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8 Abstract: This discussion demonstrates a theorem that if some hypothetical metric g, for either

9 field-space or spacetlme exists which couples to sp1n— field/particles, one can define a class of
10 four-indexed spm—- fields ¢*(x) with which the standard model SU(3) X SU(2) X U(1) gauge group
11 is automatically associated due to topological and geometric considerations, regardless of the nature
12 of the field equation by which any specific field ¢*(x) is defined. Specifically, for this class of fields
13 ©“(x), which reduces to a physically equivalent unindexed field ¢(x) in flat space where the metric
14 8qp Teduces to the Minkowski metric 7,4, gauge transformations become exactly identified with
15 covariant transformations under general reference frame transformations. This identification is used
16 to construct a novel source of CP violation which may help to explain the degree to which the
17 symmetry between matter and antimatter observed in the universe is broken. © 2009 Physics Essays
18 Publication. [DOI: 10.4006/1.3050302]
19 Résumé: Cette communication démontre un théoréme qui, si I’on suppose dans un espace-champ
20 ou dans un espace temps I’existence d’une métrique g,z qui se couple a des champs ou des
21 particules de spm- alors on peut définir une classe de champs ¢“(x) de spm-2 a quatre indices
22 avec lesquels le groupe de jauge SU(3) X SU(2) X U(1) du modele standard est automatiquement
23 associé par des considérations topologiques et géométriques, indépendamment la nature de
24 I’équation du champ par laquelle tout champ spécifique ¢*(x) est défini. Plus spécifiquement, pour
25 cette classe de champs ¢*(x), qui se réduit a un champ physiquement équivalent non indicé ¢(x)
26 dans un espace plat ou la métrique g,z se réduit a la métrique 7,z de Minkowski, les transforma-
27 tions de jauge s’identifient exactement aux transformations covariantes dans les transformations
28 générales du cadre de référence. Cette identification est utilisée pour construire une nouvelle source
29 de violation CP qui peut aider a expliquer le degré avec lequel la symétrie observée dans 1’univers
30 entre la mati¢re et I’antimaticre est brisée.
31 Key words: CP-violation; Yang—Mills Theory; Standard Model in Curved Spacetime; Gauge Transformations; Covariant
32 Transformations; Reference Frame Transformations; Dirac Equation.
33

34 |. INTRODUCTION

35 One of the outstanding problems in quantum cosmology
36 arises from the broken symmetry between field/particles and
37 antifield/particles, i.e., the abundance of ordinary matter as
38 opposed to the near absence of antimatter." Normally, in a
39 vacuum one excites particle events in the form of pair
40 production,2 leading to equal numbers of field/particles and
41 anti-field/particles in what is termed CP syrnmetry.l’2 At
42 some stage of the early universe, this symmetry was broken,
43 and radically s0;! all known classical objects in the universe
44 are constructed from field/particles, not from antifield/
45 particles. This symmetry-breaking process has been de-
46 scribed as a phase transition® or a “see-saw mechanism.”
47 The exact details of this process remain mysterious in that all
48 the known particle-producing processes which violate CP
49 symmetry taken together can only account for a small per-
50 centage of the observable mass in the universe, given the age

“moshe.callen@ gmail.com

0836-1398/2009/22(1)/1/15/$25.00

. 5 . . . .
of the universe.” This discussion presents a previously unrec- 51

ognized physical mechanism, by which cosmic expansion,6 52
i.e., vacuum expansion, produces field/particles but not 53
antifield/particles in violation of CP symmetry, after devel- 54
oping the underlying formalism. 55

That formalism introduces a class of four-indexed fields 56
o*(x), a spinor7 field with one timelike and three spacelike 57
components, and demonstrates that the SU(3)XSU(2) 58
X U(1) gauge group structure of the standard model® arises 59
from geometric and topological restrictions on this class of 60
fields regardless of the specific field equation of which the 61
field ¢*(x) is a solution. One advantage of this class of fields 62
©“(x) then lies in the fact that, simply by writing any given 63
field equation in terms of fields ¢“(x), a certain degree of 64
physicality is assured because of the field ¢%(x)’s automatic 65
association with the SU(3) X SU(2) X U(1) gauge group. If 66
one considers for example a A¢* field theoryz’9 where 67
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69 the fields ¢(x) may or may not have an associated SU(3)
70 X SU(2) X U(1) gauge group structure equivalent to that of
71 the standard model. One must establish that this sort of
72 gauge invariance applies in order to establish that degree of
73 physicality to the given \¢* field theory. However, if one
74 uses fields ¢*(x) so that the SU(3) X SU(2) X U(1) gauge
75 group structure equivalent to that of the standard model fol-
76 lows automatically, then that level of physicality is assured
77 because the Lagrangian (density) which takes the form

78 L[¢"(x),050"(0)] = [0p0" (D) [P pal)]

- )60 = e e WP

79 (2)

80 is written in terms of fields ¢*(x).
81 At the same time, though, the manner in which the
82 SU(3) X SU(2) X U(1) gauge group structure arises also es-
83 tablishes that the analogy between gauge transformations and
84 covariant transformations under general reference frame
85 transformations is exact. The similarity has been noted be-
86 fore, but the usual contention is that the analogy breaks down
87 due to the lack of an underlying field."" This discussion dem-
88 onstrates that an underlying field does exist and is the same
89 in both classes of transformations. Thus, since one demon-
90 strates that the underlying field is the same for both classes
91 of transformations and that the analogy between the two
92 classes of transformations—namely, gauge transformations
93 and covariant transformations under general reference frame
94 transformations—is exact, these two classes of transforma-
95 tions must be equivalent physically. This is not just a math-
96 ematical nicety, but has direct physical consequences. Once
97 the physical equivalence between gauge transformations and
98 covariant transformations—under general reference frame
99 transformations—has been established, one can to some de-
100 gree interchange covariant and gauge transformations. They
101 then constitute two manifestations of the same thing. One
102 demonstrates this usage of a covariant transformation in lieu
103 of a gauge transformation with the Dirac equati0n2’8—as
104 modified to accommodate fields ¢*(x)—in order to develop a
105 previously unrecognized mechanism for CP violation.
106 Namely, from the viewpoint of a comoving observer, mean-
107 ing an observer at rest with respect to local expansion of the
108 vacuum,*'" a point expanding away from the observer is
109 boosted by the process of expansion; this nonconstant boost
110 frees (potential) energy from the vacuum which then pro-
111 duces field/particle excitations. However, in violation of CP
112 symmetry, according to which field/particles and antifield/
113 particles interact similarly, only field/particles are excited in
114 this process.
115 Discussion begins with a rigorous definition of four-
116 indexed fields. Next comes a note on the nature of a general
117 but unspecified spacetime and/or field-space metric> Zap> the
118 existence of which is assumed throughout. The exact physi-
119 cal nature of this hypothetical metric g,z in the present dis-
120 cussion remains in general unspecified except that four-
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indexed fields @%(x) couple to it in the sense that the 121

coordinate index « on a field ¢“(x) can be lowered and then 122
again raised by means of that metric field. The fundamental 123
notion of the discussion is to demonstrate a theorem that, if 124
one can define a metric g,z which couples with four-indexed 125
fields ¢®(x)—however, this may be done,— then association 126
of the familiar SU(3) X SU(2) X U(1) standard model gauge 127
group with four-indexed field ¢*(x) follows automatically, 128
regardless of the governing field equation. After these pre- 129
liminaries, the treatment of gauge symmetries and 130
transformations®"? begins, starting with a general treatment 131
of gauge symmetries in the absence of a specific field equa- 132
tion. A gauge condition is constructed from conservation of 133
probability, which is then shown to be equivalent to the usual 134
discussion based on the Lagrangian2 which in turn is based 135
on path integral formalism."* This lays the groundwork for 136
addressing specific gauge symmetries. First, the U(1) gauge 137
symmetry  is constructed from the physical arbitrariness of 138
the placement of the origin; this symmetry is related to a 139
global (constant) reference frame transformation. Second, the 140
SU(2) gauge symmetry® is constructed from analytic (or ho- 141
lomorphic) conditions' on a four-index spinor field ¢%(x) in 142
either spacetime or a metricized field space. This leads to 143
incidental treatment of massless and massive fields, symme- 144
try breaking and field handedness; these issues® are sugges- 145
tive concerning the nature of leptons and quarks or hadrons. 146
The usual covariant derivative® is constructed and shown to 147
be a true covariant derivative. Only fields which are massive 148
even without symmetry-breaking effects® (aside from the ac- 149
tion of a Higgs®'® field) are subject to SU(3) gauge symme- 150
try which is constructed in connection with velocity-related 151
degrees of freedom. Again, the usual covariant derivative® is 152
constructed and shown to be a true covariant derivative.'>' 153

This formalism is then applied in order to explain a pre- 154
viously unrecognized mechanism by which particles may be 155
produced in the process of vacuum expansion without at the 156
same time producing antiparticles, thus breaking CP symme- 157
try. Specifically, one first modifies the Dirac equation accord- 158
ingly and interprets this field equation in terms of a simple 159
harmonic oscillator (SHO)."” One then uses the SU(3) 160
X SU(2) X U(1) gauge group symmetry properties to con- 161
struct an external potential Vg(x) related to reference frame 162
transformation. The resulting field equation, which corre- 163
sponds to a driven oscillator, is applied to an expanding 164
vacuum; expansion drives the harmonic oscillator exciting 165
field/particles in the process without exciting antifield/ 166
particles. 167

Il. CONVENTIONS 168

Throughout this discussion, one uses natural units in 169
which Zi=c=1. The summation convention used assumes re- 170
peated indices summed upon unless otherwise stated. Greek 171

1Although a classical metric does not simply carry over in general to a
quantum field theoretical context, such a classical metric does physically
serve as the classical limit of any hypothetical metric which is definable in
a quantum field theoretical context. Definition of the usual classical metric-
space, including the metric and covariant derivatives, associated with gravi-
tation can be found in Ref. 12.
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172 indices range from 0 to 3. Roman indices range from 1 to 3
173 when capitalized. The spacetime position x* is however most
174 often written as x, in which the index has simply been sup-
175 pressed. States, in general bras (| and kets |¢), are con-
176 stants. Finally, the spacetime signature throughout this dis-
177 cussion is taken as (+,—,—,—).

178 lll. GAUGE AND COVARIANT TRANSFORMATIONS
179 FOR FOUR-INDEXED FIELDS REF. 18

180 A. Nature of four-indexed fields

181 A four-indexed spinor field ¢*(x), which should not be
182 confused with Dirac spinor notation,8 is defined to have four
183 components, one timelike component ¢°(x) and three space-
184 like components ¢'(x), ¢*(x), and ¢*(x). Each component is
185 itself a spinor in the same sense that each component of a
186 vector is itself a one component vector, not a scalar. The
187 index « is thus a coordinate index. In principle, the timelike
188 field component ¢°(x) lies along a differential timelike coor-
189 dinate axis dx°, the spacelike field component ¢'(x) similarly
190 lies along a differential coordinate axis dx! and so forth. The
191 existence of such differentials is implicit in the existence of a
192 metric field." Naturally, restrictions of simultaneous
193 measurability&]7 come into play. The result is that although
194 the field ¢%(x) is well-defined, one cannot in principle treat
195 its components entirely separately. A field ¢*(x) with a co-
196 ordinate index a cannot be resolved into four independent
197 fields.

198 A four-indexed field ¢%(x) is in general defined by the
199 specific associated field equation. Nevertheless, if one as-
200 sumes that any given field equation written in terms of a
201 four-indexed field ¢“(x) has an analogous, i.e., physically
202 equivalent (within certain restrictions developed immediately
203 below), field equation written in terms of a conventional (un-
204 indexed) field ¢(x), any four-indexed (spin-%) field ¢*(x) can
205 be constructed from a physically equivalent field ¢(x), the
206 solution of some general field equation, in the following
207 manner. Just as the field ¢(x) can be written as a linear com-
208 bination of free fields ¢,(x) of the form?

209 ¢(x) = a,p,(x) = a, exp(= ik, ,x"), (3)

210 where wave vector k,,,, where integer n € (—o0, ), represents
211 the four-momentum of the nth field component in Hilbert
212 space. (See the discussion of vectors below, according to
213 which the second index of vector linear four-momentum is
214 dropped to construct a spinor “wave vector.” This means the
215 vector is diagonalized and mapped onto a spinor.) The physi-
216 cally equivalent field ¢“(x) can be written as a similar linear
217 combination of the form

*This is fundamentally a Fourier series representation and physically de-
scribes a superposition of free fields.

3
CXP(iknOxO) p
a ] 1
o) o) | 9 ) 4
[QD ()C)] anﬁ[(’Dn(x)] 2 GXP(_ ik112x2) ( )
218

exp(— ik,,3x3)

(The factor % is a normalization.) The field ¢(x) in a sense 219
represents8 the probability (amplitude) that the particle asso- 220
ciated with that field will occur at the spacetime location x. 221
So does the field ¢*(x); this is what is meant by saying that 222
the two fields ¢(x) and ¢%(x) are physically equivalent. In 223
terms of probability (amplitude), the field representation ¢(x) 224
takes the form of the multiplicative total probability (ampli- 225
tude) of four events which must simultaneously occur in or- 226
der to produce a physically observable particle, whereas the 227
field @*(x) represents the total probability (amplitude) of the 228
same four simultaneous events in terms of a superposition. 229
Representation of the total probability (amplitude) of simul- 230
taneous events as a product or a superposition remains an 231
arbitrary choice based upon convenience when applied to 232
any given physical situation. Definition of the proper frame 233
of reference for any given field ¢“(x) follows immediately 234
from the definition. This is the frame of reference in which 235
the three spacelike field components vanish and the field 236
becomes entirely a function of the proper time 7. The field 237

then reduces to the form 238
¢gr0per(x) = as exp(— ikOnproperT) 239
_ (Pproper( 7, a=0
= (5)
0, a#0. 240

The timelike field component (,ogmper(x), which again is itself 241
a spinor, becomes in the proper reference frame the field 242
solution @ope(7), i.€., the solution in the proper reference 243
frame of the general field equation which does not relate to 244
four-indexed fields ¢*(x) but rather to fields ¢(x). The physi- 245
cally equivalent equation for unindexed field ¢(x) should 246
then be viewed as a special case of the field equation for field 247
¢©“(x), namely the case where one considers a rest frame— 248
meaning a reference frame physically equivalent to the 249
proper frame of reference—so that the metric g,z becomes 250
the Minkowski metric 77,4. 251

The spinor nature of indices does not present a problem 252
of definition in general. One may always choose coordinates 253

so that a classical spacetime position vector 254
0
5!
B (6)
X
| 255
becomes replaced by a vector 256
X0 00
0 x' 0 0
sl = . 7
[xﬁ] 0 0 2 0 (7)
[0 0 0 X 257

The second index on vectors would seem artificial, except 258
that it both lends itself to cases such as the quantum Hall 259
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260 offect'® in which linear four-momentum becomes direction-
261 ally dependent and provides the correct transformation prop-
262 erties. Even the physical utility of the latter taken alone
263 should not be underestimated. The distinction between a vec-
264 tor such as a vector current density

0 0 0
=] 00 ®)
BElo o 2 0
265 [0 0 0 ;]
266 and an axial vector® current density such as
000
] DA )
oy _ 9
P7lo 0o o 7
267 07 00

268 becomes transparent. Some arbitrariness exists in these defi-
269 nitions but this does not pose a difficulty so long as defini-
270 tions remain consistent.

271 From a practical stand-point therefore, in order to con-
272 struct basis fields (pf(x) as described above, one uses the nth
273 linear four-momentum basis, i.e., wave vector kZ‘B, and the
274 spacetime position vector xg to which the field space is tan-
275 gent, eliminating the index 7y after applying the exponential
276 operator. Summation with an appropriate constant C” on in-
277 dex +y accomplishes this latter as

278 ePx) = exp{ik,'fﬁxﬁ}C v, (10)

279 where the exponential is defined by its Taylor series repre-
280 sentation and where the first term in the series representation
281 of basis field gof(x) is defined as

(=)

K0 0 0 |lx 0 0 0

0 -k, 0 0 |[ox" 0 0

[GpaC=1 5 2 0 |0 0o o0

282 0 0 0 -K£]L0o 0 0 X
1

X ! (11)

1
283 1

284 Other terms in the summation are defined accordingly. From
285 these basis fields (pf(x), one constructs fields ¢%(x) as indi-
286 cated above (4).

287 B. Note on the metric

288 As stated in the introduction, the present discussion pre-
289 sumes the existence of some general but hypothetical metric
290 g,p, the nature of which remains unspecified. The only as-
291 sumptions thus made are that the form of the metric g,z may
292 in any given reference frame vary from that of the
293 Minkowski metric 7,z where
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1 0 0 0
o -1 0 o0
[77a,3]= 0 0 -1 0
0 0 0 -1 294

and that this metric g,z couples to a four-indexed field ¢“(x) 295
in the sense that the metric acts as a raising and lowering 296
operator' 297

*(x) = g;‘P’g(x) = g%Ppp(x) = g%g,0"(x). (12) 298

The physical meaning and definition of such a metric g,z 299
constitutes an issue which would require a full discussion in 300
and of itself.”>? For the present purposes, one need only 301
imagine either the existence of some hypothetical field-space 302
8ap OF a spacetime metric so defined that the metric g,z may 303
contract both four-indexed spinors and four vectors. The lat- 304
ter apparently simpler possibility would use the fact that any 305
given field space is tangent to spacetime at some position x 306
and would use the general metric g,z associated with that 307
spacetime position. Nevertheless, however, the metric g,z 308
may be defined, the current discussion assumes primarily 309
that such a general metric g,z exists. Given its existence, the 310
metric in lowered form g, or in raised form 2% and mixed 311
form gg then acts as a raising and lowering operator and as a 312

contraction operator 313
(Pa(®)]@“(x)) = (0l@fx) " *(x)[0) 314

= (0lgape™(x)¢"#(x)[0). (13) 315

C. Symmetry of fields ¢“(x) and conservation of 316
probability 317

If one allows the metric g,z to be fully general, then in 318
order to transform fields ¢%(x) from one reference frame 319
representation to another, one must expand upon the usual 320
homogeneous Lorentz group to the full Poincaré group]2 321
where one still defines transformations of the form 322

0" (x) = AG(x) eP(x), (14) 323

but the transformation operator Ag(x) now may include lo- 324
cal, i.e., position dependent, transformations due to the fact 325
that the metric g,z in principle also depends on position. The 326
field-gradient therefore becomes 327

9, “(0) =[3, A5 ] (x) + AG(x) 3,0 (x). (15) 328

No field equation has been specified and so one may not 329
follow the usual procedure of direct substitution into the field 330
equation in order to establish gauge invariance.® However, 331
one may instead invoke conservation of probability. The 332
probability P(¢’%(x)|Q) of observation of a field event 333
¢'*x) in a given region () takes a form 334

The notion behind the use of a metric in association with quantum fields
would most likely be a geometrized form of the standard model. Although
the nature of such a metric formulation of the standard model lies beyond
the purview of the present discussion, a geometric view of the standard
model is not a new idea. See Ref. 20.
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a5 Pl WIQ]=(0) fs Ay (xag!“()|0), (16)

336 where a is a constant operator (such as Dirac’s 7° for ex-
337 ample). Since the four-gradient d,, is a Hermitian operator,
338 conservation of probability demands

339 Lol (e *(x)]=0. (17)
340 One can always choose a reference frame where”
341 9,0 %x)=0. (18)

342 This demands, however,
343 [2A50]0P(0x) + AG(x)d,0%(x) =0, (19)

344 as well. Expression (19) acts as a gauge condition. This
345 gauge condition (19) is identically that condition associated
346 with gauge transformations constructed with respect to a La-
347 grangian (density) £, which® is sufficient to demonstrate that
348 the transformations described below constitute gauge trans-
349 formations. Admittedly, in principle this condition may or
350 may not leave equations of motion invariant, depending on
351 one’s choice of a field equation and hence a Lagrangian L,
352 but Lagrangians for which the equations of motion are not
353 invariant under this type of gauge transformation are non-
354 physical.

355 Conservation of probability constitutes the more funda-
356 mental consideration. For the present purposes, one need not
357 go into great depth and detail of the technicalities, but a short
358 description will help to address any doubts that the transfor-
359 mations to be discussed do indeed constitute gauge transfor-
360 mations. The usual form of the symmetry demanded® is

361 L'Te"“(x)]= Le%x)] - d,J*, (20)

362 where the parameter ¢ is some constant and J# is defined as
363 some conserved Noether current. Yet, this is a condition
364 more strict than necessitated by a demand that the equation
365 of motion

9] ILLe")]
366 "dd,0°)]  de(x)

21

367 remain invariant. For example, a Lagrangian scaled by some
368 constant b such as

369 L'le"“x)]=bLL¢"(x)] - &, J* (22)

370 would also leave the equations of motion invariant, since the
371 scale factor would cancel. Yet, such a transformation is in-
372 deed physically precluded as a valid symmetry. The reason is
373 usually stated as that scaling of the Lagrangian leads to scal-
374 ing of the action®

375 Sle"(n)]= f LLe"(x)]d'x, (23)

376 by definition. From a physical point of view, one may ask
377 why this scaling of the action is a problem. The answer lies

*This does not require a massless field ¢%(x), although m?=P P and the
four-momentum operator is generally P,=id,, because by definition four-
momentum P, vanishes in the proper frame of reference.

in the connection between the action and probability ampli- 378

tude, as most clearly shown in the construction of path 379
integrals.14 In the standard formulation, propagation of a 380
field/particle with Hamiltonian H from a position x, to a 381
position x,, in time ¢ is described by a propagation amplitude 382

(xplexp(= iH1)|x,) = J Dx(r)exp{iS[¢*(x) ]}, (24) 383

where the specific nature of the Feynman propagator Dx(r), 384
other than to notice it involves only repeated integration, 385
does not matter for the present purposes. The Feynman 386
propagator Dx(t) can be ignored. What does matter is the 387
implicit but clear relationship between probability amplitude 388
and the action S[ ¢*(x)] in this quite general expression. Con- 389
versely, if probability is conserved, the action must be invari- 390
ant due to the above expression. If the action S[¢%(x)] is 391
invariant, then the remainder of the usual construction of 392
gauge invariance must follow. So, conservation of probabil- 393
ity does indeed form a foundation on which to construct 394
valid gauge symmetries; therefore, the transformations to be 395
described are actual gauge symmetries. 396

Nonetheless, they are constructed from reference frame 397
transformation'? of fields. Under this topic comes covariant 398
derivatives 399

D,¢%(x) = 0,6 (x) = [8,A 501 (x), (25) 400

such as those familiar from the usual discussion of gauge 401
symmetries. One difference exists however. Usually, one 402
speaks of “so-called” covariant derivatives which are not in 403
the strict sense of the term regarded as actual covariant 404
derivatives.® Mathematically, a covariant derivative is de- 405
fined as a generalized derivative d,,— D, which keeps a lo- 406
cally constant field, such as the field ¢*(x) where d,¢%(x) 407
=0, constant with respect to the defined covariant derivative 408
D, regardless of position x at which one takes the 409
derivative.'? Classically, covariant derivatives are by conven- 410
tion associated only with gravitational fields. Nevertheless, 411
the covariant derivatives associated with quantum fields in 412
the current discussion are constructed to be invariant under 413
reference frame transformation. This is the defining charac- 414
teristic of actual physical covariant derivatives. Therefore, in 415
the present discussion, one constructs actual covariant de- 416
rivatives as one simultaneously treats gauge symmetries, and 417
this is the case even though these gauge symmetries are not 418
in and of themselves associated with gravitational fields in 419
any way. Admittedly, the general form of the metric g,z may 420
be associated with a gravitational field, which may in turn 421
have an effect on the specific nature of the transformation 422
operator Ag(x), but this fact is irrelevant to the general nature 423
of the symmetries involved because the general form of the 424
metric g,z may also not be associated with a gravitational 425
field. 426

In principle, four classes of gauge transformations exist 427
because transformations can be either global or local and 428
either Abelian or non-Abelian.® In reality, this reduces to 429
three classes because global non-Abelian transformations, 430
i.e., those involving global rotations, can be reconstructed in 431



432 principle as Abelian transformations,’ although this is not
433 necessarily a simple procedure. However, local rotations can-
434 not in general be deconstructed into Abelian transformations.
435 One therefore proceeds to construct the U(1), SU(2), and
436 SU(3) symmetries from geometric and topological consider-
437 ations to show that these respectively correspond to global
438 Abelian, local Abelian, and local non-Abelian gauge
439 transformations.”

440 D. Origin of U(1) symmetry

441 Construction of the U(1) group symmetry for fields
442 ¢*(x) begins with construction of an effective trajectory or
443 world line. Of course, propagation of fields does not occur
444 along a single unique path, nor is such a situation necessary
445 in order to construct such an effective trajectory. Rather, one
446 makes use of expectation values; defined in terms of the
447 isotropic vacuum state |0), one writes the expectation value
448 (A) of some Schrodinger picture (physical) operator A or
449 Heisenberg picture (physical) operator A(x) as

450 (A) = (0]¢,(x)A¢(x)[0) = (0]A(x)[0). (26)

451 One then uses the expectation value of the four-momentum
452 operator Pg (in which the second spacetime index reflects the
453 possibility of a directional dependence of the four-
454 momentum as noted above') to construct as effective trajec-
455 tory X associated with a field ¢*(x). For purposes of clarity,
456 one uses coordinates which allow one to diagonalize these
457 vectors and so suppress one index; this can always be done
458 for nonpathological topologies. For massive fields (of mass
459 m), topologically definable as fields for which four-velocity
460 (tangent) B“+# g(, one obtains a differential equation with
461 respect to proper time 7 as

dxs_,
(P =m—= 27)
dr

462

463 For massless fields, one must use an alternate proscription
464 such as

dXg._

a _ ZOp=a 28
a5 BT 4r @8)
466 In either case, one solves for the effective trajectory X,‘é:a

467 using a boundary condition of the form
468 nga(7'= 0) = )C(CB). (29)

469 One could equally as well have constructed such differential
470 equations for each physical path and summed over all pos-
471 sible paths, but this is by definition equivalent.

472 The U(1) group symmetry arises from the arbitrariness
473 of the boundary condition. Different choices of boundary
474 conditions lead to a relative phase

475 501 = ka(X(%) - )C(I(;l)(), (30)

476 no summation on index «, when applied to the definition of
477 fields ¢“(x) above. In terms of the inhomogeneous Lorentz

“This is equivalent to saying that one may construct mutually independent
coordinates in flat space.
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group,12 this U(1) symmetry describes the relative displace- 478

ment of the origin. Such a displacement of the origin repre- 479
sents a global transformation 480
@' (x) = AggP(x) = exp(= i6%) ¢*(x), (31) 481
with again no summation on index «. The transformation 482
operator Ag(x) = Ag is constant, i.e., 483
ﬂMAg(X) = (9# CXp(— lﬁa) =0, (32) 484

and so the gauge condition (19) established above is trivially 485
fulfilled. The generator of the group is the phase & itself. 486

E. Origin and implications of SU(2) symmetry 487

The SU(2) group structure associated with electroweak 488
interactions” arises in an interesting but related context, that 489
of analytic (or holomorphic) conditions." In any frame of 490
reference other than the proper frame, the spacetime position 491
x (a parameter of the configuration space as usual) has at 492
least two components, one timelike component and at least 493
one spacelike component. The same is therefore true of the 494
field ¢“(x). This leads to analytic (holomorphic) restrictions 495
exactly analogous to Cauchy—Riemann restrictions on a com- 496
plex function in complex space because a (1-1) mapping ex- 497
ists between a spacetime manifold of the form M~ X 9> and 498
a hypercomplex manifold (with three imaginary axes) of the 499
form C~M X J3. Using the effective trajectory [described 500
above Egs. (27)-(29)] X5_ [ ¢“(x)]—a functional of the as- 501
sociated field—to define coordinates such that two spacelike 502
indices vanish (arbitrarily chosen as x% and x?), these restric- 503
tions reduce to the form 504

9" (x") _ dp' (x") (33)
O a7 505

o) e WL) G
ox ox 506

(One must treat spacetime coordinates in the second expres- 507
sion (34) as functionally dependent in order to define the 508
derivatives.) For basis fields ¢;(x), defined by Eq. (4), these 509

restrictions can be combined into the form 510
0.0y |2
@, (x )}
+——| =1. (35) 511
[ HED!
This leads to basis fields of the form 512
@ * AR 36
losn= =27 | (o) .,

where ,=¢"(x") for operators of the form O=0(x") and 514
#,= ! (x") for operators of the form O=0(x'). Components 515
QDiE cszO have been suppressed. The overall minus sign is 516
used for antiparticles. 517
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518 One should notice that the overall factor ¢, makes the
519 field cp,‘;(x) remain a spinor, not a vector, because the com-
520 ponents of the field ¢;(x) transform as single-component
521 spinors; the overall transformation properties of the field
522 ¢, (x) are therefore those of a multicomponent spinor. To
523 understand this, one ought recall that components of an or-
524 dinary vector transform as one-component vectors, not truly
525 as scalars. One just functionally treats them as scalars in
526 most cases. Nevertheless, a choice of coordinates so that
527 some arbitrary vector becomes a one-component vector does
528 not fundamentally change that vector’s transformation prop-
529 erties. Similar reasoning applies in this instance as well.
530 The bases [ '] may look familiar as eigenvectors of the
531 Pauli matrices,’ Wthh ought be no surprise due to the as-
532 sociation of these matrices with intrinsic spln- fields.® For
533 convenience (both physical and mathematical as will be
534 seen), these bases can be rotated to new bases

R YR

536 Consequently, any general field ¢*(x) can be written as a
537 linear combination of such bases

ot vool- e
o Te= e Lagye)|

—_p |B
=1/;exp< —aBMoM){n p]’ (38)

539 n+p

540 for which parameters p and n may for now be regarded as
541 arbitrary. The resemblance of the former to isospin bases®
542 will be seen however to be purposeful, as that physical basis
543 can be regarded as one form these bases may take.

544 If one considers this SU(2) symmetry from the view-
545 point of symmetry-breaking, one notices a fundamental dif-
546 ference between bases []] and [_]] Under inversion of axes,
547 i.e., xX°—x' and x' —x°, these bases are, respectively, sym-
548 metric and antlsymmetrlc. These are not, respectively,
549 bosons and fermions in this case, since the linear combina-
550 tion must ensure the transformation properties of the field
551 ¢%(x) remain the same. Nevertheless, clearly two fundamen-
552 tal classes of basis fields have arisen. The exact symmetry
553 between spacelike and timelike components remains for ba-
554 sis fields ¢ (x) [ ] but this same symmetry has as clearly
555 become broken for basis fields ¢(x) OC[ ']. When one con-
556 siders the field components of basis ﬁelds @ (x) simply as
557 two separate fields, some physical consequences of this sort
558 of symmetry breaking are well-known in that this class of
559 physical situation is usually associated with the construction
560 of massive gauge bosons.® So, in the case of massless fields,
561 the symmetric basis field ¢, *(x) > [ 1 remains massless, but
562 the antisymmetric basis field ¢(x) o [ '] does not. In fact,
563 any arbitrary equation of motion must compensate for the
564 latter’s components’ difference of sign. Therefore, if the field
565 were chargeless before symmetry breaking, it acquires

charge.6 If the field were charged, the same reasoning leads 966

to a difference in charges. Again, in the case of fields which 567
are massive before symmetry breaking, the two classes of 568
fields acquire a mass difference. 569
This situation corresponds exactly to the doublets (;), 570

c., for leptons, (5 3), etc., for baryons and (Z), etc., for 571
quarks.8 One therefore defines leptons in this description as 572
fields which are massless before any symmetry-breaking ef- 573
fects. Hadrons are associated with fields which are massive 574
even before symmetry-breaking effects. The intrinsic mass of 575
hadrons may be associated with the binding energy of 576
quarks, which are themselves intrinsically massless apart 577
from symmetry-breaking effects. Quark and hadron fields are 578
however discussed in more detail in the construction of the 579
SU(3) symmetry below. 580
In a sense, however, an element of arbitrariness exists in 581

the identification of basis vector [{] with the neutral leptons 582
and hadrons or the charge +§e quarks and of basis vector 583
[_]l] with the charged leptons and hadrons and the charge 584
—%e quarks. One could have as easily reversed the associa- 585
tions, whatever may be the aesthetic reasons for the conven- 586
tion chosen. If standard usage had chosen to also use left- 587
handed coordinate systems rather than only right-handed 588
coordinate systems, one could relate coordinate systems of 589
differing handedness by the transformation x°——x°, the 590
spacelike component remaining untransformed. Then the ba- 591
sis vectors would reverse [111]_{:11] Physically, from the 592
reference frame of a charged field/particle, an uncharged 593
field/particle is charged and of course vice-versa. Therefore, 594
one includes this type of “handedness” in the definition of 595
any frame of reference. A massless field with unbroken sym- 596
metry (a neutrino) can only have contributions from one 597
class of basis fields and so it must have a single, unique 598
handedness, in spite of arbitrary standard usage left- 599
handedness. Handedness of massive fields, even with unbro- 600
ken symmetry, can always be viewed from a boosted frame 601
of reference such that a momentum vector, for example, par- 602
allel the spacelike axis becomes antiparallel, which is 603
equivalently a change of handedness.® Finally, antifield/ 604
particles, as equivalent to negative energy solutions, have in 605
a sense “flipped” the timelike axis (i.e., xX’——-x°) and so 606
would have opposite handedness. This only has especially 607
meaningful consequences for the massless antifield/particle 608
with unbroken symmetry, the antineutrino, since only the 609
neutrino of the ordinary field/particles has a unique handed- 610
ness. Thus, all antineutrinos must be right-handed since all 611

neutrinos are left-handed, as is observed.® 612
If one returns to the above-mentioned representation of 613
the field ¢“%(x) in form 614

®This view associates charge with both a sign-dependent deflection of a
field/particle from the effective path of a similar neutral field/particle under
certain conditions and association of this deflection with a term in the field
equation. This type of field term would be analogous to the classical Lorentz
term in the geodesic equation associated with a charged classical particle. In
the standard model, this type of field term would be a charge coupling term.
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615 [e“(x)]= ‘//exp(_ EaﬁM‘TM) |:n :| > (39)

616 from Eq. (38), one may notice that setting =1 implicitly

617 selects a certain class of field as the only class of field to

618 which the resultant expression then applies. Use of the nucle-

619 onic isospin basis®

l
620 [@a(x)]nucleonic isospin — exp(— EagMG-M> |:1:l :| (40)
621 excludes fields which cannot be represented as a superposi-
622 tion of nucleons. Isospin is thus only one manifestation of a
623 more general type of symmetry.
624 One can also use the general form above to define a
625 transformation

b €W =exp<— éagMu)aM)goﬁ(x). (41)
627 The coefficients agM(x) must be local, i.e., dependent on
628 spacetime position x, because the symmetry relates to ana-
629 lytic (holomorphic) conditions which are intrinsically local
630 conditions. No rotations of spacetime coordinates are in-
631 volved in satisfying analytic (holomorphic) conditions and so
632 the transformation operator

[e3 J— i o
633 Aﬁ(x) = exp[— EaﬁM(x)oM] (42)

634 and its generator

1
) R (43)
636 must be Abelian. To satisfy the gauge condition above, one
637 must therefore construct an associated covariant derivative.
638 As usual,&]2 a covariant derivative operator D, is de-
639 fined to replace an ordinary derivative operator d,. There-
640 fore, one demands definitions

641 D,P(x) = 3d,0P(x) - [9,AB(x)]e%(x), (44)
642 D#Ag(x) = ﬁﬂAgy(X), (45)
643 so that the product rule expression
681
682
exp(— imBlnxo) exp(— imBanO)
exp(— imﬁlnxl) eXP(— imﬁmel)
o = ,aN " = ,oN
HAROTZ s ECOT = i e i, 2) expt i)
683 eXP(_ imﬁlnx3) exp(— imﬁznx3)
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[D,AG(x)]P(x) + AGx)D,¢P(x) =0 (46) 644
reduces to the original untransformed condition 645
9,¢P(x)=0 (47) 646

stated above Eq. (18). One can associate the covariant de- 647
rivative D,, with the photon field AZB and charge ¢ in the 648
usual manner® so that 649

ﬂ#Ag(x) = lqAZﬁ (48) 650

The two seemingly additional indices are added to the pho- 651
ton field Azﬁ, as opposed to the more familiar form of the 652
photon field A, in order to allow coupling with the four- 653
indexed field ¢P(x). 654

F. Origin and nature of SU(3) symmetry 655

Fields which are massive also differ in one clearly fun- 656
damental respect from massless fields; they have velocity 657
related degrees of freedom, whereas for massless fields ve- 658
locity B%=gg. In the case of leptons, although half of these 659
acquire mass in symmetry breaking, one may always choose 660
a field-space reference frame in which that particular lepton 661
remains massless as discussed above, and so these degrees of 662
freedom are not physically significant in most respects. In- 663
deed, except for artifices due to arbitrary choice of frame of 664
reference, leptons can always be treated as massless field/ 665
particles, i.e., in the chiral limit,8 by definition in the pro- 666
posed description. For massive fields however, velocity 8% 667
# g represents true degrees of freedom. Therefore, one may 668
describe massive fields ¢*(x) in terms of a functional depen- 669
dence 670

@*(x) = ¢*[x, M (x)]. (49) 671

Since the component B° is a constant at any spacetime loca- 672
tion x, this effectively leads to dependence on only the space- 673
like components of velocity % In an exact analogy with the 674
procedure described above, Egs. (3) and (4), in which one 675
constructs field ¢“(x) from field ¢(x), one constructs a field 676
@M (x) from field ¢*(x), for which the index M describes the 677
dependence on the spacelike components of velocity B¢ 678
namely B™. Explicitly, one writes the field ¢§;(x) for velocity 679
BM nonuniaxial as 680

CXp(— imB3nx0) "
exp(— impBs,x")
exp(— imﬁ3nx2)

exp(= imBs,x°) |y

(50)

684 The index M lends itself to interpretation as a field-index, specifically an index among three fields constituent to the total
685 observable field ¢*(x). However, whenever the velocity ,BM is uniaxial, mathematically Fourier series representation or
686 physically ordinary quantum mechanical considerations demand a superposition of the form
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exp(—impB,x°) |+
al ) 1
a, exp(— lmﬁlnx )
[y (x)] = & .
Y V2 | | exp(=impBy,x°)
687 exp(— imBInXS) 1(n>0)

exp(imfB,,x°) |#
exp(imfBy,x")
exp(imfB;,x%)

s8 | exp(impB1,x) |10
exp(— impByx°) |*
exp(— impBpx")

exp(— impBpx?)

689 _exp(—im,Bl(}x3) 1(n=0)

(51)

690 This is a superposition of a field/particle, its antifield/
691 particle, and its vacuum field.® Such a decomposition of a
692 general field ¢*(x), respectively, into particle ¢;(x), antipar-
693 ticle ¢, (x), and vacuum ¢, _,(x) field contributions

694 ¢°(0) = anpel(0) = {gf(0) + %)} m0) + Pip(0)  (52)

695 applies to any species of field, not just quarks. [One may
696 notice that the vacuum field ¢;,_,(x) remains in general both
697 nontrivial and even in principle nonisotropic.] Therefore, ob-
698 servable intrinsically massive fields (i.e., hadrons) come in
699 two varieties, those made up of three constituent fields which
700 are mutually orthogonal and those made up of two constitu-
701 ent fields, a field/particle and its antifield/particle. The ob-
702 servable field/particles are respectively defined as baryons
703 and mesons, the constituent field/particles (each Mth compo-
704 nent of the field ¢*¥(x) for baryons and partial sum gof%o)(x)
705 for mesons) which are not independently observable are de-
706 fined as quarks.

707 The usual SU(3) symmetry8 arises from rotations in the
708 (spacelike) velocity three-space and so any field ¢®¥(x) can
709 be written as a superposition which is represented in matrix
710 form as

r BK
i
[@“M(X)]=¢GXP(— Eb%'?\f‘;@ b . (53)
ral g

712 Transformation among such fields ¢*¥(x) then must take the
713 form

IS =exp(— i) xg%) (), (54)

715 where )\,5 takes the form of the usual gluon-associated SU(3)
716 basis matrices.® The color labels red, blue, and green there-
717 fore label directions in the (spacelike) velocity three space,
718 but such labels remain arbitrary and so the choice of color
719 labels do also. The associated group SU(3) is non-Abelian,
720 since the group geometrically represents rotations in a Eu-
721 clidean three-space which are of course non-Abelian. In prin-
722 ciple, a caveat should, however, be associated with this dis-
723 cussion. A velocity-associated three space constitutes a
724 subspace. To contract three vectors, one must in principle

define the timelike component for three vectors to be identi- 72°

cally zero and use a metric g,z written in terms of spacelike 726
axes labeled red, blue, and green. Nevertheless, no physical 727
reason precludes the choice of coordinates so that red, blue, 728
and green axes form a Euclidean basis, and moreover no 729
apparent advantage is associated with not doing so. The ca- 730
veat therefore does not really apply. 731

Again, in order to satisfy the original gauge condition 732
(19), one must replace the ordinary derivative by a covariant 733

derivative 734
D/,L(pa(x) = &M(pa(x) - [&MAg(x)](pB(x) s (55) 735
DI’«A;(X) = 0MAz(x) . (56) 736

The essential part of the generator of the symmetry 737
%b% (x)')\g],g is the matrix )\g%, which may itself loosely be 738
termed the generator. One then defines the gauge field BZB 739
and coupling a (analogous to electrostatic charge g in quan- 740
tum electrodynamics) as 741

; _ Loy N
- laBzB =4, exp{— EbN (x) - )\gK} ) (57) a2
The usual notation g for the coupling constant is avoided to 743
prevent confusion with the modulus of the metric. The com- 744
mutation properties of this gauge field and its generators are 745
as usually associated with QCD. 746

IV. THE DIRAC EQUATION, VACUUM EXPANSION, 747
AND SYMMETRY BREAKING 748

A. Nature of the example 749

In order to demonstrate the power and implications of 750
the above formalism, one applies that formalism to descrip- 751
tion of expansion of the vacuum, i.e., cosmic expansion.21 In 752
short, one considers two points in empty space, i.e., vacuum, 753
xo(f) and x'(z). Initially, at time =0, these spacetime loca- 754

tions are not resolvable so that the separation 755

a(t) = |xo(r) = x' (1) (58) 756

has the boundary condition 757

a(t=0)=0. (59) 758

The separation increases with time so that 759
M > 0. (60)

a(t) 760

Similarly, the vacuum expansion rate, as per current physical 761
results,”! is accelerating so that cosmic acceleration is char- 762

acterized as 763
do)*alt
@la) o)
a(r) 764

as well. This situation will be described using the Dirac 765
equation modified for four-indexed fields ¢*(x) and inter- 766
preted as a harmonic oscillator. The process of expansion 767
drives this oscillator leading to the excitation of field/ 768
particles. 769
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770 B, Dirac equation for four-indexed fields

771 Construction of the Dirac equation as modified for four-
772 indexed fields ¢%(x) mainly requires algebra. A Lagrangian
773 for the Dirac equation has been formulated,2 but that La-
774 grangian was constructed to lead to the desired form of the
775 field equation, rather than the field equation deriving origi-
776 nally from it. So, to construct the form of the Dirac equation
777 for four-indexed fields ¢(x) in the absence of an external
778 potential, one uses the conventional Dirac equation

779 [iy*d,—m]e(x) =0. (62)

780 One first factors each basis field ¢, (x), in terms of which the
781 ordinary Dirac field ¢(x) takes the form

782 ox) = a,p,(x), (63)

783 to construct the field

780 900 =alsel(x). (64)

785 The additional indices introduced on the coefficients aj g,
786 with respect to a,,, allow components of basis fields (pf(x) in
787 principle to couple. Where one can apply separation of vari-
788 ables to the field ¢*(x) directly, the coefficients a,;=a,gp.

789 In general though, one obtains the expression

Yo 0 0 0 |
0 g 0 0

"0 0 44 o0

-mlggl ([¢’(0)]=0,

0 0 0 Yo g
790 (65)
791 if
792 Jaty5=0, (66)

793 as is assumed to be at least locally valid. The condition
794 &aaﬁ‘ﬁ=0 will always be true in some frame of reference and
795 since the coefficients are essentially arbitrary can always be
796 constructed to be true. When such a condition is fulfilled, the
797 nature of the field ¢*(x) makes this equivalent to

Yay Vo1 Yo Yo
; Y'ao o ¥'ar ¥
Yo Vo V' Vs
Yy Yo vd v 8
798 (67)

-mlgg] ([¢(x)]=0,

799 which is more compactly written as

goo  [i7v*9p—mggleP(x)=0. (68)

801 If an external potential Vig(x) is present, one modifies this
802 expression to

o3 [i17"9p—mggle(x) = Vi(x) ¢ (x). (69)

804 The form of potential may be Vg(x)zV(x)gg, but this may
805 not necessarily be the case. Also, the Dirac matrix operator
806 y” in these expressions has the well-known definition®
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%{'}’a’ Y= %[,ya,yB+ Yy]=g%, (70) 807

but here the metric g% is general so that usual forms of the 808
matrices may serve of bases but not as general forms. Math- 809
ematically, one has constructed a completely equivalent field 810
equation, which when one lowers indices can also take the 811

form 812
li8au ¥ dp— mgaﬁ]<P'8(X) = [iy,05— mgpl oP(x) 813
= V,ap(x) 0P(x). (71) 814

Physically, this modified Dirac equation couples the field 815
¢©P(x) with a general metric 8ap €xplicitly and allows com- 816
ponents of the field ¢#(x) to couple with the external poten- 817
tial V,4(x) independently. 818

C. Construction as a SHO 819

Because of the SHO’s association with a number 820
operator,7 transformation of the Dirac equation into a har- 821
monic oscillator facilitates discussion. If one defines a Her- 822

mitian generalized momentum operator 823

my= iy, (72) g24
the form of the Dirac equation above can alternately be writ- 825
ten quadratically as 826

[ — mg ] T — mghle’(x) = [mgmh — m*g3elle°(x)  ga7

= ViVie'x), (73) go8
subject to restrictions 829
Wz'?Tg:ng, (74) 830
VaVE=mVs, (75) ga1

a form which facilitates interpretation as a SHO. 832

The Dirac equation is a Lagrangian based expression, by 833
definition. If one defines a generalized Hamiltonian operator 834
Hyp, one writes the equivalent Hamiltonian expression 835

a 1 a o a
Higm@() = Jlmmf+ VEVE+ mgelle ()

836
\%n 1 %
=2 g%l + —g%|p%(x) = £ N
) { B Ys 285 @(x) ] 857
e (76)
+= .
2 e 838
One reads off from this creation and annihilation operators, 839
respectively, 840
[0 Qu— m o 1 . o (3
ag= Flj gp+ ;[mﬁ—vﬁ] , (77) 841
i m a1 [i7%+ V%] (78) 842
ag'=\|— - —liw .
B=YN 7 8= LTBT Ve
Definition of the number operator 843
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ta B
ag'dl,
saa  N=— (79)

845 is implied if one absorbs a constant into the characteristic
846 frequency w% (in natural units the energy of the Bth field
847 component as measured with respect to the ath local coordi-
848 nate axis) as

“
a_ M o«

gag BT o (30)
850 In the usual manner,8 one is able to associate separate cre-
851 ation and annihilation operators with each field/particle by
852 treating these operators as functions of mass and linear four
853 momentum. Notably, these operators cannot be defined for
854 either zero mass or zero external potential. The former re-
855 striction m # 0 is not problematic, even with respect to mass-
856 less neutrinos, because the symmetry associated with leptons
857 [ and associated neutrinos v; described above implies an ef-
858 fective association of the lepton /’s mass with the neutrino v,.
859 This effective mass is physically a mass difference between a
860 lepton / and an associated neutrino v;. The latter restriction
861 VZ;EO coincides with the usual definition of the ground of
862 any field, i.e., as being the vacuum field. In short, in the
863 absence of an external potential, fields remain at ground and
864 therefore no particles are plroduced.8

865 D. Vacuum expansion as driving the SHO

866 One now returns to the specific physical problem at hand
867 namely vacuum or cosmic expansion. Initially, no physical
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reference at either position x,(7) or position x’(r), since the 869

initial separation a(t=0)=0 by definition. One chooses a ref- 870
erence frame with respect to position x((f). The governing 871
field equation 872

[iv*d5— mggleP(xo) =0 (81) g73

remains unchanged for position x,(z). No external fields are 874
present with which a spin-% field ¢*(x) interacts as far as an 875
observer at position x,(f) is concerned. This is only initially 876
true for an observer at position x’(¢); in general, the field 877
equation must be transformed, using the covariant derivative 878

D,¢*(x") = d,9°(x") = [9,A5(x") ¢ (x"). (82) g79

The transformation operator Ag(x’) transforms from the ref- 880
erence frame with respect to position x’(¢) back to the posi- 881
tion x((#) = x,. Direct substitution of covariant derivative D,, 882
for ordinary derivative d,,, as required for covariant transfor- 883

mation, leads to the field equation 884
[iv*D g — mggleP(xo) =0, (83) gss
[iv*ds— mggleP(xy) = iy (3, AB(x")]eP(x') 886

Lo = Vi(x')¢P(x') (84) gg7

at position x’(¢) as observed Trom position x,. As seen from 888

position x, a potential exists at position x’(¢). That potential 889
increases as the relative separation a(f) does because, as per 890
Hubble’s law,'? the relative velocity dya(r) increases with 891
distance. At each given moment, an observer at position x’(¢) 892
can be described as having received a boost with respect to 893
an observer at position x, so that the transformation operator 894

868 difference arises if one defines the origin of one’s frame of  takes the form o
896 I
897
{1 - [‘90a(t)]2}_1/2 —[dpa(D 1 - [(?Oa(t)]z}"l/z 0 0\~
—[doa(t) {1 = [dpa(r) ]}}~ "2 1 = Tamaln) -2 00
Wity = | 0O = L20aOFd {1-[da()T} | -
0 10
898 0 01/,

899 in spherical polar coordinates (where angular coordinates x> and x* do not matter) with respect to position x,, but the amount
900 of that boost continuously increases. Accordingly, the four gradient of this transformation operator ﬁMAg(x’) takes the form

{1 =[P} [30a()][(5)*a(r)]
= [(30)*a(01(1 = [aa() P} + [apa() {1 = [da(0) )

[7,A5')] = .

901 0

902
903
904

905 From this one constructs the potential

906 V(') =iy, ABx") (87)

907 as defined above [Eq. (84)].
908 The time-dependence of the number operator N can then
909 be determined from the expectation-valued expression

(86)

B

V,U«
a0V Hze () = @)Y HE" () = @) 2N

1
+ = e%(x),

88
2 (88) 911

since the generalized Hamiltonian operator H is constant, by 912
definition. This leads to the operator expression 913
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7
[?()N == M N (89)
914 2V,
915 since initially no particles are excited so that one applies the
916 boundary condition N(¢=0)=0. One assumes the operator y*
917 constant hereafter, since this has no effect on the physical
918 results; one may always describe spacetime as locally flat."?
919 The potential in this case leads to the trace of the potential as

Ve [(dp)*a(r)]
920 {1 -[dpa(n) 3"
921 + ¥ (1 + [doa() {1 = [doa(n P} )] (90)

922 One will assume (dp)%a(f) constant as well, ie., a time-
923 independent cosmic acceleration,ZI so that the time depen-
924 dence of the trace of the potential becomes

925  doVa=il(a)*a()]{1 - [aa() 1} 2y [dpa()] + ¥’
926 +3%'[pa(t)]} > 0. (91)

[Y{1 = [doa(t) 1} [dpa(D)]

927 In this case, the trace of the potential V7 takes the form of an
928 operator so that definition of the inverse operator (V¢)!
929 would be long and tedious. However, one may notice that if
930 one defines operator

931 Vg: iIm Vg, (92)

932 then the imaginary portion Im V¢, of the operator V7, is posi-
933 tive definite. The inverse of the operator Im Vi, must there-
934 fore also be positive definite but the factor i in the original
935 operator leads to a factor —i in its inverse; inverse operator
936 (V¥)~! is negative definite. In short, the time dependence of
937 the number operator is positive definite as

1 1

e V=SV TVl = v LAV > 0. (93)
939 As one expects with a driven oscillator, excitations are pro-
940 duced. In this case, those excitations are excitations of field/
941 particles. Excitation of antifield/particles would decrease the
942 expectation value of number operator N. Therefore, field/
943 particles must be excited in this process in greater numbers
944 than antifield/particles, in violation of CP symmetry.

945 V. CONCLUSION

946 The foregoing discussion has simultaneously constructed
947 gauge transformations® and covariant transformations, under
948 general reference frame transformations, showing at each
949 step how each transformation under discussion can be de-
950 scribed as either class of transformation. The class of fields
951 ¢*(x) considered are defined as solutions of the form

exp(ik,ox®)  |”

a . 1
w7 B exp(- ik, x') 04
Le*(x)] > | exple ik ) (94)
952 exp(— ik,3x°)

953 to some general but unspecified field equation. The index «
954 on fields ¢*(x) is a coordinate index in the sense that it is
955 raised and lowered by means of a metric field and that «
956 =0 denotes a timelike field component and @=1,2,3 denotes
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spacelike field components. One assumes the field equation %7

to be physically meaningful, but no details of its form are 958
discussed. Conservation of probability is used to construct a 959

gauge condition 960
9,9 “(x) = [0, A 5(0) ] (x) + A(x) 9,0 (x) (95) 961
for any field transformation of the general form 962
@' (x) = AG(x) P(x). (96) 963

The field/particle interpretation of any field equation—as op- 964
posed to a single particle interpretation of that same 965
equation—necessitates a local reference frame transforma- 966
tion operator Ag(x). The operator Ag(x) transforms the field 967
¢P(x) not from the reference frame of one localized particle 968
to that of some other localized particle but from the reference 969
frame of one multiparticle field to that of some other multi- 970
particle field. In effect, the operator A%(x) represents the set 971
of all possible transformations between pairs of all possible 972
field/particle excitations. Even within the class of rest 973
frames, the elements of such a set of transformations will 974
only be constant within a very restrictive set of physical cir- 975
cumstances. 976

Although no Lagrangian is specified, one has demon- 977
strated that this class of transformations, subject to the above 978
condition, does indeed constitute a gauge transformation. 979
The same condition above used as a gauge condition also 980
constitutes a condition for covariance. Thus, when one con- 981

structs a covariant derivative 982
D,¢%(x) = d,0%(x) - [9,A5(x)]¢"(x), (97) o83
DMAg()C) = &MAg(x), (98) 984

this is an actual—not an effective—covariant derivative. 985

The first class of transformations considered above was 986
those where the transformation operator Ag(x)zAg is con- 987
stant with respect to spacetime location x, termed global 988
transformations. This involves the usual U(1) gauge symme- 989
try associated with the arbitrary nature of the choice of a 990
coordinate system’s (reference frame’s) origin. The covariant 991
derivative is this case is trivial in that D,¢%(x)=d,¢%(x) 992
since d,Aj(x)=0. The generator of the symmetry group is 993
the phase &* in each ath field component ¢*(x) associated 994
with displacement of the origin with respect to which one 995
describes fields ¢“(x). Only Abelian global transformation 996
operators need be treated because non-Abelian global trans- 997
formation operators, such as those involving rotations, can 998
be constructed from Abelian operators in the global case. 999

The second class of transformations remains Abelian but 1000
allows the transformation operator Ag(x) to depend on 1001
spacetime position x, so that the operator is locally defined as 1002
discussed above. This leads, via analytic (holomorphic) 1003
restrictions” of fields ©*(x), to the SU(2) symmetry most 1004
familiar from isospin, but the symmetry is also used to con- 1005
struct lepton doublets (i,) Essentially, analytic (holomor- 1006
phic) restrictions lead to decomposition of fields ¢*(x) into 1007
superpositions of two classes of basis fields, with and with- 1008
out symmetry breaking. These classes of basis fields are re- 1009
spectively mappable as proportional to [_11] and [i] That 1010
these matrices form a basis for the Pauli group15 should be 1011
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1012 o surprise. Particle handedness is viewed as a property of

1013 the given field/particle or equivalently its proper frame of
1014 reference. Similarly, determination of which form of field
1015 ¢“(x) arises through symmetry breaking is associated with a
1016 choice of reference frame. These properties are described by
1017 the transformation operator Ag(x) where

1018 9, Ap(x) =~ é{aﬂaiM(x)o-M}exp(— éagN(x)oN>

1019 = lqu’B (99)

1020 The additional indices on the photon field Azﬁ allow it to
1021 couple with the field ¢*(x). The Pauli matrices o should be
1022 expected given the basis matrices delineated just above. The
1023 covariant derivatives then becomes

102 D,eP(x) = 9,6P(x) - igAL 0" (x), (100)

1025 where the photon field AZB takes the form

Aa
1026 4

= %{aﬂa‘;M(x)a'M}exp{— éa%N(x)(rN} (o)
1027 The SU(2) X U(1) gauge symmetry is associated with fields
1028 ¢“(x) whether the field ¢%(x) is massive or massless apart
1029 from symmetry-breaking effects.

1030 Only fields ¢“%(x) which are massive even apart from
1031 symmetry-breaking effects truly possess velocity-related de-
1032 grees of freedom. This can be shown in at least either of two
1033 ways. One can argue from the fact that symmetry breaking is
1034 a reference frame phenomenon but the speed of light (to
1035 which massless field/particles are constrained) is constant in
1036 any frame of reference. Then, since either excitation of the
1037 field ¢“(x), i.e., either member of the SU(2) doublet, can be
1038 seen as the portion that travels at 1ightspeed,7 neither can
1039 possess true velocity degrees of freedom. Alternatively, since
1040 the field ¢“(x) possesses no velocity degrees of freedom
1041 aside from symmetry-breaking effects, an excitation of the
1042 field ¢*(x) which “becomes” massive due to symmetry-
1043 breaking effects cannot “gain” true velocity-related degrees
1044 of freedom due to continuity restrictions. However, one ar-
1045 gues the fact, only those fields which are massive even apart
1046 from symmetry-breaking effects can possess velocity-related
1047 degrees of freedom. (Specifically, this represents three de-
1048 grees of freedom, since timelike velocity 8°=1.) This veloc-
1049 ity dependence allows one to functionally describe inherently
1050 massive fields

1051 ©%(x) = e x*, B]. (102)
1052 In a decomposition process similar to that by which one
1053 constructed four-indexed fields ¢*(x) from nonindexed but
1054 physically equivalent fields ¢(x), one constructs a field

7By convention, electromagnetic effects are excluded from spacetime cur-
vature. Were this not the case, one could in principle define both charged
and uncharged photonlike events. In the proposed view of leptons, leptonic
field/particles are excitations of charged (and therefore in the conventional
view massive) photonlike field events.

13
exp(imx°) B
o . 1
ol exp(oimBy)
[QDM(-X’ B)] 2 exp(— imﬂnsz)
exp(= impB,yx’) 1055
1
B
where " # ol (103)
0 1056
exp(imx®) + exp(— imx") B
N a%s| exp(= imB,yx") + exp(imB,yx")
[of(x.B)] = =22 " o
2 0
0 1057
1
B
where B* = 0 (104)
0 1058

These are, respectively, termed hadrons and mesons. Each 1059
Mth component field ¢y, (x, B) represents a quark. This leads 1060
directly to confinement because quarks are not constructed as 1061
independent fields, only functionally independent fields. Al- 1062
ternately, this leads to strict quark confinement because mass 1063
m acts as a proportionality constant which relates velocity 3, 1064
and momentum P, as 1065

P,=mp,.

Quarks fields are constructed parallel spacelike components 1067
of velocity B, and therefore of momentum P,. If any one 1068
quark could be physically separated to occur as an indepen- 1069
dent physical event, one would be able to specify a hyper- 1070
surface to which the remaining quarks are confined, but this 1071
violates physical restrictions on simultaneous measurability. 1072
Color labels the axes of velocity three-space so that chro- 1073
matic transformations become rotations within a (Euclidean) 1074
three space, leading to asymptotic freedom. Velocity how- 1075
ever remains a local, i.e., spacetime position x dependent, 1076
quantity. Thus, one obtains a local non-Abelian symmetry 1077
which applies only to fields ¢%(x) which are massive even 1078
aside from symmetry-breaking effects, not to those fields 1079
¢@*(x) which are intrinsically massless. On this basis the lat- 1080
ter are identified with leptons, the former with baryons. The 1081
usual covariant derivative, adapted for four-indexed fields 1082
©*(x), then applies 1083

(105) 1066

D,¢%(x) = &’u(p'g(x) - {(5’# exp{— éb%](x) . )\g%} }¢5(x) 1084

(106) 1085

Gluons matrices )\g% take the usual forms. Again, this is a 1086
true covariant derivative, not an effective one, for the same 1087
reasons as in the case of SU(2) symmetry. 1088

The significance of these results can be assessed at a few 1089
levels. If one seeks immediate practical consequences with- 1090
out looking for deeper implications, one finds that a certain 1091

= J,0°(x) + iaBzﬁgoB(x).
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1092 hioh degree of physicality [namely, the SU(3)XSU(2) with a Lagrangian L[ ¢(x),dge(x)] for fields ¢(x) which are 1118
1093 X U(1) gauge group structure associated with the standard  not four indexed in the final term can in this case be ab- 1119
1094 model] is assured to any field theory consistently constructed sorbed into the coupling A, but this serves to illustrate an 1120
1095 in terms of four-indexed fields ¢“(x). Thus, if one returns to important point; the equations of motion obtained when one 1121
1096 the example given in the introduction of a A¢* field theory employs four-indexed fields ¢*(x) may differ by more than 1122
1097 with Lagrangian writing an index on each field. 1123
At a more fundamental level, association of standard 1124
1098 LLe*(), dpe" (0] = [aﬁcp“(x)][aﬁ%(x)] model gauge symmetries with actual, rather than effective, 1125
I, N N T covariant derivatives D, eliminates one of the many techni- 1126
oM Pal0) ¢ (x) - Z[‘Pﬂr(x)"o (. cal difficulties which must be surmounted if anyone is to 1127
ever construct an eventual physically meaningful quantum 1128
1099 (107) theory of gravitation. Likewise, the demonstration that a 1129
1100 a driven quantum oscillator familiar from both Higgs theory ~ four-indexed field ¢®(x) reduces to an unindexed but other- 1130
1101 and statistical mechanics,” one can immediately write downa  Wise physically equivalent field @(x) when restricted to rest 1131
1102 transformed Lagrangian frames so that the metric g,z becomes the Minkowski metric 1132
, Nap (as discussed above) suggests that any truly generally 1133
1103 ﬁ'[qo’“(x),&ggo’“(x)] = [Dﬁﬁola(x)][DB‘Pa(x)] relativistic quantum field theory must be written in terms of 1134
1, four-indexed fields ¢%(x). 1135
— -m”@,(x) " “(x) This formalism has been additionally clarified by the 1136
1104 2 . . o . .
consideration of the excitation of field/particles by expansion 1137
A, N of the vacuum using the Dirac equation.8 The Dirac equation 1138
1105 B Z[(pa(x)(p @I (108) when modified for four-indexed fields becomes 1139
1106 without any need to supply additional justification that this [iv*95=mggleP(x) = Vi) (x). (110) 1149
1107 Lagrangian has the gauge properties of the standard model ~ The form of the Dirac matrix operator y%, defined implicitly 1141
1108 Lagrangian. [No primes are needed on the mass m and cou- as 1142
1109 pling N because the modulus ¢,(x)e®*(x) =, (x) ¢’ *(x) is not 1 1
1110 changed by transformation, since it is a scalar quantity.] Any —{v*, Y = =[P + Py = g%, (111)
1111 analytic field solution ¢%*(x) of the associated Euler— 2 2 1143
1112 Lagrange equation varies when one allows a general form of the metric g*Z, but 1144
A the example used considers the vacuum as locally flat so that 1145
[Qgﬁﬁ +m*+ —goM(x)qo"“(x)] @4(x) one uses the Minkowski metric as usual. If one considers a 1146
1113 2 C . .
point x'(f) expanding away from a fixed point x; and sepa- 1147
| p.pfsm? A » Con rated by a radius a(r), one defines the potential with respect 1148
1114 =| P rmt 2<pu(x)go () |9a() =0 (109) 5 the srationary point vacuum so that 1149
(3
1115 must transform in this manner, a constrain which acts as a Vﬁ(xO) =0, (112) 1150
1116 powerful tool when solving the associated field equation. but an observer at point x, sees a nonzero and time depen- 1151
1117 The difference of a factor % from the equation associated  dent potential 1152
1153
1154
{1 =[dpa(n " = [9a(®I1 =[G} 0 0 \*
n-172 20-1/2
(V6] = iv"a, [doa(r) {1 0[8oa(t)] ¥ {1 [ﬁoc:)(t)] ¥ (1) 8 (113)
1155 0 0 0 1/
1156
1157
1158 I
1159 at point x'(z), due to the relative motion of the two points. N> 0. (114) 1165
1160 Because both the relative velocity dya(r) and relative accel-
1161 eration (d)%a(t) of the two points are positive quantities, in  Field/particles are excited at the point x’(¢) in clear violation 1166
1162 accordance with the observed accelerating vacuum expan- of CP symmetry. This is similar to emission of a photon by 1167
1163 sion rate, field/particles are excited. In fact, in terms of a an electron due to wave spreading phenomena. The vacuum 1168

1164 number operator N, one finds that

state of the field ¢*(x) spreads as the vacuum itself expands. 1169
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1170 This lowers the energy of the ground state of the vacuum, but
1171 energy must be conserved. At some critical point, a particle
1172 excitation of the field ¢®*(x) occurs because this spreading
1173 lowers the excitation energy sufficiently. Clearly, this vio-
1174 lates conservation of lepton and/or baryon number, but some
1175 have suspected for some time that these quantities are not
1176 strictly conserved. Indeed, if one assumes that the universe
1177 started out as vacuum, some process Or processes must exist
1178 which violate particle number conservation laws quite badly.
1179 This process for field/particle production does just that.
1180 However, a physical process of this sort could only be rec-
1181 ognized if one establishes the physical equivalence of gauge
1182 transformations and covariant transformations, under general
1183 coordinate transformations.
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1189 APPENDIX A: USAGE OF THE TERM “METRIC” IN
1190 THIS DISCUSSION

1191 Whenever one refers in this discussion to a metric g,
1192 one refers to a symmetric bilinear objection (a tensor or a
1193 spin-tensor) g, like that used in a line-element

194 ds”=g,pdx"dx”. (A1)

1195 Loosely, the explicit line-element such as
rg rg -1
ds*=\1-=)di* -1 == dr’—r*(d¢’ + sin® 0d &)
r r

1196 (A2)

1197 in the case of a Schwarzschild metric is sometimes also re-
1198 ferred to as the metric. When metric g,z in strictly diagonal,
1199 this looser usage leads to no confusion; one can read off the
1200 elements of metric g,z with a minimum of effort if need be.
1201 Representation of the metric g,z via the explicit line-element
1202 ds? is still possible but much more cumbersome when all ten
1203 independent components of a metric g, are in principle non-
1204 vanishing as in the case of a line-element

ds® = goodt® + 28 dtdx" + -+ + 2go3dx*dx’ + g35(dx®)?.

1205 (A3)

1206 The association of mixed differential coordinates and the fac-
1207 tor 2 in the case of off-diagonal terms tends more to obscure
1208 the nature of the metric g,z than otherwise. Yet, throughout
1209 this discussion, the possible existence of nonvanishing off-
1210 diagonal terms of a metric g,z is central to the logic of the
1211 argument presented. Such nonvanishing off-diagonal metric
1212 components g,z are most often encountered in the context of
1213 reference frame transformations, as when one boosts a
1214 strictly diagonal metric. The metric transformation rule

1215 8ap=&uMaAp (A4)
1216 is simply not as clearly or succinctly expressed in terms of a
1217 line-element ds2. For this reason, the sake of clarity, the more

1218 strictly rigorous usage of the term metric—which refers to a

15

bilateral symmetric object g,z by which one in principle
specifies a line-element ds’>—is used throughout this discus-
sion.

APPENDIX B: CONSTRUCTION OF SU(2) BASES
(REF. 18)

Construction of the SU(2) bases cited above begins with
the analytic restrictions

1960 _ ¢ ()

Ie"(x']) ' (x'[x])
O ! T

! O

, ., (B1)
also cited above. (The field has been constructed to be inde-
pendent of the remaining spacelike axes as explained in the
main discussion.) In direct analogy with Cauchy-Riemann
restrictions on a complex function in a complex domain, one
derives these restrictions by insisting that definition of the
divergence d,¢%(x) be path independent. One plugs into

these expressions the form of the bases defined above

@,(x) = exp(= ik, x"). (B2)
One combines expressions in the form

76" 0g°1x']) _ dg! (x'[x7) ' (') ®3)

0 ax! 0 ax!

using the fact that spacelike components square negatively,
and then applies definitions

dxo_ dx'\!
a0 \ad) (B4)
ko \?( dx'\ 7
e )= (®3)
1
The general form
0,.0y ]2
@,(x")
[isvl(x‘)} - (B0)

cited above then follows from algebra.
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