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In this paper, we introduce a concept of “apparent” measure in R" and we define a
concept of relative dimension (of real order) with it, which depends on the geometry of
the object to measure and on the distance which separates it from an observer, at the end
we discuss the relative dimension of the Cantor set. This measure enables us to provide a
geometric interpretation of the Riemann-Liouville’s integral of order « €]0, 1.
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1 Introduction

The theoretical and practical interest of fractional operator appears naturally in
several fields of science and engineering, including fluid flow, rheology, modelling,
signal processing, diffusion problem and others, ([8],[15],[11],[10]), in spite of the
lack of a geometrical interpretation of this operator [1]. In this paper, we give
a geometrical interpretation of the Riemann-Liouville’s integral of order a €]0, 1],
([12],[10],[4]), as a surface which can be evaluated and compared to the classical
surface of an integral function. We introduce a concept of “apparent” measure,
with respect to a point z(, that changes value according to the distance of the
object to be measured from x (This kind of measure can be used in 3D animation).
We introduce and prove some properties of this measure. The concept of relative
dimension follows from this apparent measure. For example we discuss the “small
irregular” Cantor set having Lebesgue measure zero and Hausdorff measure one.
Thanks to the “apparent” measure we interpret the Riemann-Liouville’s integral
and we modified it.



2 Measure of real order

2.1 Measure in R

Let Zp be the set of all bounded open intervals of R, of the form I =]a, b, where
a < b. In the case where a = b we have ) € ZIp. We define the length £ : Ip — R,
by L(]a,b[) = b — a, and we have

Definition 1 For any xq € R we call the length of order o € RY, the map
Hoy t IR — R, defined by
|lzo — a|® — [z — b|*[ if 20 ¢a, b]

tao Ja; D) :{ 20— al + |zo —b* if 2o €la, b (1)

Remarks. 1) If zy ¢]a, b], the length
L(a,b)=b—a=b—xo+z0—b=||ro—a| — |zo —b| | = g, (Ja,b])

and if xy €la, b[, we have
L(Ja,b) = (w0 — a) + (b — w0) = pig,(Ja, b]).

This length is independent of the point x, it is intrinsic. On the other hand the
length of real order pg for a € RY depends on the point z,, for example, for
a €]0, 1], the further the point z is from the interval |a, b[, the smaller the length
of order « of this interval appears. Thanks to this dependence it can be called
"apparent” length. It mimics the impression an observer gets for the measure of an
objects: it diminishes when it gets further. The extension of the concept is done in
section.

2) Obviously we have pg (#) = 0, and the function ug can be considered as a
density measure indeed:

a) If xop > b, we denote

b b
i (Ja, b)) = (20 — a)* — (0 — b)°* = / oo — 1)~ \dt = / Qe (). (2)

with
ap (1) = alzo — 1ot 3)

b) If zy < a, we denote
b b
i (Ja,b) = (b — 20)® — (a — ) = / ot — ) \dt = / e (1), ()
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with
dpl (t) = alzg — t|*Hdt (5)

c) If xy € [a, ], we have

i (Ja,b]) = (zo — a)® + (b — x0)* = /IO afxg — t)* dt +/ ot — x)* dt

o

b
- / dyi (1). (6)

p2 is then a measure of density f(t) = a|t —xo|*~!, it can be extended to any Borel
set ("apparent” length of a Borel set).

2.2 Properties of uj

Let ]a, b] be a non empty interval of R, thanks to a simple study, it can be said that

the application « — g(z0) = p2 (Ja, b]) is increasing in | — oo, %[ and decreasing

in |42, 4o00[ for o €]0, 1[ and conversely for o €]1, +oc[, whereas it is constant for
a = 1. The measure of order « of the interval ]a, b[ is maximum when the point z,
is at the center of the interval |a,b] and a €]0, 1], and it becomes minimal at this
point for o €]1, +00[. We state now, without proof, some simple properties of this
measure.

Properties 1 Let Ja,b[ C R, with a < b, xy € R, we have
1) (Scaling) For all zo € R, and all A € R}, € R,
Hiay (JA@; AB]) = A4 (Ja, B]). (7)
2) (Translation invariance) For all c € R, o € RY., we have
Higgrella + ¢, 0+ c]) = g (Ja, b]). (8)
3) For all a € R, we have
pa (Ja, b)) = py (Ja, b]) = (b —a)*. (9)

4) (Continuity) For all o € R, ug (Ja,b[) tends towards L(]a,b[) when o tends
to 1.
5) If o €]0, 1], we have
pa (Ja, 0)) = piy(Ja, 0) = L(Ja, 0]) 4f b—a <1 (10)
pa (Ja, 0) = piy (Ja, 0) < L(Ja, b)) if b—a>1. (11)
6) For all real numbers a’, V', such that ' > a , b’ < b and ¢ € R\|a, b], we have
i (Ja,b) > o (B, Vo RS (12)



Remark. Equation (7) is equivalent to

forall p>0 : dus(pt) = p“dus(t). (13)

2.3 Measure of real order in R"

We start with the definition of the measure of a simple set. A brick P is defined in
R"™ by n inequality of the form

where the a; and b; indicate given real numbers for all i =1, 2,..., n.

Definition 2 Let P be a parallelepiped in R", and let zo € R", a € R.. We call
measure of order v of P with respect to xq the quantity

o (P) = H ‘yxw — a;|* — | — bil® if x90& P (15)
i=1
(resp.  poy(P) = [ [(xos — ai)® + (bi — 0)*  if w0 € P). (16)
=1

Remark. We can obtain an equivalent of Fubini’s theorem for the product of
measure of real order. We let the readers formulate it. We can also build up in a
traditional way product measure on R".

2.4 Measure of a bounded set of R"

Let A be a subset of R", and let 14 be the characteristic function of A and xy € R",
a € RY. We can define in a traditional way the measure of a bounded subset of R".

Definition 3 let A C R", we will say that A is a-measurable if its characteristic
Junction is ug -integrable. The number

12 (A) = /R La(t)dus, (1) (17)

is called the measure of order o of A compared to xg.

Remark. For n=2 this measure is called apparent area with respect to xy, and
for n=3 it is called apparent volume with respect to zy. The various properties
of this measure follow easily from the the properties of the integral. We can also
obtain a concept of apparent mass for a material system by proceeding in the same
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way as for the Lebesgue measure, and the same properties can be found. Remind
finally that the measure of a set depends on the dimension of the space in which it
is considered.

As an example the measure of order « of a segment, regarded as a subset of R
is equal to its length of order «, but if it is regarded as plunged in R?, it’s measure
of order « is equal to zero.

In the continuation we will define a more precise measure of a real order without
the use of integral. First of all we remind the definition of diameter of a set in a
metric space.

Definition 4 Let (E,d) be a metric space. If A C E, A # ¢, we call diameter of
A and it is noted diam(A), the element of [0, 4o00[ defined by

diam(A) = sup d(z,y) (18)

(z,y)€A?

with diam(0) =0

Definition 5 Let zo € R", B C R" and let P; be a brick of R" for all i € N*. We
define

pgy (B) = inf { iuio(l%), BcC GI%-, diam(F;) < 6}
i=1 =1

= inf { ST (o). BB diam(P) < o}, (19)
1=1

i=1 j=1

with o €]0,1]. The measure of order a of B with respect to xqy is given by

ue\(B) = lim pd(B) = sup 3 (B). (20)

60— 0 5>0

Remarks. 1) The choice to let § tend towards 0 enables us to have a concept of
more precise measure where the selected recovery follows the local geometry of the
object.

2) The point xy represents the position from which the object is measured, this
measure being therefore dependent on this position (Fig.1).

3) The last definition coincides with definition 2 and 3 for o €]0, 1].
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Figure 1. The apparent measure of the disc for n=2

2.5 Properties of the measure

Theorem 1 1) ,ug‘(’f is an outer measure
o
2) g is an outer measure

o«
8) ug is a Borel measure.

Proof: 1) pfc‘f is an outer measure, indeed:
i) We have well p2°(B) € Ry for all B C R™.
i) .
ped (@) =it { 3wz (R), 0c UP“ diam(P)) < §} = 0
Indeed it is enough to takezj'i ={reR"/ q § x; < a;}.

iii) If (Ax)r>1 is a sequence of a subset of R", let show that

Nmo UAk <Z/1,a6 Ak

If Y00, 12 (Ay) = +oo, the inequality is obvious, if not we have p2:°(A;) < +oo for
all k£ > 1. There exists a sequence (P;;);>1 of a brick of R" such as Ay C U2, Pix,
and for all N > 0 we obtain

1
ZMIO i) < Hgg (Ak)JFW



Thus we have

U A C U Py
k=1

ik=1

a countable covering of a brick of R". Then we have for all N > 0

it (Uae) < 25w () < ol +

we then deduce the inequality.

2) pg is an outer measure, indeed, let (Ax)r>1 C R". Since
pst (UAn) <D medan),
1 n=1
and since supy. o p2®(Ay) = 2 (Ay) we have then

Mgff < [_OJ An) < i fgo (An).
1 n=1

When ¢ tends to 0, we obtain
i, (U An) <D0 me,(An),
1 n=1

3) ug, is a Borel measure, indeed, let A, B be a subset of R" , such as d(A, B) > 0,
with
d(A, B) = mf{ d(z,y),Yz € A,Vy € B }

then let us just consider d(A, B) > 4§ for example, to get a right covering for
equality.

Properties 2 Let a €]0,1], zo € R", and let pug be a measure on R™. We have

1) pg (B) =0 forall B C R"™ andn' < n, where R™ is isomorphic to R x R"™™
for any integer n’ < n.

2) pg, coincide with the Lebesque’s measure on R™.

8) For all A > 0, and all B C R", we have S, (AB) = A\"ug (B).

Proof: 1) We have

p5(B) = inf { iﬁugo,j([ai,j,bz‘,j]% BC G P, diam(F;) < 5},

i=1 j=1 i=1



with a €]0, 1]. Since n’ < n, P; can be chosen in R"™, the n—n/ remaining coordinated
are null, we have then the result.

This property means that the measure of a set depends on the dimension of the
space in which is considered.

2) On R and for a = 1 we have:
42, (P) = diam(P),

with ) (A) = H'(A), and since the Hausdorff’s measure, H' coincide with the
Lebesgue’s measure on R, we deduce the result.

3/ For all A > 0, we have

,u/\xo 1nf{ZH,uMO [Aaij, Abij]), B C GH, diam(P;) < 5}.

=1 j=1 =1
Since
o0
n
E:Hﬂxxo [laiz, Abis]) = A E H,Ua;oj aij, bigl),
=1 j=1 i=1 j=1

we deduce that
a,0 n, o
Hk,xo (/\B) =A qu(’)é(B),
which by letting ¢ tend to 0, gives

5y (AB) = X', (B).
Proposition 1 Let P; be the projection of R" according to the j-th coordinates. Let
a €]0,1], A C R" and let xg,x1 € R",
Ifvje{1,2,3...,n} we have infP;(A) > xo; > x1;,
then we have g (A) > ug (A).
Proof: Let P; be a brick of R" defined by the n inequality of the form
a;,; <z <b (j=1,...,n)

with a;; < b;; for all j = 1,...,n, such as A C |J;o, P and diam(P;) < ¢ for
all . If V5 € {1,2,3...,n} we have inf P;(A) > x¢; > x1,, we deduce that Vi
inf P;(P;) > xo,; > 14 then according to the properties of measure of real order in
R, we have

/’Lgo,j ([ai»j’ blv]]) Z /’Lgl,j ([ai,j7 b’h]])

for all (7,7) € N* x {1,...,n}, of which

oo n
ZH,%O] ([ai;, bijl ZZH e, ([@i g, bij])-

=1 j=1

0]



and we obtain
pe(A) > psl (A),

which completes the proof.

Theorem 2 Let f: B CR" — R" be a function defined algebraically by

f(z) = Az + C, (21)
A 00

with C' is a constant vector, A is a matrix 0 "-. 0 with \; a real positive
0 0 XA,

forallt=1,...,n. Let xg € B, and let A C B. We have

e (£ = (L] X5) w2, (). (22)

Proof: Let P; be a brick of R" defined by the n following inequality
a;j; <xj <bj (j=1,...,n)
with a;; <b;; forall j =1,...,n,such as A C |J;=, P; and diam(P;) < ¢ for all 7.
f(F;) is a brick of R" defined by the n inequality of the form

)\jCLiJ—i‘Cj S.’Ej S )\jbi,j—i—Cj (] = 1,...,71)

1o (P =TT 5o, ([)\jaz',j + ¢j, Ajbiy + Cj]) (23)
j=1
=TT |[ o) = i + )| = |£o)s = (yass + <) (24)
j=1
= H )\ja Toj — bm‘ — |To,j — Qi (25)

= (1) ws,(P) (26)

i=1

what it enables us to obtain the result.



3 Measure and dimension of real order

The measure defined in the preceding paragraph can not define a concept of dimen-
sion, so following the concept of Hausdorff measure let us build up the following
measure:

Definition 6 Let (Pi)z‘eN* be a sequence of a parallelepiped of R" covering B C R"
and o € R". Let B € [0, +o00[ and o €]0,1]. We define

HE(B) = inf{i (‘sup i, (fausbi)) . B ) P.. diam(P) < 6} (1)

i—1 1sys<n i=1
the measure of order (a, B) of B compared to xy is given by
H5)(B) = lim HY(B) = sup HX4(B). (28)
0— 0 §>0
Theorem 3 1) Hféa)’é s an outer measure
2) HE is a measure

3) Hfo(a) coincide with the Hausdorff’s measure of order 5 on R for a = 1.

Proof: For 1)and 2) the proof is similar to the proof of the theorem 1.
3) When o = 1, we have g, ([ai;,bi;]) = Diam([ai;, bi;)).
If we denote A° the interior of A, we have the following lemma
Lemma 1 Let A be a subset of R", xqg € R"\ A°, a €]0,1] and let 0 < f < v < 0.
If HEYA) <400 =  HIY4)=0.

Proof: 1f Hfo(a)(A) < 400, then there exists a sequence (P,),>1 of brick of R"
such that A C UZO:1 P, with diamP, < 9, and we have for k € N*

- B 1 1
> (sup g, (lag,big))) - < HIH(A) + 1 < sup HEDI(A) +

1<j<n k 0>0

According to the definition of measure we have

H(9(4) < Z( swp 48, (i bis]))

1<j<n
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i( SUp iz, ,( ambz',j]))ﬁ( SUp g, ([az’,jabi,j])yﬁ-

i—1 1<5<n 1<j<n
Since
sup flg, ([aij, bij]) < Diam(P;), V1 <j<mn,
1<j<n J
then we obtain
)8 4) < 578 b« c-8( @ 1
H 0 (A) <6 Z (liljlgnﬂxo aigsbig)) < &7 (HEO(A) + 1)

we deduce from it the result when 6 tends to 0.

Thanks to this lemma we introduce the definition of relative dimension:

Definition 7 Let A C R", a €]0,1]. We define the relative dimension of a set A
by
dim(A) = inf{ﬁ L HP®)(A) = o} 1nf{6 HE@(4) < oo}. (29)

— sup {7 L H)(A) = oo} — sup {7 L H)Y(A) > o}. (30)

Remark. We have the following
) If AC BCR", 2y € R" and 29 ¢ B , we have Ho”)(A) < HX(B).
i) If d(zo;, Pi(A)) # 0 for all i = 1,2, ..., n, then
dimeé")(A) < dimH(A).

Until now, our "apparent” measure depends on the axis in which the object can
be plunged. To change this dependence we propose the following definition

Definition 8 Let (O;), .cN* be a sequence of open sets of R" covering B C R" and
let xg € R™. Let § € [0, +00] and o €]0,1]. We define

Hy 0 (B) = inf { i ((Daso(oz’))a - (dzo(Oi))a)ﬁa BC Gom diam(0;) < 5}

i=1

(31)
where Dy, (O;) = sup,eco, d(0,y) and dy,(0;) = infyeo, d(zo,y). The measure of
order (a, B) of B with respect to xq is given by

Hgéa)( ) = sup Hﬂ(a) (B) = 5li_r>110 Hféa)ﬁ(B)_ (32)

6>0

As for the Hausdorff measure we have the following theorem
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Theorem 4 1) Hﬁé“m is an outer measure
2) HA is a measure
3) "Hféa) coincide with the Hausdorff’s measure of order 3 on R for a = 1.

1) HED(A) =0 if AC R and af8 > n.

Proof 4) Let m be an integer and let us consider the unit cube Q C R". This

1
cube can be decomposed into m™ cubes with side —.
m

Therefore

n

H9Q) < 30 () = mn((

=1
and we can then conclude.

Then we get the relative dimension given by the definition 7. Although the
Hausdorff dimension measures the metric size of any subset in a metric space. We
can find an "apparent” Hausdorff measure if we put the ”apparent” diameter given
by

2,0 = (Day(09) = (d(0))) (34)

in place of diam(0O;), and we have

Proposition 2 Let a €]0,1], A C R" and let xo,z; € R".

Let <Oi)ieN* be a sequence of open sets of R"™ covering A,
If VieN*, d(zg,0;) > d(x1,0;) then we have HZ ™ (A) < HI(A4), (35)

where d(z;,0;) = inf d(z;,y).

yeA

Proof: Let (O;), N+ be a sequence of an open set of R" covering A C R" such
as diam(O;) < §, thanks to the properties of the apparent measure defined in the
beginning of this article it can be said that if we have Vi € N*, d(xq, O;) > d(z1, O;)
then

(Dan(0))* = (4 (00)?) < (D (02)) = (doy(02))) (36)
( )

which yields

i((Dm(Oi))a—(d%(oi))a)B N B e’

i=1 =1

and then we have the result.
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4 Application: The Cantor set in R

Let 0 < A < % Denote Ip; = [0,1], and let I;; and I, 5 be the intervals [0, A]
and [1 — A, 1], respectively, obtained by taking of from the interval [0, 1] the interval
JA,1 — A[ of length 1 — 2\ and centered at the medium (Fig.2). We continue this
process of selecting two subintervals of each already given interval, and so on. If
we have defined intervals Ij,_i1,....,J;_1 ox-1, we define the intervals Iy 1,....,Ij or by
deleting from the middle of each Ij_; ; an interval of length

(1= 2N d(I—15) = (1 — 22\ 1.
All the intervals I, ; thus obtained have length A¥. We define a kind of limit set of

this construction by

C(A) =My UL, I,

I, I

Figure 2. Cantor set

Then C'()) is an uncountable compact set without interior points and with zero
Lebesgue measure, and one Hausdorft’s measure, and the Hausdorff’s dimension is
equal to

log?2
log+"

To determine the relative dimension of this set and to discuss its apparent measure,
there are two cases:

dimg = (38)

1
hy
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i) Case where zq = 0, or where xy = 1, or more generally if there exists (k, j) €
N x N* such as x( belongs to the boundary of I ;.

For every k = 1,2, ...., we have C'(\) C U, ;, and then

Hxﬁo(a))\k(c()\)) < Z <”go(]k,j)>5 < Z(/\ka)ﬁ — (2/\5a)k7 (39)

In order for this upper bound to be useful, it should stay bounded as k tends to
0o. The smallest value of 3 for which this happens is given by 2\°* = 1, that is

B = allzgé) for a €]0,1]. Then for this choice we have
2k
HEO(C() < lim (W) =1, (40)
j=1
thus log 2

dimeéa) (C()\)) S (41)

alog(s)
Since for the Hausdorff’s measure see ([6], [9]), we can find a lower bounds for the
Hfo(a)(C'()\)), indeed, let us consider an open recovering (I;),  of C(A). Since C(A)
is compact, a finite recovering can be chosen. We may assume that there were only
(1;)j=1,.n to begin with. Since C()) has no interior points, we can making I; slightly
larger if necessary, assume that the end-points of each I; are outside C'(A\). Then
there is 0 > 0 such as the distance from all these end-points to C'(\) is at least
§. Choosing k so large that § > A\ = L(I};), it follows that every interval Iy ; is
contained in some I;.

In2
Since for g = n_l we can find a finite constant ¢ > 1 such that
n —_
)
c(ug, (1) = Y (ug, (i)’ (42)
Ik,iCIj
whence
2k
e (s, () =D 37 (s, (Te)? = Y (g, (1)) (43)
7 7 IkinIj =1
or
2k 2k P 5
>0, (1) = D0 (1= (1= A7) =25(1= (1= A7) = 2fal A (44)
i=1 i=1
this lower bounds should remain bounded as k tends to infinity because 2\ = 1,
In2
for g = ln—l, and we have for this value
n =
)

ab
>, (1) = —, (45)

J
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which allows us to say that

af In2

HL(CO) 2 = for B=1, (46)
which gives
log 2
di 0 (C(N)) > 47
Conclusion, if there is (j, k) € N x N* such as zy € 0} ;, then

log 2 ) log 2
<d 0 (CN) < . 48
log(%) = G s( (C(N) < alog(%) (48)

ii) Case where xy € [0,1]\ C()), a similar demonstration of a) leads to the same
conclusion.

iii) Case where o ¢ [0, 1], let us suppose g < 0, the case 2o > 1 will be treated
by the same way. To find the upper bounds, we have

HEOAN (C(N) <

0

2k 2k

S (k1)) < 32 (O = 20)" — (—0)

J=1 Jj=1

B B

_ 2’“(()\’“ ) — (—:co)> ,

B
the last term 2% (()\k — ) — (—:co)> is equivalent to %(2)\5)’“.

The smallest value of S for which the upper bounds of Hfo(a)C’ (M) should stay

log 2
bounded as k tends to infinity, is given by 2\? = 1, that is 8 = il.
og by

For this choice we have

0{6

Hfé“)(C(A)) < m

(49)
therefore dimeéa)(C (M) < 5. The same covering chosen in i) will give us a lower

B
estimate of the relative dimension  dim 12 (C(\)) by Zl(—xjm'

For this over coverings, we just need to see that for 5 = we can find a finite

constant ¢ > 1 such that
2k
e I =Y (e (Tka)? =D (18 () (50)
7 7 IkinIj =1
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2k 2k
> (s Iea)? =D (1 =m0) = (1= xp) = A)*) ~ ————— (5]
i=1 i=1 (1 — o) {1=?
which enables us to have
log 2 of
; . > B(e) > 2
dlme(g >(C<)‘)) = log(%) and H:co (C<)‘)) = C(l _ .1’0)(1_0‘)6’ (5 )
_ log2
for = og(1)"
For Example: 1) If o = —1, we find
. 10g2 B B(a) B
iy (COV) 2 85 and - i < HAP(CON) < T 69
_ log2
for g = og(1)°
2) If 2y = —3, we find
. 10g2 OC’B B(a) 046
d 0 (C(N)) > d < H(CN) < 54
e (CA) 2 @ 2 TEyamas < Ho (O < Ty (59

For the same (.

Conclusion, If zq & [0, 1] the relative dimension of a Cantor set is constant and
coincide with Hausdorff’s one, and if zo € [0,1] N 01} ; for (k,j) € N x N*, or if
xo € [0,1] \ C(X), the relative dimension of a Cantor set check

log 2 ) log 2

—2__<d o (CN) <

log(3) — R (CW) < alog(s)
which is a value grater or equal to the Hausdorff’s dimension according to the value
of a €]0,1], if &« = 1 we find

dim ) (C(A) = dimygs (C(N). (55)

Else the relative dimension of a Cantor set is greater than the Hausdorff’s di-
mension and we have the following theorem

Theorem 5 The relative dimension B of the Cantor set is

i) If kg € [0,1] \ C(N), or xo € [0,1] N OIy; for (k,j) € N x N*, then

lo(1) == alog() 0
i) If xo ¢ [0, 1], then
_ log2
B = og(1)’ (57)



Remark 1) For 2o = 0 we have

Qko‘ N =\ _ -1\Y (K _ w1\ @18
;ﬂxo(Ik,z) AP (20 (1= 20X )T = (4 (1= 20001)]

+[(5x + 201 - 2A)A’f—1)a — (4201 - 2/\))\’“‘1>ar b (58)
{41+ 052 (4 52
+[(5+w)a—(4+wﬂﬁ+ ...... (59)

and then .
> u2, (Tei) = A (wr .+ ) (60)

=1

with w, the sequence given by

B
((1 + Pu($)* — (Pn(i))O‘) if n is an odd number
Uy =

((Pn(i))a — (Pu(3) — l)C“)B if n is an even number.

Where P, is a polynomial that is difficult to obtain his general form, but we can see

that for an even number of the form 2¥, we have Py (5) = G and this my lead us
to get a conclusion
In2
i) If B = By = —— then
aln 5y
2k
« po afak
S (8, (1) =X (w4 wp -+ ) >0, (61)

i=1
by Cesaro’s mean for the sequence u,, if it converge, we have

UL + U + ...+ Usgk

2k‘ X Ugk — 07 (62)
and we conclude dimHg2(a) C(\) < Bo.
zQ
In2
ii) If =, = - then
ln 5y
2k 5
Z <,ug‘0 Uk,i)) = )\aﬁlk<u1 +ug+ ...+ UQk) — oM (63)

=1
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indeed, we have
Uy + Uy + ...+ Ugk
2ka

o] a\ £
where uyr = (()\Lk) — (/\ik — 1) ) , then

hm Uok 2F(1=0) ~y lim 2F(—) \kBL(—a) Br
k—oo

A Uy 2P0 (64)

1
or M1 = 2 then we conclude
lim g, 28079 = o1,
k—o00

we have then
2k

B
> (15 ) " = 0™ >0, (65)
i=1
. ) log 2
This means that for 29 =0and o <1 we have dim, s (C(N)) > :
Hazg log (%)

2) To verify the formula (50) for a special case, suppose that each interval I; cover
two intervals of the k-th generation intervals of the Cantor, and then by construction,
we have

for all I}, ; C I;, thus we get

/’on j Z luxo Ik‘l (67)
Ik ZCI
The convexity of the function f(z) = 2 for 8 €0, 1] gives

(e, (1)) > (Z%wﬁzéz@mwﬂ (68)

Iy i Clj Iy ;C1;

then

4(:ux0 ) > 2 Z (/J’xo fm) > Z (ﬂg()([k,i))ﬁ- (69)

Ik LCI Ik,iCI]‘

and we have a finite constant ¢ = 4.
5 Application: Integral of real order

5.1 Integral and derivative of order a €]0, 1]

In 1847 Riemann introduces the definition called today the Riemann-Liouville’s
integral of a real order ([12],[15], [10], [4]).
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Definition 9 Let f be a continuous function in [a,b] with —oo < a < b < oo, the
integral of order o €]0, 00| of the function f at the left of the point x €|a,b|, if it
exists, 1s defined by

124@) = g [ =0 (70)

and the integral of order « at the right of the point x €|a, b|, if it exists, is given by
I .
I = — —x)*” : 1
2@ = g [ =0 o (1)

Using the concept of measure of a real order that we introduced, we can rewrite
the integral of a real order of Riemann-Liouville of the form:

2@ = | f0ds = [ sz (72)

with dng(t) = dus(t), and

I'(a+1)

16 =ty [ fwaee = [ oo (73)

with dng(t) = Mo+ 1) ——dp5(t), and we can say that the measure 7 is also a density

measure which satisfies the same properties that the "apparent” measure ug.

5.2 Integral of real order of a constant function

Let f(x) = C be a constant for all z € [a, b], and let xy €]a,b[. We have

19 (o) / e (1) = C / e (1)

—C g amd = C T (71

To understand the distribution of this area, let us consider a subdivision of interval
la, zo] of n sub intervals of equal size

a=x <Ty< ... < Ty = Xy, (75)

we have then

19 () / F(t)dne () Z / C dne (1) Cznxo vi1,z)).  (76)
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5.3 Comments

The integral of real order is a primitive, and the area gives a representation of this
primitive. On the other hand, the area obtained depends on the value of a and of
the interval length [a, 2|, whether its length is greater or smaller than 1. In both
cases there is always the following property

C gy ([Tn-1,20]) > C mgy ([Tn-2, Tn1]) > e > C gy ([Tn—is Tn—it1])

> O g ([Tim, 24])... > C g ([a, 29]), (77)

which means that the further xq is, the smaller the area of the rectangles obtained
by the subdivision.

5.4 Integral of real order of a step function

Let f be a step function in [a,b], taking values & in |zy, xx11[, and let xy €]a, b].
We can then write f of the form

fz) = Zf g, (x), (78)

where E; =|x;, x;41] is a subdivision of interval [a, b].

The integral of real order of the function f is given by:

) = [ oo =Y [ 6 a0 =6 0aoaD. @)

Therefore the expression ” f admits an integral of a real order on the left of the
point xy” means that the number

Z &i Moy (JTi1, T4]) (80)

can be associated with the function f which represents a sum of area of rectangles
with dimensions &; and ng (Jz;_1, 2,[) for 1 <7 < n ( Fig. 3).
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Remarks 1) Intuitive considerations on the integral of real order

The summation from a to zy of the products f(t) by the differential element
dn®, represents a limit of the sum of n products
Zo

F ) x5, ([t tial) (81)
obtained by dividing the interval [a, xo] into n sub intervals,

— — 1 —
tl = a, t2:a+x0 a,...., tZ:(I—i- (Z )(ZEO a),..., tn:xo. (82)
n n

Let S be the sum of n products

f(ti) x gy ([t tiva])

representing the area of n right-angled basic

Moo ([tis tiva]) = ﬁ ((1'0 — ;)" — (xo0 — tm)a)

_ <x0_a>a<(n—i+1)a—(n—i)a)r(; (83)

n a+1)
and height f(¢;), we have then
s To— a\® , N o 1
S—;f(ti)( —) (=i 1" = (i) )m (84)

( t; vary from a to zy).

Being at the extreme cases means that the larger n becomes the closer is the

difference ]

Tt D) <(3c0 — )" — (zo — ii+1)a> (85)

['a+
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to the differential element ( .
o — «
dn®(t) = d——

and that the sum of n produced becomes the integral of the ”elementary products”
of f(t) by dng(t), where t vary from a to xo.

(86)

2)Thanks to the measure dng in R, we can rewrite the various integrals of a real
order in fractional calculus, indeed:

5.4.1 Weyl’s integral of real order (1917)

The Weyl integral of real order, [16], is given by

1% f (o) = ﬁ / " (w0 — £ (1)t = / " F@)dne (1) (87)

“+oo

@/ (0 =)™ Syt = | S (@i, (£), (88)

and thus there is a same geometrical interpretation of Riemann-Liouville fractional
integral.

]—(lx-oof(l‘()) -

5.4.2 Erdélyi’s integral of real order (1964)

The Erdélyi’s integral of real order, [5], is given by

I3 fa0) = gy [ (o= )7 f0) (59)
1 [t
flan) = gy [ =m0 (90)
by using the concept of measurement of a real order, we have
0 —+o00
i) = [ om0, e = [ ram. o

which enables us to obtain an equivalent geometrical interpretation.
5.4.3 Kober’s integral of real order (1940)

The Kober’s integral of real order, [7], is given by

11’07’8704

B0 (o) =
IO f( ) F(Oé)

/0””0 t7(wo — 1) f(t)dt (92)
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and

B8 )
P2 fe0) = 5 / 50— 20) (), (93)

by using the concept of measurement of a real order, the geometrical interpretation
of this integral is more complicated

18° f(20) = g~ / 8 () (1) (94)

+00
192 f (o) = af / £ ()i, (1), (95)

Zo

but in general we can have a geometric interpretation of the integral of real order of
the function 2°f(z) for all § € R.

5.4.4 Caputo’s derivative of real order (1967)

The Caputo’s derivative of real order ([2],[3]), is defined by an integral of the form

t (n) T
FO(t) = r(nl— B / T _fT)(;_)Hn)dT n—1<pf<n neN-{0} (96)

It is noticed that if « = 3 —n + 1 is posed, we have f® = (™)@ with o €]0, 1],
this integral can be written with the concept of the measure of a real order like

A1) = / t fM(nydn=(r)  0<a<l. (97)

that enables us to obtain a geometric interpretation of the Caputo’s derivative of
real order as being the area of real order of the derivative function ().
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