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ABsTRACT. The Riemann zeta function can be written as the Mellin transform of the unit interval map
w(z) = [z~ (z |z~ + = — 1) multiplied by szti A finite-sum approximation to ¢(s) denoted by
Cw(N; s) is examined and an associated function x(N; s) is found which solves the reflection formula
Cw(N;1—5)= x(N;s)Cw(N;s). The function x(N;s) is singular at s =0 and the residue at this point
changes sign from negative to positive between the values of N =176 and N = 177. Some rather elegant
graphs of the reflection functions x(IV; s) are also provided. The values (,(IN; 1 — s) are found to be

related to the Bernoulli numbers.
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1. THE RIEMANN ZETA FUNCTION AS THE MELLIN TRANSFORM OF A UNIT INTERVAL MAP

The Riemann zeta function can be written as the Mellin transform of the unit interval map w(z) =
|7 (2 |27 + 2 — 1) multiplied by sii. (2]
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The substition co — N is made in the infinite sum appearing the expression for ¢, (s) to get a finite polynomial

approximation

N
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with equality in the limit except at the negative integers

Jim Cu(N3s) =((s)V—s "

The following table lists the values of (,(N;1—n) for n=2...12.
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1. The Reflection Formula for {,,(INVjs).

There is a reflection equation for the finite-sum approximation ¢,(N; s) which is similiar to the well-
known formula ((1 —s) = x(s){(s) with x(s) = 2(277)’5cos(%)F(s). The solution to

Cw(N;1—5)=x(N;5)Cw(N;s) (5)
is given by the expression
Cw(N;1—35)
N;s) =>—12————~
X(N; ) (N 5)
ZN _—nf4 (41" Indntml—nsols
n=1
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- ZN —nl7S 4 (n+1)"*n+n""%s

n=1 s—1
(s—l)z _,—nf+(n+1) tnnttonsls
sV —nlms4 (n41)"Sn+nss

which satisfies
X(N;1—5)=x(N;s)~* (6)

The functions x(N;s), indexed by N, have singularities at s =0. Let

a(N) :Z n(ln(n+1) —1n(n))

al 2—-In(n n?—1In(n
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then the residue at the singular point s =0 is given by the expression
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N(In(T(N +1)) —¢(N))
Ly U(n+2) — iy b(N) — ML) el N
a(N)—N
2 N In@m)n?—In(n+1)n?—1In(n) N(n@C®+1) =25V, nn(n+1)?—1n(n)?))
:1+V+W(n+2)_N+1+E":1 n(n+ 1) - (N> a(n(n+1) —n(n)(N+1)

(Egzl n(ln(n+1) —In (n))) — N

which has the limit

lim Res(x(N;s))=1 9)

N—o00 5s=0

We also have the residue of the reciprocal at s =2

2N 2W(1,N+1)+2((2)
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which vanishes as IV tends to infinity

As can be seen in the figures below, the residue at s =0 changes sign from negative to positive between the

lim Res(x(N;s)~1)=0

N—o00 s=2

values of N =176 and N =177.
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Figure 2. {Re(s)(x(N;s))_lzN:l...250}
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For any positive integer N, we have the limits

lim x(N; ) =00

s—0 qn

lim -1 (N;s) =
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The line Re(s) = = has a constant modulus

2
‘X<N;%+is)

There is also the complex conjugate symmetry

=1

X(N;z+iy) = x(N;z —iy)

If s=n €N* is a positive integer then x(NN;n) can be written as

M) =S
B D v )
(nil)é\]fVJrl)n __cos (WH)WIEZSLN—i_l) + C(n)
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The Bernoulli numbers[1] make an appearance since

2n+1)

(N3 20)C(N:20) =Bay (N + 12 S

The denominator of x(N;n) has the limits

lim Cu(Nin) =C(n)

N — o0
lim (,(N;n) =1

n— oo

Another interesting formula gives the limit at s =1 of the quotient of successive functions

lim X(V+1s) _ (N+2)N(N+1-a(N+1))
o is) N+ D2 (N —a(V))
_(N+2)N(N+1 YN n(n (n+1) —1n(n)))
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Then the residue at the even negative integers is

dg(l—fn) n even
Res (v(s)) =14 q¢G)e=-n (20)
s=—n 0 nodd
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