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Introduction
Landau’s Problemsare four problems in Number Theory concerning primmmbers:

+ Goldbach’s Conjecture: This conjecture states that every positive evésgigr
greater than 2 can be expressed as the sum ofn@tongcessarily different)
prime numbers.

+ Twin Prime Conjecture: Are there infinitely many prime numbepssuch that
p+2 is also a prime number? This problem was solvedChaslos Giraldo

Ospina (Lic. Mateméticas, USC, Cali, Colombig)who proved that ik is any
positive even integer, then there are infinitelynmarime numberp such that
p+k is also a prime number.

+ |egendre’s Conjecture:ls there always at least one prime number betwéen
and(n+1)" for every positive integer?

+« Primes of the form n*+1: Are there infinitely many prime numbers of the
form n* +1 (wheren is a positive integer)?

Please see the articRrimos Gemelos, Demostracion Kmellizaehere C. G. Ospina
shows the method he used to solve the Twin PrintgeCture.

Abstract:

In this document we are going to prove that theeeirdinitely many prime numbers of
the form n® +1. In order to achieve our goal, we are going totheesame method that
C. G. Ospina used in his paper.

Note: In this document, whenever we say that a nurbbhsbetweena numbeia and a
numberc, it will mean thata < b <c, which means thdi will never be equal ta or c
(the same rule will be applied to intervals). Maoreg the numben that we will use in
this document will always bepositive integer.
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Let us suppose thatis a positive integer. We need to know what valueeeds to have

so that there is always a perfect squa’®esuch than < a* <3_2n :

Note: We say a number is a ‘perfect square’ if it is Hygiare of an integer. In other

words, a numbex is a perfect square if'x is an integer. Perfect squares are also called
‘square numbers’.

In general, ifmis any positive integer, we need to know what galuneeds to have so

that there is always a positive integesuch than< a™ <3_2n.

We have

3n
n<a"<—
2

This means that

and a™ <@
2

m

n<a

Q}/ﬁ<a and a<@

As we said before, the numbaris a positive integer. Now, the integer immediatel
following the numbe ¥n will be called¥n +d. In other words¥n +d is the smallest
integer that is greater thafn :

To sum up,

« If Ynisan integer, thef/n +d = n+1, because in this case we have1.

« If ¥n is notan integer, then in the express%?rw d we haveO<d <1, but we
do not have any way of knowing the exact valual af we do not know the

value of ¥n first.
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We need to take the largest possible valud, afhich isd =1 (if Vﬁ+1<v/3—j, then

Vﬁ+d<v3—2n for alld such that0<d < 1):
Yn+l < 3_2n

1 < 3—;—%

1<V/§—Q}’ﬁ
1<q/ﬁ—%

1 < Y1.5¢n-n
1 < %(VE—J)

1
< Un
1.5-1

@ <

> ()

Page 3 of 19



German Andrés Paz
(2000) Rosario, Santa Fe, Argentina
Solution to One of Landau’s Problems
Solucién a Uno de los Problemas de Landau
Registered Copyright

ns L
(v15-1)
This means that ifnis a positive integer, then for every positiveeggr n > =
1.5-
there is at least one positive integesuch thain< a™ <%. Now, if n> 144 —
? (v15-
thenn> ;m
(vr5-1)
+ Consequently, ifm is a positive integer, then for every positive egr
n>L4m there is at least one positive integesuch thain< a™ <@. This
(v25-1) 2
true statement will be calletheorem 1
Now we are going to prove thatnfis any positive integer, the;m >1.
(vr5-1)
Proof:
;m > 1
(v15-1)
1> 1(v15-1
1> (¥15-7
Y1 > Y1.5-1
1 > Y¥15-1
1+1 > Y15
2 > Y15
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It is very easy to verify tha2™ > 1.5 for every positive integen. Consequently, i is

any positive integer, the; >1. If ;m>1, then&>14.4.

A

This means that———— >14.4 for every positive integen.

[5-

Note: In general, to prove that an inequality is correee can solve that inequality step
by step. If we get a result which is obviously eoty then we can start with that correct
result, ‘work backwards from there’ and prove tkta initial statement is true.

+ As a consequence, Iifi is any positive integer arn >L4m, thenn>14.4.
(v25-1)

This true statement will be call8dheorem 2

+ In the documeninfinitely Many Prime Numbers of the Form apz#lit was proved
that for every positive integen >14.4 there exist prime numbersands such that

n<r <3_2n <s<2n (please see that document for a proof). This staeement will

be calledTheorem 3

+ According to Theorems 1, 2 and 3pifis a positive integer, then for every positive

integer n>———— there exist a positive integarand a prime numbes such

4.4
s

thatn< a™ <3_2n < s< 2n. This true statement will be call@dheorem 4

Now, if mis a positive integer, let us calculate what valueeeds to have so that there

. o 3n
is always a positive integarsuch tha‘? <a™<2n:

We have
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This means that

3—2n<am and a"<2n

K/%<a and a<@
di;<a<@

The numbear is a positive integer. Now, the integer immediafellowing the number

K/B—; will be called v3—2n+d. In other Words,v3—2n+d is the smallest integer that is
greater tha@ :

o |If K/B_Zn is an integer, ther{/%+d :v3—2n +1, because in this case we have

d

To sum up,

1
[

o If 3_2n is not an integer, then in the expressv%n+d we haveO<d <1, but

we do not have any way of knowing the exact valud ib we do not know the

value of@ first.

Let us make the calculation:

We need to take the largest possible valud, athich isd =1 (if {/%HC{Y%, then

@+d <%2n for alld such that0 < d < 1):
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1 < Yon-gn
3

1 < @— En

1 < Yon-91.m:

1 < Y3n-YI
1 < 9n(v2-919

1

(7 <

1m

(251

1

(251

1

> - -

(253

This means that ifm is a positive integer, then for every positive eggr

n >;m there is at least one positive integesuch thawﬁ <a"<2n. Now,
(v2-v15) 2

if n> —14'4 thenn> —1

(42918 (V2-vis)
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+ Consequently, ifm is a positive integer, then for every positive eger

14.4 . e
— there is at least one positive integesuch tha1@<am <2n.
2

(23

This true statement will be call&dheorem 5

Now we are going to prove thatnfis any positive integer, the; >1.

(253

Proof:

1

_ >

EE

1 > 1(v2-419"
1> (Va-vig
91 > Y2-915

1 > ¥Y2-915
1+915 > U2

V1.5>1becausd.5> 1", that is to say]l.5> 1.
Y2 < 2 because2< 2".

This means that

1+915 > 2 > U2
which proves that

1+915 > U2
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Therefore, ifmis any positive integer, the

1
—(Qﬁ_r{}’ﬁ)m 1.1f —(Q}E_dﬁ)m

144 —>14.4. This means thatim >14.4 for every positive integem.

- -3

+ As a consequence,iifiis any positive integer arn >im , thenn>14.4,

(H/E —Q}'1.5)
This true statement will be call@dheorem 6

+ According to Theorems 3, 5 and 6nifis a positive integer, then for every positive
: 14.4 . . e
integern>—————— there exist a prime number&and a positive integex such

(¥2-%13)

thatn<r <3_2n <a™ < 2n. This true statement will be call&theorem 7

According to Theorem 4 for every positive integen>L42 there exist a
(vis-1)

o . 3n
positive integern and a prime numbersuch than< & <? <s<2n.

The numbers?® ands form what we will call'pair (perfect square, prime) of order .k’
This is because:

« We have a pair of numbers: a perfect squatrand a prime numbex

« The perfect squar@® is followed by the prime numbess In other words,
a’<s.

+ We say thaa®+k = s. In other words, we say the pair (perfect squarieye) is
‘of orderk’ because the difference between the numbers faythis pair isk.

Now we need to define some other concepts:
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» The set made up of all positive integersuch tha1z>i will be called

(v15-1"
Set A(m). Examples:
. e 14.4
» Set A(2) is the set of all positive integersuch thatz>————. In other
(vis-1
words, Set A(2) is made up of all positive integessich thatz > 285.09...
. e 14.4
+ Set A(3) is the set of all positive integersuch thatz>———. In other
(¥15-1)

words, Set A(3) is made up of all positive integers4751.47...

» The set made up of all positive integersuch tha‘2>im will be called
(¥2-415)

Set Bm).

Let us prove that there are infinitely many primanbers of the forrn® +1. In order to
achieve the goal, we are going to use the sameoahattat C. G. Ospina used in his
article Primos Gemelos, Demostracion Kmelliza

1. Let us suppose that in Set A(2) there are no gpesfect square, prime) of order
k <u starting fromn=u.

The numbers andu are positive integers which belong to Set A(2).

2. Betweenu and 21, n=u, there is at least one pair (perfect square, priaczording
to Theorem 4

3. The difference between two integers located betwesamd 21 is k < u.

4. Betweenu and 21, n=u, there is at least one pair (perfect square, prish@rder
k <u, according to statements 2. and 3.

5. In Set A(2), starting frorm =u there is at least one pair (perfect square, priohe)
order k < u, according to statement 4.

6. Statement 5. contradicts statement 1.

7. Therefore, no kind of pair (perfect square, prirog)any orderk can be finite,
according to statement 6.
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Note: It is already known that for every positive intedethe polynomialn®+k is
irreducible overR and thus irreducible ovef , since every second-degree polynomial
whose discriminant is a negative number is irreolecoverR .

According to statement 7., for every positive iriek there are infinitely many pairs
(perfect square, prime) of orderThis means that pairs (perfect square, primeyadér

1 can not be finite. In other words, prime numbErthe formn® +1 can not be finite.

All this proves that there are infinitely many pamumbers of the form® +1.

In general, if we us&et A(m), Set B(m) and Theorems 4 and 7 and we use the same
method, we could prove that there are infinitelynspngrime numbers of the form

n™ +k and infinitely many prime numbers of the fom —k for certain values ofn
andk (we only have to take into account the cases wtiergpolynomialsn™ + k and
n™ -k are irreducible over.).

Conclusion

We will restate the most important theorem that praved in this document:

There are infinitely many prime numbers of the form n* +1,
wheren is a positive integer.

(]
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New conjecture

If nis any positive integer and we tanzconsecutive integers located betwin*1and
(n+1)2 , then among thoseintegers there is at least one prime number.

In other words, ifa;, ap, a3, a;, ... , @, are n consecutive integers such that
n“<a<a<a<g<..< g<( n+1)2, then at least one of thoseantegers is a prime
number. This conjecture will be callé€bnjecture C

% Legendre’s Conjecture

It is very easy to verify that the amount of integlcated between® and (n +1)2 is
equal tc2n.

Proof:
(n +1)2 -’ =2n+1

n°+2n+1- ‘= 2n+1

2n+1=2n+1

We need to exclude the numb@1+1)2 because we are taking into consideration the

integers that are greater thah and smaller thanﬁn +1)2 :
2n+1-1=2n

According to this, betweem? and (n+1)° there are two groups af consecutive
integers each that do not have any integer in comiErample fom = 3:

B3° 10 11 12 13 14 15 @ 1

Group A Group B
(n consecutive integers) 1 consecutive integers)

2n consecutive integers
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Group A and Group B do not have any integer in common. According to
Conjecture C, Group A contains at least one prime number arau®B also contains

at least one prime number, which means that betv@end (3+ 1)2 there are at least

two prime numbers. This is true because the numberantl 13 are both prime
numbers.

All this means that if Conjecture C is true, théere are at leastvo prime numbers
betweenn? and(n+1)" for every positive integet. As a result, if Conjecture C is true,
then Legendre’s Conjecture is also true.

¢ Brocard’s Conjecture

This conjecture states that p, and p,,, are consecutive prime numbers greater than 2,

then betweei( pn)2 and ( pnﬂ)2 there are at least four prime numbers.

Since2< p, < p,,,, We havep,,, — p, = 2. This means that there is at least one positive
integer a such thalp, <a< p,,,. As a result, there is at least one positive ieteg

such tha(p,)" <@ <(p..)’-

Conjecture C states that betwe(qwk)2 anda’ there are at least two prime numbers and
that betweera® and ( pnﬂ)2 there are also at least two prime numbers. Inrotloeds,
if Conjecture C is true then there are at least fmime numbers betwee@pn)2 and

(pn+l)2. As a consequence, if Conjecture C is true then &8s Conjecture is also
true.

% Andrica’s Conjecture

This conjecture states tr./p,., —+/ p, <1 for every pair of consecutive prime numbers
p, and p.,, (of coursep, < p,.,)-

Obviously, every prime number is located between tensecutive perfect squares. If
we take any prime numbep,, which is obviously located betweert and (n+1)°,
two things may happen:
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* Case 1: The numbep, is located among the first consecutive integers that are

located betweem® and (n +1)2. Thesen integers form what we caroup A and
the followingn integers form what we caBiroup B as shown below:

< e e . e e e e e e < (n+]_)’-

Group A Group B
(n consecutive integers) i{ consecutive integers)

2n consecutive integers

If p, is located in Group A and Conjecture C is truentip,,, is either located in
Group A or in Group B. In both cases we hayfp,, —/p, <1, because

J(n+1)y° —\/F =1 and the numberg/p,,, and./p, are closer to each other than

J(n+1)? in relation tov/n? .

* Case 2: The prime numbgx, is located in Group B.

If p, is located in Group B and Conjecture C is truenaty happen thap,., is also

n+l

located in Group B. In this case it is very easw¢oify that \/p,., —\/Fn <1, as
explained before.

Otherwise, if p.,, is not located in Group B, thep,,, is located in Group C (see
the graphic below). In this case the largest valye,, can have is
P, = (N+1)°+n+l= M +2m 1+ - 1= rf+ 3+ Z and the smallest valug,
can have isp, =+ n+1 (in order to make the process easier, we areaking

into account that in this case the numbpgsand p,,, have different parity, so they
can not be both prime at the same time).

This means that the largest possible differencevdmt /p,., and /p, is
\ Pra —\/Fn =P +3n+2-+/ f+ n+ 1. Let us look at the graphic below:

li maximum distance betweep, and p,,, —l

N < o o . s o A o e o < [+1f < o o e e O

Group A Group B Group C
(n consecutive integers) r{ consecutive integers) (n+1 consecutive integers)

2n consecutive integers
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A =n*+n+l= p
o=n*+3n+2= p,,

It is easy to prove thain?+3n+ 2 -2+ n+ 1< 1.

Proof:

I +3n+ 2=+ n+l < 1

Jn24+3n+2 < 1+ +n+1
2
n?+3n+2 < (1+\/n2+ n+1)

N2+3n+2 < 1+ AP+ nt 1+ P+ n+ ]
M +3n+2-rf-n-1 < 1+ 2/ P+ n+ 1
2n+1 < 1+ A/ +n+ 1
2n < Zm

2n? +n+1

2

n < «n+n+l

n?> < n*+n+l

n <

which is true for every positive integer

We can see that even when the difference betwgen and p, is the largest
possible difference, we havé O —\/Fn <1. If the difference betweerp,,, and
p, were smaller, then of course it would also happan,/p, ., —\/Fn <1.

According to Cases 1 and 2, if Conjecture C is then Andrica’s Conjecture is also
true.
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To conclude, if Conjecture C is true, then Legetsd@onjecture, Brocard’s Conjecture
and Andrica’s Conjecture are all true.
¢ Possible new interval

It is easy to verify that if Conjecture C is trughen in the interval
[n2+n+1, "+ 3n+ 2} (see the graphics on previous pages) there ateaat two
prime numbers for every positive integer

The numbem? + n+1 will always be an odd integer.
Proof:
e If nis even, them? is also even. Then we have

(eveninteger evenintegetrl= eveninteger oddgate odd integer

e If nis odd, them? is also odd. Then we have

(odd integer+ odd integ@r+1= eveninteger odd integ@dd integer

Since the numben” + n+1 will always be an odd integer, then it may be jrion not.

Now, the numben® +3n+ 2 can never be prime because this number will alva@yan
even integer (and it will be greater than 2).

Proof:
« If n=1 (smallest valua can have), them® +3n+ 2= 1+ 3+ 2= €.

« If nis even, them® and 3n are both even integers. The number 2 is also an ev
integer, and we know that

eveninteger eveninteger eveninteger evezger

« If nis odd, them” and3n are both odd integers, and we know that

(odd integer+ odd integ@r+ eveninteger even ietegeveninteger eveninteg
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From all this we deduce that if Conjecture C isefrthen the maximum distance
between two consecutive prime numbers is the am@ the numbem® + n+1 to the
number n*+3n+2-1 = +3n+1 which means that in the interval

[n*+n+1, "’ +3n+1] there are at least two prime numbers. In otherds;oin the
interval [n® + n+1, n”+3n] there is at least one prime number.

The difference between the numbersn®+ n+1 and n®*+3n is
n*+3n—-(f+ n+1)= rf+3n rf— n-1= 2/ 1 In addition to this{ n2+n+1J: n.

This means that in the interv{ln2+n+1, "+ n+ 1+ ZL\/ f+ nt 1J—J} there is

at least one prime number. In other words, afE n’+n+1 then the interval
[a, a+ ZLJE\J —1} contains at least one prime number.

Note: The symboIL J represents théoor function The floor function of a given

number is the largest integer that is not gredtan that number. For examplng IS
the largest integer that is not greater than

Now, if Conjecture C is true, then the followingt&ments are all true:

1. If ais a perfect square, then in the interE/aJ a+Lx/_aﬂ there is at least one prime

number.

2. If a is an integer such thah®’<a< r’+ n+1<(m+1)?, then in the interval

[a, a+L\/3J—1} there is at least one prime number.

3. If ais an integer such thab’*<n’+n+2< a<(m+1)*, then in the interval

[a, a+ ZL\/_aJ —1} there is at least one prime number.

We know thaa+ ZL«/EJ -1> a+ L\/EJ :
Proof:
a+2|Va|-12at|Va| - 2Va|-12|Va] - 2Vaz|Vd+1 -

- HEJ +LJ§J > L\/EJ +1 - L\/_aJ >1, which is true for every positive integer
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And we also know thea+ ZL\/EJ -1> a+ L\/_aJ -1

Proof:
a+2L\/5J—1> a+L\/EJ—1 - ZL«/_aJ>L\/_aJ which is obviously true for every

positive integen.

All this means that the interv%b, a+ ZLﬁJ—l} can be applied to the numkeefrom
statement 1., to the numbexr from statement 2. and to the numbarfrom
statement 3.

Therefore, ifn is any positive integer and Conjecture C is true, therthia interval
[n, n+ ZL\/EJ—l} there is at least one prime number (we changer ktfor lettern).

According to this, we can also say that if ConjeetC is true then in the interval
[n, n+ 2\/?1—1] there is always a prime number for every posiinegern.

Now... how can we prove Conjecture C?

Email: german_a_paz@hotmail.com

See also:

% Numeros primos, formula precis®riginal paper:Calculo de la cantidad de
nameros primos que hay por debajo de un nimero ¢lddw to calculate the
amount of prime numbers that are less than a givember)

¢ NuUmeros Primos de Sophie Germain, Demostraciorudafmitud (There Are
Infinitely Many Sophie Germain Prime Numbers)

 Infinitely Many Prime Numbers of the Form apzb hifos Nimeros Primos de
la Forma ap#b
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Papers by Carlos Giraldo Ospina | recommend (these papers are available at
http://numerosprimos.8m.com/Documentos.jitm

% Numeros PrimogPrime Numbers)
% Primos, Dispersion Parabdlic@Primes, Parabolic Dispersion)

s Primos de Mersenne, Dispersion ParabdligMersenne Primes, Parabolic
Dispersion)

% Proof of Legendre's and Brocard's Conjectures
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