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Definitions for a single particle A

m = mA

r = r A

v = vA

a = aA

Work

W =
∫ r2

r1

ma·dr → W = ∆ 1
2 mv2

Impulse

I =
∫ t2

t1
madt → I = ∆mv

Conservation of Energy

∆E = ∆ 1
2 mv2 −

∫ r2

r1

ma·dr → ∆E = 0 → E = const

Conservation of Momentum

∆M = ∆mv −
∫ t2

t1
madt → ∆M = 0 → M = const

Principle of Least Action

δ

∫ t2

t1

1
2 mv2dt +

∫ t2

t1
ma·δ r dt = 0
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Definitions for a single biparticle AB

m = mA mB

r = r A − r B

v = vA −vB

a = aA −aB

Work

W =
∫ r2

r1

ma·dr → W = ∆ 1
2 mv2

Impulse

I =
∫ t2

t1
madt → I = ∆mv

Conservation of Energy

∆E = ∆ 1
2 mv2 −

∫ r2

r1

ma·dr → ∆E = 0 → E = const

Conservation of Momentum

∆M = ∆mv −
∫ t2

t1
madt → ∆M = 0 → M = const

Principle of Least Action

δ

∫ t2

t1

1
2 mv2dt +

∫ t2

t1
ma·δ r dt = 0
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Definitions for a single particle A (vectoru )

m = mA

u = · · · or (r A) or (vA) or (aA) or · · ·
u̇ = du/dt

ü = d2u/dt2

Work

W =
∫ u2

u1

mü ·du → W = ∆ 1
2 mu̇2

Impulse

I =
∫ t2

t1
müdt → I = ∆mu̇

Conservation of Energy

∆E = ∆ 1
2 mu̇2 −

∫ u2

u1

mü ·du → ∆E = 0 → E = const

Conservation of Momentum

∆M = ∆mu̇ −
∫ t2

t1
müdt → ∆M = 0 → M = const

Principle of Least Action

δ

∫ t2

t1

1
2 mu̇2dt +

∫ t2

t1
mü ·δu dt = 0
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Definitions for a single biparticle AB (vectoru )

m = mA mB

u = · · · or (r A − r B) or (vA −vB) or (aA −aB) or · · ·
u̇ = du/dt

ü = d2u/dt2

Work

W =
∫ u2

u1

mü ·du → W = ∆ 1
2 mu̇2

Impulse

I =
∫ t2

t1
müdt → I = ∆mu̇

Conservation of Energy

∆E = ∆ 1
2 mu̇2 −

∫ u2

u1

mü ·du → ∆E = 0 → E = const

Conservation of Momentum

∆M = ∆mu̇ −
∫ t2

t1
müdt → ∆M = 0 → M = const

Principle of Least Action

δ

∫ t2

t1

1
2 mu̇2dt +

∫ t2

t1
mü ·δu dt = 0
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Appendix

If we consider a single particle of massm then

a−a = 0 (1)

ma−ma = 0 (2)

(ma−ma) ·δ r = 0 (3)

δ

∫ t2

t1

1
2 mv2dt +

∫ t2

t1
ma·δ r dt = 0 (4)

d
dt

(
∂

1
2 mv2

∂ q̇k

)
−

∂
1
2 mv2

∂qk
= ma· ∂ r

∂qk
(5)

Equation (3) is the D’Alembert’s Principle.

Equation (4) is the Hamilton’s Principle.

Equations (5) are the Euler-Lagrange Equations.

D’Alembert’s Principle

In equation (3) ifa = F/m then

(F−ma) ·δ r = 0
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Hamilton’s Principle

In equation (4) ifa = F/m then

δ

∫ t2

t1

1
2 mv2dt +

∫ t2

t1
F ·δ r dt = 0

If −δV = F ·δ r and sinceT = 1
2 mv2 then

δ

∫ t2

t1
(T−V)dt = 0

SinceL = T−V then

δ

∫ t2

t1
L dt = 0

Euler-Lagrange Equations

In equations (5) ifa = F/m andQk = F ·∂ r/∂qk then

d
dt

(
∂

1
2 mv2

∂ q̇k

)
−

∂
1
2 mv2

∂qk
= Qk

If −∂V/∂qk = Qk and∂V/∂ q̇k = 0 and sinceT = 1
2 mv2 then

d
dt

(
∂ (T−V)

∂ q̇k

)
− ∂ (T−V)

∂qk
= 0

SinceL = T−V then

d
dt

(
∂L
∂ q̇k

)
− ∂L

∂qk
= 0
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Appendix II

k = · · · or (mA) or · · ·
k = · · · or (mA mB) or · · ·
u = · · · or (r A) or (vA) or (aA) or · · ·
u = · · · or (r A − r B) or (vA −vB) or (aA −aB) or · · ·
u̇ = du/dt

ü = d2u/dt2

Conservation of ScalarU̇

∆ U̇ =
(

∆ 1
2 k u̇2 −

∫ u2

u1

k ü ·du
)

/(k)

∆ U̇ = 0

U̇ = const

Conservation of VectorU̇

∆ U̇ =
(

∆k u̇ −
∫ t2

t1
k üdt

)
/(k)

∆ U̇ = 0

U̇ = const
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