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Abstract

A rigorous construction of Clifford-space Gravity is presented which is compatible with
the Clifford algebraic structure and permits the derivation of the generalized connections
in Clifford spaces ( C-space) in terms of derivatives of the C-space metric. We continue by
arguing how Lanczos-Lovelock higher curvature gravity can be embedded into gravity in
Clifford spaces and suggest how this might also occur for extended gravitational theories
based on f(R), f(Ru),.... actions, for polynomial-valued functions. Black-strings and
black-brane metric solutions in higher dimensions D > 4 play an important role in finding
specific examples.

1  The construction of Clifford-space Gravity

At the beginning of this section we follow closely the work in [1] and then we depart from it
by constructing Clifford space (C-space) gravity without making any a priori assumptions
on the C-space connections.

Let the vector fields 7, u = 1,2, ...,n be a coordinate basis in V,, satisfying the Clifford
algebra relation

1
Yo Vv = 5(7;[71/ + 7u7u> = G (1)

where g, is the metric of V,,. In curved space 7, and g,, cannot be constant but neces-
sarily depend on position z#. An arbitrary vector is a linear superposition [2]

a = a'y, (2)

where the components a* are scalars from the geometric point of view, whilst v, are
vectors.



Besides the basis {7, } we can introduce the reciprocal basis' {7*} satisfying
P = (M ) = g (3)

where ¢g"” is the covariant metric tensor such that ¢"“g,, = é*,, v, + " = 20*, and
’Y'u = g"" .

Following ref.[2] (see also [3]) we consider the wvector derivative or gradient defined
according to

0=+"0, (4)

where 0, is an operator whose action depends on the quantity it acts on. Applying the
vector derivative d on a scalar field ¢ we have

a¢ =" u¢ (5)

where 0,¢ = (0/0x")¢ coincides with the partial derivative of ¢.
But if we apply it on a vector field a we have

da = y"0,(a",) = ¥ (0.a"y, + a”0uy) (6)
In general 7, is not constant; it satisfies the relation [2], [3]

aﬂryl/ = F;U/a Ya (7)
where 1", is the connection. Similarly, for v = g"*y, we have

8#71/ = Fu Va 701 = - Fuolcj ,.)/Oé (8)
For further references on Clifford algebras see [4], [5].

The non commuting operator 9, so defined determines the parallel transport of a basis
vector 7”. Instead of the symbol 0,, Hestenes uses O,,, whilst Misner, Thorne and Wheeler,
use V,, and call it “covariant derivative”. In modern, mathematically opriented literature
more explicit notation such as D,, or V, is used. However, such a notation, although
mathematically very relevant, would not be very practical in long computations. We
find it very convenient to keep the symbol 0, for components of the geometric operator
0 = v*0,. When acting on a scalar field the derivative 9, happens to be commuting and
thus behaves as the ordinary partial derivative. When acting on a vector field, 9, is a non
commuting operator. In this respect, there can be no confusion with partial derivative,
because the latter normally acts on scalar fields, and in such a case partial derivative and
0, are one and the same thing. However, when acting on a vector field, the derivative
0, is non commuting. Our operator d, when acting on v, or v should be distinguished
from the ordinary—commuting—partial derivative, let be denoted 7” ,, usually used in
the literature on the Dirac equation in curved spacetime. The latter derivative is not used
in the present paper, so there should be no confusion.

In Appendix A of the Hesteness book [2] the frame {y#} is called dual frame because the duality
operation is used in constructing it.



Using (7), eq.(6) becomes
Oa = v, (00" +T7,,a%) = 'y,Dpa” = +"4"Dya, 9)

where D,, is the covariant derivative of tensor analysis..
Let us now consider C-space and very briefly review the procedure of [1]. A basis in
C-space is given by
Ey = {777#77u/\7u77u/\'Yu/\'Ypa-“} (1())

where v is the unit element of the Clifford algebra that we label as 1 from now on. In an
r-vector vy, A Yu, A ... A, we take the indices so that p; < pg < ... < pt,. An element of
C-space is a Clifford number, called also Polyvector or Clifford aggregate which we now
write in the form

X =X2Es=s1+aly, + 2"y, Ay, + ... (11)

A C-space is parametrized not only by 1-vector coordinates z* but also by the 2-vector
coordinates z*, 3-vector coordinates x*¥*, etc., called also holographic coordinates, since
they describe the holographic projections of 1-loops, 2-loops, 3-loops, etc., onto the co-
ordinate planes. By p-loop we mean a closed p-brane; in particular, a 1-loop is closed
string. In order to avoid using the powers of the Planck scale length parameter L, in the
expansion of the poly-vector X we can set set to unity to simplify matters.

In a flat C-space the basis vectors E4 are constants. In a curved C-space this is no
longer true. Each E4 is a function of the C-space coordinates

XA = {s, 2" 2", ..} (12)

which include scalar, vector, bivector,..., r-vector,..., coordinates. Now we define the
connection I'G 5 in C-space according to

O4Fp =S5 Ec (13)

where 94 = 9/0X* is the derivative in C-space. This definition is analogous to the one
in ordinary space. Let us therefore define the C-space curvature as

Rapc” = ([04,08)Ec) x EP (14)

which is a straightforward generalization of the ordinary relation in Riemannian geometry.
The ‘star’ means the scalar product between two polyvectors A and B, defined as

A% B =(AB)g (15)

where 'S’ means 'the scalar part’ of the geometric product AB.

In [1] we explored the above relation for curvature and showed how it was related to
the curvature of the ordinary space. After making several assumptions we were able to
demonstrate that the derivative with respect to the bivector coordinate z*” is equal to
the commutator of the derivatives with respect to the vector coordinates z#. This will
not be the case in this work.



Returning now to eq.(13), the differential of a C-space basis vector is given by

0E 4

dE, =
AT 9XB

dX? =19, EcdX? (16)

In particular, for A =y and E4 = v, we have

0 0
d’yu = a;gf/d + 8'7# d:L'ocﬁ 4+ ... = FA EACL’L’ + 1"[ Bl EAdLL’aB T
= (Fy,/}’a F[p"]'yp Ao + ...)dz”
+(F[O¢B]lfyp + F{aﬂ}];fyp N Yo + ...)d.fﬁaﬁ + ... (17)

We see that the differential dv, is in general a polyvector, i.e., a Clifford aggregate. In
eq.(17) we have used

0y U

8; - FW%‘ + F[pu]% N+ e (18)
My = L
axaﬁ F[p B]/J’YP + F{Z/B}]‘u/—}/p A Yo + ... (19)

In this work we will not impose, by hand, any conditions and we have now that

8#!/ 7£ [aw@l/]v F[aﬁ]p,u 7A Raﬂupv 11 2 pT 7A 0, amuz aﬁu 7£ 0 (20)

so the C-space scalar curvature R does not longer decompose as in [1]

R=R + 041R2 + OZQRW,R“V + ... (21)

but rather it bears a closer relationship to Lanczos-Lovelock gravity as we shall see in the
next section. We will derive the C-space connections from the Clifford algebraic structure,
and without any a priori assumptions, as follows.

The Clifford scalar component s of the poly-vector X = X4 E4 will be labeled with
the index 0 from now on and must not be confused with the temporal component of the
vector z#. Let us begin by writing

do{V", ¥} = 2 0pg" =
[o,7 7 + 7 T5,7 + 5,77 + 1" T6,7 =
ATH = 2 9gg™ = TW = 5aog“” (22)

Eqg- (22) is obtained after using the relations

1 1
=500 ST = T (23)

with symmetric ¢?”, antisymmetric ¥ = —+"? and symmetric 'y = TI'g". Taking
derivatives with respect to x” gives

O, ¥} = 20,9" =

4



Loa ™" + 2" a7 + T2 + 77,07 =
12 v 17 1 v
4T = 20,9 = T = 3 g (24)
Taking derivatives of the commutator

o[y, ] = 200", G,0", ] = 29" (25)

gives the following relations

Th, 7" — T4,y = T4 4w (26)
T, A% — T% 4% = Tl ynm (27)

after having
dor* = T 7™ O = T (28)

From eqs- (26,27) one obtains, after performing contractions of the form < y%y.,; >=
constant 0%, the following

ov v o _ (] TIT2 __ (]

FS o 5p1p2 - F0 o 5plﬂp2 - FOMTyrz 6p1p22 - F(;Lplpg (29)
a o 5pr2 - FZ o 551/22 = Fguﬂﬂ'z 5;1;22 F[oé“;]wz (3())

Hence from eqs-(29,30) one has an explicit form for FE” l;}l pos Il p} \pp I terms of

1 1
Fg o — 5 Jor aogHTa FZ c — 5 Gor aagm— (31)
respectively. From the (anti) commutators

s Y] = =800y sV} = 29" — 4510, (32)

by taking derivatives d/dx” on both sides of the equations one arrives after some algebra,
and by lowering indices, to the relations

[pd]

Ipd] _ _
L tnn 9 rs) T Lpps - 9tpa) tmn] = Op (Gpmn] )y Glmn] rs] = Gprs) mn] ~ (33)

[pq]

[pa] abed
Fp [mn]q Vpgrs + Fp [rs] Vpgmn = Fp [mnrs] [ ]

Yabed (34)

Ty o " 055 + T g O = 00 i 7% (35)

and by taking derivatives with respect to 0/0x*#2% by lowering indices, one arrives at
Clpspnpel il " Gig) ) + Llpronn] 5] *” Gipa) tmnl = Oprpnopre (Gmn) 1)) (36)
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abed
Cippnepi] fmn] P2 Yogrs + Tlorpnond sl 78 Ypgmn = Clorpaenpi] fmnrs) “*Y Yavea  (37)

Lo s+ Do) o Oty = ol o7 (38)

-px] [mn] p1---px] [pd] [p1---px] 7]

In this fashion by using the remaining anti (commutators) {74, v2}, [y4, v®] involving
the other Clifford algebra generators (poly-vector basis) , one can recursively obtain
(define) the C-space connections in terms of derivatives of the C-space metric gap. One
may notice that the expression for the C-space connections do not coincide with the Levi-
Civita-like connections. Since the algebra is very cumbersome a computer Clifford algebra
package is necessary. The commutators [I" 4, 'g] for pg = odd one has [6]

[ Vbbb Y120 ] = 2
2]9'61' [aia2 _a3....aq] 2p|ql 10 G
2(p— 2)1(q — 2! Oltte Tl (g = ) Oby by Voot — oo (39)

for pg = even one has

1A e aq ] _ (_1)p_12p|ql la1 ,Yagag....aq]
1|<p _ l)l(q _ 1)' [bl babs..... bp]

(_1)p712p'ql lai....a3 _a4....aq]

[%1172 ..... bp v

31(p — 3)1(g — 3)1 it Moaity] o (40)
The anti-commutators for pqg = even are
L e A
QP'Q' [aia2 _as....aq] 213'(]' lai....as _as....aq)
2!(]9—2)!((]—2)! [b1bs Vbs..... bp) + 4!<p_4)!<q_4>! [b1...bs Vbs..... L (41>
and the anti-commutators for pg = odd are
aiaz...... a _ (_]-)p_12p'Q' [a1 _a2as3....aq]
{ Pyblbz ..... bp7 7 1 ? } - - 1|(p_ 1)|(q _ 1)' [b1 b2b3 ..... bp] -
<_1)p_12p'Q' lai....as _a4....aq]
31(p — 3)l(q — 3)1 ks oainy) Hoe (42)
For instance,
(7] = 295 bsan v ] = — 835t . (43)
[7b1b2b377a1a2a3] = 2 71()1111;12266;3 — 36 5[[1?11;22 71(71;]}' <44)
[7b162b3b477a1a2a3a4] = —32 5[[;)111 71?22;;315:]1} + 192 5[[5111;12217(:153 ")/Zf]]' <45)
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etc...

To sum up, the C-space connections must be compatible with the Clifford algebra as
shown in the above equations and are determined from the algebraic relations imposed by
the Clifford algebra itself. In general, C-space admits torsion [1]. The C-space connections
expressions are very different from the Levi-Civita-like connection

1
{is} = 5 9P (Oagps + Opgap — Opgan) (46)

Furthermore, these results should be contrasted with the very restricted ansatz in [1] where
one had that R, /", = L, #’; 1 », When the metric g, and connection solely depended on
the z#* coordinates.

The curvatures obey the symmetry relations

Rapcp = — Rpacp = — Rappc = Repas (47)

and are defined as
Rupc” = 04Tl — 05 T,F + T The — TBe The (48)

The C-space connections are determined in terms of the C-space metric gap by the
procedure described above. Some examples of the C-space curvatures are

0 0 0
R[uluz ~~~~~ p2n] 0 [p1p2.....p2n] = auluz ----- Kan I'g [p1p2.....p20] do F[mm ----- pan] [p1p2....p2n] +
0 A 0 A
r [p1p2---p2n] A I'o [wap2.p2n] ' 4 F[mm ----- p2n] [p1p2----p2n] (49)

The standard Riemann curvature tensor in ordinary spacetime is contained in C-space as
follows

P2 P2 _ P2 P2 o . TP2 o
RM1H291 - 8M1Fu2p1 a#QF/nm + FMIO' FMZPI FMQU Fmpl -
P2 __ p2 _ P2 P2 A _ TWP2 A
Rmmpl - aﬂlruzm almrmpl + Fm A Fuzm Fuz A me (50)

due to the contractions involving the poly-vector valued indices A in eq-(50). There is
also the crucial difference that R, ,,, 7*(s,x”,z""*?,....) has now an additional depen-
dence on all the C-space poly-vector valued coordinates s, "2, x*1*2*3 ... besides the x”
coordinates.

We shall assume that the mixed-grade C'-space metric components are zero

9o [iva....ps] — O; Iluips..us] 1va...v;] = 07 whenl#] (51)

The non-vanishing C'-space metric components obeying gap = gpa are assumed to be of
the form

900, Guvs Guips vivay ceeeeeeeees y Guips...... Wp ViV2...Up (52)



In the most general case the metric does not factorize into antisymmetrized sums of
products of the form

Glp1p2] [V1V2]<IM) # gml/l(xu) guzl/z(‘r#) - g#zlﬂ(‘r#) g,LblV2(x#) (53&)
1 pizepin] [l,l,,Q,,,_l,k}(x“) # det Gui,,j = J1Izedk Gpavy, Juavsy -oveer Guovy, » k=1,2,3, ... D
(53b)
The determinant of G uv; Can be written as
G (TH) Gy, (TH)
m

I G SRNEEY

G (@) Gy ()

The metric component ggg involving the scalar ” directions” in C-space of the Clifford poly-
vectors must also be included. It behaves like a Clifford scalar. The other component
Glpipseepip] [vive.....vp] iDVOlVes the pseudo-scalar ”directions”. The latter scalar and pseudo-
scalars might bear some connection to the dilaton and axion fields in cosmology and
particle physics.

The hyper-determinant of a hyper-matrix [11] can be recast in terms of discriminants
[12]. In this fashion one can define the hyper-determinant of g4p as products of the
hyper-determinants corresponding to the hyper-matrices

luipa] [rva]y -weeeee v Gluapa..u] [ive...vg)s Jor 1<k<D (55>

and construct a suitable measure of integration jiy, (s, z#, z#1#2 ... xHk2--1DY) in C-space
which, in turn, would allow us to build the C-space version of the Einstein-Hilbert action

1
502 / ds Hd:v“ I_Ialﬂl:’““2 ...... dahthz=tp (s, ok a2 HIHzHD) R(gAB,FiB) =
K

1
S = 55 | DX] pim(X) Rigan, T5) (56)
k2 is the C-space gravitational coupling constant. In ordinary gravity it is set to S7Gy,
with Gy being the Newtonian coupling constant. The C-space scalar curvature is defined

as
D D D

R = ZZ R[mm---w] [viva...vg] appg] ] Z Riups.... wil 0 lp1pa-pg] O (57)
j=1k=1 j=1

The measure must obey the relation

[DX] pim(X) = [DX] 41, (X) (58)

under poly-vector valued coordinate transformations in C-space. When the mixed-grade
C-space metric components are zero, the hyper-determinant of the C-space metric gap
factorizes as



hdet(gag) = goo det(gu) hdet(gu, s vivy) -oeoeemee- hdet(Gu,.....pp s vrevn 1) Gutopins 1o

where the hyper-determinant of g, coincides with the ordinary determinant of g,,. An
immediate question arises, does the Palatini formalism work also in C-spaces 7 Namely,
does a variation with respect to the C-space connections (65/61'G ) = 0 yield the same
connections as those obtained from the mere structure of the Clifford algebra and depicted
above in this section 7 We leave this question for future work.

2 On (C-space and Lanczos-Lovelock Gravity

The n-th order Lanczos-Lovelock curvature tensor is defined as

'R(n) P1P2-P2n  —  §P1P2-P2n §VIV2...V2n o TIT2 3 T3T4 R Ten-1Tan (60)

M2 .. h2n T1T2...T2n ~ H1H2....HU2n viv2 L2 Von—1V2n

the n-th order Lovelock curvature scalar is

RO — guvsvam R omm RomTo R, T2n=1Ten (61)

T172...-T2n viva v3vy V2n—1V2n

the Riemann curvature tensor obeys the relations

RH1H2P1P2 = Rmpzmm = - RHZ/»HPIPZ = - Rmmpzm (62>

After lowering the indices for the n-order Lanczos-Lovelock curvature tensors gives the
symmetry relation

R = R (63)

P1P2---P2n P12 [2n B2 e h2n P102:--P2n

the above curvature tensors are antisymmetric under the exchange of any of the u (v)
indices, respectively, in addition to obeying the (generalized) Bianchi identities [7], [8].

The Lanczos-Lovelock Lagrangian density is
[D

]
2 1
n=0

where ¢, are arbitrary coefficients; the first term corresponds to the cosmological constant.
The integer part is [2] = £ when D = even, and - when D = odd. The general
Lanczos-Lovelock theory in D spacetime dimensions is given by the action

2]
g = / %z \flg > cn L, (65)
n=0

One of the key properties of Lanczos-Lovelock gravity is that the field equations do not
contain higher derivatives of the metric tensor beyond the second order due to the fact



that the action does not contain derivatives of the curvature, see [7], [8] and references
therein.

In this section we will study the very special case when the C-space metric g5 solely
depends on the coordinates x* and explore its relationship to Lanczos-Lovelock gravity in
this special case. The C-space version of Einstein’s equations with a cosmological constant
is

1
RAB — EgABR + AgABZ 0 (66)

The C-space curvature scalar is given by the sum of the contractions

D D D
R = ZZ R[muz----uj] [viva...vg] gz i) vzl Z Riupo... nsl 0 g ig] O (67)
j=1k=1

j=1
and the C-space Ricci-like curvature is

D
R = 3 RO+ RGO (63)

A [v1va....v4)
j=1
The C-space version of Einstein’s equations (66) determine the C-space metric g4p when
the C-space connections are given in terms of derivatives of g4p as shown in section 1.
One may write the Lanczos-Lovelock gravitational equations in the form [7], [§]

Nl|s]

2]
1

G = e (nRY) — 5 RM)Y) =0 (69)

0

n

which are more suitable to compare with the C-space gravity equations (66) .
The embedding of the Lanczos-Lovelock gravitational equations into the C-space grav-
itational equations requires

1
QPUZOHRg—§5gR+A5g:0 (70)

where the C-space Ricci-like curvature R is

D
RS = 3 Ry s + Roo (1)
and the Ricci-like scalar is given by eq-(67) .

The latter equations are just members of the more general C-space field equations
given by eq-(66) involving all the poly-vector valued indices. We should emphasize that
in order to match units one has to include suitable powers of the Planck length scale
Lp in the summands in all of our equations. By recurring to eqs-(66) one finds that we
can embed the Lanczos-Lovelock gravitational equations (69) into the C-space gravity
equations if the following conditions on the C-space curvatures are satisfied
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G

P12 h2n (n) V1V2.....V2n
Cn 0,6 =

‘ ovav3...Van]| TVHIP2 . ion
n=
R ™)
and
2]
..... n ( ViV2....Vopn
1 Cn O Ry, Ve =
n=
D D
..... i L2 oo g
Z; ; Rﬂwu;ﬁz-uj llzvngwe o + Z Rulm ~~~~~ ki 0 j <73)
j=1k=1
One should notice the key factors of nc,, in eq-(72) Compared with the ¢, factors in eq-(73).

The n = 0 term in (69

—~
~—

corresponds to the cosmological constant

o RO = —2A = —;co RO = A (74)

The above embedding conditions (72,73) can be simplified considerable if one has the
following vanishing traces

viva..... von—1 0 . Viv2..... Voan—1 P1P2-+--- Pk
lelllg ..... von—1 0 - 07 RI/1V2 ..... Von—1 P1P2----- Pk - O (75&)
ViV2....Van—1 p __
RI/1112 ..... Von— 1ncr =0 (75b)

However the introduction of these vanishing traces will lead to an over-determined system
of equations, in conjunction with the C-space field equations. As it happens with an over-
determined system of equations one is hard pressed to find nontrivial solutions R gcp # 0.
For this reason we shall refrain from introducing additional equations like (75).

One may begin by solving the Lanczos-Lovelock (LL) equations (69) which determine
the ordinary metric components g, (7”), the connection I' 2 (2#) and the LL curvature
tensor RM 1o o2 P2 (). Let us look for the maximally symmetric constant curvature
vacua solutions to Lovelock gravity, like de Sitter and Anti de Sitter spaces in ordinary
Einstein gravity. The Riemann tensor in the latter case is

2A
Ryips proe = (D—1)(D—2) (G101 (T") oo (2) = Gpuapr () Gpurpo (@) =

20 2D
pLp2 pP1P2 — A
Rui® = g %ie = £ = 53 (76)

so that the n-th order constant Lanczos-Lovelock (LL) curvature tensor is

2A
n 591P2~---02n
P12 420 [<D o 1)<D _ 2)] K12 420 <77)

R pip2epan
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One must still check that the curvatures (77) are solutions to the Lanczos-Lovelock
gravitational equations. In [9] the authors have shown that black-brane (black-string)
solutions to Lanczos-Lovelock gravity theories in higher dimensions (D > 4) including
higher curvature terms may, in fact, be simply constructed, but only within a certain
class of Lanczos-Lovelock theories. This class of theories had the following property.
Assume that L, is the highest order term in the Lagrangian, i.e. that the coefficients ¢,
vanish for n > r. Depending on the values of the nonzero coefficients in the Lagrangian,
it then turns out that the theory may have up to r distinct constant curvature vacuum
solutions [9]. The different values that the constant curvature may take are the roots of
a r-th order polynomial. There will, of course, generally be r roots, but only real values
of the curvature are considered to be physical. The coefficients in the Lanczos-Lovelock
Lagrangian may be tuned such that there are r real roots and that all these roots coincide.
The theory then has a (locally) unique constant curvature vacuum solution. The authors
[9] referred to these as LUV theories - standing for Lovelock-Unique-Vacuum. Those LUV
theories are the ones which have simple black-brane solutions.

For the purposes of studying LUV theories, the authors [9] found it very useful to
rewrite the LL equations of motion G,; = 0 in an alternative form which was very useful
as we shall see below,

bvivs...vop 12 r—1V2r

gab = ap 6(1#1/1‘2~../—L2'r (R,LLLLLQVlVQ 4 05151/1112) . (R#ZT—I#ZTV2T71V2T + OZT5Z§T71V2T> . (78)

The original form of the equations of motion can then be recovered through repeated
applications of the identity
Gy Ot = 2(D — (p = ))(D = (p = 2))8, 7 (79)

ap—10p b1...bp_2

The coefficients ¢, are given by sums of products of the parameters «,. The precise
relation is given in reference [10]. Inverting this relation to get the a,,’s in terms of
the ¢,’s requires solving a polynomial equation of order r. Hence the «,,’s are generally
complex parameters.

When each one of the factors in eq-(78) becomes zero

Ry "V 4 @ 04010 = 0 = Ry, Y = — qp 84 i =1,2,3, ...,7 (80)

Hifit1 M i1 i ti4-1 v i 41

one has then several different possible values for the constant curvature vacuum solutions.
The LUV theories discussed above result from setting all the parameters «,, with n =
1,...7 equal to a common value o and that is related to the cosmological constant A.
There is then, at least locally, a unique constant curvature vacuum. If we further set a = 0,
we get a pure Lovelock theory with Lagrangian £ = a¢L,, which has flat spacetime as its
unique constant curvature vacuum.

Having found the values for ¢,, which yield the LUV solutions, one still has to verify
that the special case solutions for goo(x*) and gu, ... ux vive...n (2*) solve the C-space
gravitational equations (66) when the ordinary metric g, (2#) belongs to the LUV class
of solutions to the Lanczos-Lovelock gravitational equations (69, 78) discussed above. For
particular (black-brane) solutions for g,, we refer to [9] and references therein.
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For the constant-curvature vacuum solutions case, the left hand side of the above
embedding conditions (72,73) become

(5] , oA ) D
el hm e e (81)

and "
o = = (82)

" [(D— 1)(D—2)]n [(D—2n)!]

n

As usual, on must adjust units in eqs-(81,82) by taking into account that the dimensionful
coefficients ¢, are given in terms of powers of Lp so that the Lanczos-Lovelock action in
D-dimensions is dimensionless. Having determined that the dimensions of the Lanczos-
Lovelock Lagrangian density is (length)~P this fixes the appropriate powers of Lp which
must appear in the right hand side and left hand side of eqs-(72,73,81,82).

The right hand side of the embedding conditions (72, 73), when the left hand side is
given by eqs-(81,82), respectively, must contain expressions of the form

ZD:R e = ZD: 05 a;(D) | . i (83a)
s e T g S WD) (D = 2) !
J J
2A 1
Roo” = a(D) 0 [y 5 =g (830)
and
SOST R, e e = S5 (D) [P ()
1 QV]1VI;1V2VI/ — . ? (],
S e ¢ = M D -1)(D-2)
SR, MmO S py A g (45)
j=1 ! j=1 (D - 1)(D - 2)

where a;(D), a,(D),b;i(D),b;(D) are suitable D-dependent dimensionful coefficients in
powers of the Planck scale and which are constrained by the values of the ¢, coefficients
which are known for the LUV solutions. It is beyond the scope of this work to find nontriv-
ial solutions to the embedding conditions (72,73) associated with the specific expressions
in eqs-(81-84). This is a very challenging problem.

A plausible guide of how to solve such problem might be by recasting the problem
in terms of generalized gauge field theories, like generalized Maxwell and Yang-Mills
theories. The antisymmetry property of ordinary differential forms involving the co-

ordinates dz* A dx¥ = —dz¥ N dx* becomes now for bivector coordinate differentials
dxHi#2 A dxP P2 = dxPP? A dzH#2. Similarly one has
dphik2-b2n A [dpPLP2P2n  —  ([JpP1P2P2n N JpH1H2 e H2n (85)
and
d$M1M2-~-~M2n—1 /\dxplp2~-~-p2n—1 - _ dxppo ----- P2n—1 /\dxuluz ------ M2n—1 (86)
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One may rewrite our expressions in the language of poly-differential forms, for instance

F® = dA, d=do"" ——

8$N1H2

F(2) — (amm Ampz + aplpz Amm ) drPire A dpPie2 (88)

A=A, di (87)

)

one should notice the + sign in eq-(88) due to the properties of eq-(85) .

FCY = FAOAFD A AF® (n factors) (89)

Therefore, from the functional form of the Lanczos-Lovelock curvatures one can infer the

Correspondence
F® R rre Rln) o RM) prp2e.pon (90)

Hip2 K12 .. H2n

which might aid us in finding nontrivial solutions to eqs-(81-84) when we replace F = dA
for the nonabelian version F = (d+ A) A A. Furthermore, one still has to use the
remaining of the C-space gravitational equations (66) for the other poly-vector valued
components gap of the metric. This needs to be solved before one can ascertain that
nontrivial solutions of the Lanczos-Lovelock gravitational equations (69) solve the C-
space gravitational equations (66) in a very special case when gap only depends on z*.
Perhaps in this particular case the solutions for the C-space metric components admit
a factorization into anti-symmetrized sums of products of g,,. The plausible relation to
extended gravitational theories based on f(R), f(R,.).... actions for polynomial-valued
functions, and which obviate the need for dark matter, warrants also further investigation
[13].

To finalize we should add that Polyvector-valued gauge field theories in noncommuta-
tive Clifford spaces were presented in [14] where we found that the study of n-ary algebras
leads to interesting relationships among the n-ary commutators of noncommuting space-
time coordinates [X#1, X#2 ... , X#| with the poly-vector valued coordinates X#1#2-#n
in noncommutative Clifford spaces. It was given by [X#1 X#2 ... , XHn| = plXHak2tn,
These findings will be relevant for the quantization program.
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