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Abstract

Bernhard Riemann has written down a very mysterious work
“Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse” since
1859. This paper of Riemann tried to show some functional equations
related to prime numbers without proof. Let us investigate those functional
equations together about how and where they came from. And at the same
time let us find out whether or not the Riemann Zeta Function {(s) =
25(n)(5‘1)sin(n§)f‘(1 —5){(1 — s) really has zeroes at negative even

integers (—2, — 4, — 6 ...), which are called the trivial zeroes, and the
nontrivial zeroes of Riemann Zeta Function which are in the critical strip
(0 < R(s) < 1) alllie on the critical line (R(s) =3 ) (or the nontrivial
zeroes of Riemann Zeta Function are complex numbers of the form

( % +x i)). Step by step, you will not believe your eyes to see that Riemann

has made such unbelievable mistakes in his work. Finally, you can easily
find out that there are no trivial and nontrivial zeroes of Riemann zeta
function at all.

1.Introduction

Prime numbers are the most interesting and useful numbers. Many
great mathematicians try to work with them in several ways. One of them,
Bernhard Riemann, has written down a very famous work “Ueber die
Anzahl der Primzahlen unter einer gegebenen Grosse” since 1859 showing
a functional equation {(s) or Riemann Zeta Function without proof. He
believed that with the assistance of his functional equation and all of the
methods shown in his paper, the number of prime numbers that are
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smaller than x can be determined.

Someone believes that by using analytic continuation technique, he
or she can extend a domain of a powerful analytic function, derived from
two or more ordinary expressions or equations, which can help him or her
reach the shore he or she tries to. One of them, Riemann, might has thought
for about 150 years ago that he could extend the domain of his new analytic
function, which was the composition of Riemann Zeta Function and Pi or
Gamma function, to the entire complex plane by using this technique. But
this technique, just like others, needs to be checked or proved for the
essential conditions of the former equations and of the new functional
equation itself. Until now usages of Riemann Hypothesis in mathematics
and physics are still found more and more, despite the truth that itis justa
“hard to solve” problem, not a proven one!

2.7(s),2sin s U(s)[](s—1),(s) = 25n(5‘1)sin? F(1—-s)i(1—y5)

derivations, and trivial zero solution of {(s)

2.1 Let’s start from the great observation “The Euler Product”

Ni-2) = =5 o
For p = all prime numbers
n = all whole numbers =1,2,3,...,00
Leonard Euler proved this “Euler Product Formula” in 1737.

Let us follow the proof from the series
o 1 1,1 1,1
2;1-:1 (E) = 1+;+§+E+;+... ..(A)
Multiply ...(A) by zi bothsides

Lyt Iy _ L 1,1, 1,1
21 () =ptetatatt - .(B)

Subtract... (A) by ...(B) to remove all elements that have factors of 2

Lyg+ee Ly — qqplyl 1,11
(1-2)Z38 ) = l+g4g+ o+t o+ (O



Multiply...(C) by —; bothsides

Loq_lygte Ly _ 1,1t 1 1 1
S(-20808 () = s+t ottt (D)

Subtract ...(C) by... (D) to remove all elements that have factors of 3
or 2 or both

_Ayi= iyt Ly —oqp ittt 1
(1 35)(1 25)2n=1 (ns) - 1+ 55 +7s+ 1ls+135+17s+"' "'(E)

Repeat the process infinitely yields

(A= )(A-2)A-5) A-2) -8 () = 1

Or T35 G) = OO I
r Z 1 (n) (1__5)(1_—3)(1—§)(1_?)(1_H)
o Ly -
n=1 (nS) - ppl’;z[me[(l_é)]
MG = oa-iH
p prime

Riemann denoted this relation {(s) = > (is) = J] (1- i )1
n p prime p

would converge only when real part of s was greater than 1(:R(s)>1) in his
paper “Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse”

since 1859.

Riemann Zeta Function {(s) will diverge for all s < 1, for example
— — y+4o 1y 1,1, 1,1
If m(s) - 1 4 C(S) - Zn:1 (ns) - 1 + 2s + 3s + 45 + "

(D) = = +=+-+-+-

By comparisontest = += +=4= +-d4-+=+= =+
1 2 3 4 5 6 7 8 9
R N I T L T Lt
1 8 8 8 8 16

1 1 1 1 1 1 1 1 1
butI +E +(Z+Z) +(§+g+§+§) +(E+)
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= +00

) (1) =%+%+§+i+... — +oo

finally diverges to oo

o o1 11 .1 1

IFRE) =0, (=54 &) = 2+ielely
1 1 1 1

o) = E+2_°+3_°+E+'"
= 14+14+1+1+ ..

finally diverges to o

IfRE) =-1,36) = T30 () = S+m+o+ 5+
(-1 = 1+2+3+4+..
finally diverges to o
2.2 Next, let us consider I'(s) = Gamma function

2.2.1T(s) whens >0

Gamma function was first introduced by Leonhard Euler
(1707-1783) in his goal to generalize the factorial to non integer values,
and was studied more by Adrien-Marie Legendre (1752-1833)

I'(s) = J, (@ @™ du
Which will converge if real part of s is greater than 0 (R(s) >0)

And can be rewritten as

(s+1)

r(s) = =

or TI(s+1) = (s)I'(s) convergesif R(s)>0

Let us prove using integration by parts



[(s+1) = [J (@YW du forR(s)>0

~WPE@I + [, @ ()W du

= [limyoe =@ — limyo =)™ ()]
+, @ ()W du

e}

= [=+3]+sf, (0 S du

Use L’Hospital'Rule to find % (indeterminate form)

OIS
(&)W

= limy_

Repeat differentiation until (u)® — (u)©

Then lim,_ .

Thus
So
. 1
Find F(E)
From

r'G)

(D) (s-1)..(w)©
(e)(w

—(U) (s)
(&)W

= limy_

(—D()(s-1)..(1)
(o)

=0
[(s+1) =0 + s/ (W W)™ du

[(s+1) = sT(s) R(s)>0

') = J, (&) "™ du

@ @™ du

~WPEO + [T (- HwF Y du
[limy oo —(@ 2 (@Y — limy o —(w) 2 ()]

+ [ O (D@ du



=[—o+0h{—§XLW®YﬂWoo“?”du

= (I3
From Euler Reflection Formula
[(s)F(1-s) = — , 0<s<1
r;)ra-;) = # = n
;) = vu
= 1.772
Find I'(1)

[(s+1) = [, (@)W W du
ro+1) = [ (@ W du

= —@5
= limy_e — ()W — lim,_,o —(e) W
= —-0+1
ra =1
Find I'(2)
From [(s+1) = sT(s)
r(1+1) = 1r()
re) =1
And for s = positive integers = 1,2, 3.....
The relation between gamma function and factorial can be found from
[(s+1) = sT(s) , R(G)>0

= s(s—DI'(s—1)



= s(s—1)(s—2)..(1)) I 1)
= s! for s = positive integers
2.2.2 T'(s) whens= 0
Find I'(0)

From Euler Reflection Formula

I'(s)T(1—s) = —

sinms

limg o ['(s) T(1—=5s) = limg,,

r'(0)I(1) T - w

And T(1) =1

so I'(0)

Il
8

2.2.3 T'(s) whens< 0
By substitution R(s) < 0 into equation above yields
I'(s+1) which will equal (s)I'(s) for every R(s) <0 (negative integers, or
negative non integers).

Let us proof using integration by parts
r¢s) = [, ™™Wdu , R(E)<0, s=-a
F(s+1) = [J . (e)™Wdu
= [FWE@IF + [ @ (@ du
= [limy e =W (@)Y —limy, o —(WY (e)™V]
+J, @ (=) du
= [0+ 0]+ s[ (@ @D du

= (s)['(s) , RO



Find I'(—3)
From  I(—;+1)= (-)I(-3)
r[-)= -)TIE)
= (-2

= —3.545
Find I'(—1)

From ro) = foo(u)(_l)(e)(_“) du

~WPEMIS + O (DWW du

1o
= [limyoe, —(W (@)Y —limy o — (W) ()]
+ 5 (@D du
= [0+ 0] + (-1 [, @ du
= (-Df, @ du
o = (-DIr(-1)
r(-1) = —oo

Find I'(—3)
From F(—%) = foo(u)(_%_l)(e)(_“) du
- Veors+ [ @ (<3- )@

= [limyoe —(W) 270 (@)CW — limy, o —(w) 20 (e) W]

f (&)W ———1)(u)( ~1)-1 g
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Find I'(-2)
From T(-1) = ["P ()™ du
= W @MY + [ (@ (=2)(W du
= [limy e —(W) TP ()Y —limyo —(W) D ()]
+ 5 @V (=) du
= [-0+0] +(-2) [, (W du
—o0 = (=2)[(-2)

[(—-2) = o

Next for s = zero, positive, negative integers or non integers
From TI(s) = fooo(u)(s'”(e)(_“) du
r(-s)= ["@@9"9(e)™™ du
= W@ + [, @V (1 - 5) - DG du
= [limye ~@D () = limyo =W ()]
+[ @ -9 - D@D du

= [-0+0]+((1 —5s)—DI'({(1-5)-1)
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= [(A—=s) = 1JI[(1 =) 1]

So T (1-s)=(—s)['(—s)
( s = zero, positive, negative integers or non integers)
And T(1+s) = (s)I'(s)

(s = zero, positive, negative integers or non integers)

2.3 Consider [](s) = Pifunction

Pi function has been denoted by Carl Friedrich Gauss since
1813

[16s) = Jp @ W du

The relation between Pi and Gamma functions are

[(s—1) J, (@)W () Pdu - (1)
= TI'(s)
Which will converge if real part of s is greater than 0, (R(s) >0)

2.4 How to find the product of {(s)[[(s—1) and corresponding

value of R(s)
From equation .. (1)
+0o >u=0
Let u = nx

Then +4o00>x>0

Multiply equation ...(1) by ni both sides
1 1) = (&) (FP>e) W (E-D g
(DE-D = ) 7@ W™ du

= [27(e)C™ ()Y (n)“ dnx
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= ftoo(e)('“") (nx)®™P (n)“ ndx
= Jo (@™ (nx) ¢ ()~ dx
= [ (@™ (¢ dx (L1

To make sure that the result of (nx) ©~ multiplies by (n)~¢~

of equation ...(1.1) will exactly be (x)©~* without (n)®~Dleft, the values of
s from (%) of {(s) (which 1 < R(s) < +»), and from (u)* ™ of [J(s—1)
(which 0 < R(s) < +00) must be the same. So the values of all the real parts
of s of the product ( %)H(s—l) must be those numbers which are larger
than 1 or (1< R(s) < +0).

Then try to make infinite summation of (#)]’[(s—l)

for R(s) >1
1S GONE-D=%3 @™ @ Pd ..(12)
or OG- = 25 7@ @ Pdx . (13)

And from (e) ™™ = (e)™
(-x)
= (e(—x))(n) [EZ;H)]
— (e(—X))(n—l)(e)(—x)
Then (M- = Tk [ )P (@ (0 Pdx
too
:f Zn:1(e(—x))(n—1)(e)(—x) (X)(s—l)dx _"(1.4)
0+
,for R(s) >1

Let Z:z(e(-x))(n—n — Z::lar(n-n

From Geometric Series
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+0oo _ .
Yo ar®™ = lim,_, Sn

= im0

n-oo (1-1)

n

a ar

= lim ] ,a=1 ,r= (e)"®(<1)

n—-oo [(1—7”) o (1-7r)

,0<x< 4w

. a‘rn _ . (e[—x))n _
But llmn—>oo (1-1) — llmn—)oo (1—e9) =0 , 0 <x< 4+
So Z:; ar®™™® = (1:) ,a=1,r= (e)™(<1),0€x< 4o

I -x)\(n-1) _ 1
And then Z,-',-=1 (e( ))( D= (1_e(—X))
4o () (D
Thus Z_(S)H(S_l) f0+ (1_e(—X))
_ +00 (X)(s—l)
= Jo ey 9

400 (X) (s-1)

or [Gs-1) = [ oD dx , R(s) >1 ..(2)

2.5 Riemann’s attempt to extend the analytic equation {(s)[](s—1)

to the negative side of real axis, the formation of the equation

.t (—x)¢V

2sinms ¢(s)[[(s—1) = i +00de

Riemann substituted (—x) into (x)© ) of integral ... (2),
and took consideration in positive sense around a domain (+00,+00),
then by Cauchy’s theorem “ if two different paths connect the same two
points, and a function is holomorphic everywhere “in between” the two
paths, then the two path integrals of the function will be the same.” And
briefly, “the path integral along a Jordan curve of a function, holomorphic in

the interior of the curve, is zero.”
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§ fydu = 0
if a and b are two points on Jordan curve (simple closed curve)c
then §fwdu = [ fwdu + [ fw)du
= 0

And let us consider improper integral when b— 4o ,a= 0"
N
Then §f()du = limpoioo fy fQDAU + limy_se, [,

or  $fadu = [Sfwdu + [ fwdu

=0
(=)D
And for f(u)du = de
400 (_X)(s—l) _ +00 (_X)(s—l) o* (_X)(s—l) _
Then L_OOWch = f,, de + f+ooWdX =0
+ 00 (_X)(S—l) . +00 (_X)(s—l) +00 (_X)(s—l) _
or f_l_ooWdX = f+ de - f+ WdX =0

+00 (X) (s-1)

That means the value of the equation {(s)[J(s—1) = [ . == dx after

00 (—x)6-1
extending to [ o (0 dxis always equal to zero independent from the

too (e*-1)

values of s of {(s) or [J(s—1).
Now, let us go further from the above equation

400 (—x)& .
f+oo o dx = 0

_ f+°° (G O € +oo (—1)& D ()&

* (e*-1) ~ Jor (e*-1) dx

(_1)(5) +00 (X)(s—l) _ (_1)(5] +00 (X)(s—l]
o o e ™ T Ty e ey &

From Euler’s Formula
(e)iin = -1

(cosm tisinm) = —1
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cost = —1, sinm = 0
0 )\ (s-1)
Hence f:oo%dx = 0

_ (DO e (0O (D) oo (06D
= ol e & Ty e ey &

_ (ein')(s) +00 (X)(s—l) _ (e—in')(s) +00 (X)(s—l)
=" o e T e ey &

_ (ein')(s)_(e—in')(s) f+oo (X)(s—l)
I G R A G

= [_(ein)(s) + (e—irc)(s)] fo-:oo (x)C-D q

e
—im\(s i\ (s +oo (x)~D
=[(e™)® = (M) fs oy dx - (3)
[o%0) (s—1)
= [(cos s — i sin 7ts) — (cos s +isin 7s)] f0++ ((Xe)x_ll) X
. . . 400 (x)—1D)
= —2isinms [, o dx
= —2isin s {(s) [[(s—1) .. (4)
= (0)¢(s) [1(s-1)
+00 (_X)(s—l) i _
or [ de = —2isin s {(s) [[(s—1)
0 = (0)3s)[I(s-1)
Multiply by i both sides
if:o?%dx = —2(i)%sin 7s (s) [[(s—1)

= —2(=1)sin 7s {(s)[[(s-1)

or 2sinms @[[-1) = i[[7 " d4x =0 ..(5

+oo  (e"-1)

(0 @)II(s-1)= 0

That means the value of the equation 2sin s {(s)[[(s—-1) =

i f+oo (_X)(s—l)

too " (@D dx must always equal zero.
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Riemann observed the many valued function from above

equation

(s-1)Log(-x)

(-0 = (e)
and said that the logarithm of (—x) was determined to be real only

when x was negative. Therefore Riemann tried to show that the integral

f+oo (—x)6V
to (e*-1)

(400, +00) of the integral, this looked strange and confused.

dx would be valuable if x < 0 in contrary with the domain

Another confusion was that Riemann did not change (x) of the

_ (s-1)
denominator (e* — 1) of his equationf %

dx to (—x) simultaneously
while he changed (x) of the numerator (x)®™ to (—x). Actually (x) of both
denominator and numerator come from the same function [J(s—1), so they
have to be changed to (—x) at the same time.

I do not really know what was in his mind, but if one looks carefully
at the first page of his original paper “Ueber die Anzahl der Primzahlen

unter einer gegebenen Grosse”, you can see the traces of confusion and

hesitation which caused him to change the boundary of the integral

f (—X) (s-1)

o dxfrom (400, +00) to (—oo , +00) and back to (+o , +00) again.

2.5.1 Firstly, he might try to extend the functional equation
¢(s) [I1(s—1) to the negative values along the x-axis (which means that he
was trying to consider the integral on the domain (—oo, +0).

From equation ... (1.4)

{SHI(s-1) = jo +°°Z,T;";(e(-X)>(n-l>(e)(-x> (x)& Vdx

Riemann extended it to negative values along x-axis
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too
C(S)H(S—l) zj Zn=1(e(—x))(n—1)(e)(—x) (X)(s_l)dx
0
o .
+ f anl(e('x))(n‘l)(e)(-x) (X)(s—l)dx
o .
Consider f Zn=1(e(-X))(n—1)(e)(—x) (X)(s—l)dX

Let Z::(e(—x))(n—l) —_ Z:: ar(n—1)

From Geometric Series

ar

= lim [—

— — — (-x)
n-ooo (1-7) (1—7‘)] a= 1 = (e) (>1)

: 1 r"
- nl_l>r£ (1-r) (1—r)]

]

,X < 0 or (—x)=positive

. 1-r"
- n1—1>rolo} [(1—1‘)

Then from Factorization, let us consider the numerator (1 — ")
(a®=b") = (a—b)(a™ ! + a" 2b+a"3b? + ---+ab""2+b"" 1)

Inthiscase a=1,b=r

So (1"—r") = (1-r)( 1"t + 1" 2r+1773r? + - r" 24" h)

(1-1r) (1071410241032 4o p0=2 4 P01

_ (1-r, ..
Hence llmn_,oo[—(l_r) 1= limy, e (1-1)
= (14r+ré+..4+r°72 4 =71
= 00
+ o0 (n-1) _ +00 (-x)\(n-1)
So anlar o anl(e )

= 00 ’a=1 , = (e)(_x)(>1) ,—OOSXSO
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0
Thus J z:z(e(—X))(n—l)(e) (-x) (X) (s—1)dX

= [0 (0)(e)" () Vdx

diverges to oo for —oo <x <0

Then {(s)[[(s—1) = j:ooZ:z(e(‘X))(“‘l)(e)(‘X) (X)(S'”dx

0
T . (-x)\(n- -x s—
+ f anl(e( ))( 1)(6)( ) (X)( 1)dX

diverges to oo for —oo <x <0

+00
So extending {(s)[J(s—1) = f Z:z(e("‘))(“'l)(e)("‘) (x)® Ydx to
0

+ 0o 0
Z::(e(—x))(n—l)(e)(—x) (X)(S_l)dX-l-j Z::l(e(—x))(n—l)(e)(—x) (X)(S_l)dX
0 — 00

will cause it to diverge to co.

2.5.2 Secondly, he might try to take integration along a closed
curve C covered the domain (40, +0), which by famous Cauchy’s
theorem “if two different paths connect the same two points, and a
function is holomorphic everywhere “in between” the two paths, then the
two path integrals of the function will be the same.” And briefly, “the path
integral along a Jordan curve of a function, holomorphic in the interior of
the curve, is zero.”

$ fwdu = 0

if a and b are two points on Jordan curve (simple closed curve)c

then §fwdu = [ fwdu + [ fwdu

= 0
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And let us consider improper integral when b— 4o ,a= 0"
+
Then ¢ f(w)du = lim,_,q f0b+f(u)du + limp_, 4 o fbo fw)du

or  $fwdu = [fwdu + [0 fudu
=0

(X)(s—l)
(e*-1)

And for f(u)du =

+oo (GTD L heo (007D 0 _(0C7Y
Then f+oo o=y dx = f0+ D dx + f+oo oy dx
_ oo (x)6V [t ()¢
= Jy (e*-1) dx N (e*-1) dx
=0
f+w(n@>(w@ﬂi « _ [fP@Y o
@ (e 0" (1) (e*-1)
= 9" E a9 7B dx
(e* 1)

From Euler’s Formula again

(" = -1
(—e)t™ = 1
(cosm tisinm) = —1
cosm = —1 ,sinm = O
+00 (X)(s—l)
Hence [, =y 0
— (DO [re X ) +w(@(
= (O [T - (DO [ ax
_ ( ) + oo (X)( -1) . _ ( ) + 00 (X)(S_l)
( el”)s o+ (x ) dx ( e ln)s 0t (e*—1)
i o (s—1)
z[(_elﬂ')(S) ( e—lTL’)(S) + (X) — dx .(6)
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(s=1)
= [(—cos s — isin ws) — (—cos 7s + isin 7s)] fotoo ((}2"—1) X

+oo ()51

= —2isinms [, o dx . (7)

+oo (x)5—1)

= (O) f()+ (e"—l) dX

or [ % dx = —2isinms [ (fe)x:)
0 = —=2isinms {(s) [[(s—1)
0 = (0)¢(s) [1(s-1)
Multiply by i both sides
if:z%dx = —2(i)%sin s {(s) [I(s—-1)

= 2sinms {(s) [[(s—1)

Or 2sinms {(s) [[(s-1) = if o ?

to (e'-1)

dx = 0 .. (8)

(0)Us)[I(s-1) =0
That means the value of the equation 2sin s {(s)[[(s—1) =

i f+oo (X)(s—l)

+oo (1) dx must always equal zero.

Now look at the many valued function again

©°P = (e)

The logarithm of x is determined to be real when x is positive

(s-1)Log(x)

number within the domain (400, 40).
2.6 Can we really get trivial zeroes ( —2, —4, —6,...) from
Riemann Zeta Function (s) = 25(n)(5_1)sin(n§)F(1 —s){(1—5s)?
To answer this question, we have to study two functional

equations and their relationship.
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1. ML) = @Iy -s)
2.(M~OrEYs) = @M1 - )51 - s)
Firstly, you should pay attention to an interesting fact which

is hidden in those equations.

2.6.1 Let us start from changing of [J(s—1) of equation ...(1) to

[G-1.
From [[(s-1) = [."(@W "™ du (D)
Or I'(s) = fot‘x’(e)(—u) W™ du

Which converges when R(s) >0 ,+oc0o>u=>0
Thus [I(¢-1) =[5 wEY du

Multiply by ( ) (n)( 2 both sides and let u = nnmx (as Riemann tried to)

(7 @nG-1) = (7 —5 () @ @&V

=l <<m§<;>> (&™) (nnmx) & 1) d(nnm)

o (3-1)
= OJ: —(n:::)() (e) ") nng dx

_ f+oo (nmrx)(s )( )( nnmx) do
(nnn)( )

':_ °°(e) (-nnmx) (X)(% -1) dx

Take infinite summation both sides
S @M E-1) =55 27 @6 dx
= 0*:”2 (&)%) () G V) de
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But Riemann denoted Yre (@) = Y(x)
Then Y% (D@D 1(E-1) = 7w @G dx
Or MEINE-1)Us) = o wE@E dx

Let’s consider the value of Y(x).

PUx) = 2,47'201 (e)(—nnnx) — (e)(—nx) + (e)(—4nx) +..+ (e)(—nnnx)
0* (2)? (n)?
= (e’”x) + (™) 4.+ (e)

Let k=+vnn

>0 P =245 (&)™)

= 3t ()"

= () ()t ()
@x (™) (e™)zte (o)

= () P () Pt ()
@-0) ; [1- (™)1 5t (e-nx)(@

_ (e_nx)“) _ (e_nx)“‘“)
(k) -TTX (1)_ x| KD
I-Ic-io1 (e—nx) — (e )[1{(3(195)])

1
(™ -1)

(k)
— Y too (-nnmx) _ §+o ~TTX — 1
Or LP(X) anl (e) k=1 (e ) (e™—1)

So MIE-D@s) = [7wE@Edx

-(9)

.. (@)

..(b)

(9.
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+00 1 s _
= [ ((enx_l))(x)(z 1) dx

d[Ln[(e)™)-1]] _ 1
But from @™ - @D
And d[(0)&)] = (i)(x)(é—l)dx

+oo_d[Ln[(e) ™) -1]]

Then [1¢-1)(m () = [ om DD di@ )]

Ln (e)(”x) 1]

= Com)OH@Er

By L’Hospital’s Rule

Ln[(e)( x) 1]

o b )(X)(Z)] 4= oo (divergesto o) (9.2)

or TOmMIys) = [LTwemE Y dx
= oo (divergesto o)

2.6.2 From T(s) = [>"(e)® (w)*™® du
() m° (5 S)r(lzs) = dx
= for @C™) @)Y d)
12 (o) @ I (E2) = Sy (@0 (0 (7Y ax
= Jor ZiG @™ol dx

Riemann denoted Y13 (e)C"™) = (x)
And from ... (9.1) PU(x) = (e)(n;)_l
But from d[zﬁ[g(),:;x:; = (e)(nlx)_l
And d[))] = (22) (07 dx

so I(5) @ G- = [(7peo@F ) dx
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- fot“((e)m;x)_l) ()2 dx

__ +ood[Ln[(e)™)—1]] 1-s
= Jov d[(e)™)—1] ()]

Ln[(e)™)-1]

- W

= oo (divergesto o)

Consider if f+ ljJ(X)(x)( )dx # oo ,then
(n)_(%s)[‘ (?) ((1—5s) # () %)F(g)i(s) except when s = %
But exactly f oP(x) (x)( )dx = oo (diverges to ) , so

@I () -9 = @EIrE)is)

= ©O
263 From  I(s) = [ "W "™ du

Let u=nnx

too  (&)-mm) o
(n<1 s>) (@~ 0rA - ) = fs ()= () (=9 (nmx)~*"nm dx

= fot°°(e><-"ﬂx) (0177 d)
12 (o) I = ) = T2 [ @) ()= d
= [y T35 @m0t dx
denote Y15 (&) = ¢(x)
so (@ AT -s)i1-5) = [} eIV dx
Let’s consider the value of ¢(x).

dX) =XrS (@)™ = (&)™) 4 (&)™) 4. + (&)™)
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— (e‘”x)(1)+ (e‘”x)(2)+....+ (e‘”x)(n)

(@)x (e'""); (e‘”x) Y (e)Cnm)

(@-Mm) ;[1- (e‘”x)] oo (@) ()

_ (e—nx)(l) B (e_nx)(n+1)

+oo (o (-nmx) — ﬂ
n=1 ( ) [1- (e—nx)]
1
Or (I)(X) - (e)(”x)—l
d[Ln[(e)™)-1]] 1
But from d[(e)m™) —1] - (e)(mx)—1
And dI@] = G-s)0 0 dx

400

So (M)~ 9r(1 —s)y(1 —s) = [, dE) @)Y dx

+00 1 e
= f0+ (e)(ﬂx)—1)(x)(1 s-1) dx

B A L (O kil
T Jor d[e™)-1]

(@) ]

= (@1, 1 (1-5)7 +o0
= ( (&)™) _1 )(1_5)(35)1 ] o+

= oo (divergesto o)
2.6.4 From T(s) = [."(e)W (w)*™ du

Let u=nnx

+oo (e)-n7x)

1 _ .
(m) (1) (s)[‘(s) = f0+ W(nnx)( D dx

= [ @) ()6 dx

. (a)

.. (b)
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n 1 ( (s)) (T[) (S)F(S) = Z Ot.oo(e)(_nnx)(X)(s_l) dx

_ f (e)(—nnx)(x)(s D dx
denote Y73 ()" = ¢(x)
And from d(x) = (e:)(7t+)—1
But from d[zil([e(;():::]l L= (e)(ﬂlx)—l
And d[(0)@] = ())E dx

so  (@™OTEYs) = [ e (x)C D dx

+ oo

= [ ((e)(”x) 1)(x)(s D dx

+oo d[Ln[(e) ™M) —1]] <
= J T O]

_ (Ln[(e)"™)-1] ()7 +0
- ( (e)(n'x) 1 )( )( ) ]

By L'Hospital’s Rule

L () ;
ELOZ () O] 5 = o (diverges to o)

Considerif [\” $px)(x)¢~V dx# oo, then

(M~ T - )31 —5) # (1) Or(s)(s) exceptwhens=-
But exactly [, ¢p(x)(x)¢ D dx= o, 50

@ I - 941 -s) = @ OrEYs) = o

Next from ()~ C=9T(1—s){(1—5s) = f “ d(x)(x) 157D gx.

If we try to extend fotoo $x)(x)-V dx to f:;o $(x) ()75~ dx by
taking integration along a closed curve C covered the domain (+o0 , +0),

then, by famous Cauchy’s theorem, we will get
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f+oo dx) () Vdx = fotoo S () A Vdx + ff:o () (x) 175D dx
0 =[""dp@A Vdx — [ () () dx

_ (1)(1—5) (1)(1—5)
Y (1)

1157 9 () @57 dx

From Euler’s Formula

(e = -1
(cosm tisinm) = —1
cost = -1, sinm= 0

(1)(1—5) _ (1)(1—5)

157 o) () dx

1 (1)
i\ (1—5) _ (1- s) +oo (x)-D
=[(—e™) — (—e7im) Jos o X
= [(—cosn(1 —s) —isinz(1 — s) — (—cosm(1 — s) +isinm(1 — 5)] f+oo (X()e(l - D iy

00 (1-s-1)
= —2isinm(1l —5s) f+ (X)—l)dx

So [[ oI Vdx =0
= —2isinm(1 — ) 1~ A=I1(1 — s)(1 — s)
But m~(=T(1—-5){(1—5) = o
So sin(1 — s) = (sinmcosms — cosmsinms)
= sinms
=0
sinrts must equal zero to cause f+°° P () Vdx =0
= —2isinm(1 — ) 1~ (1 — 5){(1 — s)
= —2isint(1 —s)( x)

= —2isinms ()
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. . s s
And sints = 2 sin — COS—

= 0 (in this case)
SO f:;o d) () AV dx =0

= —ZiZSin? cos? =T (1 = s)Y(1 —s) ... (9.3)

0 =—2i(0) 7~ =9T(1 - s)Y(1 —5)
And from

@I ()1 -9) = [ o007 Y dx

= O©O

Next, extend fotoo b (x) (x)($_1) dx to f:;o b (x) (x)($ -1) dx by

taking integration along a closed curve C covered the domain (4o, +)

then by famous Cauchy’s theorem we get

172 00@E Vax= 12 o@0(F Y ax - [0 @7 ™ ax
=0

0= (”(f)—(”(; 15 0 (F ) dx

. =S .
_ [(_eln)(T) (_e—lﬂ.’)(

DG e g F )

_ (& cosn(z()l)lsmn(—» (~cosn(’3 ():S“‘“ 152 0@ ) dx

0 = [ (F Y dx

0 —(O)n‘<—>r( )@ -s)

. 1-s . T .
From smn(T) = (sinfcosZ — COS;SII’I”—S
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s
= CoS—
2
. 1- A5 (1-
Then 0 = —ZlSIHTE(Ts) =T (Ts) ((1—yx)
) —(3=s 1-
= —ZlCOS?TL’ ( 2 )I‘ (TS) ((1—-5s) ... (9.4)

1-s

0= (o) (3 )r($) (1 —s)
so cos= =0
2
Thus from ....(9.3) and ....(9.4)

—ZiZSin?COS?ﬂ_(l_S)F(l —s)l(1-s) =0

1-s

= —2icos?n_(T)F (?) ¢(1—s)

cancel term —2icos ? (which = 0) both sides ( remember that the

aim of our process is just only to follow or prove all of Riemann’s process of
deriving equation to see whether it is true or not, so we have to go on
although the way to derive the equation look so strange !)

1-s

ZSin% = A=99r(1 - 5){(1 —s) = n_(T)F (?) (1->5)
= o
And from ()~®T(s){(s) = fotoo d(x) (x)¢ D dx
= o©
so ()~ OT(s)(s) = Zsin%sn_(l_s)f‘(l —s)(1-=s) ..(9.5
= oo (always diverges to )
(@) = 2sin=>(e0)
Because 7~ ("9T(1 — 5)I(1 —s) and ()~ T(s)(s) are always equal
to oo, and because sin %S coS %S = 0 while cos %S always= 0, so sin %S must

always equal 1.



29

Because T'(s)alone # 0 and I'(s) = o only for some values of s
and (m)"®alone# 0 and (r)"®never = o, so {(s) itself must always
equal oo to cause (1)~ T'(s){(s) always equal oo (diverge to o).

Finally Us) = ZSin%sn(s_l)F(l —5){(1—5) .. (9.6)

= 2(1)()

= oo (always diverges to o)

and sin%s must always equal 1.
If you need the exact {(s)= ZSsin%sn(S_l)F(l —5)T(1 —s) instead of
Zsin%sn(s_l)[‘(l — 5)(1 — s), you can get it by multiplying equation
(M)~ AT = $)Y(s) = [, dG)(x) =D dx
= 0
by (2)~(1=9), the above equation then becomes

—(1- +00 p(x) () (175 -1
(2m) =091~ )(s) = am—

= ©O

and then extend R.H.S. by famous Cauchy’s theorem to

+o0 q)(x)(x)(l—sfl) (o (])(X)(x)(l_s’l) ot ¢(X)(x)(1_571)
f+oo (2)@-9) - f0+ (2)(1-9 dx + f+oo W
_ o)y +00 () ()1~ -1

- f0+ (2)(1—5) - f0+ W

_ (a9 f+oo $(x) ()15 -1
L) (1) ot (2)(=9)

= [(—cosn(1 —s) —isinn(1 —s) — (—cosn(1 — s) +isinmz(1 — s)] fotoo ((XZ);:_:)

dx

= —2isinm(1 — s)(2m) AT - 5)Y(1 —5)

0 = —2i(0)2r)" =911 —s){(1 —s)
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But sint(1 — s) = (sinmcosms — cosmsinms)
= sinms
. . TS s
And sinmts = 2sin — cos—

f+°° P ()51

SO +o00 (2)(1-)

dx = —2isinnrs(2m)~=9T(1 - 5)q(1 —s)
= —ZiZSin? COS? 2m)~=I1(1 — $)(1 —5) ...(9.7)
0 = —2i(0)2m)" =T (1 —s){(1 —>s)
Then follow the previous process, and finally you will get

U(s) = ZSSin%Sn(S_l)F(l —$)(1—5s) ..(9.8)

= 2°(1)(0)
= oo (always diverges to o) and sin%s must always equal 1.

It looks as if the functional equation {(s)= ZSsin%Sn(s‘l)F(l —s)U(1—ys)
will be equal to zero if and only if the value of sin ? = 0( or values of
s (of sin %S) are equal to —2, —4, —6,... ), which are the trivial zeroes

of {(s) as many people think. That is not true, actually from process above,
it is shown that I(s) = ZSSin?n(s‘l)F(l —5){(1 — s) = oo (always

diverges to o ) and sin %S must equal 1 only. There is no trivial zero of

Riemann zeta function {(s) = Zssin?n(s‘l)r‘(l —5){(1 —s) = oo atall

I would like to specify (confirm) that the value of {(s) from equation
(s) =21 (%) , which is up to the value of s and converges only when

R(s)>1, is not the same as the value of {(s) from functional equation

(s) = Zssin%sn(s‘l)l“(l — 5){(1 — s) which is always equal to o

(diverges to ).
3. Integral of the remaining complex quantities

Next Riemann tried to find the integral of the remaining complex
quantities in negative sense around the domain. He mentioned that the
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integrand had discontinuities where x was equal to the whole multiple of
+2mi, if the real part of s was negative (integer). And the integral was thus
equal to the sum of the integrals taken in negative sense around these
values. The integral around the value n2mi was = (—2mni) =P (—=2mi), then

Riemann denoted
2sin7s () [1(s-1) = @M T(MC [(—) &0 + (1) ¢V
Let us prove together,

Last time when Riemann talked about positive sense around a
domain, he worked with values of x on (40, +0). This time he talked
about negative sense around that domain and worked with x which were
imaginary numbers = +n2mi.

[o%0) (s-1)
From ...(5) 2sinms{(s)[[(s-1) = f:oo ((X) 5 dx = 0
.t (06D 0" (x)¢-D
0 =if. o X + if,o =y
. +00 (X)(s—l) _ +00 (X)(s 1)
=i, =y dx — i [, ey dx
. +00 (X)(s—l) o +00 (X)(s—l)
=1 f + (1_e(—x))(eX) dX l f + (1_e(-X))(eX) dX
. +00 (X)(s—l)(e)(—x) +00 (X)(s 1](e)( -x)
- I’f‘” (1_e(—x)) dX l (1 —el x)) dX
For x=+4 x, = £ n2mi
0 = lf (x )G &] dx. —i +°°(_x )(S—l)[ﬂ] d(—x,)
g (1 e~(xn)) n 0* n (1—e—(=%*n)) n

From Riemann Sum
+ oo 0
J, o dx =332 f(sp) Axy

= ZIT;.%. .'F(xn) Axp

for x,,1 = s, = x,

if x, = n2mi = right-hand end
point on [(x,) — (x,4+1)] of the

interval [0, +00).
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7 (=0 dx = 232 f(—sy) Axy for (=xp—1)=(=sp)= (=%, )
=2n31 f(=x) A(=xp) if (—x,) = (—n2mi) =
right-hand end point on
[(=xn-1) — (=x,)] of the
interval [0, 4+00)
Thus by Riemann Sum

(e=(xn)y

+00 s— .t s— (e~ (=xn)y
o )Pl oy dX — e (=)™

oGyl d(=%0) = 0

= 0D 55 () MY ey,
—i [ () SO B (e ) TV e d ()
= i[O T (e @)™ dx,
"2 (—x) D 2 (e~ )P d(—x,)
= lf0+ (n2ri)=D 312 (e _(Zm))(nn)

—i [ (—n2mi) D £ (e=C2) ™™ g (—x,)

i Y+ (n2mi) S [cos2m — isin2m] "™ [2mi]
—i Y% (—n2mi) 7Y [cos2m + isin2m] " [—2mi]
= iy (n2mi) "V 1] 27i)

—i Y+ (—n2mi) Y [1] [ —27i]

i YA (n2mi) P [2mi] — i s (—n2mi) P [—2mi]

= iR OOED® MCED - YT ()OO (EY
= i(D®Qr)® zrz(n)(s—n —i(=)®D® Z:z(n)(s—l)
= L OOED® 3T + (=) 3 (0OEm® 37 ()¢
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— 1 (i)(s_l)(ZTL')(S) Z+°°1(n)(s—1) _ (—i)(s_l)(ZTL')(S) Z:z(n)(s—l)

n=

Multiply by —1 both sides
-\ (s— s oo s— N\ (s— s o s—
= OEDEME T MED 4 (—)EDEN® T ()

= m® Y T ME D [(=)CD + ()]
The result is exactly the same as that of Riemann
2sin s () [1(s-1) = (2m)® Z(MC [(=1) &~ + (1) =]
=0
4. Finding nontrivial zeroes on critical line (s = ; + ti )
From...(9.2) TI(G-1)@256s) = [ 0E D dx =,
independent from the values of s.
Actually we can not go on anymore with this functional equation

H(% —1)(71)(_ 3)((5) = fotoo P(x) (x)&-D dx = o0 .And so we have

nothing to do further with the equation H(g) (s — 1)(7t)(_ %)Z(s) =&(b)
denoted by Riemann. If someone tries to continue studying this Riemann’s
Hypothesis, he or she has to unavoidably solve the mysterious and

doubtful equations below

$LTGE-D)@CDh6) = 55+ WI@E D+ Jax

s(s

42,50 =) s - D@Dy(s)

Let's see what's we can do with these two equations.

£1TIE-1)@EDYs) = ==+ v@[@ED + (0~ Jdx

s(s-1)

This equation is true. Let us prove together.

From [[E-1)M2ys) = [17 v )G dx (9
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= [P EVdx+ [, yx) )&V dx
From QUE) +1) = @CEDEY(E)+1) (Jacobi, Fund. 5.184)
NGE-1D)@ s = 7w E et [1 e (3) 05 ax
+1 [ [0 = GV dx
= [7 @G dx+ [, 9 (5) 00 dx

G NG
iy i

= [P W00 dx+ [ v (2) ) dx

(1-0); _ 1 -(1-0)
COENEOR

= f1+°° L|J(X) (x)(%—l) dx + f01+ v (i) (x)(s';i) dx

1
+2]

1

+ (s)(s-1)
So we get
MG -1)m ()
= S [T @E M dxr [ p (2) (007 d . (10)

Let's consider [, 4 (3) ()(") dx
Supposeu= = then du = €D(X)2dx , dx= 1)(W2du
Then [ (5) @) dx = [, v@@ ™) D@ 2du
= [ @) du
But [y du = [Ty dx

so [Lu(3) @ ax = [Tueoe0 G dx
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Andthen  [[(:-1)(m)(2g(s)

= =+ "PE 6 dx+ [ (3) 06 dx

T 06 1)+f PG dx + [ w0 dx

The same as found in the original Riemann’s papers (1859)
MG -1)@EDys)
= [T We0@E Y det [ (7) () dxtd [, 1) — (G ] dx

(s)(s 1) +f lIJ(X) (x)(z -1) + (x)” ( )] .. (11)

42. 50 = T ~ D@ i(s)
This equation may be not true because it looks as if there is a

missing term. Let’s prove .

From  [IE-1)@EDs) = [Tv0@EVdx .9
= o
Let us consider this equation of Riemann . what we want here is only
to prove from how or from where his new functional equation was derived. If
it came from wrong sources (or former equations) or from wrong methods
( of deriving equations), then it was a wrong equation and further using of it
would be inappropriate.

Now, from the equation,

[ME-1)@E2Dys)

= Go th WEI@E™ + (0 (5] ax .. (11)

Multiply equation ...(11) by G) (s — 1) both sides and sets = % + it
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(as Riemann did)

MG-1)(5) 6 - D@ ()

()(

(s)(s 1) + (_ ( - 1)f lIJ(X) (x)( -1) + (x) ( )]

1, .
1+§+lt

+ —eﬂt)( 2 1)f+oo Y)[ (x)( -1) + (x)_< 2

>] dx

N =

) el DG + D)) dx

N |-

~
S
Nt

v

: [RRTEENSE [(e)( 1"g")+(e)(“‘°g")]olx

Il
N R

N
(o

L) e 9 D) [{cosCEtloge) + isintlogn)

Il
N R

+ (cos(% tlogx) — isin (% tlogx))] dx

= % — (tH ) f+°° P(x) (x)( (Zcos(% tlogx)) dx

1

(tt + ) f W) ()7 cos(— tlogx) dx

=¢(t) (theright hand side looks like that of Riemann, doesn’t it? But
the left hand side does not.)
You can see, there are two doubtful equations of Riemann here.

1. The left hand side of the above equation
]'[(g —1) G) (s — 1)(n)(_ g)Z(s) = &(t) is different from the equation of

Riemann [] G) (s — 1)(71)(_ %)Z(s) = £(t). Has he made a mistake to write
[1(3) s — DEDi(s) instead of [[(5-1) () (s — D) 2g(s)? The
answer is no! Let’s prove from the relation

M+3) = Qre) and  J(E-1)=TE)

Then [] G) = (2) H(g —1). So in this case Riemann was right.
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2. From the equation
Ne-1) (%) 6 - D)

= %— (tt + %) f1+o° wE) ) 1) cos(%tlogx) dx
= 00
Hence the number of roots of the equation
gt) = % — (tt + i) f1+oo qj(x)(x)(_%) cos(% tlogx) dx
=00
derived by Riemann do not exist. It's impossible (not true)to show

that the number of roots of (t) = 0 whose imaginary parts of t lie between
%i and - %i and whose real parts lie between 0 and T is approximately
T T T
= ( E logE - E ) .
Next, let us consider the integral [ d log&(t) =/ dlog(x).It’s

impossible (not true) to show that the integral [ d log £(t), taken in a

positive sense around the region consisting of the values of t whose

imaginary parts lie between % [ and - % i and whose real parts lie between 0
and T, is equal to (T log% - T)i.

It is not right to denote that all < from the complex numbers which

are called the non trivial zeroes (% + i x) of {(s) = roots of the equation

One can not express log &(t) as ), log(l — %)Hog £(0), the reasons is that
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&(t) always = oo,
5. Determination of the number of prime numbers that are

smaller than x
Next, Riemann tried to determine the number of prime numbers
that are smaller than x with the assistance of all the methods he had
derived before.
From the identity by Riemann
logg(s) =—Xlog(1 —(»)™)
=Xp i pF I pT 4 ..(12)

Let’s prove by using Maclaurin Series

d 1
- 5log(1—1) =

= Geometric Series  1+X+X?*+X3+.. forx<1
By integration
—log(1-x) = X+IX*+ X% +1X* +...

Thus for x= (p)~° <1

—log(1-®™) =@ +;®) = +i(P) > +..
For p = prime numbers 2, 3,5, ...

—log(1-(2)°) =(2)7° + () +i(2) > +...

—log(1-(3)™*) =) +iB) *+(3) *+..

—log(1-(5)"%) =(5)"*+i(5) " +i(5)"*+...
Then —[log(1—(2)7°) 4+ log(1—(3)7*) +log(1—(5)%)+...]

= (274 227+ 12)7* +...
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+(3) T+ 1) TF+IB) 7 +...
+(5)7° + %(5)_25+ ;(5)_35 +...
+...
Or =X¥log(1- @) ) =Zp  + Xp ¥ +iXp~ > +
For p = prime numbers = 2,3,5,..
n = all whole numbers = 1, 2, 3,...,00

Riemann denoted that

= N A= = LS G . B >1
logg(s) = log [] (1—=)7"
p prime p

—log[(1- (2™ (1= (3)")L (1 = (5)*) ...
=1log(1 — (2)~%)"! +log(1 — (3))"! + log(1 — (5)™)! +...
= —[log(1 - (2)™°) +1og(1 — (3)™°) +1log(1 = (5)™°) + -]
=—Xlog(1 - ()

Solog{(s) =—Zlog(1— (P)™)=Zp~ +1Zp > +;Zp~> + -

One can replace (p~*)" bys fpoz(x)_(”l)dx.
Let's prove together

®© L\ (s+1) _ (5055w
S fpn (%) dx =) 1 ,n
1 00

= "o e
= —(L —_1_
- (oo (pn)s)

= (p)Con e (13)

Hope that my paper is clear enough to point out the mistakes or give

disproof of the original Riemann’s Hypothesis and explain the following
sentences.
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1. “All zeroes of the function &(t) are real”. This is not true because
50 = T1(E-1) () s -~ D@ Dg(s), fors =1 + it

= % - (tt + i) f:ootp(x)(x)('%) cos(% tlogx) dx

is always equal to o. So there are no roots (all zeroes) of equation
0 =T1¢-1) (2) s - DE@(s), fors= 2 +it

= % — (tt + i) f1+°° ) () 1) cos thogx) dx

8

2. “The function (functional equation) {(s) has zeroes at the negative
even integers —2, —4, ... and one refers to them as the trivial zeroes”. This is
not true, actually there are no trivial zeroes of {(s) because (s) always =

oo as proof above.

3. “The nontrivial zeroes of {(s) have real part equal to % or the
nontrivial zeroes are complex numbers = % + i < where « are zeroes of
" - _ s S _ (_ 5)
¢(t)". This is not true because &(t) = H(E 1) (2) (s = D)@\ 2/7(s),

1, ., 1 1 o0 _3 1
fors = Stitor &) = el (tt + Z) f1+ L|J(X)(x)( 1) cos(ztlogx) dx
is always equal to oo, for any values of s (or t). So « = zero of equation
¢(t)= oo can not be found by this equation and so the nontrivial zeroes of

{(s) or % + i o< can not be found by this way too.
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