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PREFACE

In this book authors for the first time introduce the notion of
supermatrices of refined labels. Authors prove super row matrix of
refined labels form a group under addition. However super row matrix
of refined labels do not form a group under product; it only forms a
semigroup under multiplication. In this book super column matrix of
refined labels and m X n matrix of refined labels are introduced and
studied.

We mainly study this to introduce to super vector space of refined
labels using matrices.

We in this book introduce the notion of semifield of refined labels
using which we define for the first time the notion of supersemivector
spaces of refined labels. Several interesting properties in this direction

are defined and derived.



We suggest over hundred problems some of which are simple some
at research level and some difficult. We give some applications but we
are sure in due course when these new notions become popular among
researchers they will find lots of applications.

This book has five chapters. First chapter is introductory in nature,
second chapter introduces super matrices of refined labels and algebraic
structures on these supermatrices of refined labels. All possible
operations are on these supermatrices of refined labels is discussed in
chapter three. Forth chapter introduces the notion of supermatrix of
refined label vector spaces. Super matrix of refined labels of semivector
spaces is introduced and studied and analysed in chapter five. Chapter
six suggests the probable applications of these new structures. The final
chapter suggests over hundred problems.

We also thank Dr. K.Kandasamy for proof reading and being

extremely supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

This chapter has two sections. In section one we introduce
the notion of super matrices and illustrate them by some
examples. Using these super matrices super matrix labels are
constructed in later chapters. Section two recalls the notion of
ordinary labels, refined labels and partially ordered labels and
illustrate them with examples. These concepts are essential to
make this book a self contained one. For more refer [47-8].

1.1 Super Matrices and Their Properties

We call the usual matrix A = (a;;) where a;j € R or Q or Z or
Z, as a simple matrix. A simple matrix can be a square matrix
like

30 2 1
4 7 -8 0
A=l 2 1 9
20 1400

or a rectangular matrix like



8 07 1 71 3
258 0 9 5
B=(0 1 4 -3 0 7
-7 2 0 5 V2 0
1 01 2 1 8

or a row matrix like T = (9, \/5, -7, 3, -5, —\/7 ,8,0,1,2)ora
column matrix like

2

So one can define a super matrix as a matrix whose elements are
submatrices. For instance

31 Ay
where
9 0 3 7 8 8 —4
an=11 2 |,ap=|-1 0 9 |,ay=|4 5|,

5 -7 2 7 -6 1 2
9 3] (9 2 0]
-1 1 2 3 01 2
a1 =3 —7|,an=|4 5 0 |andap=|3 0 4
-9 0 0 8 -1 0 5 7
L0 8] 18 0 0]




are submatrices. So submatrices are associated with a super
matrix [47]. The height of a super matrix is the number of rows
of submatrices in it and the width of a super matrix is the
number of columns of submatrices in it [47].

We obtain super matrix from a simple matrix. This process
of constructing super matrix from a simple matrix will be
known as the partitioning. A simple matrix is partitioned by
dividing or separating the simple matrix of a specified row and
specified column. When division is carried out only between the
columns then those matrices are called as super row vectors;
when only rows are partitioned in simple matrices we call those
simple matrices as super column vectors.

We will first illustrate this situation by some simple examples.

Example 1.1.1: Let

07578 42301 2
A=(2 3 0 3 45 6 78 90
51311121314

be a 3 x 11 simple matrix. The super matrix or the super row
vector is obtained by partitioning between the columns.

[0 7|5 7 8 4|2 3|0 1
A=[2 3/0 3 4 5|6 7|8 9
5 1131 1 12 131 4

is a super row vector.

0 7|5 7 8 4 2|13 0 12
A=12 3]0 3 4 5 6|7 8 9|0
5131 11 2|1 3 1|4

is a super row vector.

S N

We can get several super row vectors from one matrix A.

Example 1.1.2: 1et V=(12345678910947243)bea
simple row vector we get a super row vector V; = (12314561
789101947124 3) and many more super row vectors can
be found by partitioning V differently.



Example 1.1.3: Let

301
057
123
V=4 57
8§ 9 0
10 7
0 1 4]

be a simple matrix. We get the super column vector by
partitioning in between the columns as follows:

(3 0 1] 301
05 7 05 7
1 23 1 23
Vi=[4 5 7|andV,=|4 5 7
8 9 0 8 90
1 0 7 1 0 7
01 4 01 4

are super column vectors.

Example 1.1.4: Let

S O 0 N NN =

be a simple matrix.

10



Ol 0 N[N Ll W N =

0

is a super column vector. We can get several such super column
vectors using X.

Example 1.1.5: Let us consider the simple matrix;
1 2 3 4 5

0

6 7 8 9 10 11
1 4 8 4 7 3
25 1 -5 8 2
we get the super matrix by partitioning P as follows:

P=

’

01 234 5

6 7 819 (10 11
P1 =

1 4 8|47 3

25 1 ]-5]8 2

is a super matrix with 6 submatrices.

01 2 3 4 5
a = ,dy = , a3 = 5
6 7 8 9 10 11
B 1 4 -8 B —4 da = 7 3
My s BT 5| RT g o)
a, a, a, ) )
Thus P, = *|. Clearly P, is a 4 X 6 matrix.

a, as; ag

11



Example 1.1.6: Let

be a super matrix.

V= 4,
a; 4

where a;, a,, a3 and a4 are submatrices with

3 6 3 1 2 4 9 3
a = ,a) = ,a3= and a4 = .
1 -3 8 2 7 -1 4 4

We can also have the notion of super identity matrix as follows.
Let

where I, are identity matrices of order t; X t; where 1 <i<r.

We will just illustrate this situation by some examples.
Consider

S O O O O = O
S O O O = O O
o O OII'—‘ o O O
SO =, O O O O O

is a identity super diagonal matrix.

12



Consider

L]
8]
o
o o

o O
w2

o O = O O O
o
p—
0~

0 0] |00 O] |01

is the super diagonal identity matrix [47].
We now proceed onto recall the notion of general diagonal
super matrices. Let

3000 00 O
1 7,0 0 0 O
8 9/0 0 0 O
m, 0
S=120000={ }
0 m,
3410 00 O
0 04 53 2
0 0|-1 0 7 —4
where
3 0
1 7
4 5 3 2
m=|8 9| amdm,= )
-1 0 7 -4
1 2
_34_.
S is a general diagonal super matrix. Take

(3 4 57 8 4|0 0 0 0]

1 2403 1|00 00
K_0102050000_k,0
000 00O0[96 20 |0 Kk,

000 O0O0OO0|0 41 2
100000 O0]5 7 8 1]

13



is a general diagonal super matrix.
Also take

S OO O O OO0 OO = o=
S O = = =IO Ol O O
- = =l O O Ol olo o O

S O oo o o o= —=lO O O

0 0

is again a general diagonal super matrix.
Now [47] defines also the concept of partial triangular
matrix as a super matrix.

Consider
6 21 46 2 1
07 8 9/0 3 4
S= = [M; M;]
0 01 4(4 0 5
0 0 0 3|7 8 9

is a upper partial triangular super matrix.

Suppose

20 0 0O
1 40 00
23500

P=12340={M,}
547 8 0] |M,
8 01 2 3
1 1.0 2 4
01 20 3

14



is a lower partial triangular matrix. This is a 2 by 1 super matrix
where the first element in this super matrix is a square lower
triangular matrix and the second element is a rectangular matrix.

We have seen column super vectors and row super vectors.

Now we can define as in case of simple matrices the
concept of transpose of a super matrix. We will only indicate

the situation by some examples, however for more refer [47].

Consider

be the super column vector. Now transpose of V denoted by V
=[93110246172]. Clearly V'is a super row vector. Thus if

then

For

V=

t t

Vi Vi

t_ _ t
Vi=|v,| =|v,
t

\£ \E

vi=|3]and v =93 1), va=

T
IN\]IO\#NOI'—‘W\D

and

N B~ DD O

7
v, =(0246)and vs = {2} and v = (7 2).

15
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Hence the claim.

Example 1.1.7: Let P=[3102517 3 216] be a super row
vector. Now transpose of P denoted by

3

P'=

AN W A D O~

I
L

Thus if P = [P; P, P3] where
P,=(31025),P,=(732)and P;=(6)
then

and P, = 6.

-
I
wn NN O = W
o
I
N W

Thus

P'=|P
Py

Example 1.1.8: Consider the super row vector
8 1 03 9 2

02 1|16 4 5].
00 4|1 01

Now define the transpose of X.

16



S = 0
— N O
~ O O

~[A) Ad] = {Al}.

S B~ O
)]

N O W
S SO
—_— O =

Example 1.1.9: Let

.
N A WD =W O W O
S O X N N|= DO N =
A = O = Ol = O N
S DN nNO O W
W A O N =W N 0 N~

I
L

be a super column vector.
Now the transpose of W given by

[0 5 9 3|1 2 3 4 5]

160 1[67 890
W=[2014/0101 4/ =[W w].

3700/502720

4 8 2 3|1 70 4 3]

Now having see examples of transpose of a super row vector
and super column vector we now proceed onto define the
transpose of a super matrix.

17



Example 1.1.10: Let

9 0|1 2 3|4 5
6 7/8 9 01 1
1 2|1 3 1|4 1 M, M,
M=ls 116 1 7|1 8|7 | M Ms
1 912 0 2|1 2 M; M
2 0]0 3 4|0 1
be a super matrix, where
9 0} 1 2 3] (4 5
M, = , M, = , Mz =
16 7 8 9 0] 111
(1 2 13 1] (4
My=1|5 1|, Ms5=|6 1 7|,Mg=]|1
119 12 0 2] |1
M;=(2,0), Mg= (0, 3,4) and My =[0 1].
Consider
(9 6|1 5 1]2]
0 7({2 1 910
1 8/{1 6 2|0 M, M, M|
M=[2 9|3 1 0[3|=|M, M. M
3011 7 2|4 M; M, M,
4 114 1 1|0
15 1|1 8 2]1]

where

18



0

M‘={2} M! =|3| and M, =
7 ’ 8 9

0
4

M is the transpose of the super matrix M.

Example 1.1.11: Let

1 9 0]2 7]
3 0 4|0 5
6 7 8|9 0 M,
M=(2 3 4]0 5|=|M,
01 02 1 M,
5 0 8{0 9
6 1 0/8 0
be the super matrix where
1 9 0] 2
M1: aMZ_
13 0 4] 0
6 7 8] (9
2 3 4 0
M3= ’M4=
010 2
|5 0 8] K

M; = (6 1 0) and Mg = (8, 0). Consider M', the transpose of M.

1 3|6 2 0 5]|6
9 0/7 3 1 01
Mt
Mt:0484080{1
Mt
2019 02 018 2
17 5/0 5 1 90|
where
1 3 6
20
M:9OM‘2={ },;—7
75
0 4 8

19
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6
. [o020] | K
M4: ,MSZI,M():
0519 .O 0

is the transpose of the super matrix M.

We say two 1 X m super row vectors are similar if and only
if have identical partition. That is partitioned in the same way.

Consider X=(0121341509andY=(3051211812)
two similar super row vectors. However Z=(01123145019)
is not similar with X or Y as it has a different partition though X
=7Z=(012345009) as simple matrices. Likewise we can say
two n X 1 super column vectors are similar if they have identical
partition in them.

For consider

9 2
8 1
7 0
0 3
X=|1|landY =17
2 8
3 0
4 1
5 2

two super column vectors. Clearly X and Y are similar.
However if

N
[
N Ole R= W S

20



is a 9 x 1 simple column matrix but X and Y are not similar
with Z as Z has a different partition.

We now proceed onto give examples of similar super matrices.

Example 1.1.12: Let

37 1 2 01 2 3
010 1 45 6 7
2010 8§ 9 1 0
030 4 111 2
4010 13 1 4
X=l5 12 1|™Y=1T5 16
3011 1 1 7 1 8
2222 19 20
4 4 4 4 20 2 2
0550 2 3 2 4

be two super column vectors. Clearly X and Y are similar super
column vectors.
Consider

W =
&~

i~

Il
\lm»—»—‘\o\lm
S = W N= o

9 2
a super column vector. Though both P and Y have similar
partition yet P and Y are not similar super matrices.



Thus if P and Y are similar in the first place they must have
same natural order and secondly the partitions on them must be
identical.

Example 1.1.13: Let

2 3 7/0 2 719 1
X=10 5 8 3 110 215
1 6 9|1 1 8 3
be a super row vector.
Take
1 3 0|1 8/9 1|7 6 3|1
Y=(0 4 0|0 1|7 0|4 0 9|2
2 5 7/0 2|8 2|2 1 1|3

be another super row vector. Clearly X and Y are similar super
row matrices. That is X and Y have identical partition on them.

Example 1.1.14: Let

(3 1 2|5 4]

7 8 910 1

1 -1 03 8
X =

20 4]0 9

3 2 -1]10 1

1 0 2|4 2]

and

(1 2 3|4 5]

6 7 719 0

1 1 112 3
Y =

-1 4 5|-10

7 0 0|0 7

10 1 2|3 1

be two super matrices.
Both X and Y enjoy the same or identical partition hence
X and Y are similar super matrices.

22



Example 1.1.15: Let

1 2|3 4 5
3.0 0 2
7 810 -1 2
-1 4]|-1 0 =2
X=[0 5|1 0 1
1 2(-1 4 0
0 1]/2 0 1
1 0|0 1 2
|2 43 4 -1]
and
(4 012 1 5]
0 21 0 2
7 1|1 6 2
0 80 =7 0
Y=|1 —4(8 1 6
8 00 9 1
3 117 0 2
2 1|6 4 0
0 4|0 2 1]

be two super matrices.

Clearly X and Y are similar super matrices as they enjoy
identical partition. We can add only when two super matrices of
same natural order and enjoy similar partition otherwise
addition is not defined on them.

We will just show how addition is performed on super matrices.

Example 1.1.16: Let X=(01211-3451-7890-1)and Y =
8-131-123418101 2)be any two similar super row
vectors. Now we can add X with Y denoted by X + Y=(01 2|
1-3451-7890-1)+@8-131-1234181012)=@05100
-1 7911991 1). Wesay X + Y is also a super row vector
which is similar with X and Y.

23



Now we have the following nice result.

THEOREM 1.1.1: Let S = {(a; a; a3 | ayas | agaragag | ... | a,.;,
a,) | a; € R; 1 <i <nj be the collection of all super row vectors
with same type of partition, S is a group under addition. Infact S
is an abelian group of infinite order under addition.

The proof is direct and hence left as an exercise to the reader.

If the field of reals R in Theorem 1.1.1 is replaced by Q the
field of rationals or Z the integers or by the modulo integers Z,,
n < oo still the conclusion of the theorem 1.1.1 is true. Further
the same conclusion holds good if the partitions are changed. S
contains only same type of partition. However in case of Z,, S
becomes a finite commutative group.

Example 1.1.17: Let P = {(a;laya3;lasasaglay;agagap)lae
Z; 1 <1< 10} be the group of super row vectors; P is a group of
infinite order. Clearly P has subgroups.

For take H={(a; la; a3l agas agl a;agag ajg) la; € 5Z; 1 <1
<10} < P is a subgroup of super row vectors of infinite order.

Example 1.1.18: Let G = {(ajala;)laje Q;1<i<3} bea
group of super row vectors.

Also we have group of super row vectors of the form given by
the following examples.

Example 1.1.19: Let

a a a a a a

1 A4 [ 4 3 A 19
G=14la, ay;|a; a; a, a,|a,|laeQl<i<2]
a; A [A9 A A5 Qg | Ay

be the group of super row vectors under super row vector
addition, G is an infinite commutative group.

a; a9j
Ay Ay

24

Example 1.1.20: Let

aieR,ISile}



be a group of super row vectors under addition.

Now having seen examples of group super row vectors now we
proceed onto give examples of group of super column vectors.
The definition can be made in an analogous way and this task is
left as an exercise to the reader.

Example 1.1.21: Let

M= q|a;||aeZ]1<i<9

be the collection of super column vector with the same type of
partition.

Now we can add any two elements in M and the sum is also
in M.

For take

3 7

2 0

-1 1
4 2
x=|-7|andy=|-1
K} 5

0 9

5 2

2 -1

in M. Now

25



3 7
2 0
-1 1
4 |2
x+y=|-T7|+]|-1
- _
0 9
5 2
2 -1

is in M. Thus M is an additive abelian group of super column

vectors of infinite order.

Clearly

S O O oIl ol © ©

Example 1.1.22: Let

R |wm K% |_:\>

S - R
wn

6

a,;

ag

be a group of super column vectors under addition.

26

aeQ,l<i<s

oo v 3

oo

13
9
7
1

acts as the additive identity in M.




Example 1.1.23: Let

a, a, a,
a7 a8 a9

M=<a, a, a,]|laeR]1<i<21
a13 a'14 alS

be a group of super column vectors under addition of infinite
order. Clearly M has subgroups.
For take

V=1<la, a, a,]||a,eQl<i<2]l, cM

A Ay Ay

is a subgroup of super column vectors of M.

Now we proceed onto give examples of groups formed out of
super matrices with same type of partition.

Example 1.1.24: Let

a a, | a3 a, a;

a6 a7 aS a9 alO
a,, a,|a; a, a
11 12 13 14 15 .
M= a,e€Q,1<1<30
a, a,|a, a, a

27



be the collection of super matrices of the same type of partition.

Consider
[0 1 ]2 3 4]
5 601 2
1 0|2 01
13701 2 0
1 4|2 0 1
12 0]0 1 2]
and
3 011 0 2]
8 1(3 6 0
|7 6[1 6 2
SIT 25 1 o0
3 417 0 2
5 6|0 1 2]
be two super matrices in M.
(3 1|3 3 6]
13 7|13 7 2
8 6|3 6 3
*TY=1T 276 3 0
4 0|9 0 3
17 6|0 2 0]

is in M and the sum is also of the same type.

Thus M is a commutative group of super matrices of infinite
order.

28



Example 1.1.25: Let

4 a, | a; | a4 3
dg Ay | A3 | A9 3y
ay Ap | A3 | Ay A
A A7 | Qg | 39 Ay
P=4la, ay,|a,|a, a,]||aeZl<i<45
Ay Ay | Qg | Ay Ay
a3; Az | Az | Az Ass
A3 Q37 |3 | 39 Ayg
A Ap | Ay | Ay Ays

be a group of super matrices of infinite order under addition.
Consider the subgroups H = {A € P | entries of A are from 3Z}
c P; H is a subgroup of super matrices of infinite order. Infact P
has infinitely many subgroups of super matrices.

Consider
0O Oja |0 O
0 Oja, |0 O
0 O0ja, |0 O
a, a;| 0 |a, a
W=4dla, a,| 0 |a, a,||a;€3Z1<i<15
0 O0ja,| 0 O
0 Oja;| 0 O
0 O0ja,| 0 O
0 O]as| 0 O

c P is a subgroup of super matrices of infinite order under
addition of P. Now we cannot make them as groups under
multiplication for product of two super matrices do not in
general turn out to be a super matrix of the desired form.

Next we leave for the reader to refer [47], for products of super
matrices.

29



1.2 Refined Labels and Ordinary Labels and Their
Properties

In this section we recall the notion of refined labels and
ordinary labels and discuss the properties associated with them.
Let L, Lo, ..., L, be labels where m > 1 is an integer.

Extend this set of labels where m > 1 with a minimum label
Lo and maximum label L. In case the labels are equidistant
i.e., the qualitative labels is the same, we get an exact qualitative
result, and the qualitative basic belief assignment (bba) is
considered normalized if the sum of all its qualitative masses is
equal to Ly = Ly [48].

We consider a relation of order defined on these labels
which can be “smaller” “ less in quality” “lower” etc. L; < L, <

. < Ly. Connecting them to the classical interval [0, 1] we
have0=L, <, <...<Lij<...<L,<Lyy=1and
i

i:

m+1
forie {0, 1,2, ...,m, m+ 1}. [48] The set of labels L = {L,,
Ly, ..., Ly, L} whose indices are positive integers between 0

and m+1, call the set 1-tuple labels. The labels may be
equidistact or non equidistant [ ] call them as ordinary labels.

Now we say a set of labels {L,, ..., L,,} may not be totally
orderable but only partially orderable. In such cases we have at
least some L; < Lj, i #j; 1 <1, j < m, with Ly the minimum
element and L, the maximum element. We call {L,, L;, ...,
L, Lins1} a partially ordered set with Ly = 0 and L,,; = 1. Then
we can define min {L;, L;} = Li N L; and max {L;, Lj} = L; U L;
where Ly "L =Ly or O where L; > Lyand Ly > Lyand L U L; =
Lior 1 where Ly >Liand L >L;;0<k,t,i,j<m+ 1.

Thus {0=Ly, Ly, ..., Ly, Ly = 1, U, N (min or max)} is a
lattice.

When the ordinary labels are not totally ordered but

partially ordered then the set of labels is a lattice. It can also
happen that none of the attributes are “comparable” like in study

30



of fuzzy models only “related” in such cases they cannot be
ordered in such case we can use the modulo integers models for
the set of modulo integers Zn,; (m+l < ) (n = m+l) is
unorderable.

Now [48] have defined refined labels we proceed onto
describe a few of them only to make this book a self contained
one. For more please refer [48]. The authors in [48]
theoretically extend the set of labels L to the left and right sides
of the interval [0, 1] towards - e and respectively to co.

So define
L, 2 j/’eZ}
? {m+1J

where Z is the set of all positive and negative integers zero
included.

ThusL,={.,L,; ....,L, Lo, Ly, ..., Lj, ...} = {Lj/je Z}
that is the set of extended labels with positive and negative
indexes.

Similarly one can define Lq £ {Ly / q € Q} as the set of
labels whose indexes are fractions. Lo is isomorphic with Q

through the isomorphism fq (L) = Ll’ for any q € Q.
m+
Even more general we can define

Lx é{ ! /re R}
m+1

where R is the set of reals. Ly is isomorphic with R through the

isomorphism fr (r) =

! 1 for any r € R. The authors in [ ]

prove that {Lg, +, X} is a field, where + is the vector addition of
labels and X is the vector multiplication of labels which is called
the DSm field of refined labels. Thus we introduce the decimal
or refined labels i.e., labels whose index is decimal.

For instance L3;;0 = Los and so on. For [L;, L,], the middle
of the label is L; s = L.

They have defined negative labels L; which is equal to —L;.
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(Lg, +, X, .) where ‘.” means scalar product is a commutative
linear algebra over the field of real numbers R with unit element
and each non null element in R is invertible with respect to
multiplication of labels.

This is called the DSm field and Linear Algebra of Refined
labels (FLARL for short).

Operators on FLARL is described below [48].

Let a, b, c € R and the labels

L= Ly=—" andL.=—°_
m+1 m+1 m+1

Let the scalars a, € R.

L+Ly= & 40 _atb _,
m+1 m+1 m+1
a b a-b

La— Lb: - = .
m+1 m+1 m+1

La X Lb = L(ab)/m+1

since

m+1 m+1  m+l

a b ab/m+1

For oo € R, we have
o L,=L,a=Lg

since
ol,= o a _ oa .
m+1 m+l1

For
a=-1;-1L,=L_,=-L..

Also
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and

B0 L= B mil pmD

L.+Ly,=L

(a/b)(m+1)
since
a . b 3_(a/b)m+1
m+1  m+l b m+1
=L, .
(Ejm-%—l
(L“)p = Le1p/(m+-l)‘H
since
a Y B ap/(m+1)p’I
m+1 m+1
for all p € R.

(L =

= La“k/(mﬂ)%il s

this is got by replacing p by 1/k in (L,)". [ ]

Further (Lg, +, X) is isomorphic with the set of real numbers
(R, +, X); it results that (Lg, +, X) is also a field, called the DSm
field of refined labels.

The field isomorphism

fr: Ly — R; fr (L) = —

m+1

such that
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fr (La + Lp) = fr (Lo) + fr (Ly)

since
fr (Lo + Ly) = fr (Lass)
a+b
m+1
SO
a b a+b
fr (L) + 1z (Lp) = + = )
m+1 m+1 m+l1
fr (La x Lp) = fr (Lo). fr (Ly)
since
fr (La X Lp) = fr (Leavymen)
B ab
(m+1)°
and
a b
fr (Ly) X fr (Lp) = .
m+1 m+l1
_ab
(m+1)?

(Lg, +, .) is a vector space of refined labels over R.

It is pertinent to mention here that (Lg, +, .) is also a vector
space over Ly as Ly is a field. So we make a deviation and since
Lr = R, we need not in general distinguish the situation for we
will treat both (Lg, +, .) a vector space over R or (Lg, +, .) a
vector space over Ly as identical or one and the same as Lg = R.

Now we just recall some more operations [48].

Thus (Lg, +, X, .) is a linear algebra of refined labels over
the field R of real numbers called DSm linear algebra of refined
labels which is commutative.

It is easily verified that multiplication in Ly is associative
and multiplication is distributive with respect to addition.
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L,.+1 acts as the unitary element with respect to multiplication.

La- Lm+l = La.m+l
Lm+1Aa
Lm+l La

La(m+ 1)/m+1
= L.

All L, # L are invertible,

(L' !

(m+1)?/a = L

a

L. (L))" L. L

(m+1)?/a

(a(m+1)*/a)/m+1
= L1
Also we have for v € R and L, € Lg;
L.+a = o+L,
- La+tx (m+1)
since

0c(m+1)+
m+1

L

a

o+L, =

= Loc(m+l) + La
- L(x(m+l)+a
= Li+ Lam
- La+(x (m+1).

o(m+1)
m+1

= La - Loc (m+1)

L.—«a = L,-

= La—(x(m+l)
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and

oa-L, = L(x(m+l)—a~
Further
L
L=, x— =L,
(04 (04 o
fora # 0.
o+ Ly= a(m+1)?
as
o= La = (x(m—-l-l) S La
m+1
= Lymn+La

- L(oc(m+l )a) m+l1

= L [48].

& ma1)?
a

It is important to make note of the following.

If R is replaced by Q still we see Lo = Q and we can say
(Lg, +, .) is a linear algebra of refined labels over the field Q.

Further (Lg, +, .) is also a linear algebra of refined labels
over Q.

However (Lq, +, .) is not a linear algebra of refined labels
over R. For more please refer [48].
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Chapter Two

SUPERMATRICES OF REFINED LABELS

In this chapter we for the first time introduce the notion of
super matrices whose entries are from Ly that is super matrices
of refined labels and indicate a few of the properties enjoyed by
them.

DEFINITION 2.1: Let X = (Lal s La2 ..., L, ) be a row matrix of

refined labels with entries L, € Lg; 1 <i <n. If X is partitioned

in between the columns we get the super row matrix of refined
labels.

Example 2.1: Lee X= (L, L, |L, L, L L, |L,);a¢€ Ly

1 <i< 7, be a super row matrix (vector) of refined labels.

Example 2.2: Let

Y= (Lbl Lbz Lb3 Lb4 Lbs Lbe Lb7 Lbs |Lb9 me);

Lb‘ € Lg, 1 <1< 10, be a super row matrix of refined labels.

Now for matrix of refined labels refer [48]. We can just say if
we take a row matrix and replace the entries by the refined
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labels in Lz and partition, the row matrix with refined labels
then we get the super row matrix (vector) of refined labels.

Now we see that two 1 X n super row matrices (vectors) are
said to be of same type or similar partition or similar super row
vectors if they are partitioned identically. For instance if x =

(La] L, L, ...|La“) and y = (Lbl|Lb2 Lb3|...|Lbn) are two

super row vectors of refined labels then x and y are similar or
same type super row vectors.

Suppose z = (LCl L. L. |L, ...|Lcn_] Lcn) then z and x

are not similar super row vectors as z enjoys a different partition
from x and y.

Thus we see we can add two super row vectors of refined
labels if and only if they hold the same type of partition. For
instance if

x=(L, L |L,|L, L, L,)

L,

and
y= (L, Ly, |Ly |Ly, Ly, L, )

where L, ,L, € Lg we can add x and y as both x and y enjoy

the same type of partition and both of them are of natural order
1x6.

x+y=(L, L, |L

a3

L, L, L)+

ay as

(Lb] Lbz |Lb3 |Lb4 Lbs Lbe)

=(Lal +L, L, +L, L, +L, L +L L, +Lb6)

L, +L,

= (L, 4o, Lo, [Los, |L L, ., )-

We see x + y is of the same type as that of x and y. In view of
this we have the following theorem.

a;+b; a,+b, a3+by a,+b, ]“a5 +bs

THEOREM 2.1: Let
v={(La] L, L,

L, L,

a,

L, L)L, e L;1<i<n]

be the collection of all super row vectors of refined labels of
same type. Then V is an abelian group under addition.
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Proof is direct and hence is left as an exercise to the reader.
Now if

denotes the super matrix column vector (matrix) of refined
labels if

) Entries of X are elements from Lg.

(i1) X is a super matrix.

Thus if a usual (simple) row matrix is partitioned and the
entries are taken from the field of refined labels then X is
defined as the super column matrix (vector) of refined labels.

We will illustrate this situation by an example.

Example 2.3: Let

where L, e Ly 1 <1< 7 be the super column vector of refined

labels.

Example 2.4: Consider the super column vector of refined
labels given by
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where Lai e Lg; 1 <110,
Example 2.5: Let

where L, € Lg; 1 <1< 4 is a super column vector of refined

labels.

Now we can say as in case of super row vectors of refined
labels, two super column vectors of refined labels are similar or
of same type is defined in an analogous way.

We will illustrate this situation by some examples.

Consider

~ L _ _ L, _
L, L,
La Lb

A=| *|andB=| °
L, L,
La5 Lbs
L a Lbﬁ
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be two super column vectors of same type of similar refined
labels; L, ,LbJ € Lg;1<1,j<6. Take

by

o

=

=

2

=

o

3

g
1l
|

S

4

bs

o o

b6
be a super column vector of refined labels, we see P is not
equivalent or similar or of same type as A and B.
Now having understood the concept of similar type of super
column vectors we now proceed onto define addition. In the
first place we have to mention that two super column vectors of
refined labels are compatible under addition only if;
(1) Both the super column vectors of refined labels A and
B must be of same natural order say n x 1.
(2) Both A and B must be having the same type of
partition.

Now we will illustrate this situation by some examples.
Let

L, L,
L, L,
L, Ly,
L, L,
A= L. and B = L,
L, Ly,
L, L,
L, L,
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be two super column vectors of refined labels over Lg; that is
Lﬂi,Lbj elg; 1<i,j<8.
Clearly A and B are of same type super column vectors of

refined labels.
Consider

the super column vector of refined labels is not of same type A
and B. Clearly all A, B and M are of same natural order 8 x 1
but are not of same type as M enjoys a different partition from
A and B.

In view of this we have the following theorem.

THEOREM 2.2: Let

L, eLyI<i<n
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be a collection of super column vectors of refined labels of same
type with entries from Lg. K is a group under addition of infinite
order.

The proof is direct and simple hence left as an exercise to the
reader.

Let
Lal Lb]
L, L,
L% ng
La4 Lb4
A=|L, |andB= L,
L, Lb(,
La7 Lb7
L, L,
L‘lg ng

where La| ,Lbj € Lg; 1<1,j<£9 and

L, i L, L, +L, 1 [ L, . 1
L, L, | |L, +L, L, ..
L, L, L, +L,, L, .,
L, L, L, +L, L, .,
A+B=|L, | +|L, | =|L, +L, | =|L, .,
L, L, L, +L, L, .
L, L, L, +L, L, .,
L, Ly, L, +L, L, .,
L, L, L, +L, L, .,

It is easily seen A + B is again of same type as that of A and B.
Now the super row vectors of refined labels and super

column vectors of refined labels studied are simple super row

vectors and simple column vectors of refined labels. We can
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extend the results in case of super column vectors (matrices)
and super row vectors (matrices) of refined labels which is not

simple.
We give just examples of them.

Example 2.6: Let

a Ay a7 a0
a as ag A
a3 a6 a9 g

an

a3

a5

a6

a7

a8

where L, € Lg; 1 < i < 18 be a super row vector of refined

labels.

Example 2.7: Let

'L, L, L, L,
La5 La6 La7 La8
La9 Lam La” Lap
L, L, L L,
La La La La
M
L, L L_ L
L, L, L, L,
L, L, L. L,
L, L. L, L,

where Lai € Lg; 1 £1 <40 be a super column vector of refined

labels.

When we have m X n matrix whose entries are refined
labels we can partition them in many ways while by partition we
get distinct super column vectors (super row vectors); so the
study of super matrices gives us more and more matrices.
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For instance take

where L, € Lg; 1 <i< 8. Now how many super matrices of

refined labels can be built using V.

L, L, L, L,
L, L, L, L,
qu La3 La3 La3
L, L, L, L,

V= L. V= L. V= L. V= |
La6 Laé La6 Lae
L, L, L, L,
Lag Lag La8 Lag
L, | 'L, | 'L, 'L, |
L, L, L, L,
L, L, L, L,
L, L, L, L

Vs = Las , V= La; , Vi= La5 , Vg= La: s
L, L, L, L,
L, L, L, L.
L, L, L, L,
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Thus using a single ordinary column matrix of refined
labels we obtain many super column vectors of refined labels.
So we can for each type of partition on V get a group under
addition. This will be exhibited from the following:

Consider

be a column vector of refined labels.

La, La, Lal Lal
L, L, L, L,
Xy = L, , X = La; , X3 = L, , X = L, ,
La4 La4 qu La4
L, L, L,
L, L, L,
Xs = La3 , Xg = La3 and X5 = La%
L L, L »

Thus we have seven super column vectors of refined labels
for a given column vector refined label X.
Now if

L, eL,l<i<4

be the collection of all super column vectors of refined labels.
Then T, is a group under addition of super column vectors of
refined labels.
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Likewise

To=4X,=| —||L, eLy;l<i<4

is a super column vector group of refined labels.
Thus T; = { ;

of refined labels i=1,2, 3, ..., 7. Hence we get seven distinct
groups of super column vectors of refined labels.

Consider 'Y = (Lal L, L, L, Las) be a super rows

vector (matrix) of refined labels.

< } is a super column vector

Y1=( W) Ye= (L )
o= (L, as) Y4=(L Ls)
5= (L, )Y6=(La, L. L),
Y7—( L) Ye= (L, L L L, L)
Yo= (L, L, ). Yo=(L, L, ).
YH_(L . L), Yu=(L,|L LS)
You (L, L) Y= (L, L L L L)
andY15=( a ,‘ls).

Thus we have 15 super row vectors of refined labels built
using the row vector Y of refined labels. Hence we have 15
groups associated with the single row vector

X = (Lﬂl Laz Laz LﬂA Las )
of refined labels.
This is the advantage of using super row vectors in the place

of row vectors of refined labels.
Consider the matrix
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}

La, La La Lal

La La La Ldl

a0

La La La L

of refined labels. How many super matrices of refined labels can

be got from P.

P=

o

La La La La La La La L\,_I La La La Lal La Lﬂ La L\,ul La L L La

La La La La] La La La Lawl La La La La] Ld La La Lal L L L La
L I L 1 L I L 1

1l
~
[a

, Py=
, Ps =
, Pg=
» Pio

=

La La L& Lal La‘ La La Lal La La La Lal La, La La Lal ans Ln..b Law/ Lal_

La Lu La Lal L.d. La La Ldl La La La Lal La La La Lal LaZ Lwﬁ LnMn L

=)

a0

_La O O Lal_ _La NE R Lal_ _La T _La R = R

:

I I I I
a~ A A A
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Parle, o, | [ L |
L, |L, [L, L, |L, [L,
L, |L, L. L, | L, | L.
L, |L, L, L, |L, |L,
Pas = L, L, L, » Pas = L, |L, [L,
L, L, L, L, L, |L,
and

L, L, |L,

L34 La5 La6

P = La7 Lus a

a0 a, La,z

Thus the matrix P of refined labels gives us 27 super matrix
of refined labels their by we can have 27 groups of super
matrices of refined labels using Py, P,, ..., P2;. Now suppose we

study the super matrix of refined labels using L. 0= {Lilre
R* U {0}} then also we can get the super matrix of refined

labels. In this case any super matrix of refined labels collection

of a particular type may not be a group but only a semigroup
under addition. Let

x={L, L, €Ly}
be a collection of super row vector of refined labels with entries
from LRM 0 Clearly X is only a semigroup as no element has

L, L L L, L)

inverse.
Thus we have the following theorem.

THEOREM 2.3: Let
X:{(L L, |L, |-

a a; |Ln Ln)

a4 R

L€l 1<i<n}
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be a collection of super row vectors of refined labels. X is a
commutative semigroup with respect to addition.

The proof is direct and simple and hence left as an exercise to
the reader.
Now consider

M =1 ||L, €Ly, 1<i<n
L

be the super column vector of refined labels.
Now we say as in case of other labels that two super column

vectors of refined labels x and y from LRM o are equivalent or

similar or of same type if both x and y have the same natural
order and enjoy identical partition on it.

We can add only those two super column vector refined
labels only when they have similar partition.

Consider o o
L, L,
L, L,
L, L,
X=|L, |andY=|L,
L, L,
L, L,
L, L,

1<i<
where La, IS LR*U(O}’ 1<i1<7.
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X+Y is defined and X+Y is again a super column vector of
refined labels of same type. In view of this we have the
following theorem.

THEOREM 2.4: Let

L]
L,
La.?

M= i ||LeL,  ;I<i<n
L"n—z
L,
L,

be the collection of super column vectors of refined labels of
same type with entries from LR+U{0}. M is a semigroup under

addition.

This proof is also direct and hence left as an exercise to the
reader.

Now we show how two super column vectors of refined
labels are added.

Let
L, L,
L, L,
L, Ly,
L, L,,
X = L, and Y = L,
L, L,
L, L,
L, L,
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be any two super column vectors of refined labels. Both X and
Y are of same type and X+Y is also of the same type as X and
Y. We see now as in case of usual super column vector of
refined labels we have

is a super column vector of refined labels from the set L. .

Likewise
La' La* La9 Lall Law Lazl
L L, L L |L L
Y = 2 6 10 14 8 , La‘ cL +
Las La7 La,, La]5 Lal) L;1 \ i RTU{0}

L, |L, L L L L

ay ag A A6 ax Ay

is a super row vector of refined labels and it is easily verified Y
is not a simple super row vector of refined labels.

Now it is interesting to note LRM o = {set of all refined

labels with positive value} is a semifield of refined labels or
DSm semifield of refined labels and LRM o = R" U {0} [48].

Thus we see further
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is a super matrix of refined labels with entries from LR+

{0} "
Suppose
L, L L |L,
L'zl La Lﬂ Ld
A= 5 6 7 8
Lao Lam Lall LaIZ
a3 Lam Lali Lalﬁ

be a super matrix of refined labels with entries from LR+U( 0

Now if we consider super matrices of refined labels with entries
from L _,  of same natural order and similar type of partition
R™U{0}

then addition can be defined.

We will just show how addition is defined when super
matrices of refined labels are of same type.

Let A=| —* - - Y and
La” La,2 ap Lam La|5
La]6 L,d17 s Law Lazn
Lbl Lb2 Lb3 Lb4 Lb5
L, L, |L, L, L,
B - Lb” Lb|2 by me Lbl5
bs Lb|7 byg wa Lbzo

be any two super matrices of refined labels with entries from
L o) 1<i<20.

R
La] Laz a3 La4 Lﬂs
La La a Ld La
A+B= 6 7 8 9 10 +
Lall Lalz a3 La|4 Lali
Lﬂls Law g Lalq Lazo
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L, L, L, L, L,
L, L, |L, L, L,
L,, Ly, |Ly, Ly, Ly,
L,, L, |L,, L, Ly,

Lal +Lbl L,pl2 +Lb2 Laz + ng Lz4 +Lb4 Las + Lbs
Laé +Lb6 L +Lb7 Lag + ng La9 +Lb9 Lam + me

as

Lan +Lb1| L +Lb12 Lam + Lb13 L 14 +Lb14 LaIS + Lb15

A

Lam + byg Law +Lb|7 Lalx + Lblx Law +]_lbw Lazn + Lbzu
L‘al,+b1 L‘aerb2 ay+bs I“214er4 L‘aerb5
1‘216+IJ6 La7+b7 ag+bg La.)+bq Lam+bm
L L L L
ay;+by; ap+byy aj3+by; a4 +byy a5+bys
L"‘l[ﬁbm L‘4|7+b17 ajg+byg Lﬂ|9+b19 Laz()*bza

We see A+B, A and B are of same type. In view of this we
have the following theorem.

a4 4, 4
THEOREM 2.5: Let A = {|a, as a, || a; are submatrices of
a, ag; a,

refined labels with entries from LRw/o;; 1 <i <9 Aisa

semigroup under addition.

Here A is a collection of all super matrices of refined labels
where a;, a, and a; are submatrices of refined labels with same
number of rows. Also a4, as and ae are submatrices of refined
labels with same number of rows. a;, ag and ag are submatrices
of refined labels with same number of rows.

Similarly a;, as and a; are submatrices of refined labels with
same number of columns. a,, as and as are submatrices of
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refined labels with same number of columns. as;, ag and ay are
submatrices of refined labels with same number of columns.
Thus A is a semigroup under addition.

Now LQ+U{ o gives the collection of all refined labels and

- O :
LQ+U(O) = Q" u {0}, infact LQ+U( , € LR+ ©

0 u{0}*

Suppose we take the labels 0 = Lo<L; <L,<...<L,=
Ly = 1, that the collection of ordinary labels; then with min or
max or equivalently N or U, these labels are semilattices or
semigroups. ThatisL={0=Ly<L;<Ly<..<Ly<Lyy=1}
is a semilattice. Infact when both U and N are defined L is a
lattice called the chain lattice.

Let P = {(Lal L, |L, L, Las)

L,eLl} =Lo<Li<

... <Ly < L= 1} be a super row vector of ordinary labels. We
say two super row vector ordinary labels are similar or identical
if they are of same natural order and hold same or identical
partition on it. We call such super row vectors of ordinary labels
as super row vectors of same type.

Let

L, ) and

X= (Lﬂl | Laz LaS | La4 Las
Y = (Lb] | LbZ Lb3 | Lb4 Lbi Lbﬁ)

be two super row vectors of ordinary labels; Lai ,Lbj elL={0=

Li<Li<Lly<..<Ly<Lyu=1},1<1i,j<6. Now ‘+” cannot

be defined. We define “U’which is max (L, Ly, ).

ThusXuY=(L, |L, L, |L, L, L )u

as a6

(Lb, |]“b2 I‘b3 | Lh4 [‘b5 Lbé)
=(L, uL, |L, UL, L UL, |L, UL, L UL L, UL,)

= (max{L,.L, } | max {L, ,L, }, max {L, ,L, }I max
{L,.L,, }max {L L, }max{L, L, })

= (L, | L, L. L, L, L)

€

57



We see X, Y and X U Y are same type of super row vectors
of ordinary labels.

In an analogous way we can define X MY or min {X,Y}.

X MY is again of the same type as X and Y.

Now we have the following interesting results.

THEOREM 2.6: Let V =
{(L“/ L“z L“s | L“4 | L“5 L“ﬁ | L“7 | | L”n—/ L )

a”

L

al

el={0=Ly<L;<...<L,<Ly=1};1<i<ay,} be the
collection of super row vectors of ordinary labels. V is a
semigroup under ‘U

THEOREM 2.7: Let V=
(£, L, o, |0, |L L, |L -|-|L, L)

a; g a

L

a,

eL={0=Ly<L;<...<L,=L,.;=1)});15i<ay,}] bethe
collection of super row vectors of ordinary labels. V is a
semigroup under ‘.

The proof is left as an exercise to the reader.
In the theorem 2.7 if ‘Y is replaced by ‘W’, V is a

semigroup of super row matrices (vector) of ordinary labels.
Now consider
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where La|e L={0=Lo<L,

<...<Ljy<Luu=1}, 121 <8, Pis a super column vector of
ordinary labels. Now we cannot in general define U or M on any
two super column vectors of ordinary labels even if they are of
same natural order. Any two super column vectors of ordinary
labels of same natural order can have U or M defined on them
only when the both of them enjoy the same type of partition on
it.

We will now give a few illustrations before we proceed on
to suggest some related results.

Let
L, L,
L, L,
L, L,,
L, L,,
T=|L, | andS =L,
L, L,,
L, L,
L, Ly,
L, L,

be two super column vector matrices of ordinary labels where
L.L, e {Li0=Ly<Li<ly<..<Ln<Lpa}; 1<i,j<09.

Now we define min {T, S}=T N S as follows min {T,S}=
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[ min{L, ,L, } |
min{L, ,L, }
min{L, L, }
min{L, ,L; }
min{L, L, }
min{L, L, }
min{L, L, }
min{L, ,L, }
min{L, ,L, }

'L, L, | [L,.,
L, NL,, | D
L, NL, | D
L, NL,, L, b,
L. NL, | =L,
L, NnL, L, v,
L, nL, L, b,
L, NL, L, b,
L, NL,, L, b,




-

min{a;,b,}
min{a,,b, }

min{ay,b;}
min{a,,b,}
min{as,bs}

min{aq,by}
min{a,,b;}

min{ag,bg}

|l T o ol I o o ol I o o

min{ag,bg }

We make a note of the following.

This min = N (or max = W) are defined on super column
vectors of ordinary labels only when they are of same natural
order and enjoy the same type of partition.

THEOREM 2.8: Let

={0=Ly<L;<L;<..<L, <L, = 1}} be the collection of
all super column vectors of ordinary labels which enjoy the
same form of partition.
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(i) {K, U} is a semigroup of finite order which is
commutative ( semilattice of finite order)

(ii) {K ,n} is a semigroup of finite order which is
commutative ( semilattice of finite order)

(iii) (K, N} is a lattice of finite order.

Now we study super matrices of ordinary labels.

Consider
L, | L,
L, | L,
H= L, |L,
L, |L,

Let

L,
L,
L,

again a super matrix of ordinary labels with entries from L= {0
=Ly<Li<Lly<...<Ly<Ly=1}.

Take

P is again a super matrix of ordinary labels.
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are super matrices of ordinary labels.

La2 La,

La4 Laq

L, and F = r
l Las |‘La7

are super matrices of ordinary labels.

T‘F‘F‘F‘
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L, |L, L, | L,
L, |L, L, |L,
G= La; Laé and L = La5 La6
L, |L, L, | L,

Now
La, Laz
Lu3 La4
Q= Las La6
La7 Las

is again a super matrix of ordinary labels. Thus we have H, M ,
P, R, V, W, T,B,C,D,E,F,G,LandQ; 15 super
matrices of ordinary labels of natural order 4 X 2.

Now we can also get 15 super matrix semigroups under ‘U’
and 15 super matrix semigroup under M of finite order.

Thus by converting an ordinary label matrices into super
matrices makes one get several matrices out of a single matrix.

THEOREM 2.9: Let A = {all m x n super matrices of ordinary
labels of same type of partition). A is a semigroup under N (or
semigroup under U) of finite order which is commutative.

Now having seen examples and theorems about super
matrices of ordinary labels, we in the chapter four proceed on to
define linear algebra and vector spaces of super matrices. It is
important to note that in general usual products are not defined
among super matrices. In chapter three we define products and
transpose of super label matrices. However even the collection
of super matrices of same type are not closed in general under
product.
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Chapter Three

OPERATIONS ON SUPERMATRICES OF
REFINED LABELS

In this chapter we proceed on to define transpose of a super
matrix of refined labels (ordinary labels) and define product of
super matrices of refined labels.

Let

be a super column matrix of refined labels with entries from Lg.
Clearly the transpose of A denoted by
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o S A A TP TR R

Thus we see the transpose of A is the super row vector (matrix)
of refined labels. If we replace the refined labels by ordinary
labels also the results holds good.

Consider

P= (L Laz La} | LaA | Las L L L L La“’)

ag a, ag ag
be a super row vector (matrix) of refined labels.

a

Now La‘ € Lg; 1 £1<9. Now the transpose of P denoted
by P'is

L. L L |L L. L )=
( 1 2 3 9 10)

ay

L, L, L L,

we see P' is a super column matrix (vector ) of refin;:d laiaels.
However if we replace the refined labels by ordinary labels still
the results hold good.
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Let

Lal Laz Lax La4 Lai
Laﬁ La7 Lax La«) a9

be a super matrix of refined labels with entries from Lg; ie Lai IS

Lr; 1 <125,

[ Lal Laz La3 La4 La5 T
L, L, L |L, L.
A=L, L L |L L,
L, L, L |L L
L, L_ L_|L, L.

®
o
EY

(3

)
S

&

[

W
S

3

ol I o ol o
ol I o o o

&
£
S
&
i
=
®
9
o
W
13

L L L L L

as a0 a5 a0 a5

is again a supermatrix of refined labels with entries from Lg;
L elg;1<i<25.

Let
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be a super matrix of refined labels with entries from Lg; La| €
Lg; 1 <i<36.

P'=

is again a supermatrix of refined labels with entries from Lg;
L e Lg 1 <1<36.

Suppose

o ol N o
ol ol N
oo e

[ o ol I S S o
o o ol I ol e o
| o ol I o e o
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be a super column vector (matrix); with entries from Lg (L, €

Lp; 11 £27).
The transpose of X denoted by

L, L, L,

L, L, L,

L, L, L,

L, L, L,

X=|L, L, L.

La]6 Lan La]8

Law Lazo L321

L, L. L.

_Lazs Lazs Laz7 i
Lal ay a7 210 Lﬂm Lalé La19 Lazz s
=L, |L, L, |L,6 L, L, |L, L, -
Laz a6 a9 a a5 g a1 Ay Ay

is a super row vector (matrix) of refined labels with entries from

L.
Let
_Lal La7 Lam Law Lazs Lﬂ}l L337 |

Lﬂz Las Lam Lazo L376 Lawz Lass
La La La Laq La La La

M= 3 9 15 21 27 3 39
L"‘4 Lal() Lam L“zz Lazx L‘du Lam
Las Lan Law Lazz Lazq Lass La41
Lﬂe Lalz La]8 Lﬂz4 Lazo Lase La4z

be a super row vector (matrix) of refined labels with entries
from L.
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'L, L, L L, L L, |
L, L, L L L L
L, L, L L L L.
M=|L L L L L L
L L L L L L,
a3, La32 La33 La34 La35 La36
L L, L, L, L, L

is the transpose of M which is a super column vector (matrix) of
refined labels with entries from Lg.

Now we find the transpose of super matrix of refined labels
which are not super row vectors or super column vectors.

Let

Lal Laz La3 La4 La5
La6 La7 La8 La9 La,o
p=|L L L |L L
L L L |L L
La2] La22 ay La24 Laz5

L, L, L |L, L,
L, L L |L L,
p=|L, L L |L L.
L, L L |[L L.
L, L L_|L, L,

is the transpose of P and is again a super matrix of refined
labels.

Now we will show how product is defined in case of super
matrix of refined labels. We just make a mention that if in the
super matrix the refined labels are replaced by ordinary labels
still the concept of transpose of super matrices remain the same
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however there will be difference in the notion of product which
will be discussed in the following:

Suppose A = [La] L, |L, L, Laj be a super

a, ay

matrix (row vector) of refined labels then we find

L"‘z
A'=|L, |,
L,
L.,
which is a super column vector (_)f refined labels.
We find
L,
L,
AA'=[L, L, |L, L, L, ]|L,
L,
L,
Lal L.
SO N, f”

=[L, L, +L, L, |+[L L, +L, L, +L, L, ]|

_Laf/(mﬂ) + La%/(mﬂ)] + [La§/(m+l> + Laf/(m+1) + Laél(m+l>:|

_Laf /(m+1)+a3 /(m+1) J + |:La§ Am+1)+a2 ((m+1)+a2 (m+1) J

= |:La12+a§/(m+1):| + |:La§+a§+a§/(m+l):|

| aj+a3+aj+ai+a3/(m+l) :| .

Clearly AA' € Ly but it is not a super row vector matrix.
Now we see if we want to multiply a super row vector A with a
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super column vector B of refined labels then we need the
following.

(1) If A is of natural order 1 X n then B must be of
natural order n x 1.
(ii) If A is partitioned between the columns a; and

a;;; then B must be partitioned between the
rows b; and b;,; of B this must be carried out for
every 1 <i<n.

We will illustrate this situation by some examples.

Let A = [La, L, |L, L, L, | LaJ be a super row

ay as

L

by

=

=2
IS

=2
B

vector of natural order 1 X 6. Consider B = , a super

&

ol ol

=2
&

=

o
x

column vector of natural order 6 X 1. Clearly A is partitioned
between the columns 2 and 3 and B is partitioned between the
rows 2 and 3 and A is partitioned between the columns 5 and 6
and B is partitioned between the rows 5 and 6.

Now we find the product

ol

| [

o
IS

L
ool

o

=
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= [ @ Laz ]l:ihl} ¥ |: a3 La4 L35:| Lb4 + I:Laﬁ XLb6:|
b
2 Lbi

L L, +L L, |+[L L, +L L, +L L, |L L
[Lo Lo+ Loy, J [LoLy, + L, Ly L L, |

ag " bg

= I:I“alb1 /(m+1) + La2b2 /(m+1) :' I:]“a3b3 /(m+1) + La4b4 /(m+1) + I“asb5 /(m+1) :I

+L

agbg /(m+1)

+ L

= |:I“:«1]bl+azb2 /(m+1):| + ':]“(:«13b3 +a4b4+a5b5)/(m+1):| aghg /(m+1)

= |:L(alb]+azb2+33b3+a4b4+asb5+a6b6)/(m+1):I is in Lg.

Suppose
Lﬂ.
Laz
L,
L,
A=|L,
L,
L,
L,
L,
and o
B=[L, |L, |L,|L, L, L, |L, L, L]

be super column vector and super row vector respectively of
refined labels. BA is not defined though both A and B are of
natural order 9 X 1 and 1 X 9 respectively as they have not the
same type of partitions for we see A is partitioned between row
three and four but B is partitioned between one and two
columns and so on.
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Let us consider

by
be super row vector and super column vector respectively of
refined labels. We see

= (L, L, +L, +L, ) (Lﬂs L, +L, +L, )
= (La,bl A(m+1) +La2+b2 /(m+l)) l (La3b3 [(m+1) +La4+b4/(m+l))
(a;b;+a,by+azby+a,by)/m+1 *

Let us now define product of a super column vector with a
super row vector of refined labels.

Let
LT
Laz
L,
La
A= L andB=[L, L, |L, L, L, |L,]
L,
L,
L,
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be a super column vector and super row vector respectively of
refined labels. We see the product AB is defined even though
they are of very different natural order and distinct in partition.

Consider
L,
L,
L,
L,
AB = T L. L,|L, L, L, |L,]
L,
L,
Lax
La, La, a
L, |(L, L,)|[L, |(L, L, L,)|lL, L,
La3 La3 a3
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L,L,
L L

¢

L L

a377¢

L,L,
L L

a6

L. L

a3 ¢,

L,L,
L L
L L

377 C3

L,L,
L L

a, ¢,

L L

a3 ¢y

L,L,
L L

a7 Cs

L L

a3 Cs

L L

a4 Ce

L L

a,” “cq

L, L

437 C6

a, ¢ a ey a, ey ag ey ay s a, cq
a5~ ¢ as ¢, a5 ¢y as ¢y a5 cs a5 cq
I‘a(7 I‘c1 ag ¢y ag ¢y I‘a6 Lc4 ag" Cs ag" Cq
La7 Lcl a; "¢, a7 "c5 La7 Lc4 a; " "cs a; " cq
]“as]“c1 ag ¢y ag ey I“a\8 ]“c4 ag cs ag Lc()
a;c;/m+l ajc,/m+l ajc;/m+l ajcy/m+l ajcs/m+l La1c6/m+l
ayc;/m+l a,c,/m+l a,cy/m+l ayc, /m+l a,cs/m+l ajce/m+l
ajc;/m+l a3cy /m+l ascy/m+l ayc,/m+l aycs/m+l a3cq /m+1
agc /m+l La402/m+1 La4c3/m+l La404/m+l aycs/m+l La4c<,/m+l

asc;/m+l
agc/m+l

a;c;/m+l1

| o el e

agc;/m+l

asc,/m+l
agC,/m+l

a;¢y/m+1

o o e o

agc, /m+1

ascy/m+l
agCy/m+l

ayc3/m+l

o o o o

agcsy/m+l
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asc, /m+l
agcy /m+l
ascy /m+l

agc, /m+l

o o o o

ascs/m+l
agCs /m+1
ascs/m+l

agcs/m+l1

ascg /m+l
agcq/m+l

a5 cq/m+l

| en N el o

agcq /m+1




is a super matrix of refined labels. We can multiply any super

column vector with any other super row vector and the product

is defined and the resultant is a super matrix of refined labels.
Let

be a super column vector of refined labels.
c¢=(, |L, L, |L, L, L,|L,  L,) be the

a, ay a, as ag a;
transpose of C. Clearly C' is a super row vector of refined

labels.
We now find

a

-

K4

- -

&
By

o
I's

CC'=

&

el
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LL,

i Lél Lﬂl

La Laz L&l La3

L L,

L, L,

La Lﬂ()

La Lﬂ
L,L,

La La La La3
LL,6 L.L,

L L,
L. L,

L L,
L. L.,

L L,
L. L,

L,L,
L,L,
L,L

La Laz La4 La3
LL,6 L.L,
L,.L, L L

ag ay ag az

L. L,
L.L,
La,, La4

L,L,
L,L,
L,L,

Lﬂ4 La
La5 L‘d
L L

A6 dg

L, L

a7y

La La,

L.L,L L L

a; " "a a; "ay

L.L, L.L,

L L,
L. L,
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La Lah

L L,

L, L,



i Lﬂlz/mH L‘alaz/mH L‘ala‘/mﬂ LalaA/mH Lalas/rml La1a(,/m+1 La|a7/m+l Lalag/rml
I‘h:al/mﬂ Q) /mH La,za3/m+1 Ldza4/n1+1 L.azaslmﬂ Laiaﬁ/ml Laza7/m+1 L.azaﬁlmH
La3a|/m+—1 haa, /mi L’a333/m+1 Laﬁu/nm hnas/ml  hyac/mH I"a3a7/m+-1 haag/mi]

| [114al/m+l La5a2/m+l ayay/ml Ld‘,a_,/nw] La435/mH La,,,aﬁ/mH Ld‘,a7/m#l La44;/n}+l

i Lasa,/rm—l Lajaglm»rl Laﬁa3/m+1 I—aﬁa4/m+1 thaslmi»l L‘zlsas/m-i-l I—aﬁa7/n»1 Lajaglm»rl
I‘ﬁ(‘a,/mﬂ La(,az/mﬂ Laﬁa‘/rml Lﬁ\(,zg/mﬂ L‘a,,as/nwl Laﬁa(,/nwl Lt\(,a7/m+1 Lm,ag/mﬂ
La7 a;/m+l La7 ay/mH La7 ag/mH La7 a,/mH La7 as/mH La7aﬁ /mH La7 a;/mH La7 ag/mil
_I“axallm%—l ]“nsazlmf—l Laﬁaﬁ,/rm I—ﬁm/xml ]“nsa5/m+l Laﬁ%/mﬂ I“aﬁaﬂrm—l ]“ngaslmf—l_

is a super matrix of refined labels, we see the super matrix is a
symmetric matrix of refined labels. Thus we get by multiplying
the column super vector with its transpose the symmetric matrix
of refined labels.

We will illustrate by some more examples.
Let

be a super column vector of refined labels. P' =

[Lal L, |L, L, L, | Lab] be the transpose of P.

a a3

a

-

S
N

ficd

P.P'=

o
£

o e

o
By

=

o
EY

79



u [Lal L, ] “ [LaS L, L, ] "L,
L 2 | L 2 | L 2
_Las ] _La3 | i a3
= La4 [La, Laz :‘ La4 I:Lzh L44 La5 :| a, Lab
L, | L, | L,
L [L, L.] | L.]L, L, L] | L, L,
., L. |LL LL LL_ |LL,

L L, LL |LL LL LL |LL,
L, LL,|LL, LL, LL |LL,
~|.L, LrL |LL LL LL |LL,

LL, LcL |LL LL LL |LL,

L, rt |, rr =LZL |LL_

I Laf/m+1 La,aZ/mH La, a3/ m+l La, a,/m+l1 La,aslm+l Lala(,/erl
Laza]/m+1 Lag /m+1 I“a2 a3 /m+l ]“aZ a, /m+l ]“a2 ag/m+1 ]"a2 ag/m+1
La;a,/mﬂ La3a2/m+1 Lag/mﬂ La3a4/m+1 La3a5/m+l La3a6/m+l

- La4a]/m+1 LaAaz/m-#l La4a3/m+1 Lag/m+l ajas/m+l La436/m+1
La5a,/m+l LaSaZ/mH La5a3/m+1 La5a4/m+l aZ/m+l LaSaé/erl
La6 a;/m+l1 L36 a, /m+l1 I“a6 a3/m+l ]“a6 a,/m+l agas/m+l a2 /m+1

is a symmetric super matrix of refined labels.
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Let
L L |L |L L L

a ay a7 10 ay a2
A= Lax Lazs Lax La]3 Lam LaIS
Las Lﬂe Lﬂ9 Lalé Law Lﬂls

be a super matrix of row vectors of refined labels.

A=

L 212 a5 ag |
be the transpose the super row vectors. A of refined labels.
To find

La] La3 Lu5

L Laz La4 Laﬁ
a as a7 a0 an a2 L L L

t_ a7 as a9
AA = L“} ay ag a3 ay as L L L
a a a

as La( L% Lalﬁ La|7 Lalx L " L ’ L ’

6
an g a7
_La]2 LaIS Lﬂls n

a La
1 ’ La La La
= |L, L, ||." " U+
oL, L, L
L

il
1
I
=
=
(N

a9 ap ap a0 a3 26
a3 Ay a5 ap Ay a7
A6 a7 a8 a a5 a8
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LL +L L LL +LL LL +LL,
= |LL, +L L LL +LL LL +L1L_
L L +L L LL +L L LL +LL,
La7La7 La7L218 a, ay
+ |LL, LL LL
LL, L

A9 Ay 9" " ag

LI +L L +L L LI+ L +L L LI +L +LL

L) LTI ap  dp A A3 A Ay " A5 A g A g

L L, +L L, L, L L +L L +L L L L +L L +L L
]_‘LlIGtho +L“ll7];4a]1 +Lﬁ18]_4‘112 L‘AIGLhB +Lﬁ]7]_ﬁ14 +Lﬁ]8LﬁIS Lﬁ]ﬁL“lIG +]_h17]'_‘al7 +]_tl18]'_4a18

L +L L L

a? /m+1 a2 /m+1 ajaz/m+1 +La2“4/m+1

L +L L

aza;/m+l aja,/m+l a% /m+1 +La§/m+1 azas/m+l +La4a6/m+l

L +L L +L L

asa; /m+l aga, /m+l asa;/m+l aga,/m+l a/m+1 + a/m+1

ajas/m+l + Lazaélmﬂ

a2 /m+1 Lu7 ag/m+1 La7 ag /m+1
aga, /m+l1 La§ /m+1 agay/m+l

aga;/m+l Lagax/mﬂ Lag /m+1

La,zO/mH +La12, /mH +IJaIZZ/mH Lﬂ;oalz/mH +La||314/m+1 +La|za|5/m*1 Lﬂloam/mH +La|1317/m+1 +Lalzals/m*1
]_ﬁnam/m"l +L%1,4a”/m+] +I“a]5a|zlm+l L‘a,%/m-i—l +La]24/m+l +La125/m+l L%lnﬂls/m*'] +I_4@‘|4"'17/“"‘"| +I_ﬁlialx/m"l

+ + + + L +L +L
By /et Lﬁwan/m*l ]_4‘*|zs'd|2/"“‘l ]‘ﬁlﬁa”/mﬂ Ld”amlmﬂ Li*ns“ls““H g/ aty /il ag /i

2 2
a?+aj+al+al +a? +ad /m+l ajaz+ay aytazagtagd;y ta g +apay s/ ml

a3a;+a,a, +aga; Ha 3 Hady +agsa /m aj+aj+ag+ajy+af,+ajs /m+l

asa;+aga, +aga, +a,6a;)+a;a) +aga;, /m+l La5 ay+aga,+agag+ajga ;3 +a;ay, +aga;s /m+l
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ajas+a,ag+asag+agae+aga;;+apag /m+l
ayas+a ag+agag+a3a e +a,a;; +a5a;g /m+l
a§+a§+aé +alzﬁ+a]z7 +a128 /m+1
We see AA' is a ordinary matrix of refined labels. Clearly AA'
is a symmetric matrix of refined labels. Thus using a product of

super row vectors with its transpose we can get a symmetric
matrix of refined labels.

Consider
_ L L -
L, L,
L. L,
H=
L'd7 LZ\X
La9 Lam
Lan Lal
a super column vector of refined labels.
Clearly
La La La Lﬂ La L'r].
Hl — 1 3 5 7 9 11
Laz La4 L“(w L‘dx L“‘m ap

is the transpose of H which is a super row vector of refined
labels.

Now we find
Lal La2
a, La4

g | B[R L Lo Lo Lo L,
L, L, L L, L |L L |L,
Lag Lam .
L., L,

&3



a a
La] a3 as 1 ’
= L. L |+
L 3 4
a, ay ag L
as ag
L L L L
a7 4y a; ag + a I:LElll La]Z :'
Las LaIO La9 Lalo Lalz

L,L, +L,L +L L  LL_ +LL, +LL,
L L +L L +L L LL +L L +LL,

L L +L L, LL +LL,_
Las La7 + LaIO L% Las Lax + Lalo LalO

Lall Lau Lall Lalz
LalzLaH LapLap

Laf/m+1 + La%/m+1 + La?/m+1 Lalaz/m‘"l + Lasﬂ4/m+1 + La5a6/m+1
Laz"’-l /m+1 + La4a3 /m+1 + Laﬁa5/m+l La%/erl + Ldi /m+1 + Lag/erl
+ La%/m+l + Laﬁ/m+l La7as/m+1 + La9a|0/m+1
L“xa7 /m+1 + Lamag/mﬂ Lag /m+1 + a2 /m+1

af, /m+1 ayjagy /m+l
+
apay /m+l a?y /m+l
2 2
af +aj+al+ad+aj+af, /m+l a3y +a32, +asag +a7ag+agd o +aya;y /m+l

a4 A A et 4 2 > 2
a5 +a,a;3 +agas +agay +agdg+apay; /m+l al+al+al+al+al +al, /m+l

is a symmetric matrix of refined labels which is not a super
matrix of refined labels.

Thus in applications we can multiply two super matrices of
refined labels and get a symmetric matrix of refined labels,
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likewise we can multiply super matrices to get back super
matrices.
For consider

La, Lu2
La3 La4
el e 0 | ]
La19 La,(,
Lall LEllz

L, L,
L, L,
vy L, L, |[[L, |L, L,
L, L ||L, |L, L,
Lao Lam
Lﬂn Lalz
Lal La2 Lb] _La] La, i by I‘b4 ]
]“aq La4 L‘b2 I“a1 ay bs bg
_L — L _
= (Lds L"’ﬁ ) " (Lds Ld( ) » "
_Lb2 bs by
L L | L. L |
7 8 Lb 7 8 Lb Lb
La Lil 1 Lil La ’ )
9 10 Lb 9 10 Lb Lb
Lall Lalz 2 Lall Lalz 5 6
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i L L, +L, L,

L,L, +L, L,
L,L, +L L,

L L, +L L, ]
L L, +L L,

L L, +L, L,

L,L, +L,L,

L,L, +L, L,
LL,

L, +L, L,
L L, +L, L,

a3 b,
+ L216 Lbz
L L
_LallLbl + Lalz Lbz
a b +a, b, /m+l

azb;+a, b, /m+l

L L, +L L,
L L, +L, L,
La1|Lb3 + LaIZLbS

a;by+a, bs/m+l1

azby+a, by /m+l

L L, +L, L,
L, L, +L, L,

Lﬂll Lb4 + LaIZLbG

a;b,+a, bg /m+l1

ayb,+a, bg/m+l

agb +agb, /m+l

agby+agbs /m+l

asby+agbg/m+l

|l I ol I o

a;b;+agb, /m+1

=

agb;+a; b, /m+1

L anbi+apby/m+l

|l I ol I o

a; by+agbs /m+1

=

agbsy+aj bs/m+l

aj by+aj; bs/m+l

is a super matrix of refined labels.

ol I ol I o

a;b,+agbg /m+l1

=

agb,+a; bs/m+l1

=

aj by+app bg/m+l |
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We find
L, L,
YX'=|L, L,
L, L,
4 a3 Las La7 L% Lﬂn
a, a, La6 Lax Lam Lap
Lal L“% L“i L“7 L“v L“ll
(th Lbz ) Laz LJ4 (Lbl Lbz ) La(, (Lbl Lbz ) Lax La", La,z
th Lbs Lax L“} Lbz Lbs Lai Lbz th La7 Lav L“n
Lb4 Lb{v Laz LﬂA LbA Lb(‘ Lﬂf» Lb4 Lb(» Lax Lﬂm L’-‘lz



'L,L, +L,L, L, L +L L, |LL +LL, |
LL +L L L, L +LL |LL +LL,
L,L, +L,L L, L +L L |L,L_ +L,L,_
LL, +L, L LL +LL |LL +LL
LL +LL L1L +L L |LL +LL_
L,L, +L, L, L,L +LL, |LL +L L

b,a,+b,a, /m+1 bjaz+bya, /m+l bjas+byag/m+l

bya;+bsa,/m+l byaj+bsa, /m+l byas+bsag /m+l

[ on ol B o
o ol B

bya;+bga, /m+l byaz+bga, /m+l b,as+bgag/m+l

b, a;+b,ag/m+l bjag+b,a, /m+l1 bjaj +bya, /m+l

bya;+bsag/m+1 byag+bsa;,/m+l1 byaj;+bsa;, /m+l

| oni ol I i e
[on ol B
ol ol

bya;+bgag /m+l1 bgag+bga;y/m+l bya; +bgaj, /m+l

We see XY = Y' X' are super matrix of refined labels.

Now we proceed onto define another type of product of
super matrix of refined labels.

Let
L |L, L, |L, L, L.
L, |L, L, |L, L, L,
L |L, L, |L, L, L,
m=|L, |L, L, |L,. L, L,
L. |L, L, |L, L. L,
L. L, L, |L, L., L,
L. |L, L, |L, L., L,

be a super matrix of refined labels.
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Consider

a7

Ay

A

435

ag

a6

as

ay

a3

a9

a9

a7

A%

a5

Ay

a3

a3

a3

a3

Ay

40

a39

a3g

as

4

an

axn

430

—

a9

a37

a36

A36

a9

ap

a37

a30

ax

La La La La
RN (S N

3 & & S
< < < B
[ e =

Ay

35

ax

a7

ay

a1

asg

35

ay

a5

ag

A6

a9

NS S

Ln.l Lal Lﬂl Lal

La21

Ay

a6

as

a4

a3

a3

ap

a0

a2

a7

g6

a5

Aoy

A3y

—

a33

—

a3

—

a3y

—

a1

a40

a39

a3g

a

a

La‘ La La La

L,

s

a4

a3

axn

a30

—

a9

—

a37

436
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a2

P S
-

210
a7

) =

asg

a3s

a3y

_La U S S LS (S o I

Lal Lal Lal LAI Lal La La

~
<

1l v o = = o o =
_L‘L NE S S N ) I
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a7

%

s

39

90




L, ] L L, ] ]
La1 (La1 Lﬂz ) Li11 (La3 La4 Las Las ) Lal La7
L 2 | L 2 L 2 |
Las Laz Laz
L L L
(L, L)l (L, L, L, L)L,
La; 1 2 Lai 3 4 5 6 La_ 7
L, L, L,
Lﬂ7 L"'I Laz ) L2‘7 (Lax La4 L“s La(\ ) L“7 'L“7
_L“s Ld\s | _Lax Ld) :| {Lﬂ‘x L“|5 | _L“m L‘lll a2 L“}J | _L'ds Li‘ls T Ay |
_L*‘g L“le _L“15 Ldle L“9 L“le L 7 g A9 L“m _L"a L“‘Js L
LaIU Lﬁw | Lam Law | _L‘lm Lan 1
Lall L"\x [ a4 £ | Lan Lals I A0 A a4 a3 | La La [ 4 |
n 3 11 18 14
Lall Lﬂw s A6 Li‘\z Law L“w Lﬂls Lﬂw Lazu Lalz Li‘w Lazw
L“lz L“m Li‘n L“zu Lan Li‘zo
|:L L :| Lax a9 [L L :| A a ap a3 |:L L ] Ay

i a, a, ~a, LalLa3 LalLa4 La]LaS LalLaﬁ LalLa7
LL, LL |LL LL LL LL |LL,
L, L.L, |LL,  LJL LZL LL |LL,
= a4La1 a, a, La4L33 LaALa4 La4La5 La4La6 La4La7
as a, La5Laz LaSLa3 La5La4 LasLu5 LaSLaﬁ La5La7
.L LL |LL LL LL LL |LL,
L, LL |LL LL LL LL |[LL,
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LL +L L LL+LL |LL +L L LL +LL
L+ L, LL+L L |LL +L L LL +LL
LL+L L LL+LL |LL+LL LL +LL_
+ Ld“Ldg LAIKLA,S Ld“Ld) Ld,SLdm La“Ldm Ldled” Ld,,Ldl, Ldledm
LL+L L LL+LL |LL +LL LTL +LL
L L +L L LL+L L [LL +L L LL +L L
L L +L L LL+L L |LL +L L LIL +L 1L

L L +L L L L, +L,L LL, +L, L

A6 A Q57 dy 574y

L L, +L L LL +L L L L +L L

A A9 A9 a3 A6 a0 A9 Ay A6 A

LaIULaIZ + L317L319 Lalu Lan a7 Lazo Lal() Lam + Law La21
a5 Ld

Ldll L“lz + Lalx Lalq Lau Lan Lan Lam + L"‘le a4 +
L L +L L L L +L L L L +L L

2" A A9 A9 ap a3 9" A ap Ay A9 4]
LanLﬂw +L320Lﬂ19 LﬂnLals +Lazo 20 Lal3Lal4 L a
L‘lmL“lz +]_Jﬂzl Law LdlALdﬂ +L32|La20 LduL“M dzlLdzl

L L +L L +L L LL +L L +L L |L L +L L +LL_
LL, +L L +L L, LI +L L +L L |L L +L L +L L,

L L+ L +L L LL +L1L +L L |L L +L L +L L

Ay Ay a3 A 47 L) ‘174 41y g A

LaELazz +La32La29 I‘a, Azg ]“a + A 330 ]“a}) az; ]“a + ap 213 ]“a}) ag
LL +LL +L L LL+LL+LL |LL +LL +L1L

Laz7 an Lazg Ay a% L327 ax +L LJ?‘ +L Ay 337 LﬁﬂL +L Lail La4|L338

L+ +r LL+L L +L L |LL +L L +L L

A Ap A% ax 357 dy) a3 Ap Ay
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I'i‘nL“zs +L1‘29L“Kz +L“‘%L"}J
LAB L-‘zs +L417L“32 +La37 L“y)

LoLy +L L +L L
Lﬂzs L“zs +L‘130L433 +L=‘37 Ldm

L“zz L5‘27 +L“29 Lf‘%

Lazs Ldz7 +I4"30L‘134

L L,
+L"37 Lavu

Lﬁ'm]_hﬁ +L€‘31 Lﬁzz +Lﬁ3s]_4“39
L.L, +L L L L,
Ldzﬁ LdE +L‘13L“32 +L“4tL"w
L377La5 +La34Lazz +Lﬂ41La39

L‘124L“25 +L531 Lﬂ}s +Lasstkﬂ
Lo, +L L, +L L,
L‘%L“zﬁ +[4‘13'3L +L“40L440
Lﬂn Laze +Las¢La33 +La41 La40

a3

LhZALt"E +L4‘3’31Lla34 +]_4"38L1a4|
L L, +L L, 1 L,
L L +L L +L L,

A Ay

La:n Laz7 +L"3a Lﬂ34 +La41 L'141

L, b, L,

L, b, L,

Lazz Lazs + Lazo Lass + LasﬁL“Az
Lazs Lazs + Lﬁso Lass + L337 Lan

L L +L L +L L,
L L +L L +L L
L L +L L +L L
L L +L L +L L,

-

Lazs Lazs + Lazs Lazs + La4z Laa

-

2

-

-

o

o

LﬁB ]_laﬂ +Lh?5 LlaM +Lh42 LIaGI

o

93

a? /m+1 aa,/m+1 a,a;/m+1 a,a,/m+] a; a5/ m+1 ajag /m+l aya;/m+l
Laza1/m+l Lag/m+1 I4:12a3/m+1 I‘aza_,,/m+1 Laza5lm+l La2a6/m+l Laza7/m+l
I“a3 a;/m+l LaSaz/mH Lai/m+l La334lm+l La3 as/m+l1 La3 ag /m+1 La3 a;/m+l
La4 a;/m+1 La4az/m+l La4 az/m+l La_?‘/m+| La,, as/m+l La4 ag/m+l La4 a; /m+1
La5 a/m+l1 La5az /m+1 La5 a3/m+1 Lasa4/m+1 Lag /m+1 La5 ag/m+l1 LaS a;/m+l1
La6a1/m+l Laeaz/m+l La(,a}/m+l Laéa,,,/m+1 Laea5/m+l La§/m+1 La6a7/m+l
La7a,/m+l La7a2/m+l La7a3/m+1 La7a4/m+1 La7a5/m+l La7aﬁ/m+1 La%/m+1




a§+a125/m+1

—

agag+ajga;s /m+l

agag+ajsa;g/m+l

2
a§+a126 /m+1

agajg+tajsa;; /m+l

agay+ajea;/m+l

aga;;+a;sa;g/m+l

agay +aga;g/m+l

ajgag+a;;a;s/m+l

a; ag+aga;s/m+l

ajpag+aga;s /m+l

ajyagtayas/m+l

ajpag+a;;a s/ m+l

aj ag+agag/ m+l

ajpa9+aga s/ m+l

aj3a9+asya e/ m+l

2 4a2
aj,tay /m+l
aja0+aga;;/m+l
apay+aga;;/m+l

aj3a;p+aya;; /m+l

ajgay +ayag/m+l
2 42
aj, taj/m+1
apa; tagag/m+l

aj3a;;+asag/ m+l

|l I o Y e o

aj,ag+as a;s/m+l

|l I Y o e o

A, 89 +a,;2;6 /m+1

ol I o e o

aj,a;9+ay a7 /m+1

a4 a;,+ay a5 /m+l

=
=

‘aga), +a5a,9 /m+l

=
=

agajy+ajgay /m+l ag a3 +a)6 2y /m+1

‘aga;3+a;5a,) / m+l

-

agay, +a;5a, /m+l

g

agayy +ag ay /m+l

=
=

a)0a),+2); 29 /m+1

=
—

a2 +aga9/ m+l

-

2 2
a|2+a,9/m+l

2,32 +25)2)9/ M+l

20253272y /m+l
a)) a3 +agay /m+l
Ay, ay3+a9ay) /m+l

ay-ady /M

=

a9y, +a)72,; /m+l

=

a2, tagay /m+l

-

ap a1y +ajgay /m+l

.

2384 +ay)ay /m+]

a4 2, +ay 819/ m+]

2
a5, +a§9+a§6 /m+1

A,389, +a3)859 +a3; a3 /M+]

a,23+ay a5, /m+]

2 2
agy+az, /mH

A9y +a,9 830 +a3ga3; / M+

a§3 +a§0+a§7 /m+1

Ayy85,+a,5903, +a35a55 / m+1

Ay3855+a3pa3;+a37 a5 /m+]

Q94 85y +a3) 859 +a3g 35 / M+
A,5a9) +a3,859+a39 a3 /M+]
A9y +a33859 +aygas /m+1

Ay7 8,y +a3y A9 +ay; 3¢ / M+

Ay, a53+a3;a3)+asg a3,/ m+l

Ay5ay3+a3) a3 +az9a3; /m+]

As5ay3+a33a3+aaz; /m+l

Ay7 853 +a3, A3+, a3, /m+1

2
a§4+a§, +a§8 /m+1
ay5ay,+ay, a3 +aggasg /m+l
2684 3383 Ty A3g / M+]

Ay78,54+a3,a3, +a, azg /m+l

ol I o o R o wall I

g dy) +35899 +4y A3 /M+]

ol I o o eal e

g dy3+azsa3) tayayy /mt]
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ol I o o

Qg dyy+azsas; +ayy azg /Ml



Qg Ay5+ay9a3 +a3ga39 / M+]

ay38p5+a30as +azyazy /m+l

g Agq +ay9 A33 a3 440 / M+

A5389+a30 a33+a37 249/ m+1

Apy A5y +agg A3y +asgay, /m+]

ay38,7 +a30a3y +azyay /m+l

Ay, 8p5+a3 a3y +a3g Az9 /M1

2
ass +a§2 +a§, /m+1

54 856 +ay A3 +azgage /Mt

ol ol I e e

5896 T3 833 +a39 840/ MF]

Q94857 +a3 a3 +aggay, /m+]

Ay58y7+2a3, a3 +azgay, /m+l

A55a55+a3383) +ayga39 /M1

L

ay7 8p5+azgay +ay a3/ ml a7

a§6 +a§3 +a§0 /m+1

Ao +a3y az3+ag ag /m+l

o o wnl I o

Aygay7+a33a34+a 02, /m+]

2 02 2
as;+az,+ay /m+l

Asga,5+a35a3) +ayy az9 /M1

A5y Agg+An9A35+a3g Ay / M+

A3 +a3)a35+a3;a,, /m+1

Ay apg+az azs+asgay, /m+l

Q598 +a3) A35+az9ay, / M+

Ay5a9g +az3a35+a,0ay, /m+]

| o el wnll I e o

57855 +a34 Ag5+ay; ag /Mt

p
aJg+ads+al, /m+l

alz+a§ +a]z5+a§2 +a§g+a§6 /m+1

o

a8, +agag +a,4a5 +a5385) +A30a9g +a37834 / M+

AsgA9g +a35 33+, a0/ M+

Ayg8,y7+a35a34 +ayay /m+]

a]a2+asa9 +a]5316 +3.223.23 +Elzg a30+336337 /m+1

a§+a§ +a|26 +a§3+a§0+a§7 /m+1

33 +2198g+a)72)5 Ty +a38y9 Fasgds / M+
a4a;+a)ag+a gl s +aysay +a3859+a39a55 /M1
a5 +2),ag+a;9a 5 +a9g85) +A33899 +a a3/ M+]

ga) 2385 +a 5085 +2785) +azadng Ty s/ M

32y +089 817816 +48 3+ A3 TA3g257 / M+
a4, 2y 89 +aga)6 a5 +a3 d3) +azgazy /m+]
a5a,+2a5589 +a19a)g +aygd03 Ta33 839 +ay0a37 / M+

asa2+al3ag +a20a16+az7az3 +’rl34 az +a41337 /m+1

ol I o o el o

a7a;+aj4ag+aya s tagdy +

35829 +a4pa35 / M+1
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a7ay+ay429 +ag)a)6+a0ga03 +a35 a0 +Hagnazy / m+l



ajaz+aga;o+aysa;; +axnasy +agas; +azeazg /m+l

aja3+aga+a6a;7+anay +azpas +azgasg /m+l

ajag+agay)+a sagg+agass+ag az +azeaze / m+l

aya,+aga) +aga g +an3ay5 +a3) a3y +azzasz / M+

2,22 2 2 2
a3+aj,+aj; +ay, +az +ag /m+l
agaz+ayag+agayy Fagsay Fagas +azasg /m+l
a53+92( +2192y7 T804 Ta33331 Hag0dsg /M1

aga3+a3a;0Fayd Hagydy, Tagaz +agazg /Ml

a3y +agd)) +ay7a g tagdystay) Ay +aggdze /M
2,02 .00 2 2 2
ag+aj +ajg+ajs +az, +aze / m+l
asaytagay +agdyg +aedss Tz g +agndse /Ml

Agdg 238y Fagdig+a a5ty A3 +agaze /Mt

ol I o o o

aga3+a48)0+ay)a 7 gy Hazsasy Hagazg /M

o

ajas+aga)y +ay5a)g +aase +aggasy +Hazeay / m+l

-

aya5+29a)y +a16819 T30 +a30833 a3 849 / M+

A8+ +aya g +Haggaos +ys Ay Fa a5 /M

ajag+aga)3+ajsas +aynasy +aygazy+asgay /m+l

i

526 +29a)3F2) 6850 +ap3dyy T3 Az Faggdy /M

3354202y +a78)9 +aogdye +a3a5; Fa3ga s /Mt

-

425 +aya)y +aygayg Haosdse Taznaz +azgayg / M+
2
a% +a122 +a129 +a%6 -%—a%3 +ay,/m+l1

685 +a)381) Fay0819 a7y Fal34d33+ag g0 /M

a326+a)08)3 7+ 7850 Tagdyy T3 A3y Faggay; /m]

Aga6 +ay1a)3 2500+ 5807 Hayp A3y Fazeay; /m+]

o o

a5 +a1a13+2192 Ha g7 Haz3asy taggay /mt]

2,02 002 2 2 2
ag+ajz+as,+ay; +aj +ay /m+l

a725+a)421y+ag 19 +axga06 35233 Taypa40 /MF]

=

ajag+agd)q +a5ay  Haydsg Haggass tasgay, /Mt

-

a7 +agay 162 Hapdsg Fazpdss Tazyag /Mt

a3az +aoa4+ay7a,; +agasg +azass +asgas, /m+l
427+ a1 5y +aysaog Hazpass Fazgay, /]

527 2584 +agdy) Haedag Fa33ass gy /M

ol ol el

a7 +ay3a+ag)dy) +ayyang Hazudss +aa, /m

a% +a|z4+a%] +a§8+a§5 +a§2 /m+l1

786 +a4813+ay;850 T A58y +l35 A3y Taay, /M

We see the product is again super matrix of refined labels
but is clearly a symmetric super matrix of refined labels of
natural order 7 X 7. Thus by this technique of product we can
get symmetric super matrix of refined labels which may have
applications in real world problems.
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We see at times the product of two super matrices of refined
labels may turn out to be just matrices or symmetric super
matrices of refined labels depending on the matrices producted
and the products defined [48].

Now we proceed onto define the notion of M — matrix of
labels Z — matrices labels and the corresponding subdirect sums.

LetA={(L,)

T/ mxXn

L, e LR} be a m X n refined label matrix

we say A > 0 if each L, = ail >0. (A20ifeach L, =
' m + i

g 1 2> 0). Thus if A>B we see A — B = 0. Square matrices
m+

with refined labels which have non positive off — diagonal
entries are called Z-matrices of refined labels.

Wesee-L,=L_,= —a .
m+1
La] _La2 _La3
A=|-L, L, -L, | isa Z-matrix of refined labels
_La7 _Las La9
where a; > 0.

We call a Z-matrix of refined labels A to be a non singular
M-matrix of refined labels if A > 0.

We have following properties to be true for usual M-
matrices which is analogously true in case of M-matrices of
refined labels.

@) The diagonal of a non singular M-matrix of refined
labels is positive.

(i1) If B is a Z-matrix of refined labels and M is a non
singular M-matrix and M < B then B is also a non
singular M-matrix.
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In particular any matrix obtained from a non singular M-
matrix of refined labels by setting off-diagonal entries is zero is
also a non singular M-matrix.

Thus
La] a, a3
3 2
A=|L, L L |;L = >0,
4 5 6 1 m+1
L, =% >0and L, =2 >0
° m+ ° m+l1
Lo=—2 <0, L, =—2<0,L, =—2% <0,
> m+l1  m+l1 o om+1
L = % <o, L = Y _<0and
* m+l1 T m+
L, = % <o
Y om+1

A is a non singular M-matrix and the diagonal elements are
positive.

A matrix M is non singular M-matrix if and only if each
principal submatrix of M is a non singular M-matrix.

For instance take

to be a non singular M-matrix then L, # 0 € Lz and

L, -L
L * | are non singular L, >0

ag a9

4

>0. 1<i<9and L, € Lg.
m+ '
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Finally a Z-matrix A is non singular M-matrix if and only if
there exists a positive vector Ly > 0 such that AL, > 0.

Thus all results enjoyed by simple M-matrices can be
derived analogously for M-matrices of refined labels.

Now we can realize these structures as super matrices of refined
labels.

Suppose

L, |—Laz -L,,

A=|-L, | L, -L,_

-L, |-L, L,

and

L, -L, |-L,
B=|-L, L, |-L,
-L, -L, | L,

L, =L, be-L, =-L
-L, =L, and -L, =L, .

Two super matrices of refined labels then A @, B = C is not a
M-matrix of refined labels.

Lzll —Lalz —L33 0
_La4 LZb, _Lzb2 _Lb3
C=
_La5 Lzb4 2bs _Lb6
0o |-L, -L, [L,

We can find C'. We see C is super matrix of refined labels
and the sum is not a usual sum of super matrices.

This method of addition of over lapping super matrices of
refined labels may find itself useful in applications. All results
studied can be easily defined for matrices of refined labels with
simple appropriate operations.
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We can also define the P-matrix of refined labels as in case
of P-matrix.

Further it is left as an exercise for the reader to prove that in
general k-subdirect sum of two P-matrices of refined labels is
not a P-matrix of refined labels in general.

If

be two P-matrices of refined labels then we have the 2-subdirect
sum as

a, La5+b| 0 ]“b2
C=A®B=
’ ag 0 La7+b3 L‘b4

0 L, L, |L
is not a P-matrix of refined labels as det (C) < 0.

Thus the concept of M-matrices, Z-matrices and P-matrices
can also be realized as the super matrices of refined labels. Also
the k-subdirect sum is also again a super matrix but addition is
different. For in usual super matrices addition can be carried
out for which the resultant after addition enjoy the same
partition. Here we see the k-subdirect sum is defined only in
those cases of different partition and however the k-subdirect
sum of super matrices do not enjoy even the same natural order
as that of the their components. Thus they do not form a group
or a semigroup under k-subdirect addition.
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Chapter Four

SUPER VECTOR SPACES USING REFINED
LABELS

In this chapter we for the first time introduce the notion of
supervector space of refined labels using the super matrices of
refined labels. By using the notion of supervector space of
refined labels we obtain many vector spaces as against usual
matrices of refined labels. We proceed onto illustrate the
definitions and properties by examples so that the reader gets a
complete grasp of the subject.

DEFINITION 4.1 : Let V =
(£, L, oL, L |-|L L, L, |-|L)

aj az as r+l Ari2

L, € L,;1<i<n} be the collection of all super row vectors of

same type of refined labels. V is an additive abelian group. V is
a super row vector space of refined labels over R or Lg (as Lg =
R).

We will illustrate this situation by some examples.
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Example 4.1: Let

v={L, |L, L, |L, L, L)L, eLgi<i<o]
be a super row vector space of refined labels over the field Lz
(or R).
Example 4.2: Let

v={L, L, |L, |L, L, L)

L, e L:1<i<6] bea

super row vector space of refined labels over the field L (or R).

Example 4.3: Let

w={(L, L, L, L, |L |L,)

LaveLR;ISiS6} be a

2

super row vector space of refined labels over the field Lg (or R).

Example 4.4: Let

V = {(La] Laz | La3 La4 | Las | Laﬁ)

LaveLR;ISiS6} be a

super row vector space of refined labels over the field L (or R).

We see for a given row vector
(L L, L, L, L. Laﬁ) of refined labels we can get

a; a, ay a,
several super row vector space of refined labels over the field

Lg or R. Thus this is one of the main advantage of defining
super row vectors of refined labels over L or R.

Example 4.5: Let

X= {(La] L Lﬂ} La4 | Lﬂs L 6 Lﬂ7 | Las Las Lam)

a, a

L, € L;;1<i<10} be a collection of all super row vectors of

refined labels. X is a group under addition and X is a super row
vector space of refined labels over Lg (or R).

Now having seen examples of super row vector spaces of
refined labels we now proceed onto define substructures in
them.
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DEFINITION 4.2 : Let
V= {(L L, L |L L, L L |.|L L)

as a
L, eLg;l<isn } be a super row vector space of refined labels

over the field Lg. Suppose W < V; W a proper subset of V; if W
is a super row vector space of refined labels over Lg. then we
define W to be super vector subspace of V over the field L.
Example 4.6: Let

P= {(Lal Laz | Laz | La4

L, L, |L,)

be a super vector space of V over the field Ly (or R).
Consider

s={(L, ofL, [0 L, 0|L )L, eLyl<i<7}cP

is a super row vector subspace of refined labels of P over the
field Ly (or R).
Take

T={(0 L, [0]L, 0 L, [0)L, eLI<i<3}cP,
T is a super row vector subspace of refined labels of P.
Example 4.7: Let

x={L, L, L, L, L, eLgi<i <4}

be a super row vector space of refined labels over Lg (or R).

Consider
X, ={(L, [0 0 o)L, R}gX,
={(0|La2 0 0‘ }
x;={(0]0 r, o <X
and
X4—{(0|0 0L, ‘L eL}g

be four super row vector subspaces of refined labels of X over
L.
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4
We see X = UXI. and X;NX;=(01000)ifi#j; 1 <i,j<4.
i=1
However X has more than four super row vector subspaces
of refined labels.

For take Y, = {(L

4 2

L, 0 0)‘Lav eLl<i<2} c Xis
a super row vector subspace of refined labels.

Consider Y, = {(L 0 0L, ) L, e LR;ISiSZ} c Xis

4

a super row vector subspace of X of refined labels.
Take Y = {(0|L, L, 0)‘La eLyl<i<2) < X is

again a super row vector subspace of X of refined labels over
Lg.

DEFINITION 4.3: Let V be a super row vector space of refined
labels over the field Ly (or R). Suppose W;, W,, ..., W,, are
super row vector subspaces of refined labels of V over the field

Lg (or R). IfV = UWI and W; nW; = (0) ifi#, 1 <i,j <m
i=1

then we say V is a direct union or sum of super row vector

subspaces of V.

If Wy, ..., W, are super row vector subspaces of refined
labels of V over Lg (or R) and V = UW but W; n'W; #(0) if
i=1
i#, 1 <i, j <m then we say V is a pseudo direct sum of super
vector subspaces of refined labels of V over Ly (or R).

Example 4.8: Let

V={(La] L, |L,|L L, L, |La7)‘LaleLR;ISiS7}

a

be a super row vector space of refined labels over Ly (or R).
Consider

wi={(L, L, [0]0 0 0oL, eLl<is2}cV,
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w.={(L, o|L,|L, 0 0L,)

a3

L, eLgl<is4f cV,

WF{(Lau 0[0|L, L, 0|0)‘LaIELR;ISiS3}gV,
W“:{(Lal o|L, |0 L, L, |La5)La‘eLR;ISiS5}g
V and
W5={(0 L, |L, [0 0 0|La5)La‘ELR;ISiSS}gV

be super row vector subspaces of refined labels of V over Lg.

5

Clearly V = UWi but WinW;=(0010100010) if iz, 1 <i,
i=1

j<5.

Thus V is only a pseudo direct sum of Wi, i=1, 2, ..., 5 and
is not a direct sum. Now we see the supervector space of
refined labels as in case of other vector spaces can be written
both as a direct sum as well as pseudo direct sum of super
vector subspaces of refined labels over Lg (or R).

Example 4.9: LetV =
fL, L, L, ¢

a3 as
be a super vector.
Consider

L, L, L, L%)

ag a;

L, eLgl<i<s}

L, 0|O 0|0000

Ll

0L31|0 O|OOOO

0 0[0 L,

{
{
w3:{(o 0|L, 0]0 0 0 0
{
{

)
)
)
00 0 0L, eLcV,
0 0[0 O|L, 0 0 0)
)

We={(0 00 0of0 L, 0 o)L, eL}cV,
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wi={(0 0]0 0[0 0 0 L)

Lai € LR} cV;

are super row vector subspaces of V over the field Lg. Clearly

V= LSJWi but WinW;=0010010000)ifi#j, 1 <i,j<8.
Vl:ils a direct sum of super row vector subspaces Wy, W, ...,

W; of V over Lg.
Consider

W, = {(L L, [0 0[0 00 La])‘LaleLR;lsiSS} V.

V,

N

w,={(L, 0L, L, [0000)L, eL,;1<i<3}

wi={(oL, 0oL, L, 0 O)‘LaieLR;ISiS3} cv

and
wi={(L, oJL, oL, 0L, O)‘La‘ eLl<i<3l oV
be super row vector subspaces of V over the refined field Lg (or

4
R). Clearly V = UW is a pseudo direct sum of super row

i=1
vector subspaces of V over the field Lg as Wi " W;= (001001
0000)ifi#j, 1 <i,j<4.

Now having seen examples of direct sum and pseudo direct
sum of super row vector subspaces of V over Ly we now
proceed onto define linear operators, basis and linear
transformation of super row vector spaces of refined labels over
Lg.

It is pertinent to mention here that Lg = R so whether we
work on R or Ly it is the same.
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DEFINITION 4.4 : Let V =
{(Lal L, .|L L)

vector space of refined labels over the field Lr. We say a subset
of elements {x,;, x,, ..., x,} in V are linearly dependent if there
exists scalar labels L, ... L, in Lgnot all of them equal to

La, eL,;1<i< n} be a super row

zero such that L, x,+ L, x, +..+ L, x'=0. A set which is not

linearly dependent is called linearly independent.
We say for the super row vector space of refined labels V =
{(£, Lo, L, L |-|L, L )‘L €L 1<i<n}

a subset B of V to be a basis of V if
(1) B is a linearly independent subset of V.
(2) B generates or spans V over Lg.

We will give examples of them. It is pertinent to mention in
Lg; L,y is the unit element of the field Lg.

Example 4.10: Let V =
{(Lal Laz | La3 La4 Lﬂs Las | La7)

super row vector space of refined labels over the field Lg.

La_eLR;ISiS7} be a

Consider the set

B={L.;,0/0100010),O,L,;10100010),©O0I
Lut1100010),0010IL, 0010), O01010L,; 010), (0
0lI0I00L,110),001010001IL,41)} < Vis a super basis of
over Lg. Clearly V is finite dimensional over Lg.

Consider P= (L, L, [0]0 0 0L, ),
(0 ojL_,]0 0 0]0).(0 of0|L, 0 0]0),
(0 ojojo L, L, |O) c V; P is only a super linearly

independent subset of V but is not a basis of V.
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Example 4.11: Let V = {(Lall L, L, )‘La, € LR;ISiS3;}

a

be a super row vector space of refined labels over Lg. Consider

B = {Ln100), (0, [ Line1 0), (010 Liyy1)} < Vis a super basis
of V over Li.

Clearly dimension of V is three over Lg. Consider M
={(LuI |0 O),(O |L, L, )} < V; M is only a linearly

independent set of V over Ly and is not a basis of V over Lg.

TakeK= {(L, [0 L,).(L, |L, 0).(0]L, L),

(La1 |0 O),(O | L, O)} c V, K is a linearly dependent
subset of V. Consider B =

{lo|L, o).(o]L, L, )(0]0 L, )}<V. Bisalsoa
linearly dependent subset of V over Lg.

Now having seen examples of linearly dependent subset,
linearly independent subset and not a basis and linear
independent subset of V which is a super basis of V, we now
proceed onto define the linearly transformation of super row
vector spaces of refined labels over Lg.

Let V and W be two super row vector space of refined
labels over Lg. Let T be a map from Vto WwesayT:V —-> W
is a linear transformation if T (cv + u) = cT (v) + T (u) for all u,
ve Vandc e Li.

Example 4.12: LetV =
{(Lal Lﬂz Laz | La-'t L
row vector space of refined labels over Lg. W =

L, Lofo|n, LoL L L)L, eLgl<iss)

. L, )‘La‘ € Ly;I<i S6} be a super

a

be a super row vector space of refined labels over Lg. Define a
mapT:V—->WhbyT (L, |L, L, |L, L, L=

(L

verified to be a linear transformation.

., 0|L, OJL, L, L L, O);Tis easily
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Let P: V— W be a map such that
(L Laz La,z | La4 Las Li‘(w) =

a

(L, L, |L,|L, L, L, 0 0);1Itis easily verified P

as ag

is a linear transformation of super row vector space V into W.

Example 4.13: Let V =
{L, L, L L, ¢ L, L L

a3 Ay as | a6 | a7 ag a9 a]o)

L, eLgl<is< 10} be a super row vector space of refined
labels over the field Lg. Let T be a map from V to V defined by
T (L Laz La3 | La4 Las | Laa | La7 L Li‘q Lam) =

a ag

(L, 0 L, |0 L_|O|L, O L, 0); T is a linear
operator on V. It is clear T is not one to one. Ker T is a non
zero subspace of V. Consider a map P : V — V defined by
P ((L L L | La4 Las | Lan | La7 Las La9 Lall))) =

) a a3

a

(L, L, L

a3 a3 4

L, L ). Pis

L, L,

as

Las | Lalo L

a linear operator with trivial kernel.

a9

Now suppose V =
{(La] Laz Las | L34 | Las L L 7 Las)

ag a

L, eLgl<i<s}

be a super row vector space of refined labels over the field Lg.
Consider W =

{(La] L, L |0]0 00 L)

L, €Ly:i=1238]cV;

W is a super row vector subspace of V of refined labels over the
field Lg.

LetT: V> ViftT (W) c W, Wis invariant under T, we
can illustrate this situation by some examples.
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T((L L L

a a, ay

L, L, L)) =

a4y | Lﬂs

(L, L, L,|0]0 0 0 L, )issuchthat T(W)c W.

a

Suppose M =
{(L, oL jofL, oL, 0)‘LQKGLR;1SiS4}gV;

then M is a super row vector subspace of V of refined labels
over Lg. Definen :V — V by

n((L, L, L, |L, |L, L, L L.))=
(L

transformation and M is invariant under 1 as (M) € M.

0L, |0O|L, O L, 0);nisalinear

a

As in case of usual vector spaces in case of super row vector
space of refined labels over the field Lgx we can have the
following theorem.

THEOREM 4.1: Let V and W be two finite dimensional super
vector spaces of refined labels over the field Ly such that dim V
=dim W. If T is a linear transformation from V into W, the
following are equivalent.

(i) T is invertible

(ii) T is non singular

(iii) T is onto, that is range of T is W.

The proof is left as an exercise to the reader.

Further we can as in case of usual vector space define in
case of super row vector space of refined labels also the
following results.

THEOREM 4.2: If (¢, @, ..., &} is a basis for V then {Ta,,
Ty, ..., Tay) is a basis for W. (dim V = dim W = n is assumed),
V a finite dimensional super vector space over L and T, is a
linear transformation from Vto W.

This proof is also direct and hence left as an exercise to the
reader.

110



THEOREM 4.3: Let V and W be two super row vector spaces of
same dimension over the real field Lg. There is some basis { &,
@, ..., o} for Vsuch that {Toy, Tey, ..., Tay} is a basis for W.

The proof of this results is direct.

THEOREM 4.4: Let T be a linear transformation from V into
W, V and W super row vector spaces of refined labels over the
field Ly then T is non singular if and only if T carries each

linearly independent subset of V onto a linearly independent
subset of W.

We make use of the following theorem to prove the theorem
4.4.

THEOREM 4.5: Let V and W be any two super row vector
spaces of refined labels over the field Ly and let T be a linear
transformation from Vinto W. If T is invertible then the inverse
function T " is a linear transformation from W onto V.

Also as in case of usual vector space we see in case of super
row vector space V of refined labels over a field F = Ly if Ty, T,
and P are linear operators on V and for ¢c € Ly we have

@) IP=PI=P

(i) P (T, + T, =PT, +PT,
(111) (Tl + Tz) P=T,P+T,P
(@iv) ¢ (PTy) = (cP)T; =P (cTy).

All the results can be proved without any difficulty and
hence is left as an exercise to the reader.

Also if V, W and Z are super row vector spaces of refined
labels over the field Lg and T : V — W be a linear
transformation of V into W and P a linear transformation of W
into Z, then the composed function PT defined by (PT) (o) =
P (T(o)) is a linear transformation from V into Z. This proof is
also direct and simple and hence is left as an exercise to the
reader.

Now having studied properties about super row vector
spaces of refined labels we now proceed onto define super
column vector spaces of refined labels over Lg.
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Qh Qh

DEFINITION 4.5: Let V =

—||L, € L;;1<i<n} be a

g

L

ﬂ”

super column vector space of refined labels over the field Ly (or
R); clearly V is an abelian group under addition.

We will illustrate this situation by some examples.

-

o

-

®
By

®
£

Example 4.14: Let V = L, € Ly;1<i<8; be group

©
By

®
EY

| o o e o

©
S

Iy
3

under addition. V is a super column vector space of refined
labels over the field Ly (or R).

Example 4.15: Let V. = (| L, ||L, €Lg;1<i<5; be super

column vector space of refined labels over the field Lg.
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Example 4.16: LetV = a | |L,, € Lg;1<1<7 be a super

=

=

£

=

Example 4.17: Let V = a | |L, € Lg;1<1<7; be a super

column vector space over the field Lg.

We can define the super column vector subspace of V, V a
super column vector space over Lg.
We will only illustrate the situation by some examples.
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L
Example 4.18: LetV = <L, ||L, €L;1<i<7; be a super
L

column vector space over Lg.

Let W, = 0 La‘eLR;ISiS4 c V be a super

L
W, =< L, L, € Ly;1<i<3; < Vs a super column
L

vector subspace of V over Lg.
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W; = L, € Ly;1<i<2, c Vis a super column

_,}_'|o o o|o o

L

a

vector subspace of V of refined labels over Lg.

- o - o
]

o~
£

Example 4.19: LetV = as | |Ly € Lg31<1<9¢ be a super

o o

column vector space of refined labels over Lg.
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-

&

Take W, = La‘eLR;lsiS4 c V; is a super

®
N

- -

o
By

=)

o

©
£

column vector subspace of refined labels over Lg.

1

0
La
La

2

)

W,

0 LaieLR;ISiS3 c V is a super column
L,

0
0
0

vector subspace of refined labels over Lg.
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Example 4.20: Let V = L, €L:1<i<10; be a

=

o
EY

el e

o
©

=

a9

super column vector space of refined labels over Lg.

=

£

Consider W, = - La‘ eL;:;1<i<5,c V, is a super

f|o ofh|o

column vector subspace of refined labels over Lg.
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3h =

—

®
9

=

©
W)

| o

Take W, = L, eLgl<is7,c V is a super

-

©
=

alialle

©
3

o

column vector subspace of refined labels over Lg.

| o ol o

Example 4.21: let V = L, eLg:1<i<I2; be a

o ol

I

super column vector space of refined labels over the field Lg.
Consider the following super column vector subspaces of
refined labels over Ly of V.
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By

|OOO

W, LaieLR;ISiS7

o &~ ®
EY o Fa

| o o o o

1S
<

)

0

vector subspace of V over Lg.

_,F|o o|o

-

9
By

W,

L, eL,l<i<4

o3h|o o o o

vector subspace of V over Lg.
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W3=

.

L, eLyc V is a super column vector

a

a

3
subspace of refined labels of V over Lx. We see V = UWI. and

WiﬁWj:

S OO ©O O ol O olo olo

i=1

ifiz]j, 1<1,j<3.
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Example 4.22: Let V = 0 L, €Lg;1<i<6, be a super

column vector space of refined labels on Lg. Take W; =

0 _La]_
L, 0
L, 0
-||L, e L;;1<i<2y ¢V, W = <¢|—||L, el ;cV
0 ' 0
0 0
0 0
0]
0
0
and W3 = T Lai € L;;1<i<3,c V be three super column
L,
L,
vector subspace of refined labels of V over Lg.
0]
0
3 0
Wesee V=W, and W, "\ W; = 5 ifi=j 1<i,j<3.
i=1
0
_0_

Thus V is a direct union of super vector column subspaces
of V over Lg.
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_La] _
L,
L,
L,
Example 4.23: Let V = Lai L, € Ly;1<i<8;be a super
N
La7
L,
column vector space of refined labels over Lg (or R). Consider
L,
L,
0
W, = 0 Lai eL;:;1<i<4}; c 'V, be a super column vector
0
L,
0
subspace of refined labels of V over Lg,
"0
L,
0
L,
W, = Laj L, €Ly;1<i<4; < V be a super column
L,
0
0

vector subspace of refined labels of V over Lg.
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I o

W3 L, €Lg:1<i<4: < V be a super column

W, Lai eL;;1<i<6;c V be a super column

vector subspace of refined labels over Lg of V.

4
Clearly V = UW and Wy N W; #

i=l1

Cizj l<i<4

SO © Ol o OO

o

Thus V is a pseudo direct sum of super column vector
subspaces of V over Lg.
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It is pertinent to mention that we do not have super column
linear algebras of V of refined labels over Lx. However we can
also have subfield super column vector subspace of refined
labels over Lg.

We will illustrate this by some examples. Just we know Lq
is a field of refined labels and Lo < Lg. Thus we can have
subfield super column vector subspaces as well as subfield
super row vector subspaces of refined labels over the subfield
Lq of Lg (or Q of R).

.

o

- -

©
W)

—

3
ks

Example 4.24: Let V = L, € Ly;1<i<8; be a super

o el

column vector space of refined labels over the field Lz (or R).

.

k)

?r'|o o

Take M = —||L, € Lg;1<i<3pc V be a super

ml_‘|OOO

3

column vector space of refined labels over the refined labels
field Lq. (Lo < Lr). M is thus the subfield super column vector
subspace of refined labels over the subfield Lq of Lg.
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Example 4.25: Let M =
{(La] L, |L,|L L, L L. L L)‘

Ay as R | a7 s a9

L, eLgl<is< 10} be a super row vector space of refined labels

over L.

Take P =
L L |L |L L L |L L L L,
1 2 | 3 | 4 10

ag ag a; ag ay

Lai IS LQ;lsiSIO} c M; P is a super row vector space of

refined labels over Lq; thus P is a subfield super row vector
subspace of V of refined labels over the subfield L of Lg. We
have several such subfield vector subspaces of V.

ol

o
™

o
Py

&
F's

Example 4.26: Let V = L, €Ly;1<i<8; be a super

Iaialle

column vector space of refined labels over the field Ly. Clearly
V has no subfield super column vector subspaces of refined
labels of V over the subfield over L as Lq has no subfields. In
this case we call such spaces as pseudo simple super column
vector subspaces of refined labels of V over Lo. However V
has several super column vector subspaces of refined labels of
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R

V over L. For instance take K = L, eL;;1<i<4

N

©
By

=)

ay

0

V, K is a super column vector subspace of V over the field Ly of
refined labels.

Example 4.27: Let V =
{(La] L |L, L, L, |L

a, ag ag

L, L L, |Lﬂm)‘

L, eLR;ISislo} be a super row vector space of refined

labels over the field L.

Clearly Lq has no proper subfields other than itself as Lq =
Q. Hence V cannot have subspaces which are subfield super
row vector subspace of refined labels over a subfield of Lq so V
is a pseudo simple super row vector space of refined labels over
Lo.
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Example 4.28: Let V = L, €Ly;1<i<10. be a super

—

Ao

column vector space of refined labels over Lqo. V is a pseudo
simple super column vector space of refined labels. However V
has several super column vector subspaces of refined labels over
LQ of V.

For instance T = L, eL;;1<i<4; c Vis a super

column vector subspace of V of refined labels over L.

Now we can as in case of other vector spaces define basis
linearly independent element linearly dependent element linear
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operator and linear transformation. This task is left as an
exercise to the reader. However all these situations will be
described by appropriate examples.

Example 4.29: Let V =

L, €Lg;1<i<6; be a super

column vector space of refined labels over the refined field Lg.

Consider the set B =

L..|[ © 0 [ 0[] 0]
0 L. 0 0 0
0 0 Lm+l 0 0 . .
) ) ) , c V. Itis easily
0 0 0 L., 0
0 0 0 0 L .,
L O JL O L0 L0 ] 0|

verified B is a linearly independent subset of V but is not a basis
of V. We see B cannot generate V.

_Lm+]_ Lal i [0 ] i
0 0 L. |IL 1 0
0 0 0 0 0
Now consider C = <| — [,| — |,| — |.| — |.| — |7 <
0 0 0 0 La]
0 0 0 0 0
L O Jjo ||, |LO.

V; It is easily verifield the subset C of V cannot generate V so is
not a basis further C is not a linearly independent subset of V as
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i

we see and are linearly dependent on each other.

OOO|OO

These are more than one pair of elements which are linearly
dependent.

Now consider H =

m+l1

c V is a basis

o oo oo

S O oo O
ow
ou
=

0 0 0 0 ||L..,

of V and the space is of finite dimension and dimension of V
over Ly is six.

Now if we shift the field Lg from Ly we see the dimension
of V over Lg is infinite.

Thus as in case of usual vector spaces of dimension of a
super column vector space of refined labels depends on the field
over which they are defined.

This above example shows if V is defined over Ly it is of
dimension six but if V is defined over L the dimension of V
over L is infinite.

Example 4.30: LetV =
{(La] L, |L, L, L

ay ag

L, L, L L)‘

a; ag ay

a6

L, eLR;ISiSIO} be a super row vector space of refined

labels over the refined field Lo. Clearly V is of infinite
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dimension over Lo. Further V has a linearly independent as
well as linearly dependent subset over Ly,

Consider B={(L, 0[]0 0 0[0[0 0 0 0),
(0 ojL, 0 0]0]0 0 0 0),
(0 0jo 0 ofL, [0 0 0 0),
(0 0jo 0 ofo|L, 0 L, 0
(

0 0[00O0[0[0 L 0TL,)

<8}

c V, B is a linearly independent subset of V over L.

Take P={(L, L, [0 0 0[0[0 0 0 0).

s

0 0|L, L, 0]0][0 0 0 0),

),

00 L,

L, O|L 0 O|L

(
(e
(L. )
(0 0jo 0 0jofo 00 L,)
o oL,

linearly dependent subset of V over L. We have seen though
V is of infinite dimension over Lg still V can have both linearly
dependent subset as well as linearly independent subset.

0|0000)}g V, P is a

a a3

Example 4.31: Let V =
{(L, L, L, |t

vector space of refined labels over the field Ly. Clearly V is
finite dimensional and dimension of V over L is given by B =

{L,lofofof0).(0|L,, [0f0]0).(0[0]L,, [0]0).
(0jo]0|L,,|0).(0]0]0]0]|L,,)} <V, which is the
basis of V over L.

Las) ‘Lai € LQ;lsiSS} be a super row

m+1
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Consider M =
{(L, Jo[0]0[0)(L,. 100 0]0) 0L, |L, |0]0).

(OleH |L

lo]o),(o]0]o|L, 0),(O|0|0|Lbl|0)‘

m+
L, L, e Lyl<i< 2} Cc V is a subset of V but is clearly not a
linearly independent set only a linearly dependent subset of V.
Now we will give a linearly independent subset of V which
is not a basis of V.
Consider T =
{{L, [ofoojo).00lL,, [0]0).(0[0]0]L,, |L,,)}

in V; clearly T is not a basis but T is a linearly independent
subset of V over Ly,

Now having seen the concept of basis, linearly independent
subset and linearly dependent subset we now proceed onto
define the notion of linear transformation and linear operator in
case of the refined space of labels over Ly (or L).

DEFINITION 4.6: Let V and W be two super row vector spaces
of refined labels defined over the refined field Lg (or Ly). Let T
be a map from Vinto W. If T (ca+ B) = cT () + T (p) forall ¢
€ Lg (or Ly) and a, B € V then we define T to be a linear
transformation from V into W.

Note if W = V then we define the linear transformation to
be a linear operator on V.

We will illustrate these situations by some examples.

Example 4.32: LetV =
{(Lal Laz Li‘% | L“4 | L

-{(x,

L, €Lgl<is< 10} be two super row vector spaces of refined

. L,)|L eLtsi<o) and W

a

5 La() | La7 | Lax L% La]()) ‘

L, L, |L34 L

a

labels over Lg.
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Define T : V — W be such that
T ((L Laz Lﬂ} | La4 | L“s Lae ))

:(L ]

verified T is a linear transformation of super row vector space of
refined labels over Lg.

L, 0j/0 0L, |L, |L, O La6);itis easily

2

4

It is still interesting to find the notions of invertible linear
transformation and find the algebraic structure enjoyed by the
collection of all linear transformations from V to W.

_La, -
Laz
La
Example 4.33: If V = L: L, €eLy;1<i<6; and
Las
L,
- L, -
L,
L,
L,
L,
W = L, L, eLg:1<i<10 be two super column
La7
L,
L,

vector spaces of refined labels over Lg.
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We can define the map T : V. — W by

L

ay

T(

L,

L, |0 0 0]0).

It is easily verified T is a linear transformation of V into W.
Infact we see kernel T is just the zero super vector subspace of

V.
_Lal -
L,
Las
L,
Example 4.34: Let V= {|L, L, eLg:1<i<9
L,
L,
L,
L,

column vector space of refined labels over Lg.
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L, ] [L, ]|
L, 0
L, 0
L, L,
DefineT: V -V byT:(La: )= Laj ;
| L
L, 0
L, 0
L |L

it is easily verified that T is a linear operator on V and kerT is a
non trivial super vector column subspace of V. Clearly T is not
one to one.

Interested reader can define one to one maps and study the
algebraic structure enjoyed by Hom, (V,V) = {set of all linear

operators of V to V}. Further it is informed that the reader can
derive all the results and theorems proved in the case of super
row vector spaces with appropriate modifications in case of
super column vector spaces. This task is a matter of routine and
hence is left for the reader as an exercise.

Now we proceed onto define the notion of super vector

spaces of m X n super matrices of refined labels over the field
Lg.

DEFINITION 4.7: Let V = {All m X n super matrices of refined
labels with the same type of partition with entries from Lg}; V is
clearly an abelian group under addition. V is a super vector

space of m X n matrices of refined labels over the field Ly (or R
or Ly or Q).

We will illustrate this situation by some simple examples.
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Example 4.35: Let V =

L, € Ly;1<i<12} be the super matrix

vector space of refined labels over Lg.

L, L,
L, L,
LaS LCl6
La7 L218
Example 4.36: LetM=:| L, L, L, eLy;1<i<18; bea
Lall Lalz
Lal3 Lam
L. L,
L. L,

super matrix vector space of refined labels over Lg. M is also
known as the super column vector vector space of refined labels
over Lg. These super matrices in M are also known as the super
column vectors (refer chapter I of this book).

Example 4.37: LetT =

L, . (L (L L L

a ay a7 29 a3 26

L, L. |L,|L, L, L, [[L, eLlsl<i<I8: bea

a as ag ap Ay a7

L L |L |L L L

a3 g a9 a2 a5 a8

super matrix of vector space of refined labels over the refined
field Lr. We can also call T to be a super row vector — vector
space of refined labels over Lg.
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Example 4.38: LetK =

L, |L, L, L,
L |[L L L,
’ ’ ’ " ||L, € Lg;1<i<16 ¢ be the super
LaQ Lalo Lﬂl] La]2 ‘
LaIJ Lam Lal5 Lalo

matrix of vector space of refined labels over Lg.

Now it is pertinent to mention here that we cannot construct
super linear algebra of refined labels even if the natural order of
the super matrix is a square matrix. Thus we find it difficult to
obtain linear algebras expect those using Lg or L over Lg or L
respectively.

Thus we see if V= Lg = {La‘ ‘La] € LR} then V is a vector

space as well as linear algebra over Lr or Ly however it is not a
super linear algebra of refined labels over Ly or Lq.
Likewise Lq = {L L, e LQ} is only a linear algebra over

a'\

Lq, however it is not super linear algebra over Lq.

Now we can define the notion of super vector subspaces,
basis, linear operator and linear transformation as in case of
super row vector spaces or super column vector spaces. This
task is left as an exercise to the reader. We only give examples
of all these concepts so that the reader has no difficulty in
following them.
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Example 4.39: LetV =

o
5

®
=

aifalie
c| o |

i

b
®

>

L, € L:1<i<16} bea

super matrix of vector space of refined labels over Lg. (super

column vector, vector space of refined labels).

_La] L, -
0 O
L33 La4
0 O

Consider M = L, L, L, eLly;1<i<8
0 O
L, L,
0 O

super column vector subspace of V over Lg.
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0 0
0 0
L, .
La; La4
Take P = La; ’ L, eLy:1<i<6;c V is a super
0 0
0 0
0 0

column vector, vector subspace of V over Ly of V.

Example 4.40: LetK =

L, L, |L, |L, L, L,
La La La La La La

T T e e e e L1 <i<24) be
L“H L“M Ldls Lam La|7 Lalx h

L L L L L L

a9 a0 4 axn a3 a4

a super row vector, vector space of refined labels over Lg.

Consider M =
00 Lal 0 Las Lag
0 0|L,_ |0 L, L,
: ¢ " |IL, eL,;1<i<12} cK,isa
00 La3 0 La7 La]l i
0 oL, |0 L, L,

super row vector, vector subspace of K over Lg.

We can have many such super row vector, vector subspaces
of K over R.
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Example 4.41: Let V= /L, L, ||L, €Ly;l<i<6;bea

a3 g

super matrix vector space of refined labels over the field Ly
(or R).

Example 4.42: LetP =

L, eLy;1<i<I8; be a super matrix

L. L. |L.,
vector space of refined labels over the field Lg. Take M =
0 0 |L,
0 0L,
L, L | O
(;—(;Tas L, €L;;1<i<8: < P is a super matrix
L., L, |0
0 0 |L,

vector subspace of P over Lg.

Example 4.43: Let V = La‘ eL;;1<i<9

be a super matrix vector space of refined labels over Lg.
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L, eLg:l<i<4:cV, bea

super matrix vector subspace of refined labels over Ly of V.

Now as in case of super row vector space of refined labels
we can in the case of general super m X n matrix of refined label
of vector space define the notion of direct sum of vector
subspaces and pseudo direct sum of super vector subspaces.
This task is simple and hence is left as an exercise to the reader.

However we illustrate this situation by some examples.

Example 4.44: LetV =

L, € Ly;1<i<12} be a super matrix

L, eL;;1<i<3;cV, be a super matrix row

vector subspace of V over Lg.

0 L, 0
0 0 o0

W, = I La‘eLR;ISiSS cV,
L 0 O
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W3=

W4=

Ws

OOlOO

OOlOO

0L,

0L,
L, eLgl<i<2! cV,

0 O i

0O O

0 0

L, 0

1 L, eLy;1<i<2p < Vand
0

L, eLlL;;1<i<2; cV, be super matrix

5
vector subspaces of V over Lg. We see clearly V = UWi and

0
0
WiﬁWjZ 0
0

i=1

ifi#j, 1<1,j<5. Thus V is the direct

S oo O
S ol o O

sum of super matrix vector subspaces of V over Lg.

Example 4.45: LetV =

L

a

L

ag

L

a5

L

ay

L

a9

L

A6

L, L |L L, L

aj a, as ag a;

L, L, |L, L. L, ||L, eLgl<i<2l

a9 ap an a3 a

L L L L L

a7 a8 a9 a0 a1

be a super row vector, vector space of refined labels over Lg.
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Consider

L, |0
Wi=14/L_[0]0 0[0 0 0||L, eL:l<i<3} CV,
L, |0

Wy=410(L, [0 010 O OfL, eLgsl<i<3:cV,

L, L, {0 OO

a a

Wi=40[0] 0 0|0 0 Of|L, eL;I<i<4} cV,
L. L |00 0

ag ay

0 o0 L, 00

a3

Wi=14/0|0|L, L, |L, 0 O||L, eL;l<i<5icV,

a a, a,

0 oL 00O

as

L eL.;1<i<3} cVand

a, a; R>*>— " —

b
I
S O O
S O O

a3

ojofo o]0 0 L,
We=1[0[0[0 00 0 L, ||L, eL,;1<i<3{cVbe
0o[ojo 00 0 L,

super row vector, vector subspaces of V over the field Lg.
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6
Clearly V= | JW, and W; " W, =

i=1
0/0|0 0|0 O O
0{0[0 0|0 O O}, ifi#j Thus we see V is a direct
0/(0|0 0|0 O O

sum of super row vector subspace of V over LR.

Example 4.46: Let V =

L, |L, L, |L,
L. |L, L, |L,
L, |L L, |[L, L, €Lg:1<i<16; be a super
L, |L, L, |L,,

Consider W, = La‘ eL;;1<i<3, CV,

LaieLR;ISiS4 cV,

L, eLlyl<i<4, cV;
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LaieLR;lﬁiS3 c Vand

OlOOO

Ws = L, eLlgl<is3pcV

OlOOO

be super matrix vector subspaces of V over the refined field Lg.

5
Clearly V = UW and W; " W =

i=1

ifi#],

1 <1,j<5. Thus V is the direct sum of super vector subspaces
of V over L.

Now having seen the concept of direct sum we now proceed
onto give examples of pseudo direct sum of subspaces.

Example 4.47: Let V =
L, |L, |L, L, L

a a, a EN as

L. |L, |L, L, L, [|L,€Lg:1<i<15 bea super

L L L L, L

an ap a3 A4 a5

row vector, vector space of refined labels over Lg.
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Consider

o |0 0 0
Wi=4lL, |0 0 0 0 |L, eLgl<is5;c
. 0L, 0 L
0 0 O
Wo=91 0 | O |L, O 0 [IL, eLyl<i<4
L 0 0

L
0[L, [0 0 0
Wi=4 0 |L_ |0 0 Of[L,

Wi={|L, | 0 [0 0 0 [[L, eLl<i<6

0 |L, |L 0 O

a a3

Ws=4/ 0 0 |L, L L

ay ag ag

L 0 |L, L L

4 a7 ag a9

L, €L1<i<9

super row vector subspaces of V over Lg.

5
We see clearly V = UWi and Wi "W, #

i=1

0[0[0 0 0
0/0l0 0 0lifizj, 1<i,j<5.
0/0lo 0 0

eL;;l<i<4; CV,

c Vand

c Vare

Thus V is not the direct sum of super row vector subspaces
of V but only a pseudo direct sum of super row vector

subspaces of V over Lg.
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Example 4.49: Let V =

L, L,
L, L.
L, L,

el oIl ol Nl
il ol Nl Nl

Consider W, =

ol I o

| on ol ol I ol I el o

L, eLg1<i<27
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L, 0 0
0 0 L,
0 0 O
0 0 L,
Ws= 4| L, L, L, ||L, €Ly:1<i<7,cVand
0 0 0
0 0 O
0 0 O
0 0 L.
L, 0 0
0 0 L,
L0 0
0 L, O
W5 = 0 0 L, L, eLgl<i<Ill, c V are super
0 L,
L. 0 0
ag Lag Lalo
L, © 0

column vector, vector subspaces of V over Lg.
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S O
S O
S O

S o O
oS o O
oS o O

5
Clearly V = UWi and W, "W, #

i=1

ifi#j 1<i,

)
)
)

S o O
S o O
S o O

i<s.

Thus V is only a pseudo direct sum of super column vector,
vector subspaces of V over Lg.

Example 4.49: LetV =

L, |L, L,]|L,

L. L, L, |L,

Lag Lam La” Lﬂl‘;

L |L, L. La,; L, € Ly;1<i<24; be a super
L. |L, L, |L,

L. |L, L, |L

L, 00 L,
L., 0 0 L,
0|0 0| O
0olo ol o LaieLR;1Si£4 cV,
0|0 0| O
0|0 0| O
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L, eL;;l<i<6;CV,
L, eLgl<is7.cV,

0
0
0

0
0 |L
0 L,

a

Ay
0

a

L
L

0 |L

L
0

>

Ul

(=)}

\

VI

s

-4

—

w

La
La La La
o o O
S o O
La La. La

sz

W4 =

LaleLR;ISiSIO c 'V, and
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L. |0 0 0
0 0 L |0
0 L |0
W = Laz 0 La7 0 LaieLR;ISiS9 C 'V, be super
0 0 L, L,
L |L, O 0

6
vector subspace of V over Lg. V = UWI. and W; N W; =

i=1

ifi=j, 1<i,j<e.

SO O oo O
S|l Oo O oo o
SO O oo O
Slo © olo ©

Thus V is a pseudo direct sum of super matrix vector
subspaces of V over Lg.

Now we can as in case of vector spaces define linear
transformation, linear operator and projection. This task is left
as an exercise to the reader. Also all super matrix vector spaces
of refined labels over Lg.

Example 4.50: Let V and W be two super matrix vector spaces
of refined labels over Lg, where V =

L, L, |L, |L,
LZ\» La La La

’ ’ ’ " ||L, € Lg;1<i<16; be a super matrix
L L Lan ap l

L L L L

a3 Ay as a6

vector space of refined labels over Lg.
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Consider W =
L L L L L

a a a3 ay as

L L L L L

a6 a7 ag a9 a0

L L L L L

an A a3 A a5

L, eL,:1<i<lI5

be a super matrix vector space of refined labels of Lg.

Define T : V— W by
L, L, | L, | L,

La L L L La, a, a3 a, as
T 5 ag a, ag _ L
- a6 a7 ag a9 a0
L L L L
a9 a0 an ap L
ap ap a3 Ay a5
La]3 Lﬂm LaIS Lalﬁ

Clearly T is a linear transformation of super matrix vector

space of refined labels over Lg.

Example 4.51: LetV =

vector space of refined labels over Lg.

Lal La2 a3
La4 La5 La6
L, L, |L, ||L, eLy:1<i<I5;be
ajg La,, La,z
L, L, |L,.

Consider T : V — V a map defined by

L, L |L, L, L, |0
L., L, |L, 0 L,
T|L, L, |L,|= L, | L,
L, L |L_ L, 0|0
L, L |L, 0 L, |L,

152
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Clearly T is a linear operator on V.

a; La2 La3
a, La5 La(,
Now consider W = 4| L, L, |L, L, eLg:1<i<9
0 00
o oo

c V, W is a super matrix vector subspace of V of refined labels
over Lg.

La] La; La3 a; a, La3
L, L, |L, . L. |L,
p||L, L, |L,||=|L, L,]|L,
L, L, |L, 0
L, L |L. 0 00

It is easily verified that P is a projection of V to W and P
(W) < W; with P>=P on V.

We can as in case of super row vector space derive all the
related theorems given in this chapter with appropriate
modifications and this work can be carried out by the reader.

However we repeatedly make a mention that super matrix
linear algebra of refined labels cannot be constructed as it is not
possible to get any collection of multiplicative wise compatible
super matrices of labels.

Now we proceed onto define the notion of linear functional
of refined labels Lg.

Here once again we call that the refined labels Ly is
isomorphic with R. So we can take the refined labels itself as a
field or R as a field.
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Let V be a super matrix vector space of refined labels over
Lr. Define a linear transformation from V into the field of
refined labels called the linear functional of refined labels on V.

If f: V— Li then
f(Lea+P)=L.f () + f(B) where o, p € Vand L, € Lg.

We will first illustrate this concept by some examples.

Example 4.52: Let V = L, €Ly;1<i<8; be a super

column vector space of refined labels over the field of refined
labels Lg.

-

®
9

| ol

=L GLR.

a;+a,+..+ag

T is a linear functional on V.
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Infact the concept of linear functional can lead to several
interesting applications.

| o ol

Example 4.53: Let V = <|L, L, eLg:1<i<7; be a super

column vector space of refined labels over Lg.

Define f : V — Ly by

L,
L.
L,
f(L, D)=L, +L, +L,
L,
L,
L,
=L, ,.,+a, € Lr. fis alinear functional on V.

Consider f; : V— Lg by
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fi (|L, |)= La4 ; f| is also a linear functional on V. We

L,
L,
L,
Consider f> (| L,, [)=L, +L, +L
L,
Laé
L,
=L € Lg;

aj+ay+a;
f, is a linear functional on V. We see all the three linear
functionals f;, f, and f are distinct.
Example 4.54: etV =
{(Lal Laz Lax | La4 L

be a super row vector space of refined labels over Lg.
Definef: V— Lg by

f((L, |L, L,|L, L
=L, +L, +L, +L_

5 Las |Lﬂ7 L )

a ag

LaveLR;ISiSS}

L, |L, L)

as

; f is a linear functional on V.

aj+a+ay+a; ?

We can define several linear functional on V.
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Example 4.55: LetV =

_Lal Laz La3
o Lo L,
L L, L,
L. L, L,
La La La
Ld: La: La: L, €Ly;1<i<30: be a super column
Lal,, LZ120 LaZI
Laz L2123 La24
L. L, L,
L. L. L.

vector, vector space of refined labels over Lg, the field of
refined labels.

Define f: V — Ly by

Lal L32 La3 1
La4 La5 Laﬁ
L, L, L,
L., L, L,
L€l13 La,4 LElls
f( La,[, L‘aI7 La,s )
L, L, L.
L€l22 Lan Lf124
L. L, L.
L. L, L.
=L, ;Las +L, +L, ;Lﬂlz +L, +L, +L_+L,

, fis a linear functional on V.

aj+as+a;+aj+ajz+a;p+ajgtasy+ay
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Example 4.56: Let V =

Lal Las Lao Lﬂn La|7 Lazl
La, La La a La La
! ¢ " " " 1L, eL;1<i<24; be a
Laz La7 Lall Lﬂls Law Lazz ‘
La4 Las Lalz Lalb Lazo Lam

super row vector space of refined labels over Lg.

Consider f : V— Ly by

Lal Las La9 Lan Law Lan
Laq La a, La La La

f( 2 6 10 14 18 2 ):La _I_La +La +L21
Lﬂx L"‘7 Lall Lals Lal9 Lazx I ’ ! B
L34 Lax Law Lalé Lazn Lam
=L is a linear functional on V.

aj+ag+aj +tay

Example 4.57: LetV =

a a, La3
La4 Las La(,
L, L, |L, L, €Lg:1<i<15; be a super matrix
L. L, |L,
L., L, |L..

super vector space of refined labels over Lg, the refined field of
labels.

Define f : V — Ly by

L, L,|L,
LaA Las LaG
f(|L, L |L,D
L, L, |L.
L, L. |L,.
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=L, +L, +L +L, +L +L, +L,

a)+as+a;+aj +ag+a;+ay;y ?

f is a linear functional on V.

We as in case of vector space define the collection of all
linear functionals on V, V a super matrix vector space over Lg
as the dual space and it is denoted by L (V, Lg).

Here we define L5ii =0ifi#jifi=jthen La,, =L

Using this convention we can prove all results analogous to
L (V, F), F any field.

For instance if V =
{(Lal L. |L, La4) ‘La, eL;1<i S4} be a super row
vector space of refined labels over Lr then B = {(Lin1 1010 0)

=v, Vo= (OILp1 100), vi=(O010ILy 10), va=(@01010
L..1)} < Vs a basis of V over Lz.

Define f; (vj) = Lﬁu ; 1 <14, <45 (f), f, f5, fy) is a basis of
L (V, Lr) over Lg.

We as in case of usual vector spaces define if f : V — Lg is
a linear functional on super vector space of refined labels with
appropriate modifications then null space of f is of dimension
n—1.

It is however pertinent to mention here that we may have
several super vector spaces of dimension n which need not be
isomorphic as in case of usual vector spaces with this in mind
we can say or derive results with suitable modifications.

However for any super matrix vector space V of refined
labels over Ly the refined hyper super space of V as a super
subspace of dimension n — 1 where n is the dimension of V.
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Lil Lil
Consider V = {{ ‘ 2] L, e LR;lSiS4} be a super
L i

a3 ay

matrix vector space of dimension four over the refined field Lg.

0 |L

a3

L, |L,
Consider W = {[ : ZJ LaieLR;ISiSS} cV,Wis

the hyper super space of V and dimension of W is three over Lg.

Example 4.58: Let V = L, € Ly;1<i<10be a super

column vector space of dimension 10 over the field Lg of
refined labels.
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| o o e

(9
s

Consider M = La‘ eLl;;1<i<9

c V is a hyper

super space of refined labels of V over Lg. Infact V has several

hyper super spaces.

Example 4.59: LetV =

L, |L, L,
La4 La5 L36
L, |L, L,
L |L, L,
Lan Lam La,5
L, |L, L,

0 L, L,
L33 La4 La5
La La La
Consider W = ‘ ! :
Lag Lf‘lo Lau
L"‘IZ Lals Lam
Lals Lﬂls Law

be a super matrix vector subspace of V over Lg.
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Clearly W is a hyper super space of refined labels over Lg
of V. Dimension of V is 18 where as dimension of W over Lz
is 17.

Let V be a super vector space of refined labels over Lg. S
be a subset of V, the annihilator of S is the set S° of all super
linear functionals f on V such that f (o) = 0 for every o € S.

Let V = {[Lal L, |La3] ‘La‘ eLR;lsiS3} be a super

row vector space of refined labels over Lg. We will only make
a trial.

Suppose W = {[L 0 | 0] ‘Lai € LR} C V be a subset of

Definef: V— V by
f((L, |0]0))=(0]0]0) every (L, |0]0) e W.
W= {fe L(V.LpIf((L, |0]0))

=(0]0]0) forevery L, € Lg}.

We see W° is a subspace of L (V, Lg) as it contains only f
and f, the zero function. However one has to study in this
direction to get analogous results.

We will give some more examples.

Consider K =
I‘a1 Laz L33 I‘a4 as
Lﬂ La La La La
Tt 2 ML, eLg;l<i<20
Lall L“Iz Lan Lam Luli ]
Lalé Law Lalx Lal‘) Lazo

be a super matrix vector space of refined labels over the
field Lg.
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0 0 0 0L, L, 00
0 0 0 O||L, L {0 O O
Let S =  — : ,
0 L, 00 0 0[]0 0O
L, 010 00 0[]0 0O
0 0L, L, L,
0 0|0 0 0
where L, € Lg; 1 <i<4}cVbea
0 0|0 0 :
0 0|0 0 0

proper subset of V. Clearly S is not a super vector subspace of
V it is only a proper subset of V.

Define f; : V — V as follows:

o ol o O
o o o O
o ol o O
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La“ a) a3 Lal4 a5
Ldm Ld|7 ag Lalg ay
00[0 0 0
0 0|L, L, 0

“[0 0 0o ol
00 0 0

0
0
L, L, |L, L, L,
{Ld L, ‘L L,
fa (| — ’

ag Lam
Lau Lﬂm Lan L Lﬂls )_
Lam Lan Lals L Lavo
0 0 0 0
0 0 0 0
and so on.
00 L, L,
0 0

We see f;, f,, f3 and f; are defined such that f; (x) =

for every x € S, 1 £i<4. Now having seen

how S° looks like we can give a subspace structure of L (V, Lg).

We can as in case of usual vector space derive properties
related with the dual super space and properties enjoyed by the
super linear functionals or linear functionals on super matrix
vector spaces of refined labels. The only criteria being Ly is
isomorphic to R. Also we have the properties used in the super
linear algebra regarding super vector spaces [47].
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Chapter Five

SUPER SEMIVECTOR SPACES OF REFINED
LABELS

In this chapter we for the first time introduce the notion of
super semivector space of refined labels.

We have defined the notion of semigroup of refined labels.

Also we have seen the set of labels L, € LRM 0 forms a

semifield of refined labels. Also L Ul is again a semifield of

0)
refined labels. We would be using the semifield of refined labels
to build super semivector spaces of different types.

Let

M:{(L L

4 a4

L, |L, L, L

a3

La‘ ELR+U(O);ISiSn} be the collection of all super row
vectors of refined labels.

Clearly M is a semigroup under addition. We see M is
infact only an infinite commutative semigroup under the
operation of addition. Clearly M is not a group under addition.
Further we cannot define product on M as it is not compatible
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under any form of product being a super row vector. We know

L } and L o uo Are semifields. Now we can define super

R*U(0 0

semivector space of refined labels.

DEFINITION 5.1: Let

v={(L, L, L, LeL

R*u/()}"

L, L, L, |.|L, L)

1 < i < n} be a semigroup under addition with
(L, L, |L,|L L L,|L|L L) as the zero row
vector of refined labels. V is a super semivector space of refined
labels over L, o) the semifield of refined labels isomorphic

with R* U {0).
We will first illustrate this situation by some simple examples.

Example 5.1: Let

v={(L, L,|L, |L, )L, e Lo, 1<i<4

be a super semivector space of refined labels over the semifield
L

R*U{0}°

Example 5.2: Let

v={L, L, L |L, L L, L, L L)

a7 ag a9

a a, a a, as ag

L, eL . ;ISiSIO} be a super semivector space of refined
4 R™U{0}

labels over the semifield LR+ { We also call V to be a super

u{0} *
row semivector space of refined labels. Since from the very
context one can easily understand we do not usually qualify
these spaces by row or column.

Example 5.3: Let
S = {(La] Laz Lax Lﬁ7 )
be a super semivector space of refined labels over the semifield

L

R*U(0} "

L

ay

L

as

L

s

L el ~1s1s7}

R* U0}
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Example 5.4: Let
M = {(La| |Laz Las |La4 |L“5 Laﬁ)

oi1i<6}
be a super semivector space of refined labels over the semifield

Q" u(0}”

Example 5.5: Let

V={(Lal L, L, |L, L

a, as

L, L, L, )

a6 a7

az

L, e LRM 0);13139} be a super semivector space of refined
labels over LQw{ 0 the semifield of refined labels isomorphic
with Q" U {0}.

Example 5.6: Let

k={(L, L, L, €Ly t<i<s)
be a super semivector space of refined labels over L L
Clearly K is not a super semivector space of refined labels over
LR+U( o
Example 5.7: Let

v={L, L, L, L, |L, |L, L, L, )‘

L, eL o"u ;1s15 10} be a super semivector space of refined

labels over L E It is pertinent to mention here that it does

not make any dlfference whether we define the super semivector
+ +
space over R™ U {0} or LRMO} (or Q" U {0} or LQ+U(0)) as

R* U {0} is isomorphic to Lo (Q" U {0} is isomorphic with

LQ*u{o] )

We can as in case of semivector spaces define substructures
on them. This is simple and so left as an exercise to the reader.
We give some simple examples of substructures and illustrate
their properties also with examples.
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Example 5.8: Let
v={L, L, L |L, L, |L, L, L, L)

a, a3 ay as ag ay

L, e LRw{ 0);1SiS9} be a super semivector space of refined

labels over L _. . Consider
R7U{0}

M= {(L L. L

4 s a3

0 L 0 )‘

0 0 |L,

L, e LRw{O};lSiSS} c V, M is a super semivector subspace

of V over the semifield LR+U o

Example 5.9: Let
v={(L, |L, L, L, L,

L el 01;1Si£11} be a super semivector space of refined

L, L |L, )‘

L, L, L,

labels over the semifield LRM 0 Consider

w={(L, L, 0 0]0 0]0)

a6

L, L, L, L,

L, e LRw{ 0};1 <i< 6} C V, is a super semivector subspace of

V over the refined label semifield qu .

Example 5.10: Let
v={(L, L, L, L,

L)

L, e LRw{O};lSiSlZ} be a super semivector space of refined

L'cl 5 Ldé

L, L, L, L

a9 a

labels over the semifield L 9 ol0)”

Consider
w={(L, L, L, L,

LaIZ )

L, e LQw(m;l <i< 12} c V; W is a super semivector subspace

L. L,

L, L, L, L

a9 Ay

of V of refined labels over the semifield L o o0
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Example 5.11: Let
V= {(Ldl Laz | L"‘s L

o Ly L)L, €Ly, i1<i<6]

be a super semivector space of refined labels over the semifield

Lo
Consider
M={(L, 0L, 0L |0)L, €L, 1<i<3}
C V, is a super semivector subspace of V of refined labels over
L .
Q" (0)

Now having seen super semivector subspaces of a super
semivector space we can now proceed onto give examples of
the notion of direct sum and pseudo direct sum of super
semivector subspaces of a super semivector space.

Example 5.12: Let
v={(L, L, L [t L, |L, )L, €L, 1<i<6)
be a super semivector space of refined labels over the semifield
of refined labels LRM 0
Consider

M, = {(L

. 0 L0 0fo)L, el sl<is2} eV,
M:={(0 L, 0]0 0|L, )L, €L, lsi<2fcV,
and

My={(0 0 ofL, L, |0

be three super semivector subspace of V of refined labels over

L, €Ly <2} oV

3
Ly - Clearly V= UIM with M; A M; = {(00010010)} if

i#]j,1<1i,j<3. Thus Vis a direct sum super semivector
subspaces M;, M, and M; of V.

169



Example 5.13: Let

v={r, L, L, L L, L, |L, L, L)

ag a, ag ay

a a, ay ay as

L, e LQw{O};lSiS 10} be a super semivector space of refined

labels over LQM .
Take

W, = {(Lal 00 0|L, |0 00 0 O)‘La‘eLQw(O);lSiSZ} cV,

0}

W, = {(o 0000[L, L, |L, 00) LaieLQw(m;lSiSS} cV,

wa={(0L, L, L, [0]00[000)L, L,  :1<i<3lcV
and

wi={(000o0[ojoojorL, L)L, L, 1<i<2}cV;

be super semivector subspaces of V over the refined label

4
semifield L, . Wehave V= JW, with Win W;= {000

i=1
0101001000)}ifi#j, 1 <i,j<4. Thus Vis a direct sum
super semivector subspaces Wy, W5, W3 and W..

Example 5.14: Let

v={L,|L, L, |L, L, L,
La7 Laz Lﬂ9 Lﬂlo Lﬂn Lﬂlz Lﬂls Lﬂm)
Lai € LRw{O};lSiSM} be a super semivector space of refined

labels over the semifield of refined labels LR+u 0"

Consider
le{(Lal 0 0|L, L, L,[0000[00]0 Las)‘

L eL };ISiSS} cV,

aj RYU{0

w,={(0 00[0 0)

Lal Laz

L,OL [00L, L,
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L, €L, ,:1<i<6} v

ws={(L, )
L, €L, ,:1<i<7} <V,
w0 >\
L, €L, ,:1<i<8} cV
and

ws={(

)

L, €L, ,:1<i<8} cV

be super semivector subspaces of V of refined labels over

5
‘Wesee V= | JW, but W,nW;={(0 1001000100

R*U{0}
i=1

00100100)}ifi#j,1<1,j<5. Thus we see V is only a
pseudo direct sum of super semivector subspaces of V over Ly
and is not a direct sum of super semivector subspaces of V over
L.

Example 5.15: Let

v={(L, o L oL

be a super semivector space of refined labels over the refined
labels semifield L 0 u(0]

Take

- {(
P.={(L,
P, = {(L

P4:{(O|Lal L, |La5 IL, |0 L, |L, )L,

L

as

ay

‘1<i<
Q u<0)’1_1_8}

WL
JL.

a

Q* U(O

a

1<i<
‘LaieLQw[O 1<i<ste

171



and

PS:{(0|La] o[L, [0|L,, O]L,)

u{o}’

L, el ,i<i<4f v
be super semivector subspaces of V of refined labels over

5
Wesee V = UR and P, Pj={(0 10010101010
i=1
010)},ifi#j, 1<1i,j<8. Thus Vis only a pseudo direct sum
of super semivector subspaces Py, P,, ..., Ps of V over L L

LQ+ uioy

Now it may so happen sometimes for any given super

semivector space V of refined labels over the semifield L 9 ul0)

or L, the given set of super semi vector subspaces of V

w0}

may not be say as V # UPi only UPi & V. This situation can
i=1 i=1

occur when we are supplied with the semivector subspaces of
refined labels. But if we consider the super semivector
subspace of refined labels we see that we can have either the
direct union or the pseudo direct union. Now we discuss about
the basis. Since we do not have negative elements in a
semifield we need to apply some modifications in this regard.

Let V={(L, L, |L, Ly ||l )|l €Ly i1 <i<n}

be a super vector semivector space of refined labels over
L . Wesee B={[L,;01001...10], [0 Ll 001...10],

R*U

.., [001001...1Lu]} acts as a basis of V over LR+ o We

uf{0}
define the notion of linearly dependent and independent in a
different way [42-45]
For if (v, ..., vy,) are super semivectors from the super

semivector space V over LRw( o We declare vi’s are linearly

dependent if v; = ZLaJVj ;LaJ € LRMO} , 1<£j<m,j#1, other
wise linearly independent.
For take V = {(L, L, |L, L,

L, )|L, €Ly 105} 0

be a super semivector space of refined labels over L

RTU{0} "

Consider (L,s; 010 0 | Lyyy) and (Lan 01001 La“ ) in V.
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Clearly (Lan 01001 Lan ) = La“ (Lins1 010 0 | Liyyy) so, the

given two super semivectors in V are linearly dependent over
L . Now consider (L,,,; 010010), (001 L,010) and (0

R*U{0}

01001 L, )inV we see this set of super semivectors in V are

linearly independent in V over L . o

Thus with this simple concept of linearly independent super
semivectors in V we can define a basis of V as a set of linearly
independent super semivectors in V which can generate the

super semivector space Vover L. .

Consider

v={(L, L, L, L, )|L, €Ly 1<i<6}

L, L.,

4

to be a super semivector space of refined labels over LRM 0

Consider the set B = {(L,+1 10100100), (01L, 100100), (0
01 Ly10100), O10TOLy: 100),(0101001Lp41 0), (0101
0010Ly1)} < Vis a set of linearly independent elements of V
which generate V. Infact B is a basis of the super semi vector
space V over LRw{ o We can give more examples.

We would give the definition of super column vector space

of refined labels over LRw{ o

DEFINITION 5.2: Let

La]
Lu
2
La
V= “IIL eL ‘1<i<n
a; RYUf0) T T T
Qg
- La" .

be an additive semigroup of super column vectors of refined
labels. Clearly V is a super column semivector space of refined
labels over L.

173



We will illustrate this situation by some examples.

Example 5.16: Let

L eL ;1<1<6

L a RYU{0}’

be a super column semivector space of refined labels over
L +

RYU{0}

Example 5.17: Let

il ol ol e

RYU{0}7 T

| -

g

be a super column semivector space of refined labels over
L

RYU{0}
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Example 5.18: Let

ol o e o

o el e
Q
£

be the class of super column semivector space of refined labels

over LQM It is to be noted P is not a super column

0} "
semivector space of refined labels over LRw{ o As in case of

general semivector spaces the definition depends on the
semifield over which the semivector space is defined.
We will illustrate this situation also by some examples.

Example 5.19: Let
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be a super column semivector space of refined labels over the
semifield L , .
Q" (0)

Example 5.20: Let

3 Py
L,
L,
L,
_L*‘Q_
is a super column semivector space of refined labels over
LQ*u{O}'

Now we will give examples of basis and dimension of these
spaces.

Example 5.21: Let

o - -
Q)
c

—

be a super column vector space of refined labels over L orul

0}
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Consider

L., 1fol[fo]J ol ol ol ofl o]

0 ||L., || O 0 0 0 0 0

0 0 ||L., 1 O 0 0 0 0

Mol O 0 0 [[L. |l O 0 0 0
ol o] o 0 ([L,1|l O 0 0

0 0 0 0 o ||L. |l o 0

0 0 0 0 o |IL... |l O
Lol o J[oJ o] o] o] o]fL,,

cVisabasisof Vover L , .
Q*u{0)

Example 5.22: Let

il

I
By

<
I
sl el

be a super column semivector space of refined labels over
LR+u o Clearly V is of dimension nine over L
Consider V as a super column semivector space of refined

labels over L 0 o0’ then we see V is of infinite dimension over

RTU{0} "

Lo oo This clearly shows that as we change the semifield

over which the super column semivector space is defined is
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changed then we see the dimension of the space varies as the
semifield over which V is defined varies.

Example 5.23: Let

be a super semivector space of refined labels over L 0 u(0) of

dimension six over LQ+ Clearly V is not defined over the

ufo} *

refined label field LRw o

Example 5.24: Let

L, eL ;1<i<5

az a R*U{0}°

be a super column semivector space of refined labels over the
field L , .
R*U{0}

Clearly M is of dimension five over LRMO); but M is of

dimension infinite over L , .
Q*u{0)

Now we proceed onto give examples of linear
transformations on super column semivector space of refined
labels.
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Example 5.25: Let

and

|l e

Ialliniis

=

-

be two super column semivector spaces defined over the same
semifield L TR

Define a mapn : V— W given by
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LT
L,
La
'L, | Laz
L, Laj
L, L
n(|L,||= L
La5 Las
L, L,
La7 La7
L= c
L,
L,

It is easily verified m is a linear transformation of super
semivector spaces oOr super semivector space linear
transformation of V to W.

Example 5.26: Let

v={L, L, L, |L, L L, L, L, ][, €L, :1<i<T]
]
L,
L,
L,
and W= Las L‘eLQ+U(O),1<iS9
L,
L,
L,
L,
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be two super semivector spaces of refined labels over L Ul

Let n: V — W be defined by

0} "

o o o

Ul ((Lal Laz

L,

L, L,

L
L, L L )=|L
L

It is easily verified m is a super semivector space linear
transformation of V into W.

Example 5.27: Let

| o ol o

| el

L 4o |

be a super semivector space of refined labels over LQ+

Consider T : V — V defined by

ufo} "
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NI
L, L.,
L, 0
L.| |L.

(=] ° |;
L, | |L,
L, L,
L, 0
Lag La(
o 0

T is a linear operator of super semivector spaces. Now having
seen examples of linear transformations and linear operators on
super column semi vector spaces of refined labels. We proceed
onto define super matrix semivector spaces.

DEFINITION 5.4: Let

L“n ar a;
L
V = a1 a2 A2m L L L
: : : a; € R*u{o;(or 0tul0) )’
L, L, |- L,

1 i <nand 1 <j <mj} be the additive semigroup of super
matrices of refined labels. 'V is a super matrix semivector space
of refined labels over L .

ufo} *

Example 5.28: Let

L

L

- ;1<i1<18
L a = TR0 T T
L

L

el el
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be a super matrix semivector space of refined labels over

LR+U(0). M is also known as the super column vector

semivector space of refined labels over the field of refined
labels LRMO}.

Example 5.29: Let

be the super square matrix semivector space of refined labels

over LRw{O} .

Example 5.30: Let

L, |L, L, |L L L |L L, |L,

ay LaH La]z La” LaM La]5 Lal() La” Lalg

W= L, |L. L, |L. L. L_|L_ L_|L_
L |L. L, |L, L. L. |L. L_|L,.

L eL . ;I<i< 36} be a super row vector semivector space
i R™U{0}

of refined labels over L, (o) OF super matrix semivector space

0}

of refined labels over qu o

Example 5.31: Let

L, Laz La3 La4 La5 La[, La7 Las ]
L, L, L |L L L |L_ |L_
L, L, L. |L, L. L_J[L_[L,
V= L, |L, L, |L, L, L_|L, |L,
L. |L, L.|L, L. L. |L,|L,
LaM La42 La43 La44 La45 La46 La47 Laas
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L el . { 0};1 <i< 48} be a super matrix vector space of refined

labels over the semifield of refined labels LR+u "

We as in case of other super semivector spaces define the
notion of super semivector subspaces, basis, dimension and
linear transformations. However this task is direct and hence is

left as an exercise to the reader we only give examples of them.

Example 5.32: Let

L, L, L, |
L, L L,
LZl La La
V= d u “1|IL, el . 1<i<18
L, L L [l ®wo
Lﬂls Lam Lals
Lalb Law LaIB

be a super matrix semivector space or super column vector
semivector space over L. o Clearly

o 0 0]
Lal Laz as
0 0 0
P= L eL., ;1<i<9; cV
L, L L, & RTO{0)
0 0 0
La7 Lax Ldg

is a super column vector, semivector subspace of refined labels
of Voover L . o We have several but only finite number of
super matrix semivector subspaces of V over Lt If V be

defined over the refined semifield of labels L - then V has

infinite number of super matrix semivector subspaces. Thus
even the number of super matrix semivector subspaces depends
on the semifield over which it is defined. This is evident from
example 5.32.
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Example 5.33: Let

L |L, L |L, L, Ld( L,

Lax Laq Lam Lan Lalz Lau Lam

La La La La La La La L €L N
V= 15 16 17 18 19 20 21 a; Qtui0)?

Lazz Lazx L“24 Lazs L"’-za Laz7 Lﬂzs 1 S 1 S 42

Laz«y Lasn LaBI Lazz Lass La34 Lass

Laz(, Law La3s L339 La4o La41 Lﬂ.p

be a super matrix of semi vector space of refined labels over

LQM 0 V is a finite dimensional super matrix semivector

subspace over L o having infinite number of semivector

{0}
subspaces of refined labels over L L
Now we proceed onto define new class of super matrix
semivector spaces over the integer semifield Z*© U {0}; known
as the integer super matrix semivector space of refined labels.
We will illustrate them before we proceed onto derive
properties related with them.

Example 5.34: Let
v = (L, |L, |L, L, L,

be a integer super row semivector space of refined labels over
Z" U {0}, the semifield of integers.

L, L, )

L, €L, ,1<i<7}

Example 5.35: Let

I Lal L‘dz Las |
L, L. |L,
v=4lL, L, [L, ||L, €L, ,:1<i<I5
Lam Lan L 412
La]3 Lam Lals
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be an integer super matrix semivector space of refined labels
over Z" U {0}, the semifield of integers.

Example 5.36: Let

be an integer super row semivector space over the semifield Z*
v {0}.

Example 5.37: Let

a, La LEI La La LEl La LE\
9 10 11 12 13 14 15 16
V = L“w Ldlx de L"‘zo La2| L“zz Ldz% Ld74
La La La La La La La La
25 26 27 28 29 30 31 32
LZI Lﬂ. La Lﬂ La LEl La L‘él
L 33 34 35 36 37 38 39 40
L, eL Qw(o);lSi£4O} be a integer super matrix semivector

space of refined labels over the semifield Z* U {0}.

We can define substructures, linear transformation a basis;
this task can be done as a matter of routine by the interested
reader.

But we illustrate all these situations by some examples.
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Example 5.38: Let

be an integer super column semivector space of refined labels

over the semifield Z* U {0}.
Take

C o

o
N

m[_'|o,§r' o
o]
£
=

F's

o

0

K is a integer super column semivector subspaces of refined
labels over the semifield Z* w {0}.

Infact we can have infinite number of integer super column
semivector subspaces of V of refined labels over Z* U {0}.

For take
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L, € L; where 6Z" U{0};1<i<10; c M

is again an integer super column semivector subspace of M of
refined labels over Z" U {0}. Infact 6 can be replaced by any
positive integer in Z" and K will continue to be a super column
semivector subspace of M of refined labels over Z* U {0}.

Example 5.39: Let
P = {(Lal L‘Jz La% |La4 Las |La6)

be an integer super row semivector space of refined label over
the semifield Z* U {0}.

Kz{(Lal Laz Lﬂs

L, €Ly ,1<i<6]

0 0|L, ) sl<i<a) cPis

L, eL

R*U{0
an integer super row semivector subspace of P of refined labels
over the integer semifield Z* U {0}.

Example 5.40: Let

L, L, |L, |
L‘,14 L,{15 Lac
S=4/L, L, L, ||L, €Ly 1115
L“lu Lan Lalz
La|3 Lam Lals
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be an integer super matrix semivector space of refined labels
over the semifield Z* U {0}.

Consider
0 0 |L, |
0 0L,
H=L_ L,| 0 L, €Ly 31si<8 cS;
L. L, |0
L, L, |0

H is an integer super matrix semivector subspace of S over the
integer semifield Z* U {0}.

It is pertinent to mention here that S has infinitely many
integer super matrix semivector subspace of refined labels over
the integer semifield Z* U {0}.

Example 5.41: Let
v={L, L, L, L,

be an integer super row vector semivector space of refined

labels over the semifield of integers Z* U {0}.
Take

L, L, )

L, € Ly 1 <i<6}

w.={(0f0 L, 0]0 0) cV,

L, eL

R*U{0}

wi={(0]0 0 L, |L, 0

as

L eL.. ;1£i£2} cV
a; RTU{0}

and

wi={(0]0 0 o]0 L,)

L, €Ll ot SV
be integer super row vector semi subspaces of V.

4
Clearly V = UWi;withWimWJ:(OIOOOIOO);i;tj, 1
i=1
<1i,j<4. Vis the direct union of integer super row semivector
subspaces of V over the semifield Z* U {0}.
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Example 5.42: Let

® ® [ ® mr‘ mr‘ r‘
N % o s © S

| o ol B ol o o

o
N
R

be an integer super column vector semivector space of refined
labels over the semifield Z* U {0} = S. Consider

V]Z

V,

L, L,
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

a; La2
a, La5
0 0
0 0
0 0
0 0
0 0

L

a3

S Ol O o oo ©

a;
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0 0 0]
0 0 O
0 0 O
L, L L,
Vi = La; La: La: L, el 1sis9p cV
L, L, L,
0 O
0 O
and
0 0 0]
0O 0 O
0O 0 O
0O 0 O
Vy= 0 0 0 La‘eLRMO);lSiS6 cV
0 0 O
L, L, L,
L, L. L,

be integer super column vector semivector subspaces of V over

4
the semifield S = Z" U {0}. Clearly V = UVi with

i=1

o
o
o

o O
o O
oS O

VinV;= ifizj 1<i,j<4.

S O O
S O O
S O O

[N
[N
[N
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Thus V is a direct sum of integer super column vector
semivector subspaces of V over S.

Example 5.43: Let

L, |L, L,
L, |L, L,
L, |L, L,
V= J u “I|IL, el . 1<i<18
La La La ay R™U{0}
Lﬂla Lam Lals
Lﬂl(, Law Lal?.

be an integer super matrix semivector space of refined labels
over the semifield S = Z* U {0}.

Consider
'L, |L, O]
0 o 0
L |0 O
P, = 0“ 0L L, el ,;3l<i<6; cV,
010
0L, O
'L, | 0 L]
0
L, |L. 0
P, = 03 4—4 LaieLR+U(O);ISiS6 cV,
0 0
L,
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L, | 0 0]
La4 Laz La3
0|0 0
P;= 0— 0 0 LaieLRw(O);ISiS6 cV,
0|0 0
L, |L, O
L, | 0 0]
0|0 0
L. |0 L,
P,= : 0o ||F ELepi1SisTy V.
0L, 0
L]0 0
'L, |0 0]
0foo
0|0 0
Ps = O_ﬂ LaieLRw{O);ISiS?a cV
L [0 0
L |00
'L, |L, O]
0|0 0
0|0 0
and Ps= O_Lax 0 LaiELR+U<0)’1<1<5 cV
0 ay
0 L,

are integer super matrix semivector subspaces of refined labels
of V over the semifield Z* U {0}.
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e}
e}

o O
oS O

6
Clearly V = UR and Vi V;#

i=l1

L |ifi=j, 1<i,j<6.

oS O
oS O

00
Thus V is a pseudo direct sum of integer super matrix
semivector subspaces of V over Z* U {0} of refined labels.

Example 5.44: Let

La] Lae Lau Lalz Lal3
Laz Lﬂ7 Lam Lals Lam
B=4|L, |L, L, L, |L,|[/L eL,. , :1<i<25
3 8 17 18 19 a u{0}
La4 Lag Lazg Lﬂn Lazz
Las Lalo Laza Laz4 Lazs

be a integer super row vector semivector space of refined labels
over the semi field Z* U {0}.
Consider

;1<i<6; B,

a6 a4 R*U{0}

o ©O o o o
© o o o ©
© ©O o o ©

o

o

m

o

L
L
H =L
L
L

H2:

S o o O
S o o O
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0|L, 0 0]0
La, a, La3 Las La6
H; = 0 L, eLR+U{O},1<1<6 c B,
0 0 0
0 0 0
H=i 0 |L, L, L, | 0||L, eL, ,:1<i<I0{cB,

and
oL, 0 0 1
L, |0 L, 0

Hs=< 0|0 0

a; R*U{0}

0
0
0 ||[L eL :1<i<9}+ ¢ B,
0

be an integer super row vector semivector subspaces of B of
refined labels over the integer semifield S = Z" U {0}.

B=OHi and
i=1
(0|0 0 0]0]
0/0 0 0]0
HNH=[0[0 0 0|0]|ifi#j, 1<i,j<5.
0/0 0 0]0
10/0 0 0]0]

Thus H is only a pseudo direct sum of integer super row
vector semivector subspaces of B of refined labels over Z* U

{0}.
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Now having seen examples of pseudo direct sum of integer
super matrix semivector subspaces and direct sum of integer
super matrix semivector subspaces we now proceed onto give
examples of integer linear transformation and integer linear
operator of integer super matrix semivector spaces defined over
the integer semifield Z* U {0}.

Example 5.45: Let

L, L, L,
La4 La5 La6
La7 L218 Lag
V= La,(, Lall Lalz L, e LQ+U{()];1 <i<21
L. L, L,
L. L, L,
La,9 L‘az0 a5,

be an integer super matrix semivector space of refined labels
over the integer semifield Z* U {0}.

L, |L, L |L L L |L

a3 A6 A9 an La. eL N :
w=4L |L L |L L L |L L LR
2 S 8 11 14 17 20 23 ISi S 24
La; L“\(, L‘dg La, 2 La, 5 La 18 L37 1 Ay

be an integer super matrix semivector space of refined labels
over the integer semifield Z* U {0}. Define T a integer linear
transformation from V into W as follows.

Lal Laz La3
ay La5 La(
La7 La8 Laq

196



a4 ay a7 a9 a3 216 a9
a as ag ap Ay a7 ay

a3 a6 a9 ap a5 a8 a1

Example 5.46: Let

4

alielle
= e

ol I ol I o e o
-

aifiallalie
aifal el ol

be an integer super semivector space of refined labels over the
semifield S = Z" U {0}.
Define T: V— V by

i il

il

|
=
=

a4 a0 ap ap

alelNalNoilcile
aliclNel NNl e
coolel e oo

azs a2 az7
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Clearly T is a integer linear operator on V where kernel T is
a nontrivial semivector subspace of V.

Now we give an example of a projection the concept is
direct and can define it as in case of semivector spaces.

Example 5.47: Let

La, Laz La3 l
L, L, |L,
Lﬂ La L(l
V= L; L: La: L, €L, ,;l<i<I8
La,; La1I4 L‘lli
L316 La” ag

be an integer super matrix semivector space of refined labels
over the integer semifield S = Z* U {0}.

Consider

o . 0]

L, L, |L,
0 0 |L,

W=4J|—— 1+ F|IL eL. ;1<i<9:cV

L, L, 0 & Qi
0 0 0

L L 0

ag a9

be an integer super matrix semivector space of refined labels

over the semifield Z* U {0} of V.
Define T an integer linear operator from V into V given by

L, L, |L, 0 L, |0
L, L, |L, 0 0L,
B L, L, |L || |L. L |o0
L, L. |L, 0 0|0
L, L, |L, L L[ o
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Clearly T is a linear operator with nontrival kernel.
Further T (W) < W that is W is invariant under the integer
linear operator T on V. Consider

La, La2 La3 La, Laz Lu3
L, L |L, 0 o]0
L, L, |L, L, L, |L,
Ty (| ——— P P
Lam Lall L"‘lz 0 0 0
La]3 Lam Lals La7 Las Lat)
Lalé Law Lﬂls O O O

We see T is a integer linear operator with nontrivial kernel
but clearly T, is not an integer linear operator which keeps W
invariant; that is T; (W) ¢ W.

Thus all integer linear operators in general need not keep W
invariant.

Now we proceed onto define various types of super matrix
semivector spaces of refined labels.

DEFINITION 5.4: Let V = {set of super matrices whose entries

are labels from LRM o Or L 0" L0) } be a set of super matrices

refined labels. If V is a such that for a set S subset of positive
reals (R* U [0} or Z* U {0} or Q" U {0)}) sv and vs are in V for
everyv € Vand s € S; then we define V to be a set super matrix
semivector space of refined labels over the set S or super matrix
semivector space of refined labels over the set S, of subset of
reals.

We will first illustrate this situation by some examples.

Example 5.48: Let

Lﬂw
V= I]:ﬁz ’I:]I:al iaz:l,( \ Laz La La4 Las Laé La7 Lﬂ«)
; N 3 4
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L, eLQw{O};lSiSS} be a set of super matrices of refined

labels.
Let S={alae 3Z" U2Z" U {0}. Vis a set super matrix
semivector space of refined labels over the set S.

Example 5.49: Let

a ay a7 a0 a3 A6

T as ag ay ay ag |?

as L“‘ﬁ a9 Lalz as L“llx
L,
La
: L eL.
L, L, |, L, |L, |L |L, L |L, )| " o
1 2 3 4 5 6 7 8 lsislg
La5
Laé
L,

be a super matrix set semivector space over theset S = {alae
32tu252tu{0}} L., Of refined labels.

Clearly V is of infinite order we can define two substructure
for V, a super matrix set semivector space of refined labels over
the set S, S < R* U {0}.

DEFINITION 5.5: Let V be a super matrix semivector space of

refined labels with entries from LR+U( o over the set S (S cR" U

{0}). Suppose W <V, W a proper subset of V and if W itself is a
set super matrix semivector space over the set S then we define
W to be a set super matrix semivector subspace of V of refined
labels over the set S.

We will first illustrate this situation by some examples.
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Example 5.50: Let

_La, Laz ] Lal Laz Lax

L, L, L |L |L,
(L L, L |L, L, |L, Il

V= La La , 1 2 3 4 5 6 , Lﬂ La La
- - La La La La La La ' ' ’

La7 ]_l38 7 8 9 10 1 12 Lam La“ Lalz

Laq Lau) La,; LaM La,5

L, e LQ*u(()];l <i< 15} be a set super matrix semivector space

of refined labels over the set S = {a € 3Z" U 5Z" U {0}} c Q"
U {0}. Consider

L, L |[L, |O]|L, ]
Lax La4 L"‘z O La7
w=10 0L [0]L, |[L, el ,:1<i<I0
0 o |lL, |o|L,
Lﬂs Laﬁ Las O Lall)

c V, Wis a set super matrix semivector subspace of refined
labels over the set S < Q" U {0}.

Example 5.51: Let

La‘
L |[L, L |L |L L L |L |
) 1 2 3 4 S ° s La Idaq Lﬂ Ld
L ||L L |L|L L L |L TR
Ty a; Ay | a9 | A Ay ap [Tay La La La La
v={|L, [|L. L |t |L Lo Lo [r | T
% B Mol A | %t ) La La| La | Lan
L, ||L, L, L L. L, L [, ||—
i 2 o o s 20 2127 . La| 3 Lﬂm Lal 5 Lal 6
Lﬂ@ L“m L"‘wu Lﬂsl L“sz L"‘az L"‘34 L“ss V ’
La7

L, e LQw( 0);lsi S35} be a set super matrix semivector space

of refined labels over the set S = 3Z" U 52" U 8Z" U {0}} <
Q" u {0}.
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Consider

L, |

0 [0 Oo|L. |0 0 0L ]
L,|0 0]L,

L. : “I{L. o|lO|L L L |L

ay 0 La O La a ag ag a9 ap

p={ 0 |, ’ ‘fJOL L. |O 0O 0]O

0|0 L, |L, 2 | %

L, K 0L |0O]O OL,|O

a3 La La La L.l 3 13

L, S L, 0L, |L, O O]|L,

0

L, e Low{m;l <i< 15} c V; P is a set super matrix semivector
subspace of V over the set S of refined labels.

Now we proceed onto define the notion of subset super
semivector subspace of refined labels.

DEFINITION 5.6: Let V be a set super matrix semivector space
of refined labels over the set S, (S cR" U {0}). Let W cV; and
P < S (W and P are proper subsets of V and S respectively). If
W is a super matrix semivector space of refined labels over the
set P then we define W to be a subset super matrix semivector
subspace of refined labels over the subset P of the set S.

We will illustrate this situation by some examples.

Example 5.52: Let

a7 a3 9 a ay a; a9 a3 a6

.
=

ap |2 ay as ag a1 a4 a7 |?

L

A4 LaIS aj ag ag ajy a5 apg
L
L
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be a set super matrix semivector space of refined labels over the
set
S={ae3Z2"u8Z U 72" U 13Z" U {0}} c Q" U {0}.

Consider

L, L L

a a a3

o 0 O
L, L. L ||L,|] 0O L 0 |L, O

a, ag ag a a, a,

L, L, L ||L |0 L 0]|L 0
0 0 0
Lan Lal2 Lan

and

T=ae3Z'U7Z"U {0}} =S c Q" U {0}

K is a subset super matrix semivector subspace of P over the
subset T of S.
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Example 5.53: Let

L,
IJaZ
L,
L,
v=¢L, (L, L, L, L, L, L,|L, L, L,)
L,
L,
L,
L,
L L]
L, L,|L |L,]|L, L,
L, L, |L, |L,||L, L,
L, L |L (L [T |[F S heoeitsisie
L., L, L., |L, La: La;
L, L,

be a set super matrix semivector space of refined labels over the
setS=ae 52" U3Z2"U7Z"U8Z U 13Z U 11Z" U {0}]}.
Consider

w=1{(L,[00 oL, 0),

La2 L‘a3 La4
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0 L_|[L, 0L |0
a a Lax La4

ol o L, €L, ,l1<i<T cV
0 L, ||L. 0 [L,

L 0

asg

and K=ae 3Z"uU8Z U 13Z" U {0}} €S < Q" U {0}].
Clearly W is a subset super matrix semivector subspace of V of
refined labels over the subset K of S.

As in case of usual vector spaces we can define direct union
and pseudo direct union of set super matrix semivector space.
The definition is easy and direct and hence is left for the reader
as an exercise.

We now illustrate these two situations by some examples.

Example 5.54: Let

L,

L,

L |[L,|L, L, |L,, |

L, L L, L, |L. L, L, L, L, |k, L.
V= L o rommr o ol L |L,L, L, |L, L,

L. ||L, |t L, |L., Lo Ly Lo, Loy Lo, L,

L, ||L,|L, L, |L.,

L, | .

L,

L, ELQw(O);lSiSM} be a set super matrix of semivector

+

space of refined labels over the set S = {a € 32" U 25Z" U 11Z
U 322" U {0}} < Q" U {0}.
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Consider

L,
L,
L,
L,
L35
W, = L L eL, ,sl<iglorcV,
L,
Lax
L,
L,
La1 a, a; La,(, a3 a6
W2=dL, L, L, L, |L, L, [[L, €L, ,;1<i<I8
La3 ag a La,2 a5 ag
c Vand
_La, L‘h La3 Ld4 |
Las L36 La7 Lag
La9 Law La” La,z
W = L L. L |L. L, eL, ,:l1Si<24; cV
L, |L, L, |L,
L_|L, L. |L,

be set super matrix semivector subspaces of refined labels over
the set S.

3
Now V= [ JW, and W; " W;=¢ifi#j, 1 <i,j<3. Thus

i=1

V is the direct union of set super matrix semivector subspaces.
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Example 5.55: Let

| o ol o

a3 as ‘ a7 a9 a a3

ag 210 a2 A4

<
I
el
’v—|
s

=

S s ss

a5 |

L eL

as ag a, ag a; ag a, a, Q" U0}’

ap 1<i<18

be a set super matrix semivector space of refined labels over the
set S={3Z2"UT7Z U 13Z" U 11Z" U 192" U 8Z U {0}} c QF
U {0}.

Consider
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| o o o

o o

-

o o o S o

L

4

L

ay

|

L,
L,

0
0

0L,
0L,

cV,

L,
L,

La7 Lax L"‘9 Law
Lan Lalz Lan Lam

|

and
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L, eL

1<i<15

La. € LQ*u(O);

1<i<14

Q" ufoy’

}QV,



L, L, L,
L, L. L,
L, L, L,
M=lL, L L, |[M Shoond=isl®

L, L, L,
L L L.

and

L]0 0|0 0 0L,

L L, 00 L, O L L el 155160 cV

be set super matrix semivector subspaces of refined labels of V
over the set S < QU {0}.

4
Clearly V = [ JM; but My " M; = ¢ if i #j, 1 <1, j < 4.
i=1
Thus V is only a pseudo direct union of set super matrices
semivector subspace of refined labels over S.
We can define set linear transformation of set super matrix
semivector spaces only if both the set super matrix semivector
space of refined labels are defined over the same set S € R™ U

{0}.
We will just illustrate this situation by some examples.

Example 5.56: Let

<
I
i

L, L, L,

L, L,

=
L
=

-
-
=
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La, Luz La3 La4 La5
Lab L,{17 LaB Lag Ld1U
La” La]2 Lam Lam Lles L e LQ*um)’l <i<?25
L. L, |L, L. |L.,
L, L, |L., L, |L.

be a set super matrix semivector space of refined labels over S =
ae 52"u3Z"u{0}} cQ U {0}. Let

. |L., L, |L, L, L, L,

La La I_Ja La 1 4 7 10 13 16 19

w=4 "™ | ™|l (L. L |L, L L, L,

La; La La La 2 5 8 11 14 17 20

. s L, |L, L, |L, .. L L,

3 6 9 12 15 18 21
‘La. L, La]—
L, L, L,
L, L, L,
L“!O Lau Lalz

L.oL, L, |[feSeueitsis2d

L“m Lan La,g
Law Laao La2|
Lazz Lagx Laza

be a set super matrix semivector space of refined labels over S =
{ae 5Z+ U 3Z+ U {0}} cQ U {0}. DefineT:V — W a set
linear transformation of refined label set super semivector
spaces as follows.

L, L, L,
L, L L,
L, L. L,
T(L,, L, L,
L, L, L,
L, L, L,
L, L. L.
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Lal Ay La7 a0 a3 Lals La]‘]
= L37 Las Lﬂs Lan Lam Lan Lazo ’
de a6 L“o L‘llz LaIS a8 L"-21

and

-

i ol N

[y
S
o
E3
9
o

£

T(

S
3

aificilolle

&
N
S
©
I~

| o ol B o el

®
9
>
o
5
o
©
®

T is a set super linear transformation of set super linear
semivector spaces of refined labels defined over the set S <

Q" u {0}.

Example 5.57: Let

La, Lax Lals

L, L, L |[L, |L, L,|L, |L,]

L, L L ||L, |[L L, |L, |L,
V= L L, L[|k, |L, L. |Li L

Lz15 La]z Law Lam La” Lam Law Lazo

L, L, L, ||L, |L, L, |L, |L,

L, L, L_| _
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&

- -

©
By

o
£

©
o

Lﬂ. € LQ* {0} ;

1<i<25

®
>

i i el

®
<3
&
®
EY
IS
3
[
)
3
o
K
=
S
=3

o
3
3

S s

be a set super matrix semivector space of refined labels over the
set S ={ae 3Z+u {0} U 2Z+}.

Defineamap T : V — V given by

La, Las La,5

L, L, L,

Lﬂg LaIO Law

T I“a4 La” Lam

La5 La,z La]g

Lﬂ@ Lﬂls Lazo

L, L, L,
L |L, L, L, 6 L, L, L,
= La2 ag ag ay Ay a7 a2
La3 ag ay a a5 ag a1
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N

<

-

RN

La La La La

7 b S S
e 3 < <
- =

as
s
420

L
Lam
L
L

s

a4
a4
a9

Ay

a3
a3
a8

a
ap
a7

a3

axn

a4
ap
a6

a1

—

a
a0
a5
ay,
s
a9
a0
a1

ay
2
Ay
a
A6
a7

L,
Las
Lan
LaIS
2 Lazz
210 Lam
ap L
ap L
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a
ag
A
a7

La

Lalé

L32|
L
L
L

- A

3

—

La Lﬂ

7 I T <
DY &l < <
= =

La La. La La

~ ~

and



'L, L, L, |
L, L, L.
L, L L
=|L, L L.
L, L, L,
L, L, L,
La7 LaI4 La21

Clearly T is a set super matrix semivector space set linear
operator of refined labels.

As in case of usual vector spaces we can talk of a set super
matrix semivector subspace of refined labels which is invariant
under a set super linear operator T of V.

Example 5.58: Let

Lal
Laz
La
- La La La La
La 1 2 3 4
) La La La La La | a
V= Ld 5 6 7 8 1 3
L, [, L, o L, [o |
La 9 10 1 12 2 4
- La La La- La
La7 13 14 15 16
La8
Lag
Lal La4 La7 L“m Lam Lam Law
L, L, L, |L, L, |L, [L, |[L, €Ly ,:l<i<2]
Lai Las La9 Law L“H Lals Lam

be a set super matrix semivector space of refined labels over
thesetS=ae 32" U2Z"U7Z U {0}} c Q" U {0}.

214



Consider

L,
L,
La
- a Lf'l'a La La
La 1 2 3 4
) La La La La La La L L ;
W — La ) 1 3 ) 5 6 7 8 a; Qtuf0)’
L ' La2 a, La9 Lam La“ Lalz 1<i< 16
- La La La La
La7 13 14 15 16
L,
L,

c V is a set super matrix semivector subspace of V of refined
labels over the set S. Define a set super linear transformation
T:V—->Vby

L) L
L, L,
L, L,
La4 La4

T| L., || =L,
L, L,
L, L,
Las La8
Lag Lag
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La\1 La2 La3 La4 La] La\2 I‘a3 La4
L, |L, |L L, L, L, [L. [L,
T La9 Lalu L‘ln L“w ) L% L“w Lall L‘llz
Lan Lam LaIS L“lé Lals L“14 Lals Lam
and
Lal La4 L37 La]() Lals Lalf) Lal‘)
T Laz Las Lag Lan Lﬂm Lﬂn Lﬂzo =
Law Las La9 Lalz Lﬂls Lals Laﬂ

0 0 0j0 0]0]0
0 0 0[O0 0(0]0].
0 0 0/O0 0j0]0

T is a set linear super operator on V.
Further T (W) € W. Thus W is invariant under the set
linear super operator of V.

Now we proceed onto define the notion of semigroup super
matrix semivector space of refined labels over a semigroup S C
R* U {0}.

DEFINITION 5.7: Let V be a set super matrix semivector space
of refined labels over the set S < R* U {0).

If S is a semigroup of refined labels contained in R* U {0}
then we call the set super matrix semivector space of refined
labels as semigroup super matrix semivector space of refined
labels over the semigroup S < R™ U {0).

We will illustrate this situation by some examples.
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Example 5.59: Let

L, L,
L, L,
L, L,
™ |fL, L |L L, L,
La La 1 2 3 4 5
! ' Lﬂ La LCl La La
V: La La 6 7 8 9 10
’ v ’ La La La Lil La ’
La La i 12 13 14 15
v e llL L, |L L L
Lal3 Lal4 16 17 18 19 20
L315 Lalﬁ
Law L“ls
(L, L. |l Ly |L, [L, L)[L, €Ly, s1<i<20}

be a semigroup super matrix semivector space of refined labels
over the semigroup S = 3Z" U {0}.

Example 5.60: Let

M= (L, L |L, L, L_|L, L |L,)
'L, L |L, L, L_|L, |
L, L |L L. L J[L,
L, L, |L, L, L, |L,||L, €Ly ,1<i<30
L, L_J|L, L L, |[L,
L, L, |L, L, L, |L,
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is a semigroup super matrix semivector space of refined labels
over the semigroup Z* U {0} under addition.

It is pertinent to mention here that the semigrioup must be only
a subset of R" U {0} but it can be a semigroup under addition or

under multiplication.

Example 5.61: Let

_]“aI Laz ]“a3 1
L, L. L,
L, L, L,
L, L. L |[L, L, |L, |L. L, L.
L, L. L |lL, L, |L, |L. L, L
&= Lam La” I‘alx ’ I‘a3 La7 La“ I‘al5 Lalg I‘az3 ’

L, L, L ||L, L, |L,|L, L, L.
Lazz La23 I“a24
L, L, L,
L, L, L,

L, L, |L,

L, L, |[L,

L L |L [ ! Sis30

L, L, [L,

be a semigroup super matrix semivector space over the

semigroup L . under addition.
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Example 5.62: Let
L

4

T=4|L, L,|L, (L, L, ).

Lﬂz Laz LﬂA

Las Lﬂe

La, Laz La3 de La5 Ld(,
L |L, L, L |L L
L, |L, L, L, |L, L, ||L €Ly ,:1<i<30
L, |L, L, L_|L_ L,
L |L, L L_|L, L,

be a semigroup super matrix semivector space of refined labels

over S=L . o S a semigroup under multiplication.

We can define substructure which is left as an exercise to
the reader.

However we give some examples of them.

Example 5.63: Let

Lﬂl Laz Las
La4 La5 I“a6
L, L, L,
L., L, L,
V= Lﬂlz Lam LaIS ,|:L2‘1 as a3 a4y as Las i|,
Lam La” Lalg La7 ag ag ajn ap Lalz
L, L. L.
Lazz Laza Laz4
Lazs Lﬁzs Lﬂz7
_La28 L, L, |
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L |L, L |L, L, L,
La Lél La La Lél Laq
La‘ La; 7 8 9 10 11 12 La cL X :
b La Lél La La Lél La ‘ Q U(O)
Laz L214 13 14 15 16 17 18 1<i<30
Law Lazo Lﬂzl Lazz Lazs Lﬂ24
L'd:s L“z@ L'dz7 Ld 3 Ldz9 Ldzo

be a semigroup super matrix semivector space of refined labels
over the semigroup S = LQ+U o0 Take

0}
La I"a0 La
W = 1 b 3
La7 Lag Lag

Lazs Las

cV,
Lﬂlo Lal 1

Laﬁ:l L"‘l L"‘B Laa ELR*u(O);

L ||\L, L, || 1<i<12

ap

W is a semigroup super matrix semivector subspace of refined
labels over the semigroup S = L 9 ol Take

Lal Laz La3
a, La5 Laé
Ld7 Lax Lag
L, L, L.
oo J|Lw L Ly L, | L, ||L, €Ly Y
L, L L [|L,|L, || 1<i<30 |
L, L, L,
L, L, L,
Laz5 Lazh La27
L, L. L_

is a semigroup super matrix semivector subspace of refined
labels over the semigroup S.
Clearly

Lal a3

BNW-= L L LaieLR+U{()};1S1£4 cV
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is again a semigroup super matrix semivector subspace of
refined labels over the semigroup S.

Example 5.64: Let

Ldl Luz La3
L, |L, L, |[L, |L, L,|L, L, ]|L,
m=.L,|L, L, ||L, |L, L, |L, L, [L, |

L, |L, L. ||L.|L. L, |L, L, |L,.
La13 Lam LaIS |

L, |L, L, |L,

La5 La(, La7 La8

L |L L |L L, €Ly ,:1<i<I8
L, |L,, L, |L,

be a semigroup super matrix semivector space of refined labels
over the semigroup S = L } under multiplication. Consider

Q U0
_Ld| Laz La; ]
L, |L, L,
Wi=4L, [L, L, ||L el  :l<i<I5;icV,
Lal() L"-n L“lz
Lal3 Lam Lals
La La La La La La
1 2 3 4 5 6 La. = LQ+ o
w,={L |L L |L L, |L, * vt v
7 8 9 10 11 12 1Sl <18
Lan L“m Ldls Lale Lan Lals
L, |L, L, |L,
d W La— La La La
an — 5 6 7 3 . .
3 Lo|L L, L, Lﬂ‘ IS LQ+U(O},1 <i<16
LaIS Lam Lab Lam
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C V be semigroup super matrix semivector subspaces of V of
refined labels over S. Clearly Win'W; =¢if i#j,1<1,j<3.

3
Also V = UWi. Thus is a direct union of semigroup super
i=1

matrix semivector subspaces of refined labels over L . o = S.

Example 5.65: Let

Lal Laz

La3 La4 —La, Lal Lal Lal Lal La, ]

L, L, ||t L, L, L |L. L,
M=t L ||t |L L, L |L L, |

L, L. |lL,|L, L, L, |L L,

L, L ||L |t L. L |L L,

LaB La|4 ) _

(L, |L, L, L, |L, L, L, Laz)‘LaieLRw(O);lSiSM}

be a semigroup super matrix semivector space of refined labels

over the semigroup S = Lo oo

Consider
~ L L -
Lax La4 _Lal La, La, Ld| Ld] La, ]
L. L, oj{o0o o OO0 O
p=<L, L ,[|]OJO O O] 0 O
L, L, o|lo0o o OO0 O
L, L,||L.|L, L, L,|L, L,
L, L. | i
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La, La] Lal Lal Lal Lal
L (L, L, L |L, L,
Py= Lo | Lo Lo Lo Lo LojlL, el 1<is<5
La4 La4 La4 La4 La4 La4
La5 L35 Las Las La5 La5
cM
and
p:={(L, |L, L, L,|L, L, L, L)
_La] La, La, La, La, La]_
0/0 0 0[]0 O
010 0 0)0 0L eL, ;1<i<2icM
0/0 0 0[]0 O
0/0 0 0[]0 O

be semigroup super matrix semivector subspaces of M.

We see
PinP,=
La. La, La, La] La] La] ]
0 0 0 0 0 0
0 0 0 0 0 0 L, e LRw(
0 0 0 0 0 0
La5 La5 La5 La5 La5 La5

0};i=1,5

is again a semigroup super matrix semivector subspace of M.
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'L, |L, L, L |L L]
00 0 0|0 O
P,AP;=d 010 0 010 0| er. tcM
0j0 0 0|0 O
0j0 0 0|0 O
and
P;nP, =
'L, |L, L, L, |L, L,]|
0/0 0 0|0 O
010 0 010 0L eL. M
0j/0 0 0|0 O
0j/0 0 0|0 O

are again semigroup super matrix semivector subspaces of M
over the semigroup S = Lo oo
Weseethus i Py #¢;ifi#j;1<1,j<3.ButM= OPi
i=1
so M is a pseudo direct union of semigroup super matrix
semivector subspaces of M over S.

Example 5.66: Let

L

(L, L., L, ),

L, L,

L, L, L,

4
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be a semigroup of super matrix semivector space of refined
labels over L. . =S.

Consider

ap, ’(La, L“l )

L,

La, LZl| L'd|

Lzl, La,

La‘ IS LR*U(O)} cPandT={L , c S be a subsemigroup of

oo}
S.

We see M is a semigroup super matrix semivector space of
refined labels over T of P called the subsemigroup super matrix
semivector subspace of refined labels over the subsemigroup T
of S.

Now we can give the related definition.

DEFINITION 5.8: Let V be a semigroup super matrix semivector
space of refined labels over the semigroup S. Let W (< V) and
P (c S) be subsets of V and S respectively, if P be a
subsemigroup of S and W is a semigroup super matrix
semivector space over the semigroup P of refined labels then we
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define W to be a subsemigroup of super matrix semivector
subspace of 'V refined labels over the subsemigroup P of the
semigroup S. If 'V has no subsemigroup super matrix
semivector subspace then we define V to be a pseudo simple
semigroup super matrix semivector space of refined labels over
the semigroup S.

Interested reader can supply examples of them.
We can define linear transformation of semigroup super matrix
semivector spaces of refined labels provided they are defined
over the same semigroup. This task is let to the reader, however

we give some examples of them.

Example 5.67: Let

La] Laz LCl3
L, L L
L, L L,
N | (L, L, L L, L |L,|L, L, L, L)
Ila"J Lall Ldlz 1 2 a3 4 S5 6 7 ] 9 10
Lﬂls Lam Lﬂls
Lﬂls Law LaIB
[ Lal Laz Lii3 Lﬂ] Luz L‘d3 ]
L, L [L, L, L. |L,
L'd Lil La La LEI La
L vl v % B YL el :1<i<I8
L'dz L'd3 La] Lﬂ] Li\3 L(’lz 8 U{O}
Lal Laz La] Laz La3 La3
Le12 Laz La3 Laz L% L211

be a semigroup super matrix semivector space of refined labels

over the semigroup S = LQ+U o
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'L, |L, L, L, |L, L, |
L L, L L |L L
W= Lal3 La14 La15 La16 La]7 La18 ,
L. |L, L L |L, L,
L, |L, L, L, |L, L,
L |L, L, L |L, L.
La, a, La3 a, La5 La6 La7 Lag ay
oL
L, L,
L., L, ||IL €L 31136
L, L,
L, L,

be a semigroup super matrix semivector space of refined labels

over the same semigroup S = L 0 o0

Define T : V— W as follows:

L, L, L,
L, L, L,
La La La

T 7 8 9 —
Lam Lall Lalz
L-”]s Lam Lals
Lal6 Lﬂw Lals
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L,
LaIO

A ap a3 Ay a5

7((L, L, L, |L, L, L, |L, L, L, L,))=
'L, L, |
La3 La4
La5 La6
La7 Lax
L, L,
and ) _
L, L, |L, L, L, |L,]
L, L, |L, L L |L,
L, L L, L, L. La,
T L; L; L; L; L; L, )
L, L |L L L |L,
L, L |L, L, L, |L,
'L, L, |L, L, L, |L,.]
L, L |L L, L |L,
L, L |L, L L |L,
T|L, L |L, L, L L.
L, L, |L, L, L, |L;
L, L |L, L, L, |L,

It is easily verified T is a semigroup super matrix
semivector space linear transformation of refined labels over the
semigroup S.
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Example 5.68: Let

-
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B
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K3
3

. L. L. |(L,
’ Lam

&
R

=

3
4
]

e

L, L,
Lall Lalz

L, L, L, |L,
L, L, L. |L,
L, L, L., |L.,
L. L, L, L,

L, L, L,
Lalz La]4 Lals

L, L,
Lalﬁ L“‘17

L3<)
Lﬂls ’

be a semigroup super matrix semivector space of refined labels
over the semigroup S = L o oo DefineamapT: V>V

| =

S s s

=

el el lail sl

il

| o o ol I o e e

a3
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Lag Lall Lal3 LaIS
L. L, L, |L, ’
Lazs La27 L“zt) Laso



La a a a a a La La La
(I e I 1
'L, 0 L]
L, L, L,
L, L, L,
L, L, L.
L, L, L,
L, L, L,
L, L. 0
L, L, L,
L, L, L,
0 L, L,
and ) _
La] La2 La3 La4
L, L, L, |L,
T L39 Lam La“ Lalz -
L, L, L, |L,
L, L, L, |L L, L, |L L_|0

It is easily verified T is a semigroup super matrix
semivector space linear operator on V.

Now we proceed onto give examples of the notion of

integer semigroup super matrix semivector space of refined
labels.
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Example 5.69: Let

L

ay

L

ay

Laz Lax

. = x La La La La
V= La . | 1 5 6 7 ,
' ' ' L“x Laﬁ) L“m

Lall LaIS L“M

o

o ol

be an integer group super matrix semivector space of refined
labels over the semigroup S = Z" U {0}.
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Example 5.70: Let

L, L,

L, L

L, L,

La4 Lals I Ldl Laz La3 La_, Las |

L, L ||L |L L, [L L,
v=JlL, L, ||L, |L, L. |L, L, |

L, L |[|L, |L, L, |L, L.

L, L. |l |L. L. L. L.

I‘a9 Lam ) )

L, L,

L, L,

L, | L,

L, [ L, |[L, €Ly, 1<i<25

L, |L,

be an integer semigroup super matrix semivector space of
refined labels over the semigroup 3Z* U {0}.

Substructures, linear transformation can be defined as in
case of usual semigroup super matrix semivector spaces of
refined labels.

Now we proceed onto define the notion of group super matrix
semivector spaces of refined labels over a group.

DEFINITION 5.9: Let V be a semigroup super matrix semivector
space of refined over the semigroup S = LQ+ ; (L,.) under

multiplication. If S is a group under multiplication then we
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define V to be a group super matrix semivector space of refined
labels over the multiplication group L o OF L.

We will first illustrate this situation by some examples.

Example 5.71: Let

L, L,|L, |L, L, L, L,
L, L |L |L,6 L L L_
La, a, La3 La9 L.a\14 La,5 Lam La” La,x
v=drL L ||L, L, |L,|L, L, L. L.|
La; ag La5 La” ]“a16 La20 I“az3 ]“a24 La25
| L, L. |L |L, L, L. L_
La7 La|3 Lam La22 La25 La27 Lazg
(L., L. L|L,|L, L, |L, [T, |t e Ly, s1<i<2s)

be a group super matrix semivector space of refined labels over
the multiplicative group LQ+ .

Example 5.70: Let

Ed

~
S

9
W)

o
&

o~
>

a9 a0

o »
E3 <

S
°

il o Nl o ol ol o
el ol Nl el ol Nl olle
l\.—|
e

-

L 20 ay)
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L, L, L, L, L, L, L L L~
L L, L L L L L L L
L, L, L, L L L L L L_
L L L L L L L L_L_
L L L L L L L L L
L, L, L L L L L_L_ L,

L eL ,;ISi£54}

3 RYU{0

be a group super matrix semivector space of refined labels over
L. the group of positive refined labels.

We can define as a matter of routine the substructures in them.
Here we present them by some examples.

Example 5.73: Let

V= ’(Lal Laz Las La4 Las Laé La7 Las Lal) Lam)’
La La La La1 La La La
ot T T |L el s1<i<12
Las LaA Lae La7 Las La9 Lam l A

be a group super matrix semivector space of refined labels over
the group G= L o

Now consider
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La
L, €Ly pl<i<l2

c V is a group super matrix semivector subspace of refined
labels over the group G = L o under multiplication.

Example 5.72: Let

La1 La2
La3 La4
v=4L, L, |

La7 Lag

L, L,
Lal L32 a3 a, Las La6 La7 La8
'L, |L, L, L, |L, L,]|
L |L L, L |L L
L, |L, L, L, |L, L, |[L,eL. ;
L, |L, L, L, |L, L[| 1<i<21
L. |L, L, L, |L, L,
L |L, L. L |L, 6 L_

be a group super matrix semivector space of refined labels over
the group G= L o L o &roup under multiplication.
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Consider

_La] Laz_
L, L,
P=q L, Ly lIL, el ,;1Si<10; cV,
L, L,
La9 Lalo
L L, L |L, L, L |L |L L el ,;
P2= 1 2 3 4 5 6 7 3 i R"U0} c V
Lat) LaIU Lall LaIZ Lan LaM Lals Lam ISIS16
and
'L, L, L, L, |L, L, |
Laz La7 Las Lao LaIO Lan
L, L, L L |L L [L eL. . ;
P3 — 3 8 12 13 14 15 i uf0} c V
LﬂA LaQ Lﬂl% Lalﬁ Law Lﬂls 1<i<21
Las Lalo Lﬂ|4 Law LaIQ Lazo
Las Lall LaIS L“lx Lazt) Lazl

be group super matrix semivector subspaces of refined labels of
V over the multiplicative group L o

We see

3
V=|JP:PinP =0if i#j, 1<i,j<3,

i=1

thus V is a direct sum of group super matrix semivector
subspaces of refined labels of V.
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Example 5.75: Let

L, L L |L,

Lal a, La5 La6 La7 Lﬂx
La” Ldm La,5 Lam

'L, |L, |L, |L, L,
Laﬁ La7 Lax La9 Lam
L |L, |L, |L, L,
L |L.|L, |L, L,

ST

La3 La4

L L,

L, L,

L, L, (L, |L, L, |L, L, |L, |L,)

La” Lap

L, L,

L,. L,

L, L,

L, ELR+U(O);1SiS2O} be a group super matrix semivector

space of refined labels over the group G = L o L o = Gisa

multiplicative group.

Consider
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L

a6

L)

L, L,

L el .;
L L LRI oY,
Lo 1<i<7

L, |L,
Hi= g (L

La, Laz La3 La4
LaS La6 La7 Las
L=y Lo (L,
L, L L. J[L.

H= (L L,),

Bl

L, 0[0 0]0

1
Ia
=

= l‘-‘r‘ wr‘

H, =
4 L, eL

1<i<18

R*U{0}’

o (L, |L, L, |L, L,_|0]L,)

mr‘ ﬁr‘ =

co- o
D[_‘ D[_‘ D[_‘ Nr‘ b’r‘ r;r‘ c;r‘ S'—‘r‘ =

'mr‘

and
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L eL,.

u{()};

Hs = {(L L, L |L, L,.[L,|L.)

13137}g

V be group super matrix semivector subspaces of refined labels
of V over the group L o -

Wesee=H nH =¢if i#j,1<1i,j<5. Further V =

5
UHi ; thus V is the pseudo direct union of group super matrix
i=1
semivector subspaces of refined labels over the group L o= G.

We can define group super matrix semivector spaces V and
W of refined labels linear transformations provided V and W
are defined over the same group G. We can also define
subgroup super matrix semivector subspace of refined labels of
V over the subgroup of G.

We will illustrate this situation by some examples.

Example 5.76: Let

L

)

L, ), L |

L,

L, L, L,

L, L,

[ |
V= L, |L, (L,

3 4
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be a group super row semivector space of refined labels over the
group G = L. under multiplication.

Consider
Lal Laz
W= Lﬂ} La4 ’(La,

La| IS LR+U{O};1SiS9} c V; consider H = LQ+ C LR+ =G, L

L

a

L

a3

Laq )

L,L, L,

L L,

o
= H is a subgroup of G under multiplication.

We see W is a group super matrix semivector space of refined
labels over the group H, thus W is a subgroup super matrix
semivector subspace of refined labels over the subgroup H of
the group G.

If G has no proper subgroups then we define V to be a
pseudo simple group vector space of refined labels over G.

Likewise if V the group super matrix semivector space of
refined labels over the group G has a subspace S which is over a
semigroup H < G we call S a pseudo semigroup super matrix
semivector subspace of V over the semigroup H of the group G.

We will just illustrate this situation by some examples.
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Example 5.77: Let

L,
L,
L,
LM
L,
Vel b T L e, ),
L,
L,
L,
L,
_La] I“az I“a3 La4 La5 Laﬁ Lal3_
L, L |L [L L, L L,
L,, L, |L, |L, L, L, |L, ||L, €Ly, 1<i<35
L, L_J[L |L, L, L_JL,
L, L, |L, |L, L, L.|L.,

be a group super matrix semivector space of refined labels over
the group G= L o under multiplication.
Take

P

I
—y
=
I
=
c
=
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a9

be a pseudo semigroup super matrix semivector subspace of
refined labels of V over the semigroup

under multiplication.

n =0,1,2,...,oo} - LQ+

It is interesting to note that this V has infinitely many pseudo
semigroup super matrix semivector subspaces of refined labels.

The following theorem guarantees the existence of pseudo
semigroup super matrix semivector subspaces of refined labels.
Recall a group G is said to be a Smarandache definite group
if it has a proper subset H — G such that H is the semigroup
under the operations of G. We see LQ+ and LR+ are

Smarandache definite groups as they have infinite number of
semigroups under multiplications.

THEOREM 5.1: Let V be a group super matrix semivector space
of refined labels over the group G = LQ+ (or L, ). V has

infinitely many pseudo semigroup super matrix semivector
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subspaces of refined labels of V over subsemigroups H under
multiplication of the group G = L o (or L. ).

Interested reader can derive several related results. However we
can define pseudo set super matrix semivector subspace of
refined labels of a group super matrix semivector space of

refined labels over the multiplicative group L o and L,

We will only illustrate this situation by an example or two.

Example 5.78: Let

a; a, a3
V= a, as ag |
a; ag ag
a; La, as ay as ag La7 Lax
a9 a0 Lall ap a3 Lam a5 16
La, Laz La3 Ly as ag a; ag
L, |L, L, |L, L, L,
Lﬂ7 Lﬂs La9 LaIO Lan Lalz
L |L L L L L
a a a a a a .
L LT L e L, sl<i<le
La7 Lax Lat) Lam Ldll Lalz
Lal Laz La3 La14 Las L36
_Lﬂ7 Las La9 LaIO Lan Lalz B

be a group super matrix semivector space of refined labels over
the multiplicative group G = L,

n =O,1,2,...}g L
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P is only a subset of LQ+ =G.
Take

L, oo, |ojL, L, O

L. ||L,|0 0L, |OL, L, (O

L, [00[L, 0] 0 00

L, €Ly oi=12...9.121415} V.

M is a set super matrix semivector space of refined labels

over the set P < G. Thus M is a pseudo set super matrix
semivector space of refined labels of V over the set P of the
multiplicative group G.

This pseudo set super matrix semivector space of refined
labels can also be defined in case of semigroup super matrix

semivector space of refined labels over the semigroup Lme)

or LRMO).

The task of studying this notion and giving examples to this
effect is left as an exercise to the reader.
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Chapter Six

APPLICATION OF ALGEBRAIC
STRUCTURES USING SUPER
MATRICES OF REFINED LABELS

Applications of super matrix vector spaces of refined labels
and super matrix semivector space of refined labels is at a very
dormant state, as only in this book such concepts have been
defined and described. The study of refined labels is very
recent. The introduction of super matrix vector spaces of
refined labels (ordinary labels) are very new. Certainly these
new notions will find applications in the super fuzzy models,
qualitative belief function models and other places were super

matrix model can be adopted.
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Since DSm are applied in several fields the interested
researcher can find application in appropriate models where
DSm finds its applications. When one needs the bulk work to
save time super matrix of refined labels can be used for
information retrieval, fusion and management.

Further as the study is very new the applications of these
structures will be developed by researches in due course of time.
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Chapter Seven

SUGGESTED PROBLEMS

In this chapter we have suggested over hundred problems some
of which are open research problems, some of the problems are
simple, mainly given to the reader for the better understanding
of the definitions and results about the algebraic structure of the
refined labels. We suggest problems which are both innovative
and interesting.

1. Obtain some interesting properties about DSm super row
vector space of refined labels over L.

2. Obtain some interesting properties about DSm super
column vector space of refined labels over Lg.

3. Find differences between the DSm super vector spaces of
refined labels defined over Lg and Ly,
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4. Let V be a super row vector space given by;

L, |L, L, |L

a ay a7 a0

v={L, |L, L, |L, ||L, eLl<i<12};

a as ag an

L |L L |L

a3 ag a9 apn
a) Find a basis of V over L.

b) What is the dimension of V over Li?
¢) Give a subset of V which is linearly dependent.

s Lev={L, L, L, |L, Las)‘LaieLR;lsiSS} be

a

a super row vector space of refined labels over the field Lg.
a) Find a non invertible linear operator on V.

b) Find an invertible linear operator on V.

¢) Find the algebraic structure enjoyed by L, (V,V).

d) Does T : V — V be such that ker T is a hyper subspace

of V?
L]
LClz
L213
Lzl,
6. Let V = L; L, € LR+U(()];1S1S8 be a super column
L
L,
Lax

vector space of refined labels over Lg.

Study questions (a) to (d) described in problem (5).
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7. Obtain some interesting properties about super row matrix

vector spaces of refined labels.

| ol

Let V = 2 | |L, € Lgs1<i<ll

o ol o

=

vector space of refined labels over Lg.

be a super column

a) Write V as a direct sum of super column vector

subspaces of V over Lg.

b) Write V as a pseudo direct sum of super column vector

subspaces of V over Lg.

¢) Define a linear operator on V which is a projection.

d) Find dimension of V over Lg.
e) Find a basis of V over Lg.
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8. Let

Lal Lao La3 Ld4 La5
L, L, |L, |L, L,
L, L |L [L L.
w =q L, L, |L,|L, L,|IL eLl<i<35
L, L. |L,|L, L.
L, L, |L,|L, L,
Lag, La32 La33 LaM La35

be a super matrix vector space of refined labels over the
field Lg.

5
a) Find subspaces W; in V so that V = UW is a direct
i=1
sum.
b) Find a basis for V over Lg.
¢) Find dimension of V over Lg.

d) Suppose M =

0 o0 |L,
0 0 (L, |0

L, L, [0 ]|L 0

L, L, | 0] 0 L L eL:l<i<I5; ¢
L, L |oO0 (L, 0

L, L, |0 |0 L

o oL o o

W be a super matrix vector subspace of V over Ly find
T:W — Wsuchthat T (W) c W.

e) Is T invertible?

f) Find a non invertible T on W.

g) Write V as a pseudo direct sum.
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10.

11.

Lal La, La3 La4
Lai La(, La7 La8

Let P = Lz\; L, L |L L, €Lg;1<i<16 be a
L, |L, L. |L.,

super matrix vector space of refined labels over Lg.

a) Find a basis for P over L.

b) If Ly is replaced by Ly what will be the dimension of P?

¢) Write P as a pseudo direct sum of super vector
subspaces of refined labels over Lg.

La] La2 La3 La4
L, L, L, |L,
LeeM=4/ L, L, L, |L, ||L eL;1<i<20; be
L, L L_|L,
La,7 Lam La,9 A5

a super matrix vector space over the refined labeled field
Lg.

a) Prove M is infinite dimensional over Lq.

b) Write M as a direct union of super matrix vector spaces.
¢) Find S = L,  (M,M); what is the algebraic structure

enjoyed by S.

Let V = L, €Ly;1<1<9:be a super

matrix vector space over Lg of refined labels.
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L, L,
L, L,
L, L,
L, L, L, € Lg;1<i<I4; be a super matrix
L, L,
L. L,
L. L,

vector space of refined labels over Lg.

a)

b)

c)

d)

g

Define a T : V — M so that ker T is a nontrivial
subspace of V.

0 00
Definep : V— M such thatkerp=|0 0|0

0 00
Find the algebraic structure enjoyed by S
=Hom, (V.M)=1L,_ (V.M).

What is the dimension of M over Li?

e
|

o
o

o O
oS O

Findm : M — V so that ker n #

S O O O
S O O O

Find B= Hom;, (M,V)=1L, (M,V).
Compare B and S.
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12.

13.

14.

Let
L, L, L, |L, L,
Laé La7 Lax Lat) Lﬁm
La La La La La
M = 1 12 13 14 15 La ELR,1S1S30
Lam L"‘H Lalx La|9 Lazo I
L"‘zt Lazz L323 Laz4 Laz5
Laze Lﬂ 7 Lazs L329 Lﬁ%o

be a super matrix vector space over Lg.

a) Let
0L, L,
0 0
L, L, L |0 0
P= : : : L, eLyl<i<lily ¢

0 o o0 ]|L, L
0 0 O0|L
o o oL, L

M. FindT: M — M so that T (P) c P.
findm : M — M such that | (P) ¢ P.

La La La
b) LetV = ! s
L, L L

a6 ag
a super row vector, vector space of refined labels over
Lg.
1) Define a linear function f: V — Li.
ii) Is ker f a super hyper space?

L

a3

L

ay

LaleLR;ISiSS} be

Obtain some interesting results on super matrix vector space
of refined labels over Lg.

Let V = Lg be a vector space (linear algebra) over L.
Prove dimension of V is infinite over L,
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15.

17.

18.

19.

20.

21.

Prove V = Ly is finite dimensional over L.

L, € Lg;1<i<9; be a super

matrix vector space of refined labels over Lgr. Prove V is
not a super matrix linear algebra of refined labels over Lg.

Prove a super matrix vector space of refined labels over Ly
can never be a super matrix linear algebra of refined labels
over Lg.

LeaeM={(L, | L, |L, L, L,)[L, eLgl<i<s)oe

a super row vector space of refined labels over Lg. How
many such super row vector spaces of refined labels can be

constructed using 1 X 5 super row vectors by varying the
partition on (La] L, L, L Las)?

a, ay ay

Prove those classical theorems which can be adopted on
super matrix vector space of refined labels.

Let

Lal3 Lam LalS Lals Lazn

be a super row vector semivector space of refined labels

over LR*u(O} .

a) Find a basis for V over LWU o0
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b)

Find a set of linearly independent elements of V which

isnot a basisof Vover L , .
RTU{0}

¢) Find a linearly dependent subset of V over the semifield
RYU{0} °
d) Prove V has linearly independent subsets whose
cardinality is greater than that of the basis.
I La, Ldz Lzh Ld4 ]
L. L, L, L,
Lﬂ9 Lalo Lall Lﬂlz
La Lu La 5 Lu
21. Let V = ° " s “1IL. eL . 1<i<32

L L, L L, G R
LaZI Lﬂ?z Lazs Lﬂm
Lazi Lﬂzo Lan Lazs
Lazt) a30 Lazl Lasz

be super column vector, semivector space of refined labels

over the semifield LR+

a)

b)

)

d)
€)

f)

uf0} "
Find two super column vector semivector subspaces of

V which has zero intersection over LR+u o0

Write V as a direct sum of super column vector

semivector subspaces over L_, .
R*U{0}

Write V as a pseudo direct sum of super column vector

semivector subspaces over L_, .
R*U{0}

Find a T : V — W which has a non trivial kernel.

Find an : V — V so that the 1 is an invertible linear
transformation on V.

Canm : V — V be one to one yet " cannot exist?
Justify.
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K

e

®
By

© ©
By S

&

| o o o o

22. Let V =

=
m
=

;1<1<13} be a super column

ol e

semivector space of refined labels over L oo

a) Find a basis of V over LQMO}.

b) Can V have more than one basis?
¢) Find dimension of V over L Ul

{0} °

0} "
d) Write V as a pseudo direct sum of super column

semivector subspaces over L , .
Q" u{0}
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=

&

C o

©
S

oho

L

e
m
.

e) Suppose W = ;1<1<7; cVbea

g
o
£
2

C o

0
L.
0

a7

super column semivector subspace of V of refined

labels over L L

1) FindaT:V — Vsuchthat T (W) W.
i) FindT;:V — V suchthat T; (W) ¢ W.
f) Find a subset of V with more than 14 elements which is

a linearly independent subset of V over L L

'L, L, L L]
La5 La6 La7 Lag
L, L L L
23. Let V = Lan LaM Lals La,ﬁ Lai € LRw(o;;l <i<24
L, L L L.
L, L L L

be a super matrix semivector space of refined labels over

LQ*U(O) :
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a) Is V finite dimensional over L 0 u(0) ?

b) Can V have finite linearly independent subset?
c) Can V have finite linearly dependent subsets?
d) Find Hom, (V,V) =S.

i

Qtuto
e) What is the algebraic structure enjoyed by S?
f) Is S a finite set?
g) Givetwomaps T:V—>VandP:V — Vsothat TP =
PT.
h) FindT;:V — LQ+U{0}.

D IFK={fIf:V->L,

K?
j) Does K have any nice algebraic structure on it?

Uiy }» What is the cardinality of

. Let
Ld| Ld2 La3 L44 La5
La6 La7 Las Lag Lam
V = L (L |L |L. L. L, €L, :15i<20
L, |L., |L., L., L.,

be a super matrix semivector space of refined labels over
L . } and

a

ol o
ol I o
ol I o

el TN Il
el i ol ol Nl
el ol Nl Nl
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be a super column vector semivector space of refined labels

25.

26.

r L .
over L. .,

a) Define T : V — W such that T is an invertible linear
transformation on V.

b) Prove W is an infinite dimensional space.

c¢) Ifm:V — W does 1 enjoy any special property related
with dimensions of V and W?

d) Can P : V — W such that ker P is different from the
zero space?

e) What is the algebraic structure enjoyed by
Hom ) (V,W)?

U0

Ly

Let V be a super row vector space of refined labels over Lg;
whereV:{(La] L, |L, || La“) ‘Lai € LR;lﬁiSn};
a) Find Hom, (V,V).

b) Is Hom, (V,V)a super row vector space?

¢) Is Hom, (V,V)just a vector space of refined labels?

Justify your claim.

Let
'L, L, |L, L, L]
La(, La7 La8 Lag Lalo
V=4L, L L, L, L ||L, eLy;1<i<25
L. L |L. L, L.
Laz[ Laz, La23 La24 Laﬁ

be a super matrix vector space of refined labels over the
refined field Lq.
a) What is the dimension of V over Ly?
b) Does V have super matrix row vector subspace over
Lq?
c) Find a set linearly dependent elements in V over L.
d) Find the algebraic structure enjoyed by L, V.V)=

HomLQ (V,V).
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27. Let V =

28.

o

o ol

S
°

-

-
=

K
by

S
3

o
o

L, eL;;1<i<36; be

»
5

o ol I o e

®
N
2

433

&
©
=S

o ol I ol e ol I

[y
By
S

a34

o
S
3

alielNol il N
alal el ol <lNe

©
w
&
o)
53

—
—

o
w
o
By
&

a super matrix vector space of refined labels over Lg.

Find a super matrix vector subspace W of V dimension
19 of refined labels over Lg.

FindT:V — Vsothat T (W) c W.

FindP:V — Vsothat P (W) ¢ W.

Compare the super linear operators P and T of V.

What is ker T?
Find ker P and compare it with ker T.

Find a super matrix vector subspace of dim 5 of V of
refined labels over Lg.

Write V as a pseudo direct sum of super matrix vector
subspaces.

a)

b)
c)
d)
e)
f)
2

h)

Let

ay

Lal) a1
La
La

L, eLy;
1<i<24

0 ap

L
. L
as 1 L

Las Lﬂlz L“l() L“zu L

1 s a9 a3

A

be a super matrix vector space of refined labels over Lq,.
a) Find dimension of V over L.
b) Find HomLQ (V,V).
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29.

6
c) Write V = UWi so that V is a direct union of super
i=1

matrix vector subspaces of V over Lq.

6
d) Write V =UWi so that V is the pseudo direct union of

i=l1

super matrix vector subspaces of V.

L, |L, L, |L, L

ap ap as ay as

L (L, L |L L

a ag a; ag ay

Let M = L L L L L LaieLR;ISiS9

a3 a7 4 a4 a3

L |L, L |L, L

a, ag ag ay a

L, L, L,|L, L,

be a super matrix vector space of refined labels over Lg.

a) Find dimension of V over Lg.

b) Is dim V over R less than 25?

¢) Can V have a super matrix vector subspaces of refined
labels of dimension 9 over Lg?

d) Find the dimension of the super matrix vector subspace

L |0 0]0 O]
oL, L |0 O
P=4/ 0 |L, L |0 O0]|L.L.L.LeLitcV
0 0 |L, L, »
0 0|L, L,
e) Find a linear operator T on V such that T (P) c P.
f) LetM=
0 |L, L,|L, L]
L.{0 0L L,
L,o oy, L |, ., .L L, L eLg
L,.|0 O
L. 0 O
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C V, be a super matrix vector space of refined labels

over L of V.
Find dimension of M over Lg.
g FindT:V—>VsoT M)z M.

®
Ny
®
By
3
ks
o
o

®
)
©
By
o
ks

©
S
o
By
o
s

®
Ny
®
By
o
=
&
iy

30. Let V =

®
)
©
By
o
ks
o
&

®
S
®
By
®
=
o
o

Sy
Ny
®
Py
(3
=
&
iy

| ol I o o ol I o ol I o
o ol Y ol ol ol I enl ol M o
| ol I o o wnl I o ol I
o ol I ol ol ol I el ol B o

®
®
N
©
By
g
ks
&
@

—
—
ﬂr‘
=
.

e
©

W5
®

ay

5

be a super matrix vector space of refined labels over Lg.

a) What is dimension of V over Li?

L, eL,1<i<5

b) Is V of dimension 45 over Lr? Justify your answer.

00

0

0

¢) DefineT:V — Vsothatker T =

S O OO O oo O
S O OO O oo O

S O OO O oo O

S O OO O oo O

S O Ol O olo olo

d) Find P, and P, two distinct linear operators of V so that

P,P, = P, P, = Identity operator on V.

31. Give some interesting applications of super matrix vector

spaces of refined labels over Ly or Ly,
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32. Prove we cannot in general construct super matrix linear
algebras of refined labels defined over Ly or Lq.

33. Obtain some interesting properties enjoyed by integer set
super matrix semivector space of refined labels defined over
the set S =372 U 5Z" U {0}.

34. Obtain some interesting properties by group super matrix
semivector spaces of refined labels defined over LQ+ or

o
e
g

=

&
£

&

-
-
e

Y
ES

A5 A6

a0 A a2 a3 A4

=
I
1
s

=

S
3§

e

£

&
&

T
e
=
d
3
B
3
L

o

Ky
3

B

L, e LRM 0);1 <i<18} be a integer super matrix semivector

space of refined labels over 32" U 527 U {0} = S.
a) Find a basis of V over S.
b) Find integer super matrix semivector subspace of V of
refined labels.

3
¢) Write V= JW, as a direct sum.

i=1
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36. Let V=

L. |L, L,||L, | L, | L,
La4 I"a\S La(, ’ La4 I“a\S La6
L, |L, L,||L. |L, |L,

L, eLy1<1<9

be a set super matrix vector space of refined labels over

the set S = LQMO) ] LR*u(O)'
a) Find subspaces of V.
b) Write V as a pseudo direct sum of subspaces.

37. LetV =

VR
o mr‘
sl
il
f_v—|
l‘-‘r' mr‘

-

.

a9

L,
L,

L, e LR+U(0};1S1S9} be a group super matrix semivector

space of refined labels over L,. the multiplicative group.

a) Find V= UWi as a pseudo direct sum.

i=1

b) Find subgroup super matrix semivector subspace of V

of refined labels over LR+ .

c¢) Find pseudo semigroup super matrix
subspaces of V of refined labels over L, .
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d) Find pseudo set super matrix semivector subspace of V
of refined labels over L_. .
38. LetV =
oL
Lal Laz
L;.3 La4
La3 La4
L, L, .
LoL| [L, L, L,|L, L, L |L L, |L,]
L, L,
L L
La5 La6
L, L,

L ,eL.. . ;1<i< 9} be a semigroup super matrix semivector

space of refined labels over the semigroup S = L o under

U{0}

addition.
a) Write V= UW as a pseudo direct sum of subspaces.
b) Find two pseudo set super matrix semivector subspaces
of refined labels of V over S.
¢) Find T : V — V with non trivial kernel.
d) Find P :V — V so that P exists.
e) If K = :1<i<2 < V; find

u{0}

dimension of K over L ool

0} "
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39. Obtain some nice applications of semigroup super matrix
semivector space of refined labels over the semigroup

L. under addition.
R*U{0}

_La] Laz La3 LaA ]
La5 La5 La7 Las
L, |L, L, |L,
40. Let V= /L | L, L, |L |IL, eL;1<i<28; be
L |L. L, |L,
L |L, L, |L,
L |L  L_|L,

a super matrix vector space of refined labels over Lg.

a) Find dimension of V over L.

b) Find subspaces of dimensions 5, 7 and 20.

c) Write V=W,® ... ® W, where W; ’s are subspaces of V.

d) Find T : V— V so that T is an idempotent operator on
V.

e) Find T :V — V so that T exists.

41. Let
-
Laz
I“a3 [ ]“a1 ]“a2 ]“a3 ]“a4 i
e R I D
8 i A N b
’ ) La6 ]“a13 Lam Lals Lalﬁ -
La7 La” La,s Lam La|9
L, | )

be a set super matrix vector space of refined labels over the set
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42.

43.

44.

45.

S =

ne 0,1,2,...,00} c Lk.

L L
{ S - S0l

3
a) Write V= UW as a direct sum of subspaces.

i=1

5
b) Write V = UW as a pseudo direct sum of subspaces?
i=1
¢) Find two disjoint subspaces W; and W, and find two
linear operators Ty and T, so that T; (W;) < W, and
T, (W2) € Wa.
d) Find a subset super matrix vector subspace of refined
labels of V.

Write down any special feature enjoyed by the super matrix

semivector space of refined labels over L . or L, .
R7U{0} Q" u{0}

Can we have finite super matrix semivector space of refined

labels over the semifield LR+ or LQM 0 ? Justify your

U{0} }

claim.

Is it possible to construct set super matrix semivector space
of refined labels over L 0" L0} of finite order?

_Lal Laz La3 La4 La5_
L |L L, L [L,
LetP=q| L, | L, L, L, L, ||L eLyI<i<5; be
L, |L, L, L, |L,
L, |L, L, L |L,

a super matrix vector space of refined labels over the field

Lg.

a) Find dimension of P over Lg.

b) Write P = U W;, W, subspaces as a direct sum.

c¢) Can P have ten dimensional super matrix vector
subspace of refined labels over Lg? Justify your answer.
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46.

47.

48.

d) DefineT:P — Psothat T>=T.

e) Find S : P — P so that S* = (0).
f) Find hyper subspaces of refined labels in P over Lg.

Obtain some interesting properties about L, (V,L;) where

V is a super matrix vector space of refined labels over Lg.

Let V = L, eLy;1<i<8;be a

super matrix vector space of refined labels over Lr. Define
f: V — Lg so that f is a linear functional on V. Suppose v,
..., Vg are some six linearly independent elements of V;
find f (vi)); i=1, ..., 6. Study the set {f (v{) ,..., f (Vvo)}
Lg. What is the algebraic structure enjoyed by
L, (V,Ly)? How many hyper subspaces exist in case of

V?

Let V=

a integer super matrix semivector space of refined labels

over Z" U {0}.

a) Find a linear operator T on V which is non invertible.

b) Write V as a direct sum of semivector subspaces of
refined labels over Z* U {0}.
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49. Let M =

50.

oL L]
L, L. L,
L, L, L,
L, L, L,
L, L, L
L”t La: La: L, €Ly 311307 bea
L, L, L,
L L. L,
L. L L
Lazx Lazg Lam

super matrix semivector space of refined labels over the

semifield L o

a)
b)

c)

d)

oo}

Find the dimension of M over L e

Write M as a pseudo direct sum of semivector

subspaces of refined labels over L 9 ol0)”

Write M = UWi as a pseudo direct sum of super

matrix semivector subspaces of refined labels over

LQ* (U

Show in M we can have more number of linearly
independent elements than the cardinality of the basis of

M over LQw{O] .

L

a a, ay ay

L 0

a, a, as

LeteV=4[0|0 L, |O|L eLgl<i<ll} bea

a3

L L 0 |L

a; as ay

a9 a

super matrix vector space over Lg.
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51.

52.

a) Find dimension of V over Lg.

b) Write U W; =V as a pseudo direct sum of subspaces.

c¢) Is the number of subspaces of V over Ly finite or
infinite?

d) Give a linearly dependent subset of order 10.

L L L

a, a3 a,

L,
L, | O 0 L
: L eL. :1<i<7; be
L, 0 L, 0 & RT-10)

L, |L 0 0

ay a;

as

Let V =

a group super matrix semivector space of refined labels over
multiplicative group G=L_. .

a) What is the dimension of V over G?

b) Prove there exist infinite number of pseudo set super
matrix semivector subspaces of V over Lg.

¢) Prove there exists infinite number of pseudo semigroup
super matrix semivector subspaces of V over Lg.

d) Prove V is not a simple group super matrix semivector
space over Lg.

7
e) Write V= UW. as direct sum of subspaces of V.

i
i=1

6
f) Write V= UW as pseudo direct sum of subspaces of V

i
i=1

L‘d La La L‘ol L‘s\ L‘sl L‘d L‘d
1 4 7 10 13 16 19 22 La ELR;
L, |L, L, |L ‘

V= L, L, L

a Ay a7 a0 ax 1<i<24
LEI La La La Lﬂ Lﬂ Lﬂ a
3 6 9 12 15 18 21 24
be a super row vector space over Ly of refined labels.
a) What is the dimension of V?

b) Find Hom, (V,V).

¢) FindT:V — Vsothat T>=T.
d) FindT,:V — Vsothat T = (0).
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L, T[L, L ] [L, |
L ||L, ||, ||L,
L ||t ||, ||t

53. Let P = La" L L4 ’L% L ELR+U{0}?1<1<6
L ||L ||
NIRI

be a set super matrix semivector space of refined labels over
the set S = LGu‘o) uL3nU(O) uLSn .

a) Find subspaces of P.
b) What is dimension of P over S?

4
c) Express P = UPi as a direct sum of subspaces of V.
i=1
d) DefineT:P— PwithT.T=T.
e) Define T :P — Psothat T, exists.

54. Let
La La

0L, L, L, o L, |L, L,
2 3 4 La La 1 2 3
L, |0 L, L 1 = lL, 0L, L,
V: 2 3 4 , La Ld , 1 4 5
L [L, 0 L Sl PlL, L |0 L,
3 3 2 La La 2 4 6
L |[L,L L 0 L, L [L, 0

4 4 2 LaQ Lﬂlo 3 S5 6

L, e LRM 0);l SiS6} be a integer set super matrix semivector

space of refined labels over the set of integers S = 3Z" U {0} U
27".  Suppose

W:{[La] L,|L, L, L_|L

a6

L, L, L, L]
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55.

be an integer set super matrix semivector space of refined

labels over the set S =37 U 2Z" U {0}.

a) Find a linear transformation T from V into W so that T"'
exists.

b) Find the algebraic structure enjoyed by Homg (V, W).

¢) Find T, and T, two linear transformation from V into V
such that T, . T, is an idempotent linear transformation.

d) Find two linear transformation L; and L, from W into
Wsothat L, .Lo,=L;.L,butL;.L,=L;.L,#1L

Let
i La] Laz La3 La4 La5 i
L, |L, L L, |L,_
L, |L, L L |L.
L, |L, L L |L_
" L, L. Lo Lo |Lo|L, eLy -
L, |L., L., L [L,|| 1<i<50
L |L, L, L. |L_
L, (L, L, L, |L,
La4] La42 I‘a43 L’a44 La45
]"a46 La47 La4s La49 LaSO

super matrix vector space of refined labels over L orul

0)
a) Write M = UWi ; W; super matrix vector subspaces of

refined labels over L 0 u(0) of M as a direct sum.

{0
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56.

57.

58.

59.

b) Let W 0 0 |IL, €Ly o’
et W = ' v
) 0j0 0 0160 1<i<20

IN

0j]0 O O01]O

ayp A a3 a4 a5

a6 a7 a8 a9 420

0j]0 O O01]O

M be a super matrix vector subspace of M of refined

labels over L T

FindT:M — M sothat T (W) c W.
¢) What is dimension of W?
d) Find Ty, T, : M — M so that (T; . T,) (W) c W.

Obtain some special properties enjoyed by set super matrix
vector space of ordinary labels over a suitable set.

Let V= {[L

a; a, a3 a

L, L, |L, L%”La‘eLk;lsiSS}be

a super row matrix vector space of refined labels over Lg.
WiHVELRXLRXLRXLRXLR?
Justify your answer.

How many super row matrices of dimension seven can be
built using the row matrix

(L, L, L, L, L, L, L, ) ofrefined labels?

Prove or disprove that if V is a super matrix vector space of
dimension n of refined labels defined over Lz then V is
isomorphic with all super matrix vector space of dimension
n of refined labels defined over Lg.
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'L, |L, |L, ]
La4 Las La6
60. Let V=4 L, | L | L, L, €L;:1<i<15; be a super
L,, | L., | L.,
L, |L,, |L..

matrix vector space of refined labels defined over Lg. W =

L, |L L L L

L, |L, L, L, |L, [|L,€Lg;l<i<15S; be a
Lax LaIZ Lan L"’-H Lam

super matrix vector space of refined labels defined over Lg.
Isw=V?

61. Let
L
LEl
’ La La La La LEI LEI
La La La 1 5 9 13 17 21
. 1 ’ Lﬂ. La La Lﬂ Ld Lav
V: La , La La , 2 6 10 14 18 22
) : ! La La La La La‘ La
La L£l La 3 7 11 15 19 23
d ’ ‘ LEl La La LEl L‘él LZI
La6 4 8 12 16 20 24
L,
L, €L, ,:1<i<24]
and
La LZI a
w=q| " (L, L, L, L, |L, L, |L,)
Lu4 Ld Laé 1 2 3 4 5 6 7
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L L L L L
a7 ag a9 210 an A .
L eL 1124
L L L L a RYU(0}°
a3 arq a5 16 a7 a3
Law Az LaZI Lazz Lazz Laz4

be a group super matrix semivector space of refined labels

over the multiplicative group G= L ..

a) Isvz=Ww?

b) Find dimension V.

¢) FindT:V — W so that T exists.

d) FindT;:V—>WsothatT,.T;=T,.

e) Find pseudo set super matrix semivector subspaces M
and P of V and W respectively over the set B =
L% UL% cL,. suchthatM=P.

f) Definef:V — W so that f (M) = P.

62. Let
L, |La2 N N N
V = La3 L34 ay ap a;,, | >
La5 ag ag; a, as
_Lal L2|2 La3 ]
La,, Las L36
L,d7 Lag La9 La. Ld2 L,d3 de
Lam L,dH Lalz LaS Ldﬁ Lﬂ7 de
L, L. L | La; L L |L. L, e LR+U(0);1_1_24
Lleﬁ L,‘117 Lﬂlx Lan Lal4 LaIS Lleﬁ
Law Lﬂzu Laz.
L323 Laz3 La24

be a semigroup super matrix semivector space of refined
labels over the semigroup L ,  under addition.
R*U{0}
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63.

64.

65.

a) Find dimension V.

b) FindT:V —>VsothatT. T=T.

¢) FindP:V — Vso that P*=0.

d) Find M : V — V so that ker M is a semigroup super
matrix semivector subspace of V of refined labels over
the additive semigroup L. o

e) Find subsemigroup super matrix semivector subspace of
refined labels of V.

f) Find pseudo set super matrix semivector subspaces of V
of refined labels over subsets of the additive
semigroupL . - o

Give an example of a group super matrix semivector space

of refined labels which is simple.

Obtain some interesting properties about group super square

matrix semivector space of refined labels over the
multiplicative group L o

Let V={(L, L, L, L,

L, )

L, eLgl<is< 10} be a super row matrix vector space of

L.L, L,

L, L,

refined labels over Lg.
a) Find for f: V — Lg, a linear functional defined by
f(L, L, L, L, |L, L, L, |L, L,|L,)
= Ly, theker £,
b) Find L, (V,L;).
¢) What is dimension of L (V,L;)?

d) What is the algebraic structure enjoyed by L, (V,L;)?

e) What is the dimension of V over Ly?
f) Find Hom, (V,V).

g) What is the algebraic structure enjoyed by
Hom, (V,V) ?
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66.

67.

68.

Find some interesting properties enjoyed by L, (V,L;) =

{f : V> Lg} where V is a super matrix vector space of
refined labels defined over Lg.

Find the algebraic structure enjoyed by Hs (V,V) where V is
a set super matrix semivector space of refined labels defined

over the set S = LRMO) .

L, eLy:1<i<16, bea

super matrix vector space of refined labels over Lg.
0 |L, L, L

a, ay a,

L, eL;;
L, 0 L, . ‘
W= ’ O] 1=igT
L,|L, 0 L,
3 5 7 L — _L

L, |L, L 0 '

be a super matrix vector space of refined labels over Lg.
a) Isvz=Ww?

b) Find dim W over Lg.

¢) Find dim V over Lg.

d) Study Hom, (V,W) and Hom, (W,V).

e) FindT:V—>WsothatT. T=T.

f) FindT,:V — W so that T exists.
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69.

70.

— La] Laz -
LaS L£l4
L. L |. _
- - La La La La
La La 1 2 3 4
' ' La La La La
La La 5 6 7 8
LetV= ’ ! ’ La La La La M
L1 La 9 10 11 12
a 12 La ]_l21 La La
La Ld 13 14 15 16
’ " La La La La
Lals L316 L 17 18 19 20 |
Law LalS
Law Lazu
Lal Ld a3 a, La5 0 ag
La7 ag a9 a9 Lall ap a; |
Lam a5 a6 a7 LaIB a9 a0
oL, L, |L, L]
L, o L [L L,
L, L, O a, La, [|L, € Lg;1<i<20
Ldl% Lam LaIS 0 L“m
Lﬂn La]S Law Laﬂo 0

be a semigroup super matrix semivector space of refined
labels over LR+u ) under addition.

a) Find dim V.
b) Find Hom, (V,V).

R0}
¢) Find Wy, ..., W in V so that V = U W, where W;’s are
semigroup super matrix semivector subspaces of V over
LR+U(O) where WiNnW;=¢ifi#j 1<1,j<t.
Find some nice applications of set super matrix semivector

spaces defined over the set S = LG ooy S LRMO) .

278



71.

72.

73.

74.

75.

Does there exists a set super matrix semivector space which
has no subset super matrix semivector subspace of refined
labels? Justify your claim.

Does there exist a semigroup super matrix semivector space
of refined labels which has no subsemigroup super matrix
semivector subspace of refined labels.

Prove every integer set super matrix semivector space of
refined labels has integer subset super matrix semivector
subspace of refined labels!

L, |L, L, L,
La La La La

Let V = ' ' ' "||L, €Ly be a super
a; Lﬂ] Lﬂ] La] ]
a La] La] La]

matrix vector space of refined labels over the field Ly,.

a) Can V have non trivial super matrix vector subspace of
refined labels?

b) Find HomLQ (V,V).

¢) DoesT:V — V exist so that T>=T? (T # ).
d) Find LLQ (V,Lgy).

Let V =

L L |L
L L |L
L L |L
L, L, |L,||L, eL, be a
L. L |L
L L |L
L, L |L

semigroup super matrix semivector space of refined labels

over the additive semigroup L_. o0
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76.

77.

78.

a) Find dim V.
b) Can V have non trivial semigroup submatrix semivector

subspaces of refined labels over L_, 7
R*U{0}

¢) Can V have non trivial subsemigroup submatrix
semivector  subspaces of refined labels over

. . N
subsemigroups in LRMO) ?

d) Find pseudo set super matrix semivector subspaces of

refined labels over subsets in LR+U o

e) Find Hom, (V,V).
R*U{0}
La] La] La] La] La] Lal Lal
La Ld Ld La La La La
Let V — 1 1 1 1 1 1 1 Ld e LR
La] La] a L"‘] La] Lal Lal 1
La] La] La] La] La] Lal Lal

be a super matrix vector space of refined labels over Lg.

a) Can V have proper super matrix vector subspaces of
refined labels over Li?

b) Is V simple?

L €L

Let V = o €Lg

L, |L
L |L
' be the super

a, La, a a,

L |L, L, L

a a 4 a

matrix vector space of refined labels over Lq.
a) Is V simple?
b) Find HomLQ (V,Ly).

Let V=
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be a super matrix semivector space over the semifield L oru of

79.

80.

(0}

refined labels.

a) Find dim of V over LQMO) .

b) Is V simple?

¢) Find HomL(m[” (V,V) .
La, La, La, La, La,
L |L, L, L |L,

Let V = L L L L L L €Ly o bea
L, |L, L, L,|L,

super matrix semivector space of refined labels over

L

a)
b)

9

d)
€)

ooy ”

Is V simple?

Can V have substructures if instead of qu[ol :Vis

defined over L

RYU{0} °
Find Hom, (V,V).
RU(0)

Find T : V — V so that T exist. (Is this possible).
CanT:V—>Vbesuchthat T.T=T (T #1)?

_Lal Lal Lal Lal 1
La, La, La, La,
L |L, L, L,
Lee V=4 L |L L, L L, e LR*U(O) be a group
L, |L, L, L,
L |L, L, L,
Lal Lal Lal Lal

super matrix semivector spaces refined labels over the
multiplicative group L, .

a)

Is V simple?
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b)
c)
d)

€)

Does V have subgroup super matrix semivector
subspaces?

Does V contain pseudo semigroup super matrix
semivector subspaces?

Can V have pseudo set super matrix semivector
subspaces of refined labels?

Find HomLW (V,V).

81. Characterize simple super matrix vector spaces of refined
labels over Ly or L.

82. Let V=

La

a, ay a as

ag a9 210 a

ELR*U(O);1SiS12} be a integer set super matrix

semivector space of refined labels over Z* U {0}.

a)
b)
c)
d)
€)

Find Wi’sin Vso that V=U Wi W,N W;= ¢ if i # .
Find Homzw{o)(V,V).

Is V simple?

Is V finite dimensional?

Can V have subset integer super matrix semivector
subspaces of refined labels over S ¢ Z" U {0}?
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83.

84.

85.

86.

87.

Find the algebraic structure enjoyed by Hom, (V,V)
whereV= (L, |L, ..|L, L

2

L, ):L, €Lg.

Find the algebraic structure of L, (V,L.) where V is

given in problem §3.

Find the algebraic structure of where V =

L, |L, |L,
L L, |L, ||t

a a 4

Find Hom; (V,V) where V =
Q+
L L |L
Lal Lal T a, a, a a a
Lal Lal ’(Lal Lal Lal)’ Lﬂl ’ La] Lﬂ] Lﬂl Lﬂl Lﬂl
La| Lal La| a a a

L, e LQ+U{O)}gr0up super matrix semivector space of

refined labels over the multiplicative group L o

If L o is replaced by the semigroup L 0 (0] under addition,

tUf0
V becomes the semigroup super matrix semivector space of
refined labels over L T semigroup under addition.
Find Hom, (V,V).

Qtulo0}

a) Compare Hom, (V,V) in problem 86 with

QFul0)

Hom, (V,V).
{0}

Qtu
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88.

89.

90.

91.

92.

93.

94.

o

[y

s

£

o

®

Let V =

| el

£

o €Lz ¢ be a super matrix (column

el

=

vector) vector space of refined labels over the field Lg.
a) Find Hom, (V,V).

b) L (V.Ly).

Obtain  some interesting  properties enjoyed by
HomLQ (V,V), V is a super row vector, vector space of

refined labels over Ly,.

What are the applications of super square symmetric matrix
vector space of refined labels over Lg?

What are the applications of super skew symmetric matrix
vector space of refined labels over L ?

If V is a diagonal super matrix collection of refined labels
vector space over Lg; can we speak of eigen values and

eigen vectors of refined labels over Lg?

Can the theorem of diagonalization be adopted for super
square matrix of vector space of refined labels over Lg?

Study super model of refined labels using the refined labels
as attributes.
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95.

96.

97.

98.

99.

'L, |L, | L, |
La4 Las L36
LeeV=+L, L, |L, L, €Ly:;1<i<15 be a super
L., | L, L.,
L., |L., | L.,

matrix vector space of refined labels over L.
a) Is V finite dimensional?
b) Does V have a subspace of finite dimension? Justify.

Obtain some interesting results related with hyperspace of
super matrix vector space of refined labels.

Obtain some applications of super matrix semivector spaces
of refined labels over Lo O Lo
L L, L, |L,
Lﬂ' Las Lag Lﬂlo
Prove L = ) L, eLy;1<i<l16; is
L L s

a6 A A a3

L_|L L, |L

a7 A4 a5 A6

a group of super matrix of refined labels under addition.

Prove a super matrix vector space of refined labels over Lq
or Ly is never a super matrix linear algebra of refined labels
over Lq or Lg.

100. Let V = {[L, |L, [..|L,][L, eLys1<i<8} be a

super row matrix vector space of refined labels over Ly,.

V is of dimension 8.

How many super row matrix vector spaces of refined labels
of dimension 8 can be constructed over Ly?
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101.  If V= {m X n super matrix with entries from L} be a super
matrix vector space of dimension mn over Lq,.
How many such spaces be constructed with m natural rows
and n natural columns?
'L, L, L, L, |
Las Lﬂs La9 Lam
102. LetT=|L,_ L, L, L, |be5 x4 matrix of refined
La7 Lam a5 Lam
Law Lﬂls Lal‘? Lazo
labels. In how many ways can T be partitioned to form
super matrix of refined labels.
103.  Does the partition of a matrix of refined labels affect the
basis algebraic structure?
La| | Laz Lﬂz | Lalo
104, 1t v= 4L |L, L, |L, ||L, €Lgl<i<I2; and
La7 Lﬂs Lﬂ9 Lﬂlz
L, |L, L, ]|L,
W=4L,|L, L, |L, ||L, €Lgl<i<I2; be two
La7 Lam Lan LaIZ
super matrix vector space of refined labels over Lg. Is V =
W?
105. Let
L, |L, L, L, |L,
L, |L_ L L, |L,
V = ’ ! ’ ’ " lIL, € L;;1<1<20
Lan Lalz Lals Lam LaIS ‘
Lalé Law Lﬂls Lam Lazo

and
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106.

107.

L

a,

L

ap

L L

a3 ay

L L

L, L,
W — 1 10
Lan a3 ay LaZO
be two super matrix vector spaces of refined labels over Lg.
a) Isvz=Ww?
b) IsdimV =dim W?

c) Is Hom, (V,V) = Hom, (W,W)?

L, e LR;ISiSZO}

Lee v = {(L, L, L, L, |L)[L, cLgi<iss)

a

L, |L, L. |L, |L,

and W=<L, (L L |L, [L, [|L, €Llgl<i<S5
L. |L, L, |L, |L,

be two super matrix vector space of refined labels over Lg?
a) Isvz=Ww?
b) IsL, (V.Ly) =L, (W,L;)?

¢) Is Hom_ (V,V) = Hom (W,W)?

L, |L, 0 L

Let V = ) 53 5“ i L, eL,:1<i<4} and W
0 La4 La3 .
_La] 0 Ld 0 La3 0 -
0 L, Lo L
. O L, 0L 0
) . |L, L.[0 o L, eL,;1<i<4
0 L, 0 0 L, 0
L, 0L L |0 L

be two super matrix vector spaces of refined labels over Lg?
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a)
b)
c)
d)

Is dim V = dim W?
IsV=W?
Find Hom, (V,W).

Is Hom,; (V,V) = Hom, (W,W)?
Is LLR (V,.Ly) = LLR (W,L;)?
Find a basis for V and a basis for W.
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229
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