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Abstract

Bernhard Riemann has written down a very mysterious work
“Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse” since
1859. This paper of Riemann tried to show some functional equations
related to prime numbers without proof. Let us investigate those functional
equations together about how and where they came from. And at the same
time let us find out whether or not the Riemann Zeta Function {(s) =
Zs(n)(s‘l)sin(ng)r‘(l — 5){(1 — s) really has zeroes at negative even
integers (—2, — 4, — 6 ...), which are called the trivial zeroes, and the
nontrivial zeroes of Riemann Zeta Function which are in the critical strip
(0 < R(s) < 1) alllie on the critical line (R(s) =3 ) (or the nontrivial
zeroes of Riemann Zeta Function are complex numbers of the form

(5 +oc D).
1.Introduction

Prime numbers are the most interesting and useful numbers. Many
great mathematicians try to work with them in several ways. One of them,
Bernhard Riemann, has written down a very famous work “Ueber die
Anzahl der Primzahlen unter einer gegebenen Grosse” since 1859 showing
a functional equation {(s) or Riemann Zeta Function without proof. He
believed that with the assistance of his functional equation and all of the
methods shown in his paper, the number of prime numbers that are
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smaller than x can be determined.

Someone believes that by using analytic continuation technique, he
or she can extend a domain of a powerful analytic function, derived from
two or more ordinary expressions or equations, which can help him or her
reach the shore he or she tries to. One of them, Riemann, might has thought
for about 150 years ago that he could extend the domain of his new analytic
function, which is the composition of Riemann Zeta Function and Pi or
Gamma function, to the entire complex plane by using this technique. But
this technique, just like others, needs to be checked or proved for the
essential conditions of the former equations and of the new functional
equation itself. Until now usages of Riemann Hypothesis in mathematics
and physics are still found more and more, despite the truth that it is justa
“hard to solve” problem, not a proven one!

2.7(s), 2sin s {(s)[[(s—1), U(s) = an(s‘l)sin? F'(1—2s){(1—-y5)

derivations, and trivial zero solution of {(s)

2.1 Let’s start from the great observation “The Euler Product”

Nni--) = %@
For p = all prime numbers
n = all whole numbers =1,2,3...,,0
Leonard Euler proved this “Euler Product Formula” in 1737.

Let us follow the proof from the series
w 1 1.1 1 1
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Multiply...(C) by % bothsides

Loq_dlyg#eo ¢4y 2,1, 1 1 1
FA-Z205 () = s+t ottt ..(D)

Subtract ...(C) by... (D) to remove all elements that have factors of 3
or 2 or both

Ciyqolygre Ay —qplglgto ot
(1-500-2082 ) =g+ + Sttt (B

Repeat the process infinitely yields
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Riemann denoted this relation {(s) = Y,'% (%) = JI (1- é )1

p prime
would converge only when real part of s was greater than 1(8(s)>1) in his
paper “Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse”

since 1859.

Riemann Zeta Function {(s) would diverge for all s < 1, for example

IFRE) =1, 8(s) = T8 ) = m+o+otot.
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= 400
1 2 3 4
is a harmonic and divergent series
— — yteo 1y 1,1, 1 1
If §]%(S) _O’ Z(S)_ n=1 (TLS) - 1s+25+35+45+"'
1 1 1 1
Z(O) = F+2_°+§+E+'"

= 1+1+1+1+ ...

finally diverge to o

I
|
+
|
+
|
+
|
4+

IfRE) =—1, () = 545 () = S+o+=+=
(-1) = 1+2+3+4+..
finally diverge to oo
2.2 Next, let us consider TI'(s) = Gamma function
2.21T(s)whens>0

Gamma function was first introduced by Leonhard Euler
(1707-1783) in his goal to generalize the factorial to non integer values.

[(s) = [, (~log(w)®Vdu, fors>0
And was studied by Adrien-Marie Legendre (1752-1833)
L) = f; (Y W du
Which would converge if real part of s was greater than 0 (R(s) >0)

And can be rewritten as

[(s+1)
s

I'(s) =
or TI(s+1) = (s)I'(s) converges for R(s) > 0

Let us proof using integration by parts



F(s+1) = [J(@©CY S du  for R(s)> 0
= —WPEIF + [ @ () du
= [limy e —(W) ()Y — limy o —(W)*®(e)]

+7© ()@ du

= 2+ +sf7(0) W ™ du

oo 1

Use L’Hospital’Rule to find % (indeterminate form)

O . DEW
@ = HMyoe == oG5

Repeat differentiation until (u)® - (u)©

-(w)® (-1)(8)(s—1)...w)®

Then llmu—)OOW = hmu—_’oo (e)(u)
_ (-D(s)(s—-1)...(D)
()
=0
Thus F(s+1) =0+ Sfooo(e)(—u) (u)(s-1) du
So ['(s+1) = sT(s) R(s)>0

Find T'(2)

From [(s+1) = sT(s)

r(1+1) = 1T(1)
re) =1
Find I'(1)
[(s+1) = [ (& W™ du
r0+1) = [ W du

=~



= limy,,e — (€)W —lim,_,o — ()W
= —0+1
r() = 1
Find ()
From T(s) = [ (&)™ (W)* " du

1

') = [ @™ du

= —PEF + [T©Y (~Hw = du

[lim,_c —(W) 2 ()W —lim,_, —(u) T2 (e)"W]

+[7© @ du

— [0+ 01+(-D) | (@Y. ) du
0

= (=Y
From Euler Reflection Formula
[(s)T(1-s) = — , 0<s<1
MRra-p =gz =
Q) = va
= 1.772

And for s = positive integers = 1,2, 3.....
The relation between gamma function and factorial can be found from
[(s+1) = sTI(s) , R(G)>0
= s(s—DI'(s—1)
= s(s—1)(s—2)..(1)) 1)



= s! for s = positive integers
2.2.2 T'(s) whens= 0
Find I'(0)

From Euler Reflection Formula

T

(s) T(1—s) =

sinms

limg_,o F(S) ra - S) = limg_ si:ns

rora = o=
And T(1) =1
so ['(0) = oo

2.2.3 I'(s) whens< 0
By substitution R(s) < 0 into equation above yields
['(s+1) which will equal to (s)I'(s)for every R(s) <0 (negative integers, or
negative non integers).

Let us proof by integration by parts
[(s) = ;™. (@ ™Wdu , R(6)<0, s=-a
[(s+1) = f"W®. (&Y du
= [~ + [T @ (F @ du
= [limyeo = (WD (@) ~ limyg —(W D ()]
+J, @ ()Y du
= [0+0]+ s [ (e (¢ du

= (s)I(s) , R(E)<0
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From TI(—>+1)= (-)I'(-)
r[-)= )TIE
= (-2)Vx

= —3.545
Find I'(—1)

From T(0) = fooo(u)(_l).(e)(_u) du

~WPEIT + @Y. DWW du
= [limye ~(@ D @Y — limyo — (W ()]
+ Jy @ (DWW du
= [-0+0] + (-1 [, (©W.(? du
= (D @Y. du
o = (-DI'(-1)
r(-1) = —o

Find I'(—3)

From T(— %) = Joo(u)(_%_l)(e)('“) du

ORI OO “© (-2 -1) @G g
= [l — (@)Y —Tim, Lo —() 2 ()]

+ .fooo(e)(—U) (_% — 1) (u)((‘é‘l)_l) du

- oo (-2) [ @@
0



- (-9r(-2)
(- = (e
- (Yo
= 2.363
Find I'(-2)
From [(-1) = f0°°(u)<—2>(e)<-U> du
=~ @17 + [; (@ (=) du
= [limy-e =) — limyo = (WP ()]
+ Jy @V (=2) @ du
= [-0+0] +(-2) " (e du
—00 = (=2I(-2)

[(-2) = o

Next for s = zero, positive, negative integers or non integers
From T(s) = fooo(u)(s'”(e)(‘u) du
r(1-s)= [~ (W)@9D() du
= ~ @@ + @~ 9) - DWE 9 du
= [limyoe —(@) (@)Y = limy o —(W) () TV]
+ f0°°(e)<—U>((1 —5) — 1)(w)(@=9-2) qy

= [0+ 0]+((1 —s) — T((1 - s) —1)
= [(1 =) —1r[A —s) —1]
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So T(1-s)=(—s)['(—s)
(s = zero, positive, negative integers or non integers)
And T (1+4s) = (s)I'(s)

(s = zero, positive, negative integers or non integers)

2.3 Consider [](s) = Pifunction
Pi function was denoted by Carl Friedrich Gauss since 1813
s = 7@ W du
The relation between Pi and Gamma functions are
[1(s-1) J, (@D (W)*du (1)
= TI(s)

Which would converge if real part of s was greater than 0, (R(s) >0)

2.4 How to find the product of {(s)[[(s—1) and corresponding
value of R(s)
From equation .. (1)
too=>u=0
Let u = nx

Then +o00>=x>0
Multiply equation ... (1) by nl both sides
1 _ — (& (T>e)W (1)D g
(DNE-D = &) [7E@D )P du
— f";oo(e)(—nx) (nx)(s—l) (n)(—s) dnx
— ftoo(e)(—nx) (nX)(s—l) (n)(—s) ndx

= Jo (@™ (mx) 7 (n) "¢ dx
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=[5 @™ (0 dx (L)
To make sure that the result of the product of (nx) by (n)~¢-D
of equation ...(1.1) will exactly be (x)**? without (n) ¢~ Vleft, the value of s
from () of {(s) (which 1 < R(s) < +00) , and from (w)*"? of [[(s-1)
(which 0 < R(s) < +00) must be the same. So the real part of s of the
product ( %)H(s— 1) must be any numbers which are larger than 1 or
(1< R(s) £ +x).
Then try to make infinitely summation of (%)H(s— 1)
for fR(s) >1
Ti8 G- =233 7@ ™ 0 dx .. (1.2)
or  IOME-D= 34 @™ @ dx .. (13)
And from (e) ™ = (eC)m™

-x)\ (n (e)™
— (e( ))( )[W]

— (e(—x))(n—l)(e) (-x)

Then {(s)[J(s-1) = X'% OJ:°° (eC9) (=D ()0 () (- Dy

+ o0
= z:z(e(—x))(n-1)(e)(—x) ) Ddx ... (1.4)
0+

,for R(s) >1
Let z+oo (et~ = z+°° ar®1
n=1 =
From Geometric Series

+ o0 _ .
anlar(“ D= lim,e Sn
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lim =2

n-oo (1-1)

n

ar

= Jm[=s -5l a=1.r= @77 (<D
,0<x< 40
But limn_mo(f% = limnﬁw% =0
So Z::; ar® D = (1%) ,a=1,r= ()" (<1),0€x< +
And then Y& (et D = ﬁ

. (-x) (s—1)
Thus  {S[I6-1) = f (e21—e@2")) dx

— f+°° (3
0T (1-e™)(en

or G- = 79 4x , Rs) >1 .. (2)

(e*-1)
2.5 Riemann’s attempt to extend the analytic equation {(s)[[(s—1)

to the negative side of real axis, formation of the equation

2sin s {(s)[[(s-1) = if+ooﬂdx

+oo (D)
Riemann substituted (—x) into (x)*™® of integral ... (2),

and took consideration in positive sense around a domain (+00,+00 )

+00 (_X)(S—l) _ +00 (_X)(s—l) ot (_X)(s—l)
but Jeo e dx = [, e dx + | o@D dx
+00 (_X)(S—l) _ +00 (_X)(s—l) . +00 (_X)(s—l)
Joo ooy dx = N ~ooy 4 N ~ooy 4
=0
That means the overall value of the equation {(s)[](s—1) =
+00 (X)(S—l) . +00 (_X)(s—l) .
N D dx after extending to f+oo oD dx is always equal to zero

independent from the values of s of {(s) or [J(s—1).
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Now, let us go further from the equation above

f+o° (_X)(s—l)
+oo  (e*-1)

dx = 0

0 (—=1)6-1D (s-1) oo (—=1)6-1D (s-1)
_ [teD x) dx—f+(1) (x)

o T (@D C e &
. (_1)[53 +00 (X)[s—l) _ (_1)[5) +o00 (X)[s—l)
= ol e ® T e e &
From Euler’s Formula
()™ = -1
(cosm tisinm) = —1
cost = —1, sinm= 0
4+ (—x)&
Hence |, el
_ (D oo D L (=)D koo (6D
=0l e oy Jo ey
_ (ein)(s) +00 (X)(S_l) _ (e—in)(s) +00 (X)(S_l)
="l e T e e &
_ (ein')(s) _ (e—iTL')(s) +00 (X)(S_l)
=P o Ve e &
_ i\ (s) _im\(s) [+ 0CY
- [_(elﬂ) ’ + (e lﬂ) ) ] f0+ (e*=1) dX
— [ p—imT) () i\ ()7 [T
=[(e7)® = (™M) for oy d - (3)
_ . _ .. +oo (x)(~D
= [(cos s - i sin s) — (cos s +isin 1s)] fo+ ==y dx
o +oo (x)5-D
= —2isinms |, ==
= —2isin s {(s) [[(s—1) .. (4)
oo (—=x)6-1
Or f:oo %dx = —2isin s {(s) [[(s—1)

Multiply by i both sides
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if+°°Lde = —2(i)?sin s {(s) [[(s—1)

to  (e"-1)

= —2(—1)sinms {(s)[1(s-1)

400 (_X)(S—l)

Or  2sinms {()[I(s-1) = i, ey dx. =0 ..(5
That means the overall values of the equation 2sin s {(s)[[(s—1) =

.f+00 (—X)(s_l)

oo "

of sinms, {(s) or [](s—1).

dx is always equal to zero independent from the values of s

Then Riemann observed the many valued function from above

equation

(s-1)Log(-x)

(0P = (e)
and said that the logarithm of (-x) was determined to be real only

f+00 (_X)(s—l)
+oo  (e*-1)

(400, 400) of the integral. This was very confused.

dx would be valuable if x < 0 in contrary with the domain

Another confusion is that Riemann did not change (x) of the

)\ (s-1)
denominator (e* — 1) of his equation [ %

dx to (—x) simultaneously
while he changed (x) of the numerator (x)©™* to (—x). Actually (x) of both
denominator and numerator come from the same function [J(s—1), so they
have to be changed at the same time.

I do not really know what was in his mind, but if one looks carefully
at the first page of his original paper “Ueber die Anzahl’ der Primzahlen
unter einer gegebenen Grosse”, you can see the traces of confusion and

hesitation which caused him to change the boundary of the integral

[ ( X)(S v dx from(+o0, +)to (—o0, +c0) and back to (+ , +0) again.

2.5.1 Firstly, he might try to extend the functional equation
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¢(s) [1(s—1) to the negative values along the x-axis (which means that he

was trying to consider the integral on the domain (—oo, +00).

From equation ... (1.4)

(O-1) = jo e

+001 (e(—x)) (n-1) (e) (-x) (X) (s—1)dX

Riemann extended it to negative values along x-axis

Me-1) = | R ) (P
0

0
+ J Z:Zl(e(—x)) (n—1)(e)(—x) (X)(s—l)dx

0
Consider f Z::(e(—X))(n—l)(e)(—x) (X)(s—l)dx

400 _
> artV
n=1

400
(-x)\(n-1) _
Let ), _ (e"™) =
From Geometric Series

+ 0o _ .
> ar™P = lim,_,, Sn

n=1
. (a—ar"

= lim

n—ooo (1-1)

. a ar®
- nl_lgf [(1—r) B (1—1')]

. ar® L. (eH
But lim,_ o - lim,,_, o ey =
+ 00 + o0
(n-1) _ (-x)y(n-1)
So ), _,ar = 2 _ ()

= —00

,a=1,r= (&)™ (>1)

,—00<x<0

,a=1,r= (@)™ (>1),—0<x<0

0
Thus j Z::l(e(—X))(n—l) (e) (-x) (X) (s—1)dX

= [° (—0)(e)™ (x)® Vdx
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diverge to —oo for —oo <x <0

Then  {(s)[[(s-1) = j-+°0 Z:z(e(—x))(n—l)(e)(—x) (X)(s—l)dx
0

0
+o =X n-— -X S—
+ J Zn:l(e( ))( 1)(6)( ) (X)( 1)dX

diverge to —oo for —oo <x <0

+00
So extending {(s)[J(s—1) = j Z:z(e(‘X))(“‘l)(e)(‘X) (x)®Pdx to
0

+00 0
+o -X n- -X S— +o -X n- -X S—
j zn=1(e( ))( 1)(6)( )(X)( 1)dx+f zn=1(e( ))( 1)(6)( )(X)( 1)dX
0 —00

is undefined ( diverge to —o0).

2.5.2 Secondly, he might try to take integration along a closed
curve C covered the domain (40, +0), which by famous Cauchy’s
theorem “if two different paths connect the same two points, and a
function is holomorphic everywhere “in between” the two paths, then the
two path integrals of the function will be the same.” And briefly, “the path
integral along a Jordan curve of a function, holomorphic in the interior of

the curve, is zero.”

§fwdu = 0

if a and b are two points on Jordan curve c

then $fwdu = [ fwdu + [ fwdu
= 0

And let us consider improper integral when b— 4+ ,a =07

Then ¢ f(w)du = lim, e f0b+f(u)du + limp_, 400 fb0+f(u)du
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or  $fadu = [Gfadu + [ fuw)du

_ (X)(s—l)
And for f(u)du = == dx
+oo (x)7D ot (06D ot (x)Y
We got foo = = f0+ = dx f+oo =y dx
400 (X)(s—l) _ +00 (X)(s—l)
f+ (e*-1) dx f+ (e*-1)
= 0
J‘+°° (1)(5) (X)(s—l) _ +00 (1)(5) (X)(s—l)
@ (ef-1) 0" (1) (e*-1)
_ s) [+ (O +0oo (X)(S v
= P72k - ()@ [ S
From Euler’s Formula again
(e)iin = 1
(o)t = 1
(cosm tisinm) = —1
cosmt = —1 ,sinm = O
+o0 ()61
Hence [, =y 0
I (s— +oo ()61
—(D® (F°X (s)
=W Jor ooy dx = P for oy dx
_ © [t Y —im\(s) [+ (X)(S Y
( em)s 0+ = _1) ( e m)s
— [(_ein)(s) ( e—m)(s) +00 (X)(S 1)) X (6)
o (s—1)
= [(—cos s — isin ws) — (—cos 7s + isin 7s)] f+ ((X) p
o (s—1)
= —2isin s f+ ((X)X 5 dx (7
+oo0 (x)67V _ +oo (x)CD
Or Joon oD dx = —2isinms [, oD

dx

dx
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= —2isin s {(s) [[(s—1)
=0

Multiply by i both sides

i GO gx = —2(i)3sin s {(s) [[(s—1)

to (e*-1)

= 2sinms {(s) [[(s—1)

. . oo (x)E7V
Or 2sinms {(s) [I(s-1) = if, =y dx = 0 .. (8)

That means the overall values of the equation 2sin s {(s)[[(s—1) =

0 (s-1)
) :oo Z?‘—l) dx is always equal to zero independent from the values of s

(of sinms, {(s) or [[(s—1)).
Now look at the many valued function again

(s-1)Log(x)

@& = ()

The logarithm of x is determined to be real when x is positive

number within the domain (40, +0).

2.6 Can we really get trivial zeroes ( —2, —4, —6,...) from
Riemann Zeta Function {(s) = 25(n)(5‘1)sin(n§ (1 —s)¢(1 —5s)?
To answer this question, we have to study two functional
equations and their relationship.
1.(MEris) = @ Ire)a -s)
2. (M"OrEs) = @ T =951 - s)
Firstly, you should pay attention to interesting fact which

is hidden in those equations.

2.6.1 Let us start from changing of [[(s—1) of equation ...(1) to

[1G-D.
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From [[(s-1) = fotoo(e)(‘u) (W& du ..(1)
Or I'(s) = fotoo(e)(‘“) (W& du

Which converges when R(s) >0 ,+c0>u=>0
Thus [IE-1) = [7@WwEDdu

Multiply by ( ) (n)( 2) bothsides and let u = nnmx (as Riemann tried to)
(=) mEnE-1) = 27 : )( ) (2) (@ @& du

+c0 1

= [ ()_(%)<()ﬁ> (e) ") (nnrx) G Y d(nnmx)

o (1)
_ fo-: (n(nn'X)() (e)( ”””x)nmtdx
nni)\2

_ +00(nn7tx)(s )
o+ (nnﬂ)( )

(e) () dxc
= [+ (@™ ()G dx
Take infinite summation both sides
25 M@ E-1) =25 27 @mm™))E1) dx
= for Zas @m0t d
But Riemann denoted Yo (e)m) = (x)

so @MINE-1)I6) = wE@E™ dx -(9)
Let’s consider the value of Y(x)

Evaluate Y(x) by Euler’s Formula for [0 <x < +0)

e = 2i5 (@C™

=232 [(etmm]e
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— V't [(e)(—l)(nnn)](x)

=X
= YF® [(e)D*mEne)

= Y+ [(e) M0N0

=235 [[(@m]em®)e

= ¥4 [[(cosm + isinm) ("] D]

=¥ [[(=DW]O]®

= [[(-D)DOWD 4 (=1)P@ 4 (=1)BB) 4 ... 4 (=1)(@)(@]D]®)
=[[(-DD + (D@ + (=)@ + -+ 4 (—1) (] D]

= [+ D)+ (=D + - + (D]D]®

=[(0)D] &)

=0 ..(9.1)

So TIG-1)mMs) = [77 w06 dx

= [ (006 dx

= 0 ..(9.2)
Thus TQ@2s) = [ W@ @G dxis always = 0

2.6.2 From T'(s)

Jo @Y W du

1 ? E o (e)(—nnnx) (¥_1)
(n(l_s)) (n)( )F( . ) - fo - (nnmx) nnm dx

= [0 (0 Y dx)

% () @ () = 5 @™ dx

= [7%s @)1 dx



21

But Riemann denote Fo ()T = i(x)

And from W(x) = 0 as proof above
so T(=2) @ Gl -s) = [ we@E Y dx
= [0 E D dx
=0
Thus T35t - 5) = 17 weo@(F ) dx =0 (forany s)
Consider if Y(x) # 0, then

()"~ -7 S)F( ) (1—s) = (M 2)[‘( )i(s) exceptwhens ==
But exactly Y(x) = 0, so
(m)~ (_)F( )Z(l —s) = (n)( 2)[‘( )Z(s) 0 (foranys)

263 From  T(s) = ["(&) "™ du

Let u = nmx

teo (9T s
(n(l s)) (M~ = 9) = [+ rwgmas ) dx

= [27@0M™) () (175D dx)

e ( - s)) (M)~ —-5) = X2 oo(e)(_"”)(x)(l_s_l) dx

= fot""z (&)%) (20) =51
denote Y13 (&) = ¢(x)
so (M IrA =) -5) = [7 e dx
Let’s consider the value of ¢(x). Evaluate by Euler’s Formula.
dx) =235 (&)™

= %35 (™)
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_ +oo1 [(e)(—l)(nn)](x)

= Y2 [(e) MM

= Y+ [(e)Dmm]®)

=15 [ ]®O]®

= 3723 [[(cos 7 + isin )M] D]

=215 (D™

=[[(-DD + (1)@ + (=1)® + - + (=1)]D]®

= [+ D)+ (=D + - + (D]D]®

= [(0)D]®

=0

So (M)A =)L -5) = [1.7 9 dx
= Jor @)~ dx

= Jor (0)dx
= 0

Thus (m)~"9T(1 = 5)3(1 =5) = [ ¢RI =0
(for any s)

2.6.4 From T'(s) = ["(e)™W W)™ du

Let u = nmx

+00 (e)(—nHX)

(-25) @ OT(s) = [ O () D dx
= [ )¢~V dx)
roo (L) (n’)—(s)[‘(s) = W+ Otoo(e)(_nnx)(x)(s_n dx

n)

= [7En (@0 (x)6D dx
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denote Y323 ()" = ¢(x) = 0
so (M OTEYE) = [} deI0C D dx
= [ (0)@¢ D dx
= Jor (0)dx
=0
Thus (0~ T ()4(s) = [\ ) D dx =0 (foranys)

Consider if ¢p(x) # 0, then

(M~ - 5){A —s) # (@) Or(s)Y(s) exceptwhens =~

But exactly ¢p(x) = 0, s0
(M~ - )41 - 5) = @ OTE)Y(s) = 0 (foranys)
Nextfrom (m)"C9r(1-s){(1-s) = [ 7)) dx.
If we try to extend [, ¢p()(x) 3V dx to [ ¢(x)(x) 175"V dx by

taking integration along a closed curve C covered the domain (400, +0),

then by famous Cauchy’s theorem we get
fra PEOGIT D dx= [ @GOG dx + [, @GP dx

0 =/ ¢V dx — [17 GV dx

_ (1)(1—5) _ (1)(1—5
1) 1)

0

) 00
157 600 ()5 dx
0 =—2isinm(1—5)m (1 —5){(1—>s)
for any values of s
But sinm(1 —s) = (sinmcosms — cosmsinms) = sinms

So 0 =—2isints t~=9IT(1 - s5){(1—5s)
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And sinms = 2 sin? cos?
So 0 = —21251n— cos > 1=A=r(1 — $)Y(1 —5) ... (9.3)
for any values of s

And from
@ (L)1 -9 = @@ 7T Vax = 0

0 1-s_ o 1=s_
Next extend [5” o)) 7 Y dx to [7” ¢() ()7 Y dx by
taking integration along a closed curve C covered the domain (400, +0),

then by famous Cauchy’s theorem we get

12 e@(F Dax= 12 00@F Ddx— 776607 Y ax

1-S 1-S
W) T, f+oo 1=s_

0 = —2151n7t( ) T (%) ((1—yx)
for any values of s

s

. 1-s . T .
But sinmt(—) = (sinfcos™ — cos=sin™) = cos—
2 272 272 2

1-S
So 0 = —ZiCOS%ST[_(_> ( )((1 —5) . (9.4)
for any values of s
Thus from ....(9.3) and ....(9.4)
—21251r1—cos = A=9IT(1 = s){(1 —s)
. (=2 (1-
= —2lCOS?7T (5 )F(Ts) ¢(1—>5)

= 0 (for any values of s)
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Then divide by —2icos ? both sides yields

1-s

2sin =~ (-Ir(1 - $)g(1 —s) = () (?) U(1—s)
= 0 for any values of s
Andfrom (W) OT()3(s) = [\ CO@C D dx
= [ (0) )¢V dx
= 0

Thus the function (7)~®T'(s){(s) is always equal to zero for any

values of s.
And hence (m)~®T(s)(s) = ZSin%sn‘(l‘S)F(l —5)¢(1—-5s)..(9.5
= 0 (for any values of s)

but T[(s)alone # 0 and (7)"®alone# 0

0
>0 ) = rore
= 0 (for any values of s)
Finally U(s) = Zsin?n(s‘l)[‘(l —s)(1—=5s) ..(9.6)

= 0 (for any values of s)
If you need the exact equation {(s) = ZSSin%Sn(s'l)F(l —5)C(1 —ys),
you can get it by multiplying (2)~~% to the L.H.S. of the equation

()~ =911 = 5)(s) = fotoo $(x)(x)-V dx = 0 (for any values of s)

(1 +00 pE) ()75 Y
to become (2m)"*"9IT(1 - 5)¢(s) = [, ¢ X(;)C(l-s)

values of s), and then extend R.H.S. by famous Cauchy’s theorem to

dx = 0 (for any

[re P L [re P~V

0t dp) ()1~
+00 (2)(1—5) ot (2)@-9) dx + f+

oo (2)(1-s)
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1o ¢(X)(x)(1—s—1) +00 cb(x)(x)(l‘s—l)
= Jor o & e g
f+°°M _ e s f+oo d() (x)A=s-D q
400 (2)(1—5) - 1) (1) ot (2)(1_5) X

= —2isinm(1 — s)(2m)~ =T (1 - 5){(1 —s)
= —2isinrs(2m) "I (1 — 5){(1 —5)
= —2i2sin=>cos~ (2m)"*IT(1 ~ $)§(1 — 5) .(9.7)
= 0 (for any values of s)
Then follow the previous process, and finally you will get
i(s) =27 VsinZT(1 - 5)3(1 — ) ..(9.8)
= 0 (for any values of s)
Because I'(1 — s) has simple poleats =1, 2, 3, ... , itlooks as if the
Functional equation {(s)= ZSsin?n(S‘l)F(l — 5){(1 — s) will be equal
to zero if and only if the value of s of sin? is equal to —2, —4, —6,..., which
are the trivial zeroes of {(s) as many people think. But actually {(s) =
ZSsin?n(s‘l)F(l — 5){(1 — s) = 0 for any values of s not only —2, —4, —6,...

I would like to specify that the value of {(s) from equation {(s) =
Ymq (ni) ( which is up to the value of s) is not the same as the value of {(s)
from functional equation {(s) = ZSSin?n(s‘l)F(l —5)¢(1 —s) = 0 (which
is always equal to zero, independent from value of s).

3. Integral of the remaining complex quantities

Next Riemann tried to find the integral of the remaining complex
quantities in negative sense around the domain. He mentioned that the
integrand had discontinuities only where x was equal to the whole multiple
of +2mi, if the real part of s was negative (integer). And the integral was
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thus equal to the sum of the integrals taken in negative sense around these
values. The integral around the value n2mi was = (—2mni)®~Y (=2mri), then

Riemann denoted
2sin s {(s) [[(5-1) = 2m)® T(MCD [(=1) ©D + (1) =]
Let us proof together,

Last time when Riemann talked about positive sense around a
domain, he worked with values of x on (400, 4+-00). This time he talked
about negative sense around that domain and worked with x which were
imaginary numbers = +n2mi.

o (x)ED
From ...(5) 2sinws{(s)[[(s—-1) = f:oo ((X)X 5 dx = 0

. (+oo (x)C7D .0 (06
0 =if o 9X 1] dx

too (e*-1)
Lot ()6 .t x)6 v
=i = dx [ =y dx

Lt ()80 Lt x)& D
f+ (1_e(—x))(eX) X f+ (1_e[—x))(eX) X

0 (s-1) (-x) o) (s-1) (-x)
_ if+ x> (e) dx —if+ (x)*""(e)

+ (1_e(—x)) + (1_e(—x)) dX

For x=1x,= £ n2mi

(e—(Xn)) . ~t00 _ (e—(—xn))
0 = i[5 ()"0 [y ¥ — iy () P [ oy d(=0)

From Riemann Sum
70 dx =335 fsn) Ay for Xpuy 2 5, 2 %,
=25 f(x,) Axy if x, = n2mi = right-hand end
point on [(x,) — (x,4+1)] of the

interval [0, +0).
LR dx = 555 f(—sp) Ax,  for (—x,-1)<(—s,)< (—x,)

= X038 f(=xp) A(=xp) if (—x,) = (—n2mi) =
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right-hand end point on
[(—x,-1) — (—x,)] of the
interval [0, +0)

Thus by Riemann Sum

- (0, ys-Dp_e”*) s-1y_(e” )
i o Gen) P Sy At — o () P S (- x) = 0

0 =i Otw(xn)(s—l) Z;;ol(e%xn))(“‘l)e—(xn)dxn

i [ () SV T (e ) T e d ()

= ([P0 T (o)™ dx,
(xS 5% (7)™ d(—xy)

=i (nan)(s Dyt (e_(z’”))(nn)

—i Otoo(—an')(S'l) Z,J,’ﬁ'i(e‘(‘zm))(nn) d(—x,)
= i Y12 2mi) P [cos2m — isin2m] "M [2mi]

—i Y12 (—n2mi) 7Y [cos2m + isin2m] "W [—27i]
= (YO (n2mi) P [1]M™[27i]

—i Y+ (—n2mi) D [1]1) [—27i]
= i Y ¥ (n2mi) P [2mi]

—i Y+ (—n2mi) Y [=2mi]

= i YO M2mi)S P [2mi] — i X8 (—n2mi) Y [—2mi]

= IZHOOEDPMED —i 35 ()@@ ® (e

= iOYED® T T MED —i(=)OeEn® 37 (e

= 1 ODED® 35D + ()3 DD 37 e
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0=-1[(HEDVH® Y +001(n)(s—1)

+H(=DEVEm® 37 (M)
= OCVED® Y7 )6
D ED® 3T (D

= (27’[)(5) Z:z(n)(s_l) [(—i)(s_l) + (l')(s—l)]

The result is exactly the same as that of Riemann

2sin s (s) [I(s=1) = (2m)® B(m)D [(=1) ©~V + (i) ©~V)]
=0

4. Finding nontrivial zeroes on critical line (s =3 + ti )

From..(9.2) TIC —1)(71)(_%)«5) = fotoo W) ()G dx =0,
independent from the values of s.

Hence we can not go on anymore with this functional equation
J[E —1)(71)(_%)((3) = [ Otoo W) ()& dx = 0 (multiply by zero cause
the integrand to be zero, so the integral is zero ). And so we have
nothing to do further with the equation H(g) (s — 1)(71)(‘ %)Z(s) =&(t)
denoted by Riemann too. Independent from the values of s or t. But if

someone tries to follow this Riemann’s Hypothesis, he or she will be

unavoidable facing with the mysterious and doubtful equations below

1

41 TIE-D)@Ys) = 55+ W E D +007 5 1ax

4.2.5®) = 1) (s — H@D(s)
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Let’s see what's gone wrong (only for proof of the steps of derivation
of those equations by Riemann, and to do so, we have to suppose unwillingly
that Y (x) is not zero although that is not true at all).

Proof of the falsity on 4.1 and 4.2

1
s(s-1)

LLTIE-D) @YU = 2=+ pI@E ) + (072 1dx

This equation is not true. Let us prove together,

From
G- = 17 v @E dx -(9)
= [77 0 @E M dx+ [ w0 @G dx
Suppose  Y(x) # 0, (notas it really be, actually Y(x) = 0).
From Qy(x) +1) = ()2 @y(2) +1) (Jacobi, Fund. S.184)
NE-D@ys) = 7796V dxe+ [, () () dx
+2 o [00F) = (&) dx

= 77 We0G G dx+ [ (3) 0 ax

Ss—1 S
2

1 (x)(T) 1 1 (x)() 1
+- S5—1 ot T 5
Ly

: ) o
= [77 W D dx+ [y (2) 00 ax

(1-0), 1

1 (1-0)
Hlepl 2l

3)

]

= [77 W D dx+ [y (2) 00 ax

1
* (s)(s-1)

Finally we get

M -1)m@g(s)
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(S)(s 1) f lIJ(X)(x)(z 1) dx + f LlJ( ) (30(%) dx .. (10)

But from original Riemann’s papers (1859)
MG -1)m2Gs)
= 177w G det [, (5) @) dxetd [, 10007 — )V dx

(S)(s 1) +f Y[ (X)(Z -1 4 (x) (1+s)] . (11)

please look more carefully at the last expressions of equations...(10)
and ...(11) in comparison. The integral f01+ 1) G) (x)(¥) dx of equations ...

oo —(1ts
(10) and f1+ P(x)(x) (%) dx of equation... (11)(of Riemann) look much

different. Actually [ 01+ P (i) (x)(%) dx = f01+ Y(x) (X)G_l) dx — (s)(:-ﬂ

impossible to prove that the two integrals are equal (if we suppose P(x) #

Ltis

0, but do not worry about this anymore because multiplying the integrands
of the two integrals by Y(x) = 0 have already caused the two integrals to
be zeroes ). However, in spite of multiplication by yi(x) = 0, the

mathematical right one is equation ...(10), or
NE-D@2(s)
= [0 6V dx - (9)

= (s)(s 5 +f lIJ(X)(X)(z -1) dX-l—f L|J( )(x)(sz—g) dx (10)
~0
42. 50 =TI (s - 1D (m)D(s)

This equation is not true because there is a missing term. Let’s prove.

From TI(-1)@"22s) = [ v dx - (9)
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Suppose P(x) # 0 (not as it really be, actually ¢(x) = 0).

Let us follow this equation of Riemann (althought the RHS. of ...(11)
are not true as proof above), what we want here is only to prove from how
and from where his new functional equation was derived. If his equation
came from the wrong sources ( former equations) or from wrong method
(derivation), then further using of it would be inappropriate.

Now, from the (wrong) equation,
[E-1)@(s)

= o LT UG + 00 (%)) ax - (11)

Multiply equation ...(11) by G) (s — 1) bothsides and sets = % + it

(as Riemann did)

G- (5) s - DS

S

=T G- D LT EI@E D + @ ) ax
E MI P ETY + <x>‘<1+%m>] dx
1) ey 00 D00 ) + Do) ax
1 L) e D) ) 4 o E 1
=1 (“f) 72w @) ) [ cos( tlogx) + isin(; tlogx))
+(cos tlogx) — isin(; tlogx) )] dx
=1 (“2*9 72w @) ) (2c0s(; tlogx) ) dx
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= % _ (tt + %) f1+°° W) (o) (7) cos(% tlogx) dx

=&

You can see, there are two mistakes of Riemann here.

1. The (right) equation ]_[(g —1) G) (s — 1)(n)(_%)i(s) =&(t) is
different from the (wrong) equation of Riemann [] G) (s — 1)(n)(_%)i(s) =
&(t). Itis wrong to write [] G) ...instead of H(% -1) G) .... However both
equations are useless because]’[(g —1) G) (s — 1)(n)(_%)i(s)
=(§) (s—1) fotoo PU(x) (x)(%_l) dx = 0, independent from the value of s ort.

2. % - (tt + i) f1+oo P(x) (x)(_%) cos(%tlogx) dx is wrong and

1+s

F I PI@ED + 0 (7)) dx

1
(s)(s-1)
fors = % + it which is wrong as proof above.

useless because it comes from

So &0 =[1(-1) (5) (s = D@EDY(s), for s=>+it

1 1 o3 -3 1
=- - (tt + Z) f1+ P () ) cos(; tlogx) dx
= 0 is wrong and useless equation.

Hence the number of roots of (wrong) equation

£(t) =% — (tt + i) f1+°° lIJ(X)(x)(_%) Cos(%tlogx) dx =0

T T

— ) ), and meaningless .

is undefined (not approximately = ( %logg -

And the integral [ dlog&(t) =/ dlog(0) is undefined (not equal to
(T log% - T)i ), and meaningless too .
Itis useless to denote &(o<) =0 and log&(t) as ), log(l — %)Hog £(0)
o _3 .
because &(t) = % — (tt +%) f1+ Lp(x)(x)( 1) cos(gtlogx) dx =0is

wrong equation, so log &(t) =log(0) is undefined, and meaningless.
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5. Determination of the number of prime numbers that are

smaller than x

Next, Riemann tried to determine the number of prime numbers

that are smaller than x with the assistance of all the methods he had

derived before.

From the identity by Riemann
log{(s) =—Xlog(1—(p)™)
=Xp 3 Xp F HEIp T+ (12)
This is not true at all. Let’s see what has gone wrong.

For p = prime numbers

n = all whole numbers =1,2,3...,,0

Riemann denoted that

= N A-7 =I5 G . B >1

logy(s) =log I (1--)7"

p prime
=log[1-@))™A-3)) A=) "]
=log(1—(2)) T +1log(1— 3)™) T +log(1—(5)"5)" ! +..
= —[log(1 = (2)™*) +1og(1 = (3)™°) +1log(1 = (5)™*) + -]
= Ylog(1— @))" "
But from Geometric Series
For a=1 , r= (p)&™

Yreo (ar)™ = lim,_ . S,

(1-7)
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1
(1-@))

= (1-@)T

So X2, ) = (1- @)Y

or log(1— @) = log(Zi, @)
Then log(1— @) = I log( T2, ()"

And from logl(s) = Zlog(l—(p)(‘s))(_l)

Thus we get
logg(s) = X log(Xn=o (»~)"
= log(Xr=0(2) ™M) +log(Xr=o(3) ™) +Hog(Zr=e(5) ™M) +...

One can replace (p~*)" bys fpofl(x)‘(”l) dx.
Let’s prove together

o . (0T 1 o
$fn ()7 dx = =210
1 1o%e)

- (X)(S) ] pn
— _(1r_ 1
- (oo (pn)s)

= (p)-om

Hence something has to be changed from that of Riemann’s work
especially the replacements of the following expressions.

@I by s [,,(x)~Cdx,
(3 by s [(0" ¢ Vdx,

Those should be put in stead of Riemann’s replacements below
(which are incorrect as proof above).

) by s[7(x)Cdx,
MO by s [5(0)7CVdx,



36

And then
log{(s) = log( Y=o (2) ™) +Hog( Xi=o(3)IM) 4 -

= log(Xio s [;n(0)™C+D dx)Hog(Tizo s frn(x)~CD dx) + -

So the concept of Riemann to denote F(x) + %F(x%) + §F(x%) + ... by
f(x) is useless and has to be reformed to the new appropriated one.

Hope all of my papers are clear enough to point out or give proof of
the original Riemann’s Hypothesis such as

1. “All zeroes of the function &(t) are real”. This is not true because
¢ =1G-1) G) (s — () 2(s), for s = % + it

1 1 o _3 1
=- - (tt i Z) f1+ U (x) ) cos(; tlogx) dx
is always equal to zero, independent from the values of t (or s) and derives

from wrong equation as proof above (pages 32— 37). So roots (all zeroes)
of 30 =TI(-1)(5) s - D@ Fi(s), fors = S+it

= ;1 — (tt + %) f1+°° lIJ(X)(x)(_%) cos (%tlogx) dx
are undefined and can not be found by this (wrong) equation.
2. “The function (functional equation) {(s) has zeroes at the negative
even integers —2, —4, ... and one refers to them as the trivial zeroes”. This is

not true as proof above(pages 19—29).

3. “The nontrivial zeroes of {(s) have real part equal to % or the

. 1, :
nontrivial zeroes are complex numbers = SHix where  is a zero of

¢(t)". This is not true because &(t) = ]_[(g —1) G) (s — 1)(n)(_%)Z(s),
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fors = % +itor §(t) = % - (tt + %) f1+°° P(x) (x)(_%) cos(%tlogx) dx

is always equal to zero, independent from the values of t (or s) and derived
from wrong equation as proof above (pages 32 — 37). So zeroes of {(t) = 0
are undefined, and can not be found by this wrong equation and the
nontrivial zeroes of {(s) are undefined and can not be found by this way

too.
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