-D

) @ Ho T gam K

+0 pe)I S
= [0] fo (2)(1—5) dX

= [(—cosn(1—s) —isinz(1 —s)

o 0 (1-s—-1)
—(—cosm(1 — s) +isinz(1 — s)] fot —(?Z))u—s)

= —2isin(1 — s)(2m)" AT (1 — s)Y(1 — s)

= [-2i(0)[(+%) + (+=) + ---]], undefined (from law

for infinite limits, but = 0 in measure theory)

But sin(1 — s) = (sinmcosms — cosmsinms)
= sinms
. . TS s
And sinms = 2sin — Cos—

[ 2@00ae D

0 Jieo T gyas X = (0)[(+00) + (400) + -]

= —2isinm(1 — S)(Zﬂ)_(l_s)f'(l —5){(1—s)
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= —2isinms(2m)"A7IT(1 — 5){(1 —5)
= —2i2(sin? cos ?)(ZH)‘(l‘S)F(l —s)l(1 —=5s) ..(9.7)
= [-2i2(0)[(4+) + (+0o0) + -+ ]], undefined (from law for
infinite limits, but = 0 in measure theory)
Thus from equations ...(9.7) and ...(9.4)

—2i25in?cos? 2m)~ =911 — $)7(1 —s)

1-5

= —ZiCOS?Tl’_(T)F (%) ¢(1—s)

Cancel term —2icos %S which equals zero both sides, we will get

1-5

2sin = (2m)"(=9T (1 — 5)q(1 —5) = =~ ()r ()za-9
[2sin % (2)7) [(+00) + (+00) + ] = [(+00) + (+00) + -]
And from (W) OT()(s) = [ GO dx
[[(+90) + (+00) + ] = [(+00) + (+0) + -]
So (m)~T(s)Y(s) = 2sin T (2m)"C7IT(1 = $)7(1 = 5)
[[(+00) + (+00) + -] = (2°sin=-) [(+00) + (+0) + -]
Because 7~19T(1 — s)Z(1 — s) and (7)™ T'(5)I(s) are always equal

to[(+o) + (+0) + ---], and because sin%s cosS %S = 0 while cos %S always=

0, so sin ? should be 1.
Itis true that I'(s) alone is undefined or has poles [ T'(s) =

I'(s+k) . 4 . . . .
SGrDG+D T D s>—k,s#0,—-1,-2,...—(k—1)orI'(s) = +xin

the Riemann sphere ] only for some values of s (s =0, —1,—2,...) and

(m)~®alone is never equal to (+), so {(s) itself must always equal
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[(40) + (+00) + -] to cause (1)~ OT(s)U(s)= [(+0) + (+0) + -]

Finally ¢(s) = 2°sin—-7~YT(1 - 5){(1 — ) .. (9.8)

= 25(1) [(+90) + (+00) + -]

That means {(s) always = (+o) + (+o0) + --- ] while sin? should be 1.

Itlooks as if {(s) = ZSsin%n(s‘l)I‘(l — 5){(1 — s) would be equal to
zero when the value of sin ? were equal to zero (or the values of
s (of sin %S) were equal to —2, —4, —6,... called the trivial zeroes of {(s)).
This is not true. Actually the process above shows that we can not correctly

derive the functional equation = ZSsin?n(s'l)F(l — 5){(1 — s) because of

the undefined terms occurred and used in between derivation. Or if we do

not care about the undefined terms [(0)[(4+) + (+) + --]], then the

function {(s) = 255in%sn(5‘1)1“(1 —5){(1 —s) = [(+) + (+) + -+ ] and
sin % should be 1. There are no trivial zeroes (the values of s = —2, —4,
—6,... ) of the Riemann zeta function {(s) = Zssin?n(s‘l)r‘(l —s){(1—s)
at all!

I would like to specify that the value of {(s) from equation
U(s) =Xt% (nl) , which is up to the value of s and converges only when

R(s)>1, is not the same as the value of {(s) from functional equation

i(s) = Zssin?n(s‘l)F(l — 5){(1 — s) which is equal to [(+) + (+o0) +

+-+], or undefined.
3. Integral of the remaining complex quantities

Next, Riemann tried to find the integral of the remaining complex
quantities in negative sense around the domain. He mentioned that the
integrand had discontinuities where x was equal to the whole multiple of
+2mi, if the real part of s was negative (integer). And the integral was thus
equal to the sum of the integrals taken in negative sense around these
values. The integral around the value n2mi = (—2mni)~Y (—2mi), then
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Riemann denoted

2sin s (s) [[(s—1) = 2m)® L)~V [(-

Let us prove together,

i) (s—1) + (l) (s—1)]

Last time when Riemann talked about positive sense around a
domain, he worked with values of x on (400, 4+-00). This time he talked
about negative sense around that domain and worked with x which were

imaginary numbers = +n2mi.

J-+oo x)GD

From ...(5) 2sinms{(s)[](s-1) = ro (oo UX = 0
.t (06D .0 (x6D
0 = Lfo = dx + lf+oo =y
_ +0o0 (X)(s 1) . rtoo (X)(s—l)
=th e Wiy oy dx
. +00 (X)(s—l) o +00 (X)(s—l)
- l’fo (1_e(—x))(eX) dX lfo (1_e(—X))(eX) X
. rtoo (X)(s—l)(e)(—x) . rto0 (X)(s—l](e)(—x)
= lfo w X — lfo de
For x=+x,=+n2mi
. (too - (e~(xn)) . rtoo - (e~ (=%*n))
0 =ify () Plammnldn —ily (%) Pl =y d=x%0)

From Riemann Sum
+ oo 0
Jo fdx =332 f(sp) Axy

=203 f(xp) Axy

[T2H=x) dx = T55 f(=sn) A(—xy)
= +Oo J(( xn) A( xn)

for x4 =5, = x

n
if x, = n2mi = right-hand end
point on [(x,) — (x,4+1)] of the

interval [0, +00).
for (_xn—l)g(_sn)S (_xn )
if (—x,)=(—n2ni) =

right-hand end point on
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[(—x7-1) — (—x,)] of the
interval [0, +o0)

And from equation above

o) S P dxy — ) ()P d ()
=0
= ([T () D Z;g@l(e—m))("‘l) e~Cin)dy,
1y ()P 85 (em ) T e d ()
= i [ () 5+ (e~ )™ dy,
i (=) P i (o) ™ d(—x,)
= if0+°°(n2ni)(s‘1) Z,T;”l(e‘(zm))(nn) dx
—i f0+°°(—n27ti)(5'1) Z,Tﬁ'i(e_(_zni))(nn) d(—x,)
Apply Riemann Sum
0 = iy m2m) P (X% [cos2m — isin2m] ™) [27i]
—i Y (—n2ri) V(X F8 [cos2m — isin2m] ") [—2mi]
= i i m2mi)C~Y (Xr [1]™) 2]

—i X35 (=n2m) D (ZrE[1]0) [~ 2mi]

i YA (n2mi) P [2mi] — i Y (—n2mi) P [—2mi]

= iXFROOED® MCED - Y ()OO (EY
i(i)®2m)® Z;’z(n)(s—n —i(=)®2n® Z,Z(n)(s'l)
OOED® XTI M + (=) S ()P0 3T (e

ZOOEDO T MED + S (=DOED® T e
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— N\ (s—1 s +00 s—1 N\ (s—1 ) s—1

= —1 OEVED® T2 M)ED — 1(=)EDEm)® ¥ ()Y
Multiply by (—1) both sides

— (\(s—-1 s +oo s—1 N\ (s—1 ) " te s—1
0 = (i) )(Zn)()znzl(n)( ) +(=1)EV(2n) anl(n)( )

= m® Y T MED[(=)CD + ()]
The result is exactly the same as that of Riemann
2sin s 4(s) [[(5-1) = 2m)® T(MC~D [(=i) & + (i) &)
=0
4. Finding nontrivial zeroes on critical line (s = ; + ti )
From..(9.2) [IE-1)@ i) = [T"wE 6 dx
= [(+) + (+00) + -]
Actually we should not go on anymore with this functional
equation ]‘[(g —1)(71)(‘%)((5) = f0+°° q;(x)(x)(%—l) dx = [(+0) + (+0) + -]
, or undefined terms. We also have nothing to do with the equation
e - D(m)DY(s) = E(t) = [(+0) + (+0) + -] denoted by Riemann
too. If someone tries to continue studying this Riemann’s Hypothesis, firstly
he or she has to unavoidably solve the mysterious and doubtful equations

below.

41 TIE-1)@DYs) = ==+ W06 V+(0~(57) Jdx

s(s-1)

42,50 =) s - DMDy(s)

Let's see what we can do with these two equations.

41 TIC-D@DY) = 5+ WEI606 D + 69 Jax

s(s-1)

This equation is conditionally true if we do not care about the
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truth that of Y(x) = [(+0) + (+0) + -+ ] or f0+°°(e)(—nnnx)(x)(g_1) dx =
[ we0606E D dx = [(+00) + (+00) + -+ ], undefined.
Let us prove together.
From [[(E-1)ms) = [ w)@E Y dx (9)
= [77 G dx + [ w06V dx
From 20(x) +1) = (0D @Y(2) +1) (Jacobi, Fund.S.184)
ME-1)@s) = [ 66006 D dx+ v () (0 dx
+1 [ 160 — GV dx
= [[7 @GV dx+ [Ty (3) 06 dx

oD 1wl
Ly g b

2

= 779006 D dx+ [ w () 0007 dx

(1-0) (1-0)

1 1
Ll 2y

= [[7 WG D dx+ [ e (2) G0t dx

1

+ (s)(s-1)
So we get
ME-1)m@EeGs)
= =Lt [ P606 D dxk [ (2) 6007 dx (10)

Let’s consider fol Y (i) (X)(SZ—3) dx

Andlet u= i then du = 1)(x)"%2dx , dx= 1)(u)"?du
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Then [,y (3) @) dx = [} v () €W 2du
= [P @) du

But [”w((w ) du = [y 0~ dx

So L u(3) 0 dx = [T w0007 ax

Andthen  [](¢-1)(m)("2g(s)

= ST WEE D ax+ [ (3) 00 dx

- ()( ot + 7w E D dx+ [ )@ dx

The same as that found in the original Riemann’s papers (1859)
ME-1) @)

= [ w0606 D axt [y v (5) 0003 dxtt 10005 - G0y e

(s)(s 1) +f YEOLEEY + (0 & )] . (11)

4.2. ¥(t) = TIE)(s - D@ ED(s)
This equation is also true, but with confusion and restriction about
the condition of the equation. Let's prove together.

Start from equations
MNGE-1)@es) = 77w EE D dx . (9)
NE-D@ )

= S [T IEE D + 0 )] dx (D)

When we consider this equation of Riemann, what we want here

is only to prove from how or from where his new functional equation was
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derived. If it came from wrong sources (or former equations) or from
wrong methods ( of deriving equations), then it was a wrong equation and

further using of it would be inappropriate.

To multiply equation ...(11) by( ) (s — 1) both sides and to set the

value of s = (E + it) (as Riemann did in the past ), it needs to be proved

That it will not be undefined or diverging. However, this analytic technique

of Riemann could not overcome or change the truth that,

@ AM(E-1)30-9 = f["eels Va
= [(+0) 4 (4) + ---] , undefined
MEIE-1)4() = [P P0E6E dx
= [(+o0) + (400) + ---] ,undefined
@ A -s- DI -9) = [T dx
= [(+) + (+0) + -] , undefined
()~ 1 (-1)(s) = [77p(0(0¢ D dx
= [(+o) + (+) + :--] , undefined
Let us follow the process of deriving the equation

Multiply equation ...(11) by( ) (s — 1) both sides

e -1) (g) (s = DE ()

N

QG
T (s)(s-1)

24 OG- D06 + 6075 ) ax

1, .
1+E+Lt

+—G+it)( 1) (6 )+(x)_< 2

>] dx

N

L) e 91D ) + 0D (F ) ax

N
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A

N

)f+°°¢(x)<x>< Dice) (51089 4 (o)(2189)] ax
_(tt+%)

N |~

17 w66 [(cos( tlogx) + isin(; tlogx))

+ (cos(% tlogx) — isin (% tlogx))] dx

= % — (ttz—%)ffoo W) ()5 (Zcos(%tlogx)) dx

(tt + ) f wE) ) ) cos(— tlogx) dx
=&(t)
The right hand side looks like that of Riemann, doesn’t it? But the left
hand side does not.
You can see, there are two doubtful equations of Riemann here that
need explanations.

1. From the left hand side of the above equation
]_[(g —1) G) (s — 1)(71)(_%)1(5) = &(t) is different from the equation of
Riemann [] G) (s — 1)(n)(_%)i(s) = £(t). Has he made a mistake to write
I1 (%) (s — 1)(n)(_%)i(s) instead of ]'[(; —1) G) (s — 1)(71)(_%)«5)? The
answer can be both yes or no. Let’s prove from the facts that

I'(s) = @ ; converges if R(s)>0

I'(s+k)
s(s+1)(s+2)..(s+k—-1)

And T(s) = ,s>—k,s#0,-1,-2,...—(k—1)

So I'(1+s)= sI(s) forallsexcepts=0,—1,—2,—3,...which are

poles of the function.

Then  T(1+3) = 31 (%)

And F(%) = [1(:-1)



50

So M(5) = sM(-1) forallsexcepts=0,-1,-2,-3,..
which are poles of the function.

Then [1(2) G - D@ D) = [1E-1) (2) (s — D@ D) = £®)

for all £ except £ =0, —1,—2,—3, ... which are poles of the function.
2From [[(E-1)m2g(s) = [ )G dx
= [(+00) + (+00) + -] ..(9.2)

Then [](3-1) (5) s = DE@EDs) or T1(5) G-1) @ Di(s) =

[(+0) + (+00) + -], undefined too.

And so H(% —1) G) (s — 1)(n)(_%)i(s) ,fors = %+it

N |-

— (tt + i) f1+°o lIJ(X)(X)(_%) cos(%tlogx) dx

N |-

— (tt + i) f1+°°[(+00) + (400) + - ](X)(_%) cos(%tlogx) dx

- 1_ (tt + 1) [(+0) + (+00) + -] f+oo(x)(_%) cos(ltlogx) dx
2 4 1 2
= &)
= [(+%) + (+) + ---], undefined
Hence roots of the equation
e(t) = % — (tt + i) f1+°° w(x)(x)(_%) cos(%tlogx) dx
or the values of (t) that make &(t) = 0 do not exist. It is impossible to show
that the number of roots of £(t) = 0, whose imaginary parts of t lie between

%i and - %i and whose real parts lie between 0 and T, is approximately

T

T T
= (371085, -37).

Next, let us consider the integral [ d log&(t) =f dlog() . Itis
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impossible to show that the integral [ d log &(t), taken in a positive sense

around the region consisting of the values of t whose imaginary parts lie

between %i and - %i and whose real parts lie between 0 and T, is equal to
T :
(T logg - T)i.

It is not right to denote that all « from the complex number % + 1,

which are called the non trivial zeroes of {(s), are roots of equation

&(t) = % — (tt + i) f1+oo P(x) (x) (=) cos G tlogx) dx

,and also it is not right to express log §(t) as [ log(1 — %)Hog £(0)]. The
. 1 1 +00 (_§) 1 .
reason is that £(t) = S— (et + 4) f1 P(x)(x)\72/ cos . tlogx) dx is always

equal to [(4+o0) + (4+o0) + -:-], or undefined as proved above.
5. Determination of the number of prime numbers that are

smaller than x
Next, Riemann tried to determine the number of prime numbers
that are smaller than x with the assistance of all the methods he had
derived before.
From the identity by Riemann
logg(s) =—2Xlog(1—(p)™)
= Zp 43 Ep ¥ +3Ep >+ - (12)

Let’s prove by using Maclaurin Series

d 1
- (log(1—x) = o

= Geometric Series ( 1+X+X?+X3+... ) forx<1
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By integration
—log(1—x) = X+ X2+ 3X3 + IX* +...
Thusforx=(p)™° <1
—log(1-@)™) =@ +;@ " +i@) 7 +..
For p = prime numbers 2, 3,5, ...
~log(1-(2)°) =)~ +iQ)7F +1(2) % +..
—log(1-(3)™) =3~ +i3)* +iB3)*+..
—log(1-(5)™) =) +35)7* +35)7*+..
Then —[log(1—(2)7%) + log(1—(3)~°) +log(1—(5)7%)+...]
=(2)7° +22D)F+2)7* +..
+(3)7° +23) T +I(3) 7 +...
+(5)T+2(5)7* +1(5)7* +...
+...
Or —Xlog(1—(p)™) =Xp +;Xp * +3Ep > + -
For p = prime numbers = 2,3,5,...
n = all whole numbers =1, 2,3,...,©

Riemann denoted that

) = I -0 = 558 G

p prime

log T (1--)"

p prime

log¢(s)

= log[1-@)) 1 A-3)) " A-G)*)" ]
= log(1—(2)")t+1log(1—(3)™*) 1 +log(1— (5)75)71 +...

=—[log(1 = (2)™) +1log(1—-(3)"") +log(1-(5)"")+ ]
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= —Ylog(1 - (@)
So log{(s) =—Xlog(1— (p)=)
— Zp—s +%Zp_25 +§2p—35 + ...

One canreplace (p~°)" bys fptloo(x)‘(”l)dx.
Let’s prove together

FO (54D gy = (ST 14
sh @ eax = Gy
1 +00
_(X)(s)]pn

— 1 1
= G~

= (p)om e (13)

[ think it is useless to go on proving the rest of Riemann’s paper. I
hope that my paper is clear enough to point out the mistakes or give
disproof of the original Riemann’s Hypothesis. I feel good if my paper can
give warning to people who are trying to apply the Riemann Hypothesis to
explain physical phenomena which may be very dangerous (in many cases).
At least I wish my paper will give answers or proofs of the following
sentences of somebody.

1. “All zeroes of the function £(t) are real”. This is not true because
g0 = [IC-1) (5) s - D@Di(s) fors=3+it
© _3
= % - (tt +i) f1+ ljJ(x)(x)( 1) cos(%tlogx) dx

= [(+) + (+00) + ---] , undefined

So there are no roots (all zeroes) of equation
50 = T1(-1) () s - D@ Do), fors= S+t
= % — (tt + i) f1+°° lIJ(X)(X)(_%) cos thogx) dx

= [(4) + (+) + ---] , undefined

2. “The function (functional equation) {(s) has zeroes at the negative
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even integers —2, —4, —6, ... and one refers to them as the trivial zeroes”.
This is not true, actually there are no trivial zeroes of {(s) because (s)

always = [(4+) + (+o0) + ---], undefined as proof above.

3. “The nontrivial zeroes of {(s) have real part equal to % or the

nontrivial zeroes are complex numbers = % + i < where « are zeroes of
¢(t)". This is not true because &(t) = ]'[(g —1) G) (s — 1)(71)(‘%)«5)

00 _3
fors = % +it,or &(t) = % — (tt + %) f1+ U ®)) cos (%tlogx) dx,
is always equal to [(+) + (+o0) + -+ ], or undefined for any values of s (or

t). So o« = zeroes of equation &(t) = H(g —1) G) (s — 1)(n)(_%)((s) can not

be found anyway and the nontrivial zeroes of {(s) (or % + { o« ) can not be

found by this way too.
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Appendix A

Another method to find the value of Y& 0+°° (e)(—nnnx) (X)(;_l) dx
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using integration by parts method.

Fors= -2
o [T @) (G- dx

(x)( )
e an

=3 Jim, (™

(X)( )

(S) dx

— Y hmf (—nnn)(e)( nnmx) X020
NES 03
=554 [lim (&™) S5 — lim[(e) ™) e

f (— nnn)(e)( nnmx) (X()( ))

_ vtoo (o)D) Ol
—Zn=1 [[(e)(+oo)(nn7r)(_1) _[(e)(o)(nnn)(_l)

w [FT® -nnTx (X)( D
~2i5 fy 7 () ()t S dx

_ wtoo &) B &)
=251 [grmmm e ~ @ommoeD )

o) (-1)
— Z;:‘i f0+ (_ nnﬂ)(e)(_nnnx) % dx

1 1 1 e
B [(e)(+°°)(”)(+°°)(—1) " (e)*+) (M) (+00)(~1) ol

_ ! + -
[(e)(O)(ﬂ)(o)(—1) (e)@Um(0)(-1)

4]

— Yk f0+°°(— nnn)(e)(‘”"ﬂX) ()(()(1)) dx

1 : :
=[(=0)+ (=0)+ -]+ [(0) +@ +...] ,5=cin the Riemann sphere

o0 =1
- f0+ (- nnn)(e)('”””x) % dx

-1)
= undefined [co+o0+...] f “(- nnn)(e)(‘“"”x) —()(()_1)1 dx
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So Y3 0+Oo (e) ) ()G -1 dx fors = —2

(-1)
= undefined [co+o0+...] f “(- nnn)(e)('”"”x) —()Z)_l)l dx

Fors= -3
e [ (@0 061 dx

(x)( )

= undefined[c + o + - f (— nnr) (e)(-nnmx) 227 =

Fors=—4

" () () ()G dx

(-2)
= undefined[oco+ oo + . f (_ nnm) (e)(-nnmx) ()E) > dx

Fors=-5

e 77 @™ ()G 1) dx

= undefined[co + oo + - f (_ nnn) (e)(_nnnx) (x()( ))

1
Fors=-
2

T 77 (@™ oG- dx

w (@0 s +oo(e)( nnmx) s
14 o GV -3k [ (-1 006 dx
=2 tim [ oG

o 1 +00 (e)(—nnnx) s s _o
~ 25 151_r)r%1f0 (—nnm) (-1)0GE? dx

e)(-nnmx)
=345 [lim [ (0] — lim[

X—+o00 _)0

e(—nnnx) 3
& o)

_ Z 400 (6‘)( (_%) (X)(_%) dX

(=nnm)
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— Z+oo 1 1
= _ 3N 3
(=nnm)(e) (+00)(nnm) (+) (Z) (=nnm)(e) (0)(nnm) (0) (Z)

R N C iy G e R

(=nnm)
= [ t— ] — [ + 4 ] = oo in the Riemann sphere
(+00) = (+0) 0 (0
. too +o0 (e)(—nnnx) s (_Z)
= undefined [o0 + 00 + ---] = )75 — (D))" dx

0 (—nnm)

So Xn3 f0+oo (&)™) ()G=1) dx for's = %

. (-nnmx)
= undefined [0 + 00 + -] = X+ [T ©

(HECP dx

0 (-nnm)
Fors= 2
e [ @0 )G -1 dx
= in (s 06 —xin J T )06 ax
n=1 1 (-nnm) n=1 Jo " (Cpnp) \2

_ oyt i (™ (S -1) 7400
_Zn=1 glm[ (—nnm) (X) 2 ]0

— Yt lim f+OOM(——1)(X)(%_2) dx

(=nnm) \2

=515 Llim [ (9] - tim (L o)

x—+400- (—nnm) 0 (=nnm)

+00 (e)(—nnn:x)

-3 fO (—nnm) (0)(X)(_1) dx
+00 1 _ 1
- an=l [(—nnn)(e)(+°°)("n”) (—nnn)(e)(")(nn")]
—(0)
1 1
B [(—n)(+oo) +(—47T)(+oo) ] _[_ T (- 47r) o

1 1
_[E @4_...]

So Y1 f0+°° (e)(-"m) ()G 1) dx for s = 2



58

1 1
_[E m_|_...]

Fors=3
S [T @™ ()G dx

(e)( nn7Tx)

L o e L AL P

— ¥t lim [ @) (s _1)(062) dx

s—3 (=nnm) 2

=32 Lim [ 0@ - 1im (L 60Oy

x—+0 (—=nn -0~ (=nnm

_yie O 0D dx

( nnT)

1 1
_yte oG0P @
n=1 L_pnm)(e)(+o0)(nmnm)  (—png)(e) (@) mnm)

_yie [ 0D dx

(=nnm)

+o00 + 0o

=l &aw Tamaw T 1 -l n)+( am)

+ - ]

too (oo ()™ (-
n=1 Jg (—nn1) ()(X) 2 dx

0 (-nnmx) 1
=—[Z2+ 4]+ [0+0+] =25 [ (i)_nnﬂ) O 2 dx

+0o (e)(-nn
(—=nnm)

=-lotm 1=

(%) 02 dx

Find the values of::—z which is indeterminate form using L’Hospital’s
Rule

%2 Im o (G-

—>3 (—=nnm)

1
o (x)2 o0
=Z;7r:1 [ ]3-

(_ n m-[) (e) (nnmx)

Apply L’'Hospital’s Rule
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x) (- %)

(—nnm) (nnm) (&) (Nn7x)

=23 |

Io%

1
T
(=nnm) (nnm) (e) ("N7X) (%) (E)

— V't

— 4&n=1 [limx—>+oo [

— limy, o[ ! T
(—nnn)(nnn)(e)(“"”X)(x)(E)
1 1
=1 Tyt =+
(~m@(@@FD) (+00)2)  (—am)(am) ()EM+) (+00)(2)
— 1 + - =+

o @E@O©E)  (—am)(am) (@)@ (0)2)

= —[04+0+...]+[; + ;+...], = = o in the Riemann sphere

(=R

= undefined [co + co+...]
So Xash f0+oo (e)mm) ()G -1 gx fors =3

f+oo (e)(—nnnx)
0 (=nnm)

= undefined [0 + co+...]— ¥ (%)(X)(_%) dx

For s=4

e [ @™ )G -1) dx

—_ 1 1
= @ + o ]

Fors=5

+oo [T (e)(—nnnx) (X)(%_l) dx

n=1 Jg

+00 (&) (-nnmx)
0 (=nnm)

= undefined [0 + oo0+...]— 1% (1) (X)@) dx
Appendix B
Another method to find the value of ¥/} fotw (e)(-nnmx) () (72 -1) gx

using integration by parts.
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Fors=-2

S fy @™ol Y dax

_ oyt i @™ (EE-1)y+
— 4n=1 Sl_l,er[ (=nn) (X 2 ]O+

. o0 (e)(-nn7x) s 1-s
— e Sll)m f0+ ©) (17—1)()()( 2 -2) dx

-2 (=nnm)
+00 [ (e) ”“”X)( )(1+2 I (e)(—”"”X)( )(¥_1)]]
- an=1 [x—IHIoo[( nnT) ] xl_rg[ o)
+o00 (e)( 1+2
REE f (—nnm) (17”_1)()()( = ) dx

=% i [(e)(-n ) (X)( )] ~lim [(e)(‘”“”x) (X)(%)]]

+oo (=nnm) (=nnm)

400 (e)( nn7x) _1
YA (T dx
()@ ©?

— \too —
- Zn:l [(—nnn)(e)(+°°)(""”) (—nnm) () (@) (nnm)

oo (-nnmx) 1 _ 1
-5 [T G dx
+00 +00

1 _|_...]_[ (0) + (0) _|_]

- [(—n)(e)(+°°)(”) 7 (—4m)(e)(reo)4m) (-m)()OM®  (-4m)(e) 4™

= [+ =+ ] +[0+0+]

+ 00 (e)( nn7mx)
( nnTt)

— Y A2 dx

Find the values of :—: which is indeterminate forms using L’Hospital’s
Rule

1
m e
From 2= 1—1>+oo[( nnn)(e)("“"x)]

Apply L’Hospital’s Rule

+ 00

=2.n=1 lim [ (1)(X)(_ _)

x—+o0o "2(—nnm)(nnm)(e)(Mn7x)
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- 2 (D)
= 2;1-:1 hmx—>+oo[ (2) 1
(—nnn)(nnn)(e)(“"”x)(x)(i)
[ By By !
T Mm@ (@) MER) (+oo0) T (—4m)(4m) (€)M HO) (+00) T
=[0+0+...]
Find the value of o @) 103D g
ind the value o e ()x X
+oo (e)(—nnn' X) (- _)
=22 [ G )( ) ]

(=nnm)(=nnm) 2

B e N s B 1 O R

(=nnm)(—nnm)

- 3)
=273 [lim [

X—+00" () ("7X) (—nngr) (= nnT[)(X)(2

1
—lim [ @

x=0 " (&) (%) (—nnr) (=nnr) ()@

o +00 (e)(—nnn:x)
- ZIT=1 fo

(=nnm)(=nnm)

(- DO dx

& )
— [ 2 T -|— 2 T + ]
(MG (—m)(-1)(+00)@  (e)(4M(+%0)(—am)(~4m)(+00) @
& 3)
_[ 2 + 1 _I_ ]

O@O(-m)(-D(@)F  ()UDO) (—am)(~4m)(0)2

. (-nnmx) 3
—%E S (- HOH P dx

(=nnm)(=nnm)

= [i +— +..]— [% + % + ] ,%z oo in the Riemann sphere

400 + oo

o 0 (-nnmx) _3
—yie 50— (- H D ? dx

(=nnm)(=nnm)

+00 (e)(—nnnx)

= — undefined[co +00+...]— X5 0  (—nnm)(=nnm) (=

So Y% f0+°° (@) ) () (Z -1 dx fors =—2

HOEC? dx
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_ e (@ s
= undefined[eo +oo+..]+ X3 [ ((e)ﬂﬂ( HHE' D dx

Fors=-3
S [T @™ 60 F -1 dx

o ) ( )(—nnnx) 1-s o
=y+® Slirflg[i—nnm ) -

_yre im0 (1)) gy
s—o—

370 (-nnm) N2

O+ . (e)(‘“””x) (1 S_1) (e)( nnmx) (5_1)
— 4n=1 [xl_l)rpoo[ (=nnm) ( ) ] o[ (=nnm) ( ) ’ ]]
. +o00 (e)( nn7rx ) 1-s _,
D A e D C L
(e)(—nnnx)

=3¢ [ lim | D] = lim [ o)

x—+o0o - (—nnm) —>() (—=nnm)

o (e)(-nnm
-2 f0+ (i) ) ( Y(X)© dx

_ (+00)®) O
- Zn:l [(_nnn)(e)(+oo)(nnn) - (=nn1) (&) (0)(nnm)

N Yl A (e)( (1)(1) dx

_ 400 . + 0o 1 (0) (0)
B [(—”)(e)(+°°)(”) 7 (—4m)(e) (Fo)(4m) o] [(—n)(e)(o)(") + (—4m)(e)(O¢m +o]

=— [+ T+ ]+ [0+ 0+ ]

+00 (e)( nn7mx)

(=nnm)

— X,

Find the values of :—: which is indeterminate form using L’Hospital’s
Rule

+00 : W
n=1 [hmx—>+00 [(_nnn)(e)(nnnx)

Apply L’Hospital’s Rule
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1
(=nnm)(nnm) (e) ("n7x) ]

= 2;3 [limx—>+oo[

1 1
B [(—n)(n)(e)(”)(+°°) + (—4m)(4am) (e)@m)(+0) +"']

= [0+0+..]

+00 (e)(—nnn:x)

Find the value of ;%

0 (—nnm)

_ oy @M o
o 2”21 [(—nnﬂ)(—nnn) 0
 otoo ) (e)(—nnn:x) o (e)(-nnn’x)
o Z"=1 [xl_l)llloo [(—nnrr)(—nnn) xircl) [(—nnn)(—nnn)
_ (e)mE™) (o) (=4m)(+0) 4] — (e)(=m(0) (e)(—4m(0) 4.
L (-m(-m) (—4m)(—4m) (-m)(-m) = (—4m)(—4m)

1 1 1 1
ISRt e s v v el
= — [——t———t..]

(—m)(-m) ' (—4m)(—41)

So »¥% f0+oo (e)(‘”"”x)(x)(¥_1) dx fors=-3

1 1
(m)?  (4m)?

= +..]

Fors=—4

e [ (@0 (057 dx

0

+00 (e)(—nnn:x) E

= undefined [0 + co+..]— ¥+ [ AOEHE? dx

0  (=nnm)(—nnm)

Fors=-5

S [T @™ 01 dx

2 2
[W + e

_|_]
1
Fors—E

e [ (@m0 Y dx
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=515 Im D oy
_ 3t ;2f+°°%( =_1)x)(7 2 dx
=205 i (0 i oo
D R N S G Ll
— ;;_gi 1 _ 1

(=nnm)(e) (+o0)(nnm) (+0) (%) (=nnm)(e) (0)(nnm) (0) (%)

_ +oo(e)( nnmx) _E (_Z)
e T S AG LA
= : 3y - =+
(—nnn‘)(e)("‘w)(nnn)(+oo)(1) (—nnn)(e)(+°°)(nnn)(+oo)(1)
_[ ! 3 + ! 3 +]
(—nnn‘)(e)(o)(nn”)(o)(Z) (—nnn)(e)(o)(nnn)(o)(Z)
g @) s
v 7O 200D ax
1 1

=—| +..]+ [% +% +..], % = oo in the Riemann sphere

(+0) = (+)

00 (-nnmx) _r
S S o GG dx

(=nnm)

+o0 (e)( nn7cx)

(=nnm)

= undefined[o +00 + = X% (- dx
Soxe fy " @™ d fors=1

+oo(e)(nn>

(=nnm)

= undefined[oo 400 + ---]— Y15 (— %)(X)(_ P dx

Fors=2
;{’-oo f+°° (e)(—nnnx)(x)( —>-1) dx

(e)( nN7mx)

— & e

— +co :
=1 llm[
s-2
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o Jim [+ (e)(-nnmx) (12 _2)
Z S 2 (=nnm) ( 1)(X) 2 dx
— J'+® [ lim [(e)(—nnn'x) (X)(l 2—1)] [(e)( nn7x) (X)(l 2 )]]
n=1 by 4! (-nnm) x—>0 (—nnm)

e f+°° (@) & _1)(X)(1%2 -2) dx

(=nnm) 2

=3 [im (L 6003 - im0y

x—+o00 - (—nnm) x—=0- (—=nnm)

0 nnTTx _5
—3im [ 3 00¢ ax

(=nnm)

1 1
= 2n=1 | Gl 0
(—nnm) () (+)(MnM) (+00)\2)  (—nn7)(e)(@™Mnm) (0)\2

oo (e)(-nnmx)

(=nnm)

_Z+oo f (— %)(X)(—g) dx

= : —+ : +.]

(=) (@) oM (+00)(2) () (e)+0) M) (400 ()

1 1
-1 5+ = +..]
(=nnm)(e) (0)(nnm) (0)(2) (=nnm)(e) (0)(nnm) (0) (2)

0 nnTTx _5
B el AR A G o G

(=nnm)

1 1 .1 1 . .
= — [m +m +.]+ [5 +6 +.], ;= in the Riemann sphere
o (oo @Cm™) 30 (-5
B T DD o

+00 (e)( nn7mx)

(=nnm)

= undefined[co +oo + -+-]— Y+

()¢ dx
So Xt [ (@™ (x)(F 1 d fors =2

+00 (e)(—nnﬂ:x)

5
= undefined[oo 400 + ---]— Y+ e (- %)(X)(_ % dx
Fors=3

p +o (e)(—nnnx)(x)(l $-1) dx
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0 (-nnmx)
= undeﬁned[oo +oo + ] - ;:1 0+ (?—nnn) (_2)(X)(_ 3) dx

Fors=4

p +0o (e)( nnnx)(x)(1 $_1) dx

] o . (-nnmx) 5 7
= undeflned[oo +o00 + ] — ;.li_=1 f0+ (_Ej;:)m(— E)(X)( 2) dx

Fors=5

S 57 (@m0 - dx

oo (e)(-Nn7x)
= undefined[co +oo + ---] — Y ¥ f+ (e) (—=3)(x) dx

n 0 (=nnm)

Appendix C

Another method to find the value of Y} f0+°° (e) (=) (x)¢-D dx

using integration by part

Fors= -2
i fT @™ (=S dx

. (e)(n
_+1l [e(n)()(151)]

St s +o0 (M) (1-5-1) . \(1-5_2)
Zn:l sll)rpz fO (=nm) (X) dx

(9G]~ im [ () G-

Voo (e)(-nmx)
_2n=1 [hm[ (—nm)

x—+00 - (—nm)

oo (e)(-nx)
—3S fy T (3= D8 dx

e( e(
=% [xllrpw[(()n) (0@] - lim [ ()@
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- [ *”(e)( (2)( YD dx

— 3o | (+2)®  (0®
T an=1 L_npy(e)#Fomm)  (—ng)(e)©nm)

o (&)(-mx)
-3 [ @)W dx

= [—— n o +on] - [—2 (©
CDEFD® T (C2m (@¢=Em CDE@O® | (—zm)(e)©Em

_|_]

400 = 400
=[S+ ][040+ ]

o (&)(-m)
-3k [ @00W dx

Find the values of::—z which is indeterminate forms using L'Hospital’s
Rule

@)
From Y% lim [ ®©

x—-+00 -(=nm)(e) ")

Apply L'Hospital’s Rule

—_\"+ lim [ (2)(X)(1)
A=l Ko R2(=nm) () (e) (M)

LH@E©
(=nm)(nm)(nT) (e)(nnx) ]

= 2027 limy o]

_ 1 4 1
B [(—n)(n)(n)(e)(”)(+°°) (—2m)(2m) (27) (e)(@m)(+00)

o0 (o) (1)
Find the value of Y% 0+ (e()_rm) 2)WD dx

o (e
=Z;il-=1 [( :TE)( nm) (2)(X)(1)]

o [t _(@Cm
-2 m(z)(X)(o) dx

=538 [ M [ ] —lim [ 2]

x—+00 (€)X (—n1)(=nm)" x>0 (€)X (—n7m)(-nm)

A Ol

0  (-nm)(— nn) (2) dx
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_ [ (2)(+0) (2)(+) ]
(e)MEHO) (=) (-1) = (e)@M(+)(—27)(-27)

_ (2)(0) )0
[(e)(n)(o)(_n)(_n) + (e)@m©) (—27)(-27) + ]

oo +00 (e)(-nn:x)
Zn=1 fo (=nm)(~nm) (2) dX
= [+ 4+ -0+ 0+ ]

f+ o (e) (-nmx)

_ J+oo )
Zn=1 Jg (—n7)(—nm)

(2) dx

Find the values of :—: which is indeterminate form using L'Hospital’s

Rule

(2)x) 1
(=n7)(=nm)(e) ("X

From 272 [limy el

Apply L’Hospital’s Rule

— Y+ ] B
= Zp=1 limy o [ s e |

2 2

- [(—n)(—n)<n>(e)<ﬂ><+°°> HES IO ]

= [0+0+..]]

. too (oo (&)Mm)(2)

Find the value of ¥,327 [, i —
w (@™ (2) 400

=X [Foms 16

 otoo ) (e)(—nﬂ:x)(z) o (e)(—nnx)(z)

—Zn=1 [xl—l>r-poo[ (-nm)3 ] chl_r)r(l)[ (-nm)3 ]]

_ (@CPC92) (@) 4 (@P09R) (@O

N (-m)3 (—2m)3 (-m)3 (—2m)3
2 2 2 2

= [+_oo ++—00 +'"]_[(—7r)3 + EE + ]

2 2
[ﬁ (271)3+'"]

So Xn5 fo+oo (&)™) (x)@=s-D dx fors =—2
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2 2
N [(n)3+(zn)3+ ]

Fors=-3
o T (@™ () -D dx

6 6
- [W+(2n><3>+ ]

Fors=—4

o 77 (@) (G- dx

24 24
=tloe tewe ]

Fors= -5

Z;ﬁi 0+Oo (e)(—nnx) (X)(l—s—l) dx

_ 120 120
_[(n><6> (2m)© -]

Fors=

N =

+oo +00 (e)(—nnx)(x)(l s—1) dx

+oo i (e)(nmx (1-s—1)1+
= 2n= 2[ (=n7) (X) lo

oo (e)(-nm
_Z,‘;ﬁ'& lim 2f0+ (e) (1 — 5 1)(X)(1 s=2) dx
S—

=% Ll m [ )(x)( 21— 1im[ & 6o (3]

+oo (=nm) x—0" (=nm)

w [+ (@) g _3
—58 oy (@ dx

1 1

() (@)@ (+00)2)  (—nm) ()@@ (0)(2)

o +00 (e)(‘”"x) 1 _3
—2n 0 m(— E)(X)( 2 dx

1 1
=[ 1 + 1 +-.]

(—n)(e)(+°°)(">(+oo)(5) (—zn)(e)(+°o)(2n)(+oo)(z)
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1 1
- [ 1 I 1 + . .]
) (@©m®)2)  (—2m)(e) @™ (0)()

oo (-nmx) _3
—3i8 T (- D dx

0 (=nm)

1 1
(+00)  (+)

1 1
+..]+ [6 +6 +..] ,

olr

=

= oo in the Riemann sphere

w (o (@t g _3
_ZIT=1 fO e(_nﬂ;) (_E)(X)( 2) dX

+o0 (e)(—nnx)

3
= undefined [c0 +o0 + --]— ¥ 1% , o (- %)(x)('E) dx

So i [T (@)1 fors =%

oo (e)(-n7x) _3
= undefined [0 +o0 + ---]— X }+% f0+ (e()—Tn) (— %)(X)( 2 dx

Fors=2

oo f+°° (e)(—nnx)(x)(l s-1) dx

_Z i [(e()(nn) ()(1 s— 1)]

o (e)(-n7x)
— Tk lim [T (1 - s- D00 P dx
S— -

=% Llim [ (02] — im0 (0 2]

o (&)(7¥)
— 233 f0+ (e()_nn) (-2) dx

— V+o 1 _ 1
- Zn=1 [(_nn)(e)(+oo)(nn)(+oo)(2) (—nm)(e)(©®)(nm) (0)(2) ]

. (-nmx)
— 233 f0+ (e()_nn) (—2)(3) dx

1 1
= [(—n)(e)(+°°)(”)(+oo)(2) +(—21-[)(e)(+°°)(271')(+oo)(2) +.]

1 . 1
o [(_n)(e)(O)(n)(o)(Z) Y (=2m)(e) @M (0)@

+.]
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+oo +00 (e)(—nnx)
~ Zn=1 0 (—nm)

1 1 1.1 1 . )
(+00) | (+0) +.]+ [5 5 +..], 5 =  in the Riemann sphere

(—2)X) ¥ dx

=1

+oo +00 (e)(—nnx)
- ZI’I:I 0 (—nrc)

(-2) dx

+00 (e)(—nnx)
0  (-nm)

= undefined [0 + o0 + «+-]— X% (—2)x) ) dx

So Y% O+°o (e)(‘””x)(x)(l‘s‘l)d fors =2

f+oo (e)(—nnx)

—2) ()3
0 o TR dx

= undefined [0 400 + ---]— Y%

Fors=3

e} O+°° (e)(-1mx) () -5 -1 g

oo (-nmx)
= undefined [0 +o0 + ---] = X1 f+ (e)

_ (-4)
0 o 5T dx

Fors=4
Z;ﬂ f0+oo (e)(-nnx) (X)(1—s—1) dx

+oo (e)(-n7x)

e (=5)
0 (_nn)(_nn)( 4)(x) dx

= undefined [co +o0 + -+ ] — X+

Fors=5
S 7T (@™ - D dx

+00 (e)(—nnx)

_ (-6)
0 o (TH)TY dx

= undefined [0 400 + -] = 3 ¥%

Appendix D

Another method to find the value of %% | 0+°° (e) (=nmx) (x)¢-D dx

using integration by part

Fors=-2
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i f T @m0 dx

N0
55 lim ()0 e

(X)( )

— Yt hmf (- nm) (e) ) 22—

-5 [ ()@t 2

_ (+00)(=2) 02
_Zn:1 [[(e)(+oo)(n1t)(_2) o [(e)(o)(nn)(_z)

w [+ _ ()2
=% [y () (@) S dx

. (1) _ (1)
—anl [(e)(+oo)(n77:)(+oo)(—2) (e)(o)(nn)(o)(—z)]

x)=2)

2 dx

Y f0+°°(— nm) (e)(-nmx)

1 1
= o mae Ter e T

1 4 1 )
_[(e)(O)(”)(O)(—Z) ' ()@@ (0)(-2) ol

x)(=2)

2 dx

—Sre () (e) ) B

1 : :
=[(=0)+ (=0)+ -]+ [(0) +@ +...] 5= in the Riemann sphere

w [+ _ x) 2
— Z,Tzl fO (— nn)(e)( nnx)m dx

- (-2)
= undefined [c0+00+...] f+ (- ) (e)-rm) ()E)_Z)Z dx

So Xasi f0+oo (&) (x)5 -1 dx fors = —2

© (-2)
= undefined [co+00+...] — 315 0+ (- nm) Ol (?)_2)2 dx

Fors=-3
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+OO

o +00 (e)( n7x) (X)(S 1) dx

(-3)
= undefined [c0+00+...] — ,J{;”lf *(- nn)(e)(‘"”x) GO dx

Fors=—4
;{'-oo f+°° (e)(—nnx)(x)(s D dx

= undefined [co+00+...] — X+ f0+oo(_nn-)(e)(—nnx) W 4

n=1 (—4)
Fors=-5
+oo +0oo (e)( nnx)(X)(s D dx
(-5)
= undefined [co+o0+...] f (- nr) (&)™) _()(()_5)5 dx
1
Fors= 2
+oo

o +00 (e)( nmx) (X)(s -1) dx

(e)Crm) (s=1)1+c0
= 2t Il GO o

_Z;’{:l Ll_l;rzlfo i o) (S—l)(x)(s -2) dx

=i L FE 000 - i o

N+ +00 ()(-Nx) 1 -3
Z = 0 (—n7) ( E)(X) 2 dx

1 1
=2 | —

() (@) F O™ (+00)2)  (cnm)(e)@@m (0)(2)

o e @O 13
-8 oy (@ dx

= L l 1

(—1)(e)(+o0)(m) (+00)(%) I (=nm)(e)(+9)(2M) (+00) (%)

+.]

— 1 | 1

1\ T 1 +]
(—nn)(e)(O)(”)(o)(i) (—nn)(e)(O)(zm(o)(i)
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0 +o00 (e)(‘"”x) 1 _3
I LG T dx

1 1
(+0)  (+)

=

+..]+ [l 4= +..], 2 = o in the Riemann sphere
00 0

o (+o (@) g _3
-4, e(_T(—E)(X)( 2 dx

o (&)(-N7x) _3
= undefined [c0 +o0 + ---]— 3 ¥ f0+ (e()_nn) (— %)(x)( 2 dx

So ¥t [T (@)1 d fors = %

+00 (e)(—nnx)

3
= undefined [c0 +o0 + --]— 3 1% , o (- %)(x)(_ 5 dx

Fors= 2

r-il-oo f+°° (e)(—nnx)(x)(s 1) dx

(e)(”) <—
=235 lImF o C Vg

oo (e)(-nm
39 tim [ (1) (0 ¢ D dx

=35 L [(e()(n = (x YD) — 0[(e()(n : x)D7]

—3 7L 0© dx

_ (o) @
- Zn=1 [(_nn)(e)(+oo)(n1t) - (—n7)(e) (@) (nm)

0 (-nmx)
-%e (?_nn) (DO dx

+o + 00 0 0

= Saw Tamaw T Tt &

+ ]

o oo (@)™
~Si f) T o W@ dx

=— |2+ 24|+ [0+0+ ]
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Find the values of :;: which is indeterminate form using L’Hospital’s
Rule

too 1k ™
From Y555 limyo o [—s Samo
Apply L’Hospital’s Rule

(X)(O)
(—nm)(n7) () (")

= 2n21 limy o0

1
(—nm) (n1r) (e) (") (+0) |

= 2n27 limyyoof

1 1
B [(—n)(n)(e)(”)(+°°)(+°°) * (-2m) (2m)(e) BMH®)(+00) el

= [040+..]

+00 (e)(—nn:x)

Find the value of 2 |

0 (=nm)
_ v @™ 4o
- 2”:1 [(—nn)(—nn) 0
v e @O e
— 4&n=1 [xl_l)rfoo [(—nn)(—nn) xi%[(—nn)(—nn)]]

1 1
- [(e)<ﬂ><+°°>(—n)(—n) t et Camzm T ]

1 1
_[(e><n><°>(—n)(—n) t O@O a2 ]

_ _ 1 1 ves
= [0+0 +---] [(_n)(z) + (_21-[)(2) + ]

1 1
=~ lmetene t

So Y% f0+°° (&)™) (x)6-D dx fors = 2

1 1

=lmetaye T

Fors= 3

S fy T @™t dx
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2 2
= [+ 5 ]

Fors= 4
o T (@™ (06D dx

(6) © .
[(n) (4) (ZTE) (4) + ]

Fors= 5
2 LT @m0t dx

ey ey |
= e tene t ]




