KULLBACK-LEIBLER SIMPLEX

ABsTRrRACT. This technical reference presents the functional structure and the algorithmic implemen-
tation of KL (Kullback-Leibler) simplex. It details the simplex approximation and fusion. The KL
simplex is fundamental, robust, adaptive an informatics agent for computational research in econom-
ics, finance, game and mechanism. From this perspective the study provides comprehensive results to
facilitate future work in such areas.

God does not care about our mathematical difficulties. There is nothing free, except the grace of God.
He integrates empirically. Albert Einstein True Grit (2010)

1. INTRODUCTION

This paper presents an alternative for sequential optimizing agent which is crucial for the reliability
of computational economics research. In particular it is a version of online classifier, a machine learning
which processes classification with data stream. The sequential implementation makes it efficient, fast
and practical data flow processing. Among this type of classifier, informatics divergence approach stands
out with solid foundation in mathematical statistics and informatics theory. It is instructive to see the
difference of the two approaches. Standard approach targets the performance in objective function, while
the informatics works with statistical measures, e.g. Kullback-Leibler and Renyi divergence [CDROT7].
Positively the informatics agent can be effective alternative to standard sequential optimizers.

Furthermore informatics approach delivers powerful concepts, e.g. (i) the advance will leverage the
notion and insight from dynamic programming [Snil0]; when a control is simplex and transition matrix,
it has a strong foundation in probability and Markov chain [Beh00]. (ii) model-free or agnostic data
makes it capable of deriving superior second-order perceptron working the real-world data [BCGO5].
This approach consequently can improve machine learning that is robust and applicable for computa-
tional research in economics, finance, game and mechanism.

The next section lists useful formula and identity. Section 3 presents the structure of online machine
learning [CDF08, LHZG11] and key results; section 4 discusses the implementation. The instructive
remarks are in section 5 and the proof is in Appendix.

2. THE MATRIX
Simplex [CY11].

(1>ue<Z><:>u-1=1and<2>ueA<:>ue<Z>,withmin(u)20.

Taylor expansion. In (p - x;) ~ ln(pu,; - x;) + (”;“#

Date: November 22, 2011.

Key words and phrases. KL divergence, second-order perceptron, informatics agent, simplex projection and fusion.
Acknowledgments. Economics department at Thammasat and Queen’s university greatly supports the study. The author
warmly thanks Frank Flatters, Frank Milne, Ted Neave and Pranee Tinakorn for the encouragement, without which this
paper would not had been written. He certainly appreciates comments and discussions with the Sukniyom, Ko-Kao,
Chai-Shane, Lek-Air, Ron-Fran, Pui, NaPoj and of course, Kay and Nongyao.

Contact. facebook.com/popon.kangpenkae.



KULLBACK-LEIBLER SIMPLEX

Symmetric squared decomposition (SSD). ¥y = T[Qi],'r[i] = Qp \/diag ()\[i,]l,
orthogonal and the eigenvector of ¥;; ()‘[Ml’ ey )\[i,]d) is the eigenvalue of X
symmetric PSD.

Inversion [PP08] [146].
(A+BCD) ' = A" —A'B(C™'+ DA'B) ' DA™}
for our application,

nloy-t g e gy B N
g c etz YN

Differentiation [PP08] [78, 49,102, 83].
o (e = ) 0772 (g — ) = 20772 (= psy)
Z-In (det T?) =271
ZTr (T;7202) =1;7° + 7Y, 2
Lal V2w, = xix] T+ Yex] = 2 | Tz

A o mi:ciTT+TmiwiT o mim;rT+TmimiT
ot T2l = =Zamer— = =5 e,

KL divergence.

1 det Y2

ey A[L]d)Q[:] : Qm is
. Of course Ty, ;) is

Dicr (N (1, T2 [IN (i, T7)) = 5 [m (det Tz) + T (050) + (s — 1) 1572 (s — 1)

3. APPROXIMATION

3.1.  This section refers to [CDR07, LHZG11] for the model concept and definition.
>
As KL simplex solution in A does not have a closed form, the approximation will start with A,

(lh‘+1a Ei—i—l) = argmin Dgp, (N (g, X) [N (e, %))
subject to A (yif (- i) —€) > ¢/, Sz, y; € {—1,1}, and p € X

Applying the main result in [LCLMVO04] [VI.2], an invariance theorem is straightforward,

Theorem. The optimal pair (Hi+1’ Ei+1) is invariant to similarity-metric divergences.

We consider [normal, hinge, hinge2] constraint (see section Section 5), with two flavors:

{linear logarithm} = {[In], [ln]} > f (.). Let X = Y, where Y[; has SSD, the

oL (det Y2 +Tr (C720%) + (s — ) L2 (g — )| + (o] Ty
2 M et 12 g B = B) 2o s = H “ i

Define hinge function |z| = max {0, z} and (z) = |z| /|z| € {0,1}.

h—Lagrangian is

—h)+p(p-1-1)
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3.2. [normal], hy.

3.2.1. Linear : hgjp)-

Lemma 1. E;rll > Ng[in]

i
VI YT

S =S 4 ag
Lemma 2. ;1 » hgjp)
Yir1 =% — iz, X
where § = ﬁ, (ui,v;) = (CL’;Ei-HCCi,miTEimi)'

Lemma 3. /u; » hg[i,)

i = —adu; + ;2¢2U1-2 + 4v;

Lemma 4. p;, 1 » fgpn)
i1 = My + oy (2 — ;)

- J— 1T27‘,m7;
where T =71 = T 1 1

Lemma 5. a » higy,), o = L_bii WJ such that

(a,b,¢) = (X (X + W?) L2 (X + %) P W?)
(A,X> = (yi (i i) — e, 2] i (i — T))

3.2.2. Logarithm : h1y)-

Lemma 6. E;rll » hpn) = Lemma 1.
Lemma 7. ;41 » Ay = Lemma 2.
Lemma 8. \/u; » hypn) = Lemma 3.

Lemma 9. g, 1 » hgpy]
ay;

Hipq = p;+ i (z; — ),

— J— 1TEim7‘,
where ® =T1 = Tyl

Lemma 10. a » Ay, o = L_bii VQIf_MCJ such that

(a,b,¢) = (X (X + W?) L2 (X + “7‘5’2) P W?)

! ;S (=T
(AX) = (I (- i) — ¢, 2l
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3. [hinge],h; and [hinge®], ho.

3.3.1. Linear : Ry, Pofin) -

E;rll » 71 2](in), Lemma 11 = Lemma 21 = Lemma 1, Z;El > g[in]
Yit1 > h[l,Q][ln]7 Lemma 12 = Lemma 22 = Lemma 2, ¥, » h@[ln]
Vi ® R 2)in), Lemma 13 = Lemma 23 = Lemma 3, \/u; » hg[in)

Lemma 14. p; 1 » Ry
Hipr =y + (i (- i) — €) ayi s (T — T5)
where T; = T;1 = %1

Lemma 15. a » by, a = L_bii VQZZ_‘MCJ such that

(a,b,c) = ()\ ()\ +UZ¢2> ()\ + ) ;A2 —Ui¢2> ,
(A, X) = (vi (i) — e, B (i — @))
Lemma 24. p; 1 » hoiy)

Yi (1 - Ti) — € —
= 12 (T — T
l"’erl ll’l =+ L0'5a1 _ IB;FEZ (wz — wz)J Y (w T )

il X, x;
- 1T211

where T; = T;1 =
Lemma 25. a » hyyy,), a = L*bii WJ such that
(a;b,c) = (X (N +0ig?) 20 (N 4+ 22) X2 — 002

</\, X) ~ ((yi (B - @) — €)2, ] S (@ — @))

3.3.2. Logarithm : hy[in], hopy)-

E;_ll » 71 9j[n), Lemma 16 = Lemma 26 = Lemma 6, E;_:l > Nigj1y)
i1 » D1 2pn), Lemma 17 = Lemma 27 = Lemma 7, ;41 » g
Vi » Ny o)(n), Lemma 18 = Lemma 28 = Lemma 8, \/u; » Ny

Lemma 19. pt; 1 » hyjy]

Mipq =y + (yiIn (- ;) —

where T; = 1;1 = 1T ‘”1 1
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Lemma 20. a » hypy,), a = L_bii VQZLMCJ such that
(a,b,¢) = (X (X + W/ﬁ) L2 (X + %) A2 W;?)
(M) = (il (g, - i) — e 2

(Ni'mi)Q

Lemma 29. w4 » h2[ln]

N yiln(p; - x;) — ¢ Yi
Hip1 ~ p;+ Dbl T E@w | - i (zi — ;)
’ (b;-i)?
where x; =T;1 = 11722m1 1

Lemma 30. a » hopy), @ = {_bii V;f_‘lacJ such that
(a,b,¢) = (X (X + Ui(ﬁ?) L2 (X + %) A2 W;?)
4 2 LS (=,
(M) = (i (- i) — o) an2iZlesz)
4. IMPLEMENTATION

4.1. Results in section 3. is valid for the K simplex. A more common constraint is A simplex;
however the close-form solution is not possible with this simplex. Projecting simplex A on A is a
practical approximation; [LHZG11] reports the effectiveness of this method. The projection necessar-
ily requires a certain transformation of ¥-covariance matrix. Further information on implementing
projection algorithm and covariance transformation is in [CY11] and [LHZG11], respectively.

Conjecture. Correlation transform is an nSD-effective covariance transformer.

4.2. Section 3 presents various choices of simplex, from which one can limit the set of simplex using
statistical dominance concept, e.g. nSD-effective. Then projecting the simplex and integrating or fusing
them which is, in practice, an empirical issue. We define a new simplex fusing method FED (fusing
extensive dimension) as follows. Let A;cqq. .my be a set of nSD-effective simplex, each A; € [0, 1]N.

m-N

Connect m subsimplex into a vector in [0, 1] ; apply simplex projection to the vector. The result

is simplex A € [0, 1]m'N; overlay simplex A, i.e. slot A into m vectors in [0, 1}N and sum the vectors
with the proper array. The overlay will compose a FED simplex € [0, 1]N.

Conjecture. FED simplex is an nSD-effective fuse of its nSD-effective subsimplex.

t nSD-effective is empirical non-dominated, wrt. to the n-order stochastic dominance definition [Dav06].

5. REMARK

. : Fwai) —pp(wea;)
5.1. The logic of confidence constraint. Suppose ——— =

dence constraint Pr (F' (w -« ;) > 0) > n = ®(¢).

Pr <F(w " Ti) R _/J/F(w-a:i)) S @ <_MF(w-mi)) <1y
OF (w-x;) - OF(w-x;) - OF(w-x;) -

e (o) = Z&_cqs; consider a generic confi-
F(w-z;
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THF (wew; — - -
ﬁ < P ! (1 - 77) =-9 ! (77) = HFE(w-a;) > o ! (77) OF (w-x;) — QSO—F(w-:ci)

, i.e. the distance ‘,up(w.zi) — F (fawez;) — ¢ (O'F(w.wi) — mei)’ determines the proximity to the
confidence constraint; [OC09] discusses the validity of similar approach for online optimization.

5.2. The approximating property of [normal,hinge,hingeg] confidence. Define [normaLhinge, hingeQ]
function as follows,

normal: fyjy € {h@[ln], h@[ln]} ={y; (p-x;) —e,y;In(u-x;) — €}
hinge: 7 € {hl[ln], hl[ln]} ={lyi(p-x;)—€],|lyiln(pn-x;) — €}
hinge?: fiogy) € {fogny, hom } = { Lys (- i) = )% Ly In (- 1) — €}
, as a result of assumption w ~ N (u, Y= TQ);
normal: fig),,) is exact; Agpy) is approximate
Fw-z;) =y (w-x;) —e= (,uF(w.wi), a%(w.mi)) = (yi (B~ ;) — €, 000, = T, TiT;)
Fw-x;) =yiIn(w-x;) — € = fp@wa) =y n (@)
hinge: /iy, is approximate
F(w-x;) = |y (w-xi) — €] = prwa) = [y (1 xi) =€)
F(w-z;) = lyiln(w-x;) — €| = pp@a,) ~ [yiln(p-x;) — €
hingeQ: hofin)n is approximate
F(w i) = yi (w-2:) — ) = ppoay ~ i (0 2:) — ¢
2 2
F(w-x;) = lyiln(w-x;) — €]” = ppwe,) = [yiln (1) — €

2

APPENDIX

Lemma 1. Ei;ll > g[in]

9 1 1 z;z] T Yz, x|
T et O e R S o LN i,
8T 9 2 7 ¢2 .’I}ZTTQ,’B,L- ¢2\/m

YT~ update condition is,

xx] T Yz, ]

+ a¢
V] T, 2z T2z,

1 1
-1 _ 12 1 -2
T = S ST+ ag

Start with the solution, Y~2 implicit update,

)
- — — L, —
TS =Y e e

which yields
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T YT ap mx] T

— = + o —e— [xT]
2 2 2z T2,
-1 -2 T

T _ TY, . ap  Twx, ]
2 2 2z T2x;

[YT72] = [xY]+ [Tx] = [T7!], ie. T 2—implicit update satisfying T ~'—update. The result is
direct from the replacement (T?, T2) = (X, %i41):

T
Sl =0t i
i+1 % /x;rzi—i_lmi
O

Lemma 2. ¥, » h@[ln]

.

Apply matrix inversion to X, +11 =X 4 acﬁ\/%,
o ' 7V5”Tai+1”’ +a] ' z! S + age] Lix;
Tixim] B
Yipr =% — QOViDiT; i % — Bimi] 3
VUi + agu;
O
Lemma 3. \/u; » hgp
T T
S =, apSixix] S, e 2 S, — 2 S g (] Six;) (x) Six;)
TR Vi tagy, T T Vi + adu;
= v agu? = —adv; + \/a2P?v? + 4v;
i — Yi \/’U}—z_'_ Oé(b'Ui i = 9
Lemma 4. p,;; » ligy
ic—o—ar—Q( — ;) — ahyf yiw; + pl; Q011
8”**1'“/1’1 0 YiTi P7ap**“
Y72 (=) — ahyf yii+p1l=0= p=p, + 7 (aﬁ/@f/yiwi - pl)
1T =1Tp, + adigf yl " T2a; — p1TT21
ro 1TT22$ v o _
pl =ahyf y; <1TT21Z> 1= ahyf yi® = p = p; + oligf v Y7 (xi — %)
use h;a ()=1, f ()=1and Y? =%, to have Py = p= p; + ay X (T — ;)
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Lemma 5. o » Ay,

From Lemma 3 /u; = —aguit 3%2”1‘ +4W, which can be simplified with A + N = O -

quadratic is ac® + ba + ¢ = 0 , such that (a,b,c) = ()\/ ()\/ + ’Ui(b2) ;2 ()\/ + #) JAZ — vi¢2). The
solution to A + X' a = DUy is —hEvbi—dac W. We choose a = L*bii WJ to ensure valid a > 0.

To find ()\,)\/), use binding constraint ¢ || Yx;|| = hgun) = ¢ || Txi|| = yi (- ;) — €. Apply the
update pp = p; + oy X (2 — T;) and /u; = || T,

VUi = Yifh; - T — €+ am] Ty (@ — T,)
i.e. ()\,)\/> = (yi;l,l R 7 76,3};21' (:Bz 751)) O
Lemma 6. Ei;ll > Dgin]
= Lemma 1. (Il

Lemma 7. ;11 » lgy

= Lemma 2. O
Lemma 8. /u; » h@[ln]
= Lemma 3. O

Lemma 9. p;,; » hgpy)

Similar to Lemma 4, p = p; + ahmf v Y2 (x; — ;) ; use h;,) () =1 In(p -x;) =~ In(w, -x;) +

(B—pi)-zi
PRI o () = o

and Y7 = %;, which gives p; ; = p~ p; + %Zl (x; — T;) O

Lemma 10. a » hy)y

Similar to Lemma 5, o = {4&7 WJ where (a,b,¢) = (/\ ()x + v ) ()\ + Ul ) JAZ — Uid)Q).
To find ()\ )\/), set the constraint binding ¢ || Tz;|| = Ay = ¢ || Txil| = yiln(p - ;) — €. Apply

the update p = p; + y; Yi(x; —=;) and \/u; = ||Yx;|| and the approximation y;In (p - x;) — € =

Yi (IH(HZ (n— I‘LL) mz)
dVu; =y ln (p,; - x;) feJra%Q),
(k- ;)
Le (AA/)z(‘ln(M,.m,)_€M> .
. b) y’L 7 7 ) (I.le?)z .

Lemma 11. Z;_ll > Ni1[in]

= Lemma 1. -

Lemma 12. Y1 » by
= Lemma 2. U
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Lemma 13. \/u; » Ry

= Lemma 3. U
Lemma 14. p; 4 » hypy

Similar to Lemma Lemma 4, p = p, + 0"{110,%'1‘12 (zi — ;). There are two cases, y; (- ;) —

e[>][<]0.

Case [>: i ()=1,f ()=1land Y2 =%;, = Mg = p= p; + oy X (T — )
Case [<|: h) () =0=>p, =p=pn,
With some manipulation we find a p—update

Mip1 = 1y + (Ui (- i) — €) oy B (x5 — )

Lemma 15. a » fijy

Similar to Lemma 5, o = {_bii VQT_‘MJ where (a,b,¢) = ()\/ ()\’ + vi¢2> , 2 ()\/ + %) S A2 — vigbz).

To find <)\, X), use binding constraint ¢ || Ya;|| = i) = ¢ || Tzl = [y (1 - ;) — €] . We only need
the update-case y; (@ - ;) — € > 0. Apply the update p = p; + ay;X; (x; — ;) and J/u; = || Tz,

Vi = i (- 2) — ] = yi (B 2i) — € = yipy - & — € + oz i (2 — T)

i.e. ()\, >\/> = (yz[llz Xy — 67213;r2i (azt - Ez)) O
Lemma 16. £, » hyjy

= Lemma 6. ]

Lemma 17. ¥,.; » hl[ln]

= Lemma 7. -
Lemma 18. /u; » hypy
= Lemma 8. -

Lemma 19. p; 4 » hyy

Similar to Lemma 14, p = p; + ahy f y; Y2 (z; — ;) with two cases, y; In (u - ;) — € [>] [<] 0.

Case [>]: b, () =1, In(p- ;) ~ In (u; - ;) + pp)wi ()= -t-and T? =3

HiZq i Tq
ayY; _
Biyr = B =+ ——% (€ — T;)
Case [<]: I () =0=> ppy = p=p,
With some manipulation we find a g—update
oy, _
Bit1 = K+ (yiln (- ;) —€) m ;Ez (z; — T;)
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Lemma 20. a » hyjy
Similar to Lemma 15, o = L_bii WJ where (a,b,¢) = (/\l (/\/ + Ui(;SQ) ,2A ()\/ + %) JAZ — ’U,’d)z).

To find ()\,)\/), set the constraint binding ¢ [|Tx;|| = ki) = ¢ || T = [yiIn(p- ;) —¢]. We

only need the update-case y;In (u- ;) —e > 0. Apply the update p = pu; + :‘ymL i (x; —®;) and

VUi = || Tx;|| and the approximation y; In (u - ;) —e = y; (111 (p; - ;) + %) — ¢,

oVui = lyiln(p-a;) —ef =y;ln(p-x;) —e~yIn(p; @) —et+a

, Le. ()\, )\') R (yi In(p; - x;) — e, M) O

(Bimi)?
Lemma 21. Z;ﬁl > ofin)
= Lemma 1. -
Lemma 22. ¥, » hg[ln]
= Lemma 2. H
Lemma 23. \/u; » hojy
= Lemma 3. H

Lemma 24. p; 1 » oy

Similar to Lemma Lemma 4, p = p; + afiyf y; Y2 (x; — %;). There are two cases, y; (p - ;) —
e[>][<]o0.

Case [>]: hy () =2(y; (m-x;) —€) ;use f () =1and Y2 =%,
po= g+ 20 (yi (1 @) — €) yiXi (w5 — T)

yi(p-ms) —e=y; (- ai) —e+2a (yi (p-2i) — ) &) i (2 — F)
Write X = y; (k- x;) —€,C = y; (p; - ;) —6752201132—21' (i —Ti),

(p, X) = (Hi + 20Xy X (i —x;) ,C+ SX = 1?S>

Case [<]: hy () =0 = (p, X) = (p; + 20X y;3; (m; — T;) , 0).

We can conclude the update p; , = p = p; + 200 [ X | y; 55 (27 — )

Yi (1 - Ti) — € _
=y 12 (T — T
/1’1+l “’1 + L0'5a1 - wZTEz (sz — mz)J Y (m T )
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Lemma 25. a » hyjy
Similar to Lemma 5, o = {71&7 WJ where (a,b,c) = (/\/ ()\/ + Ui¢2> 2 (/\/ + qus"’) L A2 — Ui¢2).
To find (/\, )\/), use binding constraint 0 < ¢ [|Yx;|| = hopn) = ¢ || Tas|| = [yi (k- x) — ¢)?. We only

need the update-case y; (- ©;) —e > 0. Apply the update p = p, + 0_50477’1"’8;‘}“;)(_; — Vit (z; — ;)
and /u; = || Ta;].

OV = Ly (i) —e)? = (i (- x3) — €)?

2
/Ui = (yilh' X — €+ i (i @) — € A CCz))

050t —z/ % (x; — T;)

Suppose g () = (A + ﬁf , with (A, C,ap) = (yl (; - ;) — e, 2] B (i — i), O) and use

Taylor expansion g (o) = g (ap) + g (o) (v — ag) . Tt follows that (g 0),g (0)) = (A42,44%C), thus

d/; = g () ~ A% + 442Ca = ()\, X) ~ ((yi (i xi) — €)%, e 3 (a; — @)) . O
Lemma 26. 2;11 >l

= Lemma 6. |

Lemma 27. ;1 » hgpy

= Lemma 7. O
Lemma 28. /u; » fig[1y
= Lemma 8. O

Lemma 29. p,; | » fgpy

Similar to Lemma 24, g = p; + ahyf y; Y2 (z; — ;) with two cases, y; In (- ;) — € [>] [<] 0.

Case [>]: hy () =2(y;In (- ;) —€) ; use In (p - ;) ~ In (; - ;) + (”;# =f()= ulm and
T%:zia
— )T i _
B~y 20 (yz (ln (B i) + M) - €> s, (x; — ;)
B B
— H) Yii i Vi (i — T — H) Yii
(b= pi)yizi @i Ei(@ Qw)(yiln(ﬂi'wi)_€+(u ul)yw)
Hi - T (i - i) By T
: _ (p—py)yizm; _ _ m727(m,—f7)
erteX—%,C—yzln(ulwl)—e,S—QaW,
hence X = S(C + X) = 25 and
(1. C+ X)~ (p, +20(C+ X) - —Y 5, (2 —71), —C
/J'a ~ /»1'1 szl 7 [ zal_S

Case [<]: 1y () = 0= (1,C+ X) = (g, + 20 (C+ X) - 5 (i~ F) ,0).
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We can conclude with the update p;, = p =~ p; + 20 [C + X | y; X5 (z; — T;)

yiln (p; - ;) — € Yi
05071 — BEAESEL | b

K1 = p; + i (x — )

Lemma 30. o » hypy

Similar to Lemma 25, o = L*bii VQZLMCJ where (a,b,c) = ()\/ ()\/ + vi¢2) , 2 ()\/ + %) JAZ — Ui(bz).

To find ()\,)\/>7 use binding constraint 0 < ¢ | Ya;|| = hoyn = & [|Txil| = [yiln (1 - x:) — €]?. We
only need the update-case y; In (p - x;) — € > 0. Apply the update

i In (p; i) — € i _
o= p; + £ _1(M wTZi)(wifi) ' u.y. w,zi (z; — ;)
0.5c — W 7 ?

and \/u; = || T to have ¢\/u; = |yiln (- 2;) —€)® = (yiln (- ;) — )

Use the approximation y; In (p - ;) — € ~ y; (ln (g - ;) + “‘;“#) — ¢,

2
ovi ~ (i () + Bt )
2
~ ) ) yiln(p;-x;)—e . z] B (xi—%Fi)
= yiln (Hl wl) €+ 0.506—1_“?2«;(%1'—51') (yai)?

(kimi)?

Similar to Lemma 25, with (A, C,ap) = (yi In(p; - x;) —e, %,0) ; one can show ¢,/u; ~

A% + 4A%C0 = (A,A’) ~ ((yi In (g, - @) — ) MM) . -

(l"i'wi)z
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