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Abstract

We present a general way that allows to construct systematically an-
alytic calculi for a large family of non-Archimedean many-valued logics:
hyperrational-valued, hyperreal-valued, and p-adic valued logics charac-
terized by a special format of semantics with an appropriate rejection
of Archimedes’ axiom. These logics are built as different extensions of
standard many-valued logics (namely, Lukasiewicz’s, Godel’s, Product,
and Post’s logics). The informal sense of Archimedes’ axiom is that any-
thing can be measured by a ruler. Also logical multiple-validity without
Archimedes’ axiom consists in that the set of truth values is infinite and
it is not well-founded and well-ordered. We consider two cases of non-
Archimedean multi-valued logics: the first with many-validity in the in-
terval [0, 1] of hypernumbers and the second with many-validity in the
ring Z, of p-adic integers. On the base of non-Archimedean valued log-
ics, we construct non-Archimedean valued interval neutrosophic logics by
which we can describe neutrality phenomena.
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1 Introduction

The development of fuzzy logic and fuzziness was motivated in large measure
by the need for a conceptual framework which can address the issue of uncer-
tainty and lexical imprecision. Recall that fuzzy logic was introduced by L.
ZADEH in 1965 (see [58]) to represent data and information possessing nonsta-
tistical uncertainties. Florentin SMARANDACHE had generalized fuzzy logic and
introduced two new concepts (see [51], [52], [53]):

1. neutrosophy as study of neutralities;

2. neutrosophic logic and neutrosophic probability as a mathematical model
of uncertainty, vagueness, ambiguity, imprecision, undefined, unknown,
incompleteness, inconsistency, redundancy, contradiction, etc.

Neutrosophy proposed by SMARANDACHE in [53] is a new branch of philoso-
phy, which studies the nature of neutralities, as well as their logical applications.
The notion of neutrality is explicated within the framework of neutrosophic logic
introduced by SMARANDACHE in [51], [52].
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In this paper we consider neutrosophic logic as a generalization of non-
Archimedean valued logic, where the truth values of *[0,1] are extended to
truth triples of the form (t,4, f) C (*[0,1])3, where t is the truth-degree, i the
indeterminacy-degree, f the falsity-degree and they are approximated by non-
standard subsets of *[0, 1], and these subsets may overlap and exceed the unit
interval in the sense of the non-Archimedean analysis.

Neutrosophic logic is an alternative to all the existing logics, because it
represents a mathematical model of uncertainty on non-Archimedean structures.
It is a non-classical logic in which each proposition is estimated to have the
percentage of truth in a subset ¢ C *[0, 1], the percentage of indeterminacy in
a subset ¢ C *[0, 1], and the percentage of falsity in a subset f C *[0, 1]. Thus,
neutrosophic logic is a formal frame trying to measure the truth, indeterminacy,
and falsehood simultaneously, therefore it generalizes:

e Boolean logic (i =), t and f consist of either 0 or 1);
e n-valued logic (i = (), t and f consist of members 0, 1, ..., n —1);
e fuzzy logic (i = 0, ¢t and f consist of members of [0, 1]).

In simple neutrosophic logic, where ¢, i, f are singletons, the tautologies have
the truth value (*1,*0,*0), the contradictions the value (*0,*1,*1). While for
a paradox, we have the truth value (*1,*1,*1). Indeed, the paradox is the only
proposition true and false in the same time in the same world, and indeterminate
as welll We can assume that some statements are indeterminate in all possible
worlds, i.e. that there exists “absolute indeterminacy” (*1,*1,*1).

DEZERT suggested to develop practical applications of neutrosophic logic
(see [54], [55]), e.g. for solving certain practical problems posed in the domain
of research in Data/Information fusion.

In the next sections, we shall consider the following non-Archimedean struc-
tures:

1. the nonstandard extension *Q (called the field of hyperrational numbers),
2. the nonstandard extension *R (called the field of hyperreal numbers),

3. the nonstandard extension Z, (called the ring of p-adic integers) that we
obtain as follows. Let the set N of natural numbers be the index set and
let © = {0,...,p — 1}. Then the nonstandard extension ON\U = Z,,.

Further, we shall set the following logics on non-Archimedean structures:

e hyperrational valued LukAsiEWICZ’s, GODEL’s, and Product logics,
e hyperreal valued LUuKasIEWICZ’s, GODEL’s, and Product logics,

e p-adic valued LUKASIEWICZ’S, GODEL’s logics.

Recall that non-Archimedean logical multiple-validities were considered by
SCHUMANN in [45] — [49].
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2 Hyper-valued logics

Assume that *Qg 1) = Qﬁh]/u is a nonstandard extension of the subset Qo1 =

QN [0, 1] of rational numbers, where U is the FRECHET filter that may be no
ultrafilter, and “Qjo,1] C *QJo,1] is the subset of standard members. We can
extend the usual order structure on Qo 1j to a partial order structure on *Qjg 1

1. for rational numbers z, y € Qo] We have x < y in Qo 1y iff [f] < [g] in
*Qio,1), where {a € N: f(a) =2} €U and {a € N: g(a) =y} € U,

*

i.e., f and g are constant functions such that [f] = *z and [g] = *y,

2. each positive rational number *z € Qo 1} is greater than any number
[f] € *Qo,11\? Q1]
i.e., *x > [f] for any positive z € Qo1 and [f] € *QJo,1}, where [f] isn’t
constant function.

These conditions have the following informal sense:

1. The sets “Q[o,1) and Qo) have isomorphic order structure.

2. The set *Qjp,1) contains actual infinities that are less than any positive
rational number of 7Qj 1

Define this partial order structure on *Qq 1) as follows:
O-q 1. For any hyperrational numbers [f], [g] € *Qo,1}, we set [f] < [g] if
{a eN: f(a) <g(a)} €U.
2. For any hyperrational numbers [f], [g] € *Qjo,1), We set [f] < [g] if
{aeN: f(a) <gla)} €U

and [f] # [g], L.e., {o € N: f(a) # g(a)} €U.
3. For any hyperrational numbers [f], [g] € *Q[o,1), we set [f] = [g] if
felgl

This ordering relation is not linear, but partial, because there exist elements
[f], lg] € *Q[o,1), which are incompatible.

Introduce two operations max, min in the partial order structure O-q:

1. for all hyperrational numbers [f],[g] € *Qo,1), min([f],[g]) = [f] if and
only if [f] < [g] under condition O-q,

2. for all hyperrational numbers [f],[g] € *Q[o,1], max([f], [g]) = [g] if and
only if [f] < [g] under condition O-q,

3. for all hyperrational numbers [f], [g] € *Qqo,17, min([f], [g]) = max([f],[g]) =
[f] = [g] if and only if [f] = [¢g] under condition O-q,
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4. for all hyperrational numbers [f],[g] € *Qqo,1), if [f], [g] are incompatible
under condition O«q, then min([f], [g]) = [h] iff

{a € N: min(f(«),g(a)) = h(a)} € U.

5. for all hyperrational numbers [f], [g] € *Q(o 1), if [f], [g] are incompatible
under condition O«q, then max([f], [g]) = [h] iff

{a € N: max(f(a),g(a)) = h(a)} € U.

It is easily seen that conditions 1 — 3 are corollaries of conditions 4, 5.
Note there exist the maximal number *1 € *Qg,1) and the minimal number
*0 € *Q[o,1) under condition O-q. Therefore, for any [f] € *Qo 1}, we have:

max(*1, [f]) = "1, max(*0, [f]) = [f], min(*1, [f]) = [f] and min(*0, [f]) = ~0.

Now define hyperrational-valued LUKASIEWICZ s logic IM-q:

Definition 1 The ordered system (Veq, 7, — 1L, V, A3V, {*1}) is called hyper-
rational valued LUKASIEWICZ’s matriz logic M-q, where

1. Viq = *Qqo,1] is the subset of hyperrational numbers,
for all [z] € Veq, —pfz] =*1 — [z],
for all [z],[y] € Vaq, [z] =L [y] =min(*1,*1 — [z] + [y]),

for all [z],[y] € Veq, 2] V [y] = ([2] =1 [y]) =L [y] = max([z], [y]),

for all [z],[y] € Veq, [2] Aly] = = (=2l V 2 ly]) = min((z], [y]),

6. for a subset M C Viq, I(M) = max(M), where max(M) is a mazimal
element of M,

7. for a subset M C V.q, V(M) = min(M), where min(M) is a minimal
element of M,

8. {*1} is the set of designated truth values.

The truth value *0 € V-q is false, the truth value *1 € V.q is true, and
other truth values € V-q\{*0,*1} are neutral.

If we replace the set Qo.1] by Ro 1] and the set *Qo,1] by *Ryo,1) in all above
definitions, then we obtain hyperreal valued matriz logic M-y

Definition 2 Hyper-valued GODEL’s matriz logic G+[o 1) is the structure (*[0, 1],
G, G, v; /\7 3; V7{*1}>, ’LUhe’l"@

1. for all [x] € *[0,1], —g[z] = [2] —¢ *O0,

2. foz all [z], [y] € *[0,1], [z] —¢ [yl = "1 if [z] < [y] and [z] —¢ [y] = [y]
otherwise,

3. for all [}, [y] € *[0,1], [2] V [y] = max([«], [y]),

4. for all [}, [y} € *[0,1], [z] A [y] = min([z], [y]),
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5. for a subset M C *[0,1], 3(M) = max(M), where max(M) is a mazimal
element of M,

6. for a subset M C *[0,1], V(M) = min(M), where min(M) is a minimal
element of M,

7. {*1} is the set of designated truth values.

The truth value *0 € *[0, 1] is false, the truth value *1 € *[0,1] is true, and
other truth values [z] € *(0, 1) are neutral.

Definition 3 Hyper-valued Product matriz logic I1-|q 1) is the structure (*[0,1],
I, /I, &H7 /\: v; El: va{*1}>) where

1. for all [x] € *[0,1], —n[z] = [x] —n *0,

1, if [z] < [y,
min(*1, ﬁ), otherwise;

2. for all [z], [y] € *[0,1], [z] —n [y] = {

3. for all [x],[y] € *[0,1], [z]&nly] = [2] - [y],
4. for all [], [y] € *[0, 1], [z] ATyl = [2] - ([2] —m [y]),

J: J[”O]T)all [z], [yl € [0,1], [2] v [y] = (([] —=m [y]) —u W) A (([y] —m [2]) —n

6. for a subset M C *[0,1], I(M) = max(M), where max(M) is a mazimal
element of M,

7. for a subset M C *[0,1], V(M) = min(M), where min(M) is a minimal
element of M,

8. {*1} is the set of designated truth values.

The truth value *0 € *[0, 1] is false, the truth value *1 € *[0,1] is true, and
other truth values [z] € *(0, 1) are neutral.

3 p-Adic valued logics

Let us remember that the expansion

n= oz_N~p7N+a_N+1~p7N+1+. . .+oz_1~p’1+ozo+a1'p+. . .+ak~pk+. .=
+oo

Z Qg - pk7
k=—N
where oy, € {0,1,...,p— 1}, Vk € Z, and a_y # 0, is called the canonical
expansion of p-adic number n (or p-adic expansion for n). The number n is
called p-adic. This number can be identified with sequences of digits: n =
S 000, 10— . ... We denote the set of such numbers by Q,.
o0
The expansion n = ag+aqy - p+ ... +ap-pF +... = ay - p*, where

E=0
ar € {0,1,...,p— 1}, Vk € N U {0}, is called the expansion of p-adic integer

40



n. The integer n is called p-adic. This number sometimes has the following
notation: n = ...agaga0p. We denote the set of such numbers by Z,,.

If n € Z,, n # 0, and its canonical expansion contains only a finite number
of nonzero digits «;, then n is natural number (and vice versa). But if n € Z,,
and its expansion contains an infinite number of nonzero digits o, then n is an
infinitely large natural number. Thus the set of p-adic integers contains actual
infinities n € Z,\N, n # 0. This is one of the most important features of non-
Archimedean number systems, therefore it is natural to compare Z, with the
set of nonstandard numbers *Z.

Extend the standard order structure on N to a partial order structure on
Z,.

o for any z,y € N we have z <y in N iff x <y in Z,,

e cach finite natural number x is less than any infinite number y, ie. z <y
for any € N and y € Z,\N, y # 0.

Define this partial order structure on Z, as follows:

Oz, Let x = ..., ... 7120 and y = ...y, ... Y150 be the canonical expansions
of two p-adic integers x,y € Z,. (1) We set < y if the following three
conditions hold: (i) there exists n such that x, < yn; (i) zx < yx for all
k > n; (iii) x is a finite integer, i.e. there exists [ such that z,, = 0 for all
m > 1. (2) Weset x =y if x,, =y, for each n =0,1,... (3) Suppose that
both = and y are infinite integers. We set « < y if we have z,, <y, for
eachn =0,1,... and we set < y if we have z,, < y,, foreachn =0,1,...
and there exists ng such that z,, < yn,.

Now introduce two operations max, min in the partial order structure on Z:

1 for all p-adic integers x,y € Z,, min(z,y) = « if and only if # < y under
condition Oz,

2 for all p-adic integers z,y € Z,, max(z,y) = y if and only if z < y under
condition Oz,

3 for all p-adic integers z,y € Z,, max(z,y) = min(z,y) = z = y if and only if
x = y under condition Oz, .

The ordering relation Oz, is not linear, but partial, because there exist el-
ements x,z € Z,, which are incompatible. As an example, let p = 2 and let
x=—%=...10101...101, z = —2 = ...01010...010. Then the numbers =
and z are incompatible.

Thus,

4 Letz=...2y...01200 and y = ...Yn ... y1yo be the canonical expansions of
two p-adic integers z,y € Z, and z, y are incompatible under condition
Oz,. We get min(z,y) = 2z = ... 2, ... 2120, where, for each n =0, 1,...,
we set

1. zp =ypn if T, > yn,
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3. zZp =Ty = Yn if T, = yYn.
We get max(z,y) =2 =...2,...2120, where, for each n =0,1,..., we set

1. zp =ypn if z, < yn,
2. zp =Xy if xn > yn,
3. zp =Ty = Yp if T, = yYn.
It is important to remark that there exists the maximal number Ny,q. € Z,

under condition Oz, . It is easy to see:

o}

Npaz =—-1=@p-1)+@—-1)-p+...4+@-1)-p"+...=> (p—1)-p"
k=0

Therefore
5 min(z, Npmaz) = @ and max(x, Nyag) = Nimgo for any « € Z,,.

Now consider p-adic valued LUKASTEWICZ s matriz logic Mz,

Definition 4 The ordered system (Vz,,—r,—rL,V, /\j, g, {Nmaz}) is called p-
adic valued LUKASIEWICZ s matriz logic Mz,,, where

Z. ‘/Zp == {O7 .. ,Nmaa:} = ZP7
. Jorallx € Vz,, 1% = Nypaz — 2,
forallz,y € Vz,, x =1 y = (Niaz — max(z,y) +y),

forallz,y € Vg, xVy=(x—ry) —ry=max(z,y),

S N )

. forallz,y € Vg, v ANy = —-p(—-p2V —~py) = min(z,y),

6. for a subset M C Vz_, (M) = max(M), where max(M) is a mazimal
element of M,

7. for a subset M C Vz_, V(M) = min(M), where min(M) is a minimal
element of M,

8. {Nmaz} is the set of designated truth values.

The truth value 0 € Z,, is false, the truth value Ny,q, € Z, is true, and other
truth values « € Z,\{0, Ny, } are neutral.

Definition 5 p-Adic valued GODEL’s matriz logic Gz, is the structure (Vz,,
-G, —a, V, A\, 3, ¥V, {Nmaz}), where

1. Vz, ={0,..., Njaz} = Zp,
2. forallx € Vz,, ngr =2 —¢ 0,
3. forallx,y € Vz,, * =G Y= Npaz tf * <y and v —g y = y otherwise,

4. forallz,y € Vz,, v Vy = max(z,y),
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5. forall xz,y € Vgz,, v Ay = min(x,y),

6. for a subset M C Vg, (M) = max(M), where max(M) is a mazimal
element of M,

7. for a subset M C Vg, g(M) = min(M), where min(M) is a minimal
element of M,

8. {Nmaz} is the set of designated truth values.

4 Non-Archimedean valued BL-algebras

Now introduce the following new operations defined for all [z], [y] € *Q in the
partial order structure O-q:

o [z] —r [y] = "1 — max([z], [y]) + [v],

o [z] —p [y] =*1if [2] < [y] and [z] —11 [y] = min(*1, %) otherwise,

notice that we have min(*1, %) = [h] iff there exists [h] € *Qqo,1) such
that {« € N: min(I, zgzg) = h(a)} € U, let us also remember that the

members [z], [y] can be incompatible under O-q,
o —[z] =*1—[z], ie. [x] =1 *0,
o —y[z] =*1if [z] = *0 and —p[z] = *0 otherwise, i.e. —[z] = [z] —n *0,
o Alzx] =*1if [z] =*1 and Alz] = *0 otherwise, i.e. Alx] = ——p[2],
o [z]&[y] = max([z],"1 = [y]) + [y] — "1, Le. [z]&L[y] = —([z] =L —wly]),
o [z)&nly] = [z] - [v],
o [z] @[y :==—r[z] =L [y,
o [z]©[y] = [z]&rLL]y],
o [z] A[y] = min([z], [y]), Le. [z] A[y] = [z]&L([z] —L [v]),
o [z]V[y] = max([z], [y]), i.e. [z] V [y] = ([z] =L [¥]) =L V],

o [z] —¢ [y] = *1if [z] < [y] and [z] —¢ [y] = [y] otherwise, i.e. [z] —¢
] = A([z] =L [y]) V [y,

o —¢glz] = [z] =g *0.

A hyperrational valued BL-matriz is a structure L-q = (*Qqo1], A, V, *, =,
*0, *1) such that (1) (*Qqo,15, A, V,*0,%1) is a lattice with the largest element
*1 and the least element *0, (2) (*Q[o,1], *, “1) is a commutative semigroup with
the unit element *1, i.e. * is commutative, associative, and *1 * [z] = [z] for all
[z] € *Qqo,1}, (3) the following conditions hold

[2] < ([2] = [y]) iff [2]  [2] < [y] for all [], [y], [2];
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[z] Aly] = [2] * ([2] = [v]);
[z] V[y] = (([z] = [v]) = [¥]) A (([y] = [2]) = [=]),
([z] = WD) v ([y] = []) = "1.

If we replace the set Qo,1] by Ryp,1) and the set *Qo,1) by *Ryjg,1] in all above
definitions, then we obtain hyperreal valued BL-matriz L-g. Matrices L-q, L+r
are different versions of a non-Archimedean valued BL-algebra. Continuing in
the same way, we can build non-Archimedean valued L-algebra, G-algebra, and
II-algebra.

Further consider the following new operations defined for all z,y € Z,, in the
partial order structure Oz :

o =1y = Npae — max(z,y) + v,

® & =11 Y= Npae if £ <y and x —p y = integral part of £ otherwise,
o ~; = Npyar —x, ie. x —p 0,

e = = Nyee if © =0 and —rx = 0 otherwise, i.e. -;tx = 2 — 0,

o Az = Npaz if 2 = Nypor and Az = 0 otherwise, i.e. Az = —g—px,

o z&ry = max(x, Nyaz — Y) + ¥ — Nmag, 1.6 2&ry = ~p(x =1 —Ly),
o z&ny==z-y,

e x Py = LT —LY,

e 1Sy =&y,

e Ay =min(z,y), e zAy=a&r(z —ry),

e zVy=max(z,y),le.xVy=(x =5 y) =LY,

ez —Gg Yy = Npa if t <y and v —¢ y = y otherwise, i.e. £ —g y =
Az =L y)Vy,

o ~qr:=x —¢0.

A p-adic valued BL-matriz is a structure Lz, = (Z,, A, V, *, =, 0, Npaz)-

5 Non-Archimedean valued predicate logical lan-
guage

Recall that for each i € [0,1], *i = [f = 4], i.e. it is a constant function. Every
element of *[0, 1] has the form of infinite tuple [f] = (yo,y1, . ..), where y; € [0, 1]
for each i =0,1,2,...

Let £ be a standard first-order language associated with p-valued (resp.
infinite-valued) semantics. Then we can get an extension £’ of first-order lan-
guage L to set later a language of p-adic valued (resp. hyper-valued) logic.

In £’ we build infinite sequences of well-formed formulas of £:

Q/JOO:<1/J17~-~J/JN,~~>,
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wi = <1/)17' .. 7¢i>7
where ¥; € L.

A formula ¥°° (resp. ) is called a formula of infinite length (resp. a formula
of i-th length).

Definition 6 Logical connectives in hyper-valued logic are defined as follows:
1. ™ %™ = (Y1 *k 01,..., YN X PN, ...), where x € {&, —};
2. = = (=1, ..., YN, .5
3. Qz ™ =(Qzt,...,Qrn,...), Qe {V,3};
4. b x ot = (b1 % p, e x @, ... PN *p,...), where x € {&, —}.
Definition 7 Logical connectives in p-adic valued logic are defined as follows:

1. ™ %= = (h1 %k 01,..., YN * PN, ...), where x € {&, —};

2. =) = (=1, ..., N, ...);

3. QY™ ={(Qxy,...,Qxyn,...), Qe {V,3}.

4o PP %@t = (Y1 x o1, o, Yix i, Yinrx L, o x L, o, o x L),
where x € {&, —}.

5. suppose i < j, then ' x @l = (Y1 x o1, ..., Yy % @i, i1 * L, iox L,

., Yy x L), where x € {&,—}.

An interpretation for a language £’ is defined in the standard way. Extend
the valuation of £ to one of £’ as follows.

Definition 8 Given an interpretation I = (M, s) and a valuation val; of L,
we define the non-Archimedean i-valuation val} (resp. co-valuation vals®) to be
a mapping from formulas ©* (resp. o) of L' to truth value set V' (resp. *V')
as follows:

1. vali(¢?) = (valr(p1), ..., valr(;)).

2. val7®(p™) = (vali(p1),...,valr(en),...).

For example, in p-adic valued case valy® (1> % ') = (val;(¢1 % ¢1), ...,
valr(¢; *x ¢;), valp(wip1 * L), valp(ipa x L), ..., valy(¢ny * L),...), where
* € {&,—}.

Let L.y be a non-Archimedean valued BL-matrix. Then the valuations val}
and val7® of £’ to non-Archimedean valued BL-matrix gives the basic fuzzy logic
with the non-Archimedean valued semantics.

We say that an L-y-structure M is an i-model (resp. an oo-model) of an L'-
theory T iff val}(¢?) = (1,...,1) (resp. val7®(¢>°) = *1) on M for each ¢* € T
(resp. > € T).
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6 Non-Archimedean valued basic fuzzy proposi-

tional logic BL.,

Let us construct a non-Archimedean extension of basic fuzzy propositional logic
BL denoted by BLy,. This logic is built in the language £’ and it has a non-

Archimedean valued BL-matrix as its semantics.

Remember that the logic BL has just two propositional operations: &, —,

which are understood as t-norm and its residuum respectively.

The logic BL is given by the following axioms:

(@ = 9" = (W' = x") = (¥ = x"),
(P'&y") — ¢,
(¢'&y’) — (V'&y'),
(@' &(p" = 9) = (P&’ — ")),

(" = (" = x")) = ((P'&y") — X,
(' &y") = x") = (¢ = (' = X)),
(" =) =) = (W' = ¢") = x') = x"),
LF =y,

(% = 9%) = (> = x™) = (™ = X)),
(™&y™) — ¢,

(p™&y™) — (P=&p™),
(T & (9™ = ¥%)) = (PZ&W™ — %)),
(™ = (% = x7)) = ((¥=&Y™) = x),

(p=&Y>7) = X) = (™ = (P> — x™)),

(0™ = ¥™) = x) = (™ = ¢) = x7) = x%),

1%° — p°,

(10)
(1)
(12)
(13)
(14)
(15)

(16)

These axioms are said to be horizontal. Introduce also some new axioms that
show basic properties of non-Archimedean ordered structures. These express a

connection between formulas of various length.
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1. Non-Archimedean multiple-validity. It is well known that there ex-
ist infinitesimals that are less than any positive number of [0,1]. This
property can be expressed by means of the following logical axiom:

(@' = Y=)&(p! = L7)) = (™ — @), (17)
where 9! = 91, i.e. it is the first member of an infinite tuple .

2. p-adic multiple-validity. There is a well known theorem according to
that every equivalence class a for which |a|, < 1 (this means that a is a
p-adic integer) has exactly one representative CAUCHY sequence {a; }icw
for which:

(a) 0<a; <p'fori=1,2,3,...;
(b) a; =a;y1 mod p‘fori=1,23, ...

This property can be expressed by means of the following logical axioms:

(P —16p' —1) —p 9" —p
W e p-1o--op-Tay), (18)

pi

i

, —_—
(thl H(keB@k)@'djz) —r
(... T =1ep —1)o...)op —1)
0<p—k<p

o-pk) =L 'Y, (19)

I
—

W e (ko---ok)oy) -
W =L (.. =106
pi—1)o...)ep —1)o-rk), (20)

0<(p—1)—k<p-1

W =L pt 1) = (B <), (21)

(@ )V @ o @ e D) V..
V@t e ey p)), (22

where p — 1 is a tautology at the first-order level and p* — 1 (respectively
pt1 — 1) a tautology for formulas of i-th length (respectively of (i + 1)-th

length); 9! = 41, i.e. it is the first member of an infinite tuple ¥>°; =0k is
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a first-order formula that has the truth value ((p—1)—%) € {0,...,p—1}
for any its interpretations and k is a first-order formula that has the truth
value k € {0,...,p—1} for any its interpretations; 1 is a first-order formula
that has the truth value 1 for any its interpretations, etc. The denoting
p'-kmeans k@ - B k.

—_———

pi

Axioms (17) — (22) are said to be vertical.
The deduction rules of BL, is modus ponens: from 1, 1) — ¢ infer ¢.

The notions of proof, derivability -, theorem, and theory over BL is defined
as usual.

Theorem 1 (Soundness and Completeness) Let ® be a formula of L', T
an L'-theory. Then the following conditions are equivalent:

o I't ®;
o val}(®) = (1,...,1) (resp. val3®(®) = *1) for each L.y -model M of T;
W—/

Proof. This follows from theorem 4 and semantic rules of BL. O

7 Neutrosophic sets

Let U be the universe of discourse, U = {uy,us, ..., u,}, with a generic element
of U denoted by u;. A vague set A in U is characterized by a truth-membership
function t4 and a false-membership function f4,

ta: U — [Oa 1]7

fa:U— [O, 1},

where t4(u;) is a lower bound on the grade of membership of u; derived from
the evidence for u;, fa(u;) is a lower bound on the negation of u; derived from
the evidence against u;, and ta(u;) + fa(u;) < 1. The grade of membership
of u; in the vague set A is bounded to a subinterval [ta(u;),1 — fa(u;)] of
[0,1]. The vague value [ta(u;),1 — fa(u;)] indicates that the exact grade of
membership pa(u;) of u; may be unknown. But it is bounded by ¢4(u;) <
wa(u;) < 1—fa(u;), where t 4 (u;) + fa(u;) < 1. When the universe of discourse
U is continuous, a vague set A can be written as

A:/U[tA(ui),lffA(ui)]/ui, ’LLZ‘EU.

When U is discrete, then

A= Z [ta(ui), 1 — fa(ui)l/us, wi€U.

Logical operations in vague set theory are defined as follows:
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Let 2 and y be two vague values, z = [t;,1 — fi], y = [ty,1 — f,], where
tz €[0,1], fz €[0,1], t, € [0,1], f, € [0,1], tz + f» <1 and t, + f, < 1. Then

LT = [1 - ta:afw}:
z Ay = [min(tg,t,), min(1 — fz, 1 — f,)],
zVy = [max(ty,ty), max(l — fz,1— f,)].

8 Neutrosophic set operations

Definition 9 Let U be the universe of discourse, U = {uy,ua,...,up}. A
hyper-valued neutrosophic set A in U is characterized by a truth-membership
function t o, an indeterminacy-membership function i, and a false-membership
function fa

tad f: U —*[0,1],
ia>d f:U—"7[0,1],
fa>af:U—70,1],

where t 5 is the degree of truth-membership function, i4 is the degree of indeter-
minacy-membership function, and fa is the degree of falsity-membership func-
tion. There is no restriction on the sum of ta, ia, and fa, i.e.

*0 < maxta(u;) + maxia(u;) + max fa(u;) <*3.

Definition 10 Let U be the universe of discourse, U = {uj,ug,...,un}. A
p-adic valued neutrosophic set A in U is characterized by a truth-membership
function t o, an indeterminacy-membership function i, and a false-membership
function fa

tad f:U =7,
a2 f:U—= 7y,
fas f:U—=Zpy,

where t 4 is the degree of truth-membership function, i4 is the degree of indeter-
minacy-membership function, and fa is the degree of falsity-membership func-
tion. There is no restriction on the sum of ta, ia, and fa, i.e.

0 < maxta(u;) + maxiag(u;) + max fa(u;) < Nmaz + Nmaz + Nmaz = —3.

Also, a neutrosophic set A is understood as a triple (t4,%4, fa) and it can
be regarded as consisting of hyper-valued or p-adic valued degrees.

As we see, in neutrosophic sets, indeterminacy is quantified explicitly and
truth-membership, indeterminacy-membership and falsity-membership are in-
dependent. This assumption is very important in many applications such as
information fusion in which we try to combine the data from different sen-
sors. Neutrosophic sets are proposed for the first time in the framework of
neutrosophy that was introduced by SMARANDACHE in 1980: “It is a branch of
philosophy which studies the origin, nature and scope of neutralities, as well as
their interactions with different ideational spectra” [51].
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Neutrosophic set is a powerful general formal framework which generalizes
the concept of the fuzzy set [58], interval valued fuzzy set [56], intuitionistic
fuzzy set, and interval valued intuitionistic fuzzy set.

Suppose that t4,i4, fa are subintervals of *[0,1]. Then a neutrosophic set
A is called an interval one.

When the universe of discourse U is continuous, an interval neutrosophic set
A can be written as

A= [ {eatw)siau). fatu))fus, v €U
U
When U is discrete, then

n

A= Z (ta(ui),ia(ug), fa(uwi))/ui, w; €U
i=1
The interval neutrosophic set can represent uncertain, imprecise, incomplete
and inconsistent information which exist in real world. It can be readily seen
that the interval neutrosophic set generalizes the following sets:

e the classical set, 14 = (), minty, = maxt4 =0 or 1, min f4 = max f4 =0
or 1 and maxty + max f4 = 1.

e the fuzzy set, iy = 0, mint4 = maxty € [0,1], min f4 = max f4 € [0, 1]
and maxts + max fg = 1.

e the interval valued fuzzy set, i = @), mint4, maxt,, min f4, max fu €
[0,1], maxts + min f4 = 1 and mint4 + max f4 = 1.

e the intuitionistic fuzzy set, i4 = 0, minty, = maxts € [0,1], min f4 =
max fa € [0,1] and maxts + max f4 < 1.

e the interval valued intuitionistic fuzzy set, i4 = 0, mint 4, maxt, min fy4,
max fa € [0,1], maxty + min f4 < 1.

e the paraconsistent set, iy = (), minty, = maxty € [0,1], minfy4 =
max f4 € [0,1] and maxts + max fu > 1.

e the interval valued paraconsistent set, i4 = (), mint,, maxt, min fyu,
max f4 € [0,1], maxty + min f4 > 1.

Let Sy and S be two real standard or non-standard subsets of *[0, 1], then
S14Sy ={z:x=251+52,8 €51 and sg € So}, *a+ Sy = {z: . =*a+s2,82 €
SQ}, S1— Sy = {$Z r = 81 — S9,81 € S and sg € SQ}, S -8 = {.’)3! xr =
$1 - 82,81 € S1 and s € Sy}, max(S1,S2) = {z: x = max(s1, s2),s51 € S1 and
S92 € S}, min(Sy, S2) = {x: = min(sy, s2),$1 € S1 and s2 € Sa}.

1. The complement of a neutrosophic set A is defined as follows

e the LUKASIEWICZ complement:
LA = (1 —ta,*1 —ia, "1 = fa), ta,ia, fa C (*[0,1])Y,

_‘LA = <Nmaac - tAaNmax - iA;Nmaz - fA>7 tAviAva - (Zp)Ua
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e the GODEL complement:

A = (=gta,~gia,~cfa), ta.ia, fa C (*[0,1])Y,

“GA = (mgta,~qia,~afa), tasia, fa C(Z,)Y,

where mgta = {-gx : © € ta}, ngia = {~gx : T €ia}, "afa =
{—\Ga:: x € fA},
e the Product complement:

A = (-nta, omia, onfa), ta,ia, fa C (*[0,1])Y,

—nA = (-nta, “mia, “nfa), ta,ia,fa C(Zy)Y,

where —t4 = {-nz: x € ta}, mia = {-nx:x € ia}, fa =
{-nz:z € fa}.

2. The implication of two neutrosophic sets A and B is defined as
follows

e the LUKASIEWICZ implication:

A —; B = <*1 — max(tA,tB) + tp, "1 — max(iA,iB) +ig,*1 —
max(anfB) +fB>7 tAv iAa fA7 tBa iBa fB c (*[071])[]7

A —L B = <Nmaz*max(tAatB)+tBmea:c*maX(iA>iB)+iB; Nmam*
max(fa, fB) + [B), ta,ia, fa,tp,is, fB C (Zp)Y,

e the GODEL implication:

A —g B =(ta —a tB,ia —c iB, fa —c fB), ta,ia, fa,tB, iB,
fB € (*[0,1])Y,

A —g B = (ta —¢ tB,ia —c iB, fa —c fB), ta,ia, fa,tB, iB,
fB c (Zp)Ua

where t4 —¢g tg = {:EI Tr = 81 —qg S2,51 € ta and sy € tB},

ia —qip ={r: T =51 —qg 52,51 €iaand sy € i}, fa —a fB=
{z: 2 =151 —¢ s2,91 € fa and 52 € fB},

e the Product implication:

N

A—nB=(ta —ntp,ia —nin, fa —nu fB), ta,ia, fa,te i, fB
(*[0,1))Y,

N

A—nB=(ta —ntp,ia —nin, fa —u fB), ta,ia, fa,te,iB, fB
(Z,)",
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where t4 — tp = {x: 2 = 51 —1 82,81 € ta and sy € tg},
ia —nip ={r:x =5 —ns25 €isand sy € i}, fa —u fB =
{z: 2 =29 —ms2,81 € fa and s € fB},

3. The intersection of two neutrosophic sets A and B is defined as
follows

e the LUKASIEWICZ intersection:

A& B = (max(tA,*l — tB) +tp —*1, max(iA,*l — iB) +ig — *1,
max(fA,*l - fB) +fB - *1>a ta, i, an [3:F iB? fB c (*[07 1])Ua

A&LB = <max(tAaNmaz - tB) +itp — Nmarvmax(iAvaa:v - ZB) +
iB - Nmazamax(anNmaa: - fB) + fB - Nmaw>a tA, iAv an tBa iBa
fB c (ZP)U’

e the GODEL intersection:

A&GB = <min(tAatB)amin(iA7iB)amin(anfB)>7 ta,ta, an tg, iB,
fB g (*[03 1])U7

A&eB = (min(ta,tp), min(ia,ip), min(fa, fB)), ta,ia, fa,tp, i,
fB - (ZP)U7

e the Product intersection:
A&HB = <tA . tBaiA . iB?fA : fB>7 tAyiAafA7tB7iB7fB g (*[Ou 1])Ua

A&HB = (tA 'tBaZ-A 'iB7fA : fB>> tA7iA7antB;iB7fB g (Zp)U7

Thus, we can extend the logical operations of fuzzy logic to the case of
neutrosophic sets.

9 Interval neutrosophic matrix logic

Interval neutrosophic logic proposed in [51], [52] generalizes the interval valued
fuzzy logic, the non-Archimedean valued fuzzy logic, and paraconsistent log-
ics. In the interval neutrosophic logic, we consider not only truth-degree and
falsity-degree, but also indeterminacy-degree which can reliably capture more
information under uncertainty.

Now consider hyper-valued interval neutrosophic matriz logic 1IN L defined
as the ordered system <(*[07 1])3, SINLs —INL, VINL, N\INL, 3INL, VINL, {<*1,
*0, *0)}) where

1. for all (t,i, f) € (*[0,1])3, ~inL(t, 4, f) = (f, 1 —i,t),

2. for all <t13i17f1>7<t237:27f2> S (*[071})33 <t13i1,fl> —INL <t27i27f2> -
(min(*1,*1 — 1 + t2), max(*0, i2 — 1), max(*0, fo — f1)),
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3. for all (t1, i1, f1), <t27 ig, fa) € (*0,1])%, (t1, i1, f1) Ane (b2, d2, f2) =
(min(¢1,t2), max(iq, i), max(fi, f2)),

1)

(i1,

4. for all (t1, i1, f1), (t2, i2, fo) € (*[0,1))3, (t1, i1, f1) Vine (t2, i2, f2) =
(max(t1,t2), min(iq, i2), min(f1, f2)),

5. for a subset (M, My, Ms) C (*[0,1])3, 3((My, My, Ms)) = (max(M),
min(Mys), min(Ms)),

6. for a subset (My, My, Ms) C (*[0,1])3, V((My, My, Ms)) = (min(M;),
max (M), max(Ms)),

7. {(*1, *0, *0)} is the set of designated truth values.

Now consider p-adic valued interval neutrosophic matriz logic IN L defined

as the ordered system ((Z,)®, =rnr, —1nL, VINL, AINLs 3iNLs VINL, {{(Nmazs
0, 0)}) where

1. for all (t,i, f) € (Zp)®, —~ini(t,i, f) = (f, 1 —i,t),

2. for all (t1,i1, f1), (2,02, f2) € (Zp)?, (t1, i1, f1) —inL (to, i, fo) =
<Nmax — max(thtg) + tQ, maX(O,i2 — il),max(O, f2 — f1)>,

3. for all (t1, i1, f1), (t2, i2, fo) € (Zp)gv (t1, i1, f1) Aive (b2, iz, f2) =
(min(¢1,t2), max(iq, i2), max(fi, f2)),

4. for all (t1, i1, f1), (t2, i2, fo) € (Zp)?, (t1, i1, f1) Vine (t2, i2, f2) =
<HlaX(t1, tg), min(il, i2)7 min(fl, f2)>,

5. for a subset (My, My, Ms) C (Z,)%, 3((My, My, Ms)) = (max(M,),
min(Ms), min(Ms)),

6. for a subset (My, My, Ms) C (Z,)%, V((My, My, Ms)) = (min(M),
max (M), max(Ms)),

7. {{Nmaz, 0, 0)} is the set of designated truth values.

As we see, interval neutrosophic matrix logic INL is an extension of the
non-Archimedean valued LUKASIEWICZ matrix logic.

10 Hilbert’s type calculus for interval neutro-
sophic propositional logic

Interval neutrosophic calculus denoted by INL is built in the framework of the
language L', but its semantics is different.

An interpretation is defined in the standard way. Extend the valuation of
L' to the valuation for interval neutrosophic calculus as follows.

Definition 11 Given an interpretation I = (M, s) and a valuation valy® of L',
we define the hyper-valued interval neutrosophic valuation val?O’INL(-) to be a
mapping from formulas of the form o> of L' to interval neutrosophic matrix

logic INL as follows:

val3? IV (%) = (valP® (™) = t(p™), (™), F(¢™)) € (*[0,1])°.
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Definition 12 Given an interpretation I = (M, s) and a valuation val7® of L',
we define the p-adic valued interval neutrosophic valuation Val?o’INL(-) to be a

mapping from formulas of the form > of L' to interval neutrosophic matriz
logic INL as follows:

vali M () = (alF (9%) = t(9™), i), F(9)) € (Z)".
We say that an I N L-structure M is a model of an INL-theory T iff
valgo ™V (%0) = (*1,%0,%0)
on M for each > € T.

Proposition 1 In the matriz logic IN L, modus ponens is preserved, i.e. if ©>°
and > — iy Y™ are IN L-tautologies, then 1> is also an I N L-tautology.

Proof. Consider the hyper-valued case. Since > and ¢*° —np ¥ are INL-
tautologies, then

vali " () = vali™ N (™ — g ™) = (71,70,70),
that is val;>" M (™) = (*1,%0,*0), val;>" V(o™ —inp ) = (min(*1,*1 —
(%) 4+ t(¥)) = "1, max(*0,i(y)>*) — i(¢>)) = "0, max(*0, f(>°) = f(¢*)) =
*0). Hence, t(1p>°) = *1, i(¢¥>°) = f(1>°) = *0. So ¥ is an I N L-tautology. O

The following axiom schemata for INL were regarded in [57].

V> —ine (0 =N ), (23)

(V> AiNL ¢%°) =1INL ¢, (24)

Y —ive (V7 Vine %), (25)

P> —ine (9% —ive (V™ A 9%)), (26)
(> —ine X™) —inve (9™ —i1ve X™°) =Nt (27)

(> Vine ¢°) —1nL X)),

(V> VinL ¢%°) —1nL X™°) < INL (28)
(0% —=ine X)) Arve (9™ —1ve 7)),

(> —inL ) «ive (CiNpe™ —iNn “INL ™), (29)

(> —inL ©°) Aine (0 —=ive X°) —=ive (W —ive X5, (30)
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(V™ —=iINL ¢™°) <INL (31)
(> —rve W Arve ¢°)) <IN
(9> —inL (P ViNL 97))-

The only inference rule of INL is modus ponens.

We can take also the non-Archimedean case of axiom schemata for the axiom-
atization of INL, because INL is a generalization of non-Archimedean valued
Lukasiewicz’s logic (see the previous section). This means that we can also set
INL as generalization of non-Archimedean valued GODEL’s or Product logics.

11 Conclusion

The informal sense of ARCHIMEDES’ axiom is that anything can be measured
by a ruler. The negation of this axiom allows to postulate infinitesimals and
infinitely large integers and, as a result, to consider non-wellfounded and neu-
trality phenomena. In this book we examine the non-Archimedean fuzziness, i.e.
fuzziness that runs over the non-Archimedean number systems. We show that
this fuzziness is constructed in the framework of the t-norm based approach. We
consider two cases of the non-Archimedean fuzziness: one with many-validity in
the interval [0, 1] of hypernumbers and one with many-validity in the ring Z,, of
p-adic integers.

Hyper-valued (resp. p-adic valued) interval neutrosophic logic INL by which
we can describe neutrality phenomena is an extension of non-Archimedean val-
ued fuzzy logic that is obtained by adding a truth triple (¢4, f) € (*[0,1])3
(resp. (t,4, f) € (Z,)?) instead of one truth value t € *[0,1] (resp. t € Z,) to the
formula valuation, where ¢ is a truth-degree, ¢ is an indeterminacy-degree, and
f is a falsity-degree.
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