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Preface

The greatest revolution in the number starting ftbendays of Pythagoras.

The similarity between quantum mechanics and esw@gnetism.

Are we a three-dimensional television show?

These and other fascinating topics are addressé#uelguthor in this work at once mathematical

and popular and, which leads us to a world stijédy unexplored [1].

March 2000



1 - Introduction

These ideas are not my final ideas, but my ideasatid. And since it worked, | think it's fair to
expose the reasoning that | followed.

"Everything is_ what we cailectromagnetic field".

Moving on to more concrete statements, of whatdpwaaking?

Essentially, from the end, | believe that manyalgrof the very fundamental equations of physics
are reduced to the condition of analyticity: the eve know, in 2 dimensions, extended to 4
dimensions. But not all. Perhaps most strikindnesfbllowing: I believe that the aforesaid conditio
of analyticity has a general validity because yissa... absolutely nothing .... or, rather, it affs a
"true in itself", and therefore it is always valldefines our language.

What is the thing, "true in itself", which the catoih of analyticity states, which is always traed
therefore becomes_a fundamental law?

The content from the epistemological point of vigyvof the condition of analyticity, is:

"Now I'm going to discuss things as a function péase and time, and I'm not kidding."

One can see that you can derive many equation®r.many "laws" .... with this statement. Why?
The phrase "and I'm not kidding" is the phraséstfrt with this single logical premise, that llwi
use quantities that are functions of space and toeseriously, not fake ... the results are the
Maxwell equations, equations of fluid, ... etceteteetera etcetera.

To be clear, is a single equation results, whichdradually various subcases, down, down to the
ordinary analytical equations on the plane.

This general equation, which is nothing but theditbon of analyticity | said before, concerns eight
component functions. When it comes to the planedmeponents are reduced to two, as well as
two are the coordinates on the plane. But, jugite you an example, the coordinates can also be
one “space” and one “time” or two of “space” anegdtime”, and so on.

Came on to other things.

"To put ideas in a mathematical form" as Hesteags,deads to work, therefore, with the
coordinates of space and time.

Today we are accustomed to consider the constdrtbg @peed of light as a established physical
fact. That is to say, now accepting a geometryhitcty, among other, shows the fomh + y?2 +

z? — ¢?t? = 0 is not scare. It is part of common experiencehis square, as you know, you see
the square of the time with the minus sign.

This minus sign is run with the introduction ofiamaginary.

Now, in few words, if we identify the space anddiaxes with unit vectors, the end result is the
following: a mathematics borns between "imaginamyibers to eight components, which are
those certain types of numbers fully equipped tadkathe eight components that | mentioned
earlier Some, not commutative.

But even here, there's more.

From Hamilton, then, to switch to Dirac, until ygat to Cambridge, "these things have been
rediscovered over and over again" in the wordsestehesl believe that there is an underlying
problem: in a so complicated mathematics, it isangmt to find the appropriate language. | mean
that there are different formulations of langudgé, only the "right one" will keep things simple.

*)
In any good physics paper you must use at leastimeethe word "epistemological” and say at
least once "heuristic point of view."




The problem is obvious because are, men, with our language, we descnbe tell. If language is
not only coherent, but also good, things are simple

| will describe the good language that | was ablértd.

| see clearly that is similar, or perhaps equaltteer formulations that | see around in the Interne
but I am in my own language for several reasons.

There are different types of reasons, which | theworthwhile briefly to exhibit.

One is that I'm used to.

Another reason is that .... is a formulation suédbr technicians and engineers. | prefer to stay
formulation (where possible) familiar even for teans and engineers , and not convert it to
spinors, quaternions, strange spaces, "octoniorssa on.

So far, what | described is equivalent of a matherakthing, which we call a “algebra”.

But, in addition to algebra, with these numbers lgandle, even better, the mathematical analysis
(ie .... the condition of analyticity).

There's more.

The geometric view of a "thing" with its eight cooments and its intuitive understanding (I assume
that it must exist, otherwise the language is hat good) are not immediate.

| did not know, and | don’t know, if this view caliexist. But long ago | told myself: if there is a
range of applications in which the meaning of thesgies can be understood, must be a situation
where they already exist geometric entities of thige having physical meaning.

This field is electromagnetism.

Let me be clear on this point. | repeat. If we wiantake over the meaning of symbols strange,
unusual, simple bytotentially can become complicated, if we wargee them, if we want to be
sure of getting the right symbols, if .... etaye must find a known application. What we SEee
only field of application which is already there ..is.the electromagnetism.

What do | mean?

Electromagnetism we already have six componentse thlectric and three magnetic. Applying the
eight components numbers to the six componentieofremagnetism, the result is the following:
are the right things, things clear. In addition, fimel that the other two components can justify the
charge and | say, elementary particles.

We come then, finally, to another issue that | dbs¢which is related, among other things, to the
Dirac equation. The statement that "everythindesteomagnetic field" implies among other
things, justify and describe in terms of electrometg field the charge, mass, ... and last but not
least, the electron.

| must say that | did not succeed (*). Howevervydéaome ideas which can not, among other
things, that go through a re-interpretation of quanmechanics.

To be very brief and concise Dirac equations, | shpuld actually be reduced to Maxwell's
equations, and conversely the electromagnetic §letild prove suitable to describe particles with
charge and mass, and quantum mechanics shouldieeckto that something called "theory of
random signals", ie signals for which the phagseisknown, and they only study the spectrum
Y¥*, Well? Well, in the text | think | have some rétsun this direction. It presents these results.
This will be done especially in the last chapteegdgally highlighting the key points to which |
arrived. They are as follows. The Dirac equatiom losa made to coincide with Maxwell's equations.
The eight components (two four-component spinor#)@® Dirac wave function can be made to
coincide with the components of the Maxwell fighilying them a meaning.

(*)

Old dream of many physicists, then excluded.




You can also do a dual operation and ask: whataviappen if instead | wanted to represent the
radar signals in a waveguide with a "Dirac equdfion

The result is that wavepackets of radar waves carably be described by a Dirac equation or the
Klein Gordon equation , having mass, and obed®iit¢ equations of mechanics. This is one of the
results that | consider most significant, howeesen if obvious.

There are a whole series of gradually accessagsts, | do not think happen by accident, but
because we are managing and describing the samamamtal reality.

A critic could certainly define some simple anakxjil can not resist mentioning the statement, |
think Chinese or Indian. "When the wise pointshatithoon, the fool sees the finger".

It is certainly important that the work should berough. Strangely, all the electromagnetic world
seems disinterested. But it is important, andirnigortant for electromagnetism and perhaps even
more for the elementary particles. If the partickeslly have an electromagnetic background, | think
only good expert of electromagnetics can handlenéézl a good base knowledge on waveguides,
cavities, waveguide modes, the polarization, thapglex signals, the signal theory, and also, |
would say, the circuit theory (because the Diragagign can also be represented with an
introduction, in Maxwell's equations, of local cajg and inductance. This is another interesting
result, which I intend to present).

In conclusion let me summarize the basic ideaschvare two, even three, the first | do not care of
itself.

The first is the reformulation of the study of éfemagnetism and fluids etc.... with the Clifford
algebra, which could also lead to new ideas or megerstanding.

This in itself does not interest me, even thougiiss on these in the U.S., if they existed andewer
carriers of results, such as beams for military usmild be secret.

The other two are the following ideas instead.

The first concerns the possibility that indeeds'tisi so, because we are not saying anything”. |
repeat that a good language, truly universal, eudgl tiniversal laws, would be such a good chance
if they were "true in itself".

It seems to me that so are things, here.

The second idea is more philosophical.

| have made the conviction, starting from the Uphads, and Schroedinger to get to, and Hestenes
perhaps, which many have thought of a universahtidin [2]. Even today, in the Internet, legions
of people talk about, more or less explicit. Amahgse, some probably think of the
electromagnetic field.

Of course the problem is, if it is true, proveTihe problem is to find formulas. And find people

who work there, who are scientists, not mysticshtiuld also be carefully considered the impact
resulting, for which many people | think, also dnwvinced, they fear of losing face (*).

If you succeed in proving the electromagnetic baseementary particles, humanity would be
almost at a turning point All statements, from thyganishads on, that "all is One", and the like,
become a fact. One might reasonably assume oflsigr@dulation to get on .... matter. All of us
would become a giant three-dimensional televistoows with someone who holds the remote
control. I can not even think about the impact eligions. All the philosophical basis of the so-
called "quantum logic" should be belly up. The phdphy start from scratch.

For these reasons, | believe, Schroedinger has statgnents about it, but very shy, and those few
were enough to have him put aside and mocked. Hemyvagain as a similar occasion Schroedinger
said "it is necessary however that someone hasoiln@age to work, at the cost of being laughed at".
| believe that in this direction, on these hypo#sesvork should bdone.

(*)

Also because there are, as is known, various "ptaofd why this is ngbossible.



In any case, surely, will deepen the use of a nathematical tool that is proving, in the world (*),
extremely suitable to reformulate the physacsl mathematiceind | believe, should be taken in
hand by the electromagneticians to be fully undexin cahoots with the mathematicians.
Otherwise, they go on their own.

(There are also potential applications, eg. instiney of fluids, but I'm not fully appreciating).
One of the things that | consider essential and thiged to highlight the text, is that you showloit
start with the basics of Clifford algebra and atialfjunctions, already complicated as new, to go to
“upward” (Lie algebra , SU (4) symmetry, "spin groups”, .g¢tieut come to “downwardthat is to
understand the meanings in simple cases.

What | know for surés that not many years, all the mathematical psysind electromagnetics,
and elementary mathematics, it will do so.

(Do not know what symbolism is in fashion, as haygoewith Gibbs, you will see).

The topics of paragraphs or chapters are as follows

2 - Number and algebra

3 - The analysis and" operator

4 - Analytic functions in 3 and 4 dimensions

5 - Maxwell's equations

6 - The Dirac equation

7 - The equations of Maxwell and Dirac compared

8 - The waveguides

9 - The analytic functions in the circular waveguid

10 — Plot of "charged" solutions in the circularneguide

11 - Analytic solutions in 4 dimensions, or sphakicavity

12 - Physical Optics and heuristic derivation & #tom spectral lines

13 - Considerations on the fine structure constant

14 - Conclusion

15 - Appendices (**)

(*)
In a few places actually. And | sometimes get thpression that those who do are treated as
heretics. In addition, they are not experts intetenagnetics.

(**)
| added a paragraph Appendices in the currentoedfti.d.r.).



2 — Number and algebra

We start from the usual three-dimensional symbalism

wherei j k are the axes unit vectors. A point P is represibyea vector
OP =%

with

X =xi+yj+zk
The modulus, which is the measure of OP, is given b

OP? =% -%X=x%+y%*+ z*
We simplify a little, dealing withx, i, etc., as if they were any numbers, so omittiregsymbol )
of inner product andx), outer product, and writing as if they were nunsbe
X% = (xt+ yj + zk)(xt + yj + zk) = x%i8 + xyif + etc + yxji + y?jj + etc

and with the rule$? = j? = k? = 1 and other rule§§ = —ji and so we get precisely:

XX =x%+y%+z*2
Note, in respect of the rul¢ = —Ji, its obvious meaning and its peculiarities.
On the one hand we are led to think intuitively pneduct betweehand;j as .... an outer product
(the only possible betweérandj, 90° among them). So we are led to think thatidpe@is we have
always said:

=k

even:

i.e. as assumed:

~ o A
= —Ji

L
On the other hand, most definitely matite ij = k , but write thaij .... is equal tdj and we will let
written so (* see final note).
In summary we take as justified by intuition anithva precise geometric meaning the rules:
P4jr+kr=1

if = —ji
th = —ki
jk = ~kj

that we will consider rules between numbers.

It's important to note this simplification, that viaave no need to treat them as unit vectors or to
distinguish the inner produc) (©r the outer productx(, but we treat them as if they were arbitrary
numbers. (The rule that, however, some anticommsutguitively justified).



Since we are in the year 2000 and is now commowlauge that
x2+y*+2z2—-c*t?=0
(relativity) we can introduce the time in the form
T=ct
and a 4 th axis "time" with its unit vectBr If we assum&? = —1, and also we continue to
maintain the anticommutativity within all the synibae.
iT =-Ti
etc., we get in 4 dimensioswhich is generalized as followg:= xi + yj + zk + =T and:
OP? = X% = x? + y? + z2 — 12
as they wished.
Since are numbers, we can multiply them in evessjibe way and we have:
1/1j k TIij ik iT jk jT kT /ijk 3T jkT ikT I1ijkT
1+4+6 +4+1= 16 different numbers that we couldisan “algebréa(consisting of scalarand
vectors, bivectors, trivectors, four-vectorfhe algebra is closed in the sense that for variou
products is in itself. However there is an impotfa@culiarity:
- the even sub-algebra is closed;
- the odd sub-algebra is not.
That is if we take only the numbers of even sulelaitg (scalar 1, the bivectors and the four-vector)
we get 8 numbers that are a sub-algebra thatsedlm itself (even x even = even).
Note well that, yet for some time, we're not tatkabout rules introduced ad hoc, but only the

consequences of the initial intuitive hypotheses.
For example, we implicitly know how to make theigigns,because no matter what, éxas
divided by any other, ex , (ie, multiplied by the inverse & is:

1 1k k.

In general, there is no need to remember any péaticnethodology. Just write. And respect the
anticommutativity.

We digress at this point on the plane before intonaly the complex numbers in 4D.
On plane we define = ix.

>

ny
P

0 l X

=
Il
=
~>
+
<

z=1x=1(xt+y)) =x+1ijy

i.e. alsat = iz
It is as if we had tried that numbewhich, multiplied byt, providesx . Or, if you will, it is as if we
had "measured against, taken as the unit of measure" (ie making the fag¢itweerx andi).
There is no need for any additional rules or symlasl calling (the usual imaginary) the number or
bivectorij , automatically find that:
z=x+1y i2=-1
Your correspondence= iX or X = iz is a one to one correspondence between vectorthand
"complex numbers" of the plane.
However, it clarified the meaning 6f= ij which is the "bivector orthogonal to thg plane.”
Similarly for the other planes.



Ok. Without intermediate steps we can directly@d tlimensions and define even the same type of
interdependence between

X =0P =xi+yj+zk +T
andx "referred to the real axis 1", ie:
z=1x
z = 1x + ijy + tkz + iTt
z=x+iy+jz+Tt

with:
i2=j2=-1
T? = +1
ij = —ji
iT =-Ti

etc. As you can see the rules are: anticommutgaivitong all indexes, square -1 for the imaginary
i, j and square +1 for the imagindfyAgain, these are not new rulésit tedious application of the
initial intuitive rules.

(I recognize that at this point there is some ambygn my symbolism, because the usé€,ofj, j
andT,T.

However,| preferred doing so to keep two well establishsels:

- one, the use df j k as unit vectors of the axes;

- the other, the use of the symbals imaginary (iz = x + iy), so | must necessarily extend to
other imaginary ..... calling thejreT.

A further ambiguity is that sometimes | will usas a coordinate and sometimeg asx + iy or

z = x + iy + jz. However, all these ambiguities are clarified lg tontext).

Wanting to keep even the rule that gives, onxdph@lane, the modululs| and the ruldab| =

|al|b]

z*z =zz" = x* +y?
it is found that the modulus is defined as follows:
(ab)* = b*a” andsoi*=—-i j*=—j T*=-T
That's all. (Note: obviously and intuitivelyy = 7 etc.).
The symbols 1ij ik jk (ie 1i j ji) we observe that they have the properties corretipg to the
4 symbols of Hamilton quaternions.
Likewise, you can find additional correlations thatnot interest me. What is important is what
follows.
With the symbols redll) and imaginaryi j T) comes an algebra with 8 symbols
1i j Tij iT jT ijT
which we observe that consists of 1 scalar, 6 borsand and 1 four-vector, but also "numbers”,
ie:
- is a closed algebra of numbers ("complex numbers"
(complex, but very real, because their meaningyistal clear and geometrically defined: such is
i = 1j, the bivector perpendicular to tg plane);
- are numbers in the ordinary sense of the termigHaimension free" or "numbers well suited for
treating physical formulas" as any physical qugnihatever the original:
- if you already had a number, that stands;
- if it was a number with a physical dimension gx2~1] compared to the sample unit becomes a
number;
- if it was a vector, compared to a unit vedtbecomes .... a number (complex);
- etc.



In short, the 8 quantities with indicesilj T..ij iT jT ijT are numbers.
The number so defined acts both on numbers or k&diy altering, by turning, just as it does .e th
numbere’? on vectors (or numbers ....) of they plane.
(1 should note that | disagree with Hestenes whertérprets as a linejj ik etc. so as an area,
ijk so as a volumand so on. RighBut better left to 1j ik etc.the distinction of number, which
was born as such, or that it has become as abrtticeen physical quantities. If not, should,
according to Hestenes, saying that in the formula:
e = cosg + ising = cos@ + ijsing

cosq is a scalar antking is an area. | seem correct to recall thiatthe "ij bivector”, but in a
context of mathematical physics, is not an dogane, is a number).
| would like to summarize. It is possible to acleev2D extension of the complex number

Z=x+1iy with

zz* = x% + y?
coming to realize that "strange" imaginary are eeetb have the same in 4 dimensions:

z=x+iy+jz+Tt

zZ'=x—iy—jz—Tt

zz* = x? +y? 4+ 22 — 12

with the "strange" rules; = —i etc.,i? = —1.....T? = +1, ij = —ji etc., .... and so on.
Whichever way you turn around, these are the ansrthat provide this generalization of the
complex number (**).

Only after a restart by vectots) k T we can understand that these rules match ..comgruent,
or contemporarywith those intuitive on the unit vectdrs' k (andT).

And, as will be seen in a while, these are the sares that are used for the derivatofeerator.

(*) final note

You say, "but we know thaf = k". NO! We were smart but clumsy.

kisk, 1 isij.

k is oriented orx as a vecto(if the axesi j k change sign, he change¥)is oriented orx as
bivector: af (if the axes j k change the sign, he does ohtinge).

(**)

| mean, irrespective from details, choice of nafies k T ore,, e,, e, e,), choice of spacetime
signature ¢ + + — or— — — +) and so on (n.d.r.).

Exercises.

1- Prove that the indeRji commutes with all other 7 possible indices.

2- Check tha(Tji)* = Tji.

3- Prove thatji)? = —1.

4- Prove(Tji)? = —1 and(Ti)? = +1.

5- Demonstrate that are commutative to each dthieTji Tj.

6- Demonstrate that are commutative to each dthefTji Ti;idem 1T Tji ij.




3 - The analysis and@* operator

| could start from the end.
The operator

has the property that is:
a2 9% 9% 07
d0x? + dy? + 0z%? 0dt?
This second operator is the operator of the "wapeagon"dd*F = 0 (or even the Klein-Gordon
relativistic equation that obeys any partidé;F = m3F).
Who isthe firstoperator? Who i8*? I'd say that before Dirac they do not know (Didaesn’t
noticed it, despite having had written, becausad written with spinors and 4x4 matrices). Ittis a
once "the square root of the Laplacian” so to speak
02 0% 0% 097
0x? + dy? + d0z* 0t?
and is also at the same time ... the operator @f/aaity (or monogenicity), ie, what defines in a
blow Cauchy Riemann conditions for there to beraadydic function (*)

0'F =0
As | say | started from the end except to noteragat, howeverg is the derivative (or a
derivative):

00" =070 =

o=

a a4 9 )

0=——-i——j——T—
dx 0y ~ 0z ot

It should, after this brief preview of the finakréts, review some meanings, which | think are

important, in terms of analytic functions.

Proceed with order. A point P on the plane is atter&ed (if it is deemed appropriate) by the

complex numbegz = x + iy = pe'? that identifies the point P.

Suppose a physical phenomenon that takes placglame, eg the flow of a fluid. (Things would

be worth similar for a plane electric field).

Suppose | say: bah! try to see if there is a qtya(eg two-component, 1 anyiwhich would

describe this phenomenon on the physical planen Théll describe with a two component

functionf, 1 andi:

fGy) =f=ulxy) +iv(x,y)

| can write:
of of
df = —dx+——d
/ 0x X+ dy Y
or with a linear change of variables frafry toz, z*:
df = afd + of dz*
f= 0z z dz* z

*)
Cambridge does not use these symbols, or Hestenelsprefer to keep it for this simple reason
that this symbology generalizes in the obvious wagt happens on the plane where

a*_a . ad
 0x lay
a0
 0x lay

give, respectively, the Cauchy Riemann conditior the derivative% = %a) (see next Note)



Now here is one of the most significant passagesliéve, of this discourse. Be careful. Until now,
no assumptions are made, if not the attempt taf $ean describe thiphenomenon, as the flow of
a fluid, with f having two components(x, y), v(x,y). Truly a hypothesis was made, that the
phenomenon in question is described as a funcfitmegooint P, but seriouslyadd (as | said in

the introduction).

That is: "not a joke".

le: the phenomenon in question, and its two compisrfeinctionf, 1, a human being that | am
going with my "mathematical language" to descrieephenomenon, | say that as far as | know
my description will_a function of the point P.

Now: the point P is uniquely characterizedzx¢ x + iy . It therefore has no sense that the

function is function of and everz*. So must b% =0.
So, whatever it is that law on the plane, must digy
'f=0

These are, with this singlegical premise:

- the equations of fluids on the plane [3];

- the equations of electric fields on the plane;

- the equations of magnetic fields on the plane

and so on and so forth.

But they are also the analyticity conditions of ...to be a unique function of a point (it is
impressive | must say, from a logical point of viemhich in 4 dimensions by imposing the same
requirements ... to use an unique function of atpoi. we obtain Maxwell's equations. See later.
These minimal assumptions seem to me, the onlgabgbntent we state in writing Maxwell's
equations).

Remain only at this point to define some rules ameéminder ograd div rot (which at this point,
however, are by-passable).

The first is:

the analyticity ofu + iv means that to the conjugate- iv equations-otv = 0,

divv = 0 apply,

(see, for example, Tricomi, "Analysis") (then: falitme solutions you need to pass the conjugate).
The second observation is:

thed* operator provides in one go all possible operatipmd div rot and provides throughd*
22 82
theo = I + 6_312

(*) Note
You can check all the steps, which already existageit with different symbols, which give:




4 - Analytic functions in 3 and 4 dimensions

The dream of extending the analytic functions wirBensions has been the dream of all, by
Maxwell Hamilton et cetera.
Maxwell said, see [4]: “... the method ... is much mposverful than any known method
applicable to three dimensions. The method dependie properties of conjugate functions of two
variables”.
Hilbert said (“in order to characterize the fugilaf all attempts in this direction”): “time is one
dimensional, space is three- dimensional, howénventimber, that is, the perfect complex number,
has two dimensions” (Sommerfeld).
Some of this research led to aesthetic reasonseptatinly for all the aim was to extend the
convenient properties of analytic functions to mitran 2 dimensions. Of course, now we can say
that these functions exist, are manageable, andaosolve problems. By itself it would be
worthwhile to open a study entitled "Applicatiorfstioe 3* operator to engineering".
| will give, for convenience, directly the expressito the analytic functions in 4 dimensions, from
which then the case 3 is obtainable as a subcase.
| say that a mathematical quantity structured §°) a
F = Uy + iU, + jU3) + Tji(Uy + iUs + jUy)
is such that it its analyticity implies for the cplex conjugate
Uy — iU, — jUs) + Tji(Uy — iUs — jUs)
the validity of Maxwell's equations. In fact, inthacing the names relevant to a physical quantity
“electromagnetic field”:
F = (Ex +iE, + JE,) + Tji(Hy + iH, + jH,)

the analyticity off means:

0'°F =0
ie:

9 9 L y _—
<a+ FA TE) [(Ex + iEy + JE,) + Tji(H, + iH, + jH,)| = 0

Developing and then noting that for the satisfacbbthe equation must be simultaneously zero
"parts” 1,i, j, etc., we have:
d0E, O0E, OE,

L P R

i aEgi_aEy4_8HZ=:
Jdy  Ox Jt

j OEQ_FOE}__GHy::
Jz  0x Jt

T OER+MQ_6Hy=
Jt dy 0z

. 0H, OE, OE,

) ot | 9z ay

T - aH;4_aE;__aH&::
dy 0t d0x

T 0H, OE, OH,

Tji e )
0x dy 0z

*)

For the moment | will limit myself to 6 components.



These are Maxwell's equations, as seen for exafmgotethe first equation which, for the conjugate
with component§E, — iE, — jE,), is the equatiodiv E = 0. And so on (*).
But there's more:
each specialization of these conditions of andtytio a smaller number of dimensions (or
components) leads to a physical law.
| can do a variety of examples.
Take for example a physical quantity (**):
U= (U, +iU,+jUs +TU,)

The condition of analyticity for it, made the nesay steps, leads to

au, adu, adU; aU,

dx  dy 0z + ot

_ aU, N ou; 0
! ox Ay
) aU; dU;
: 0x 0z
T aU, N ou; 0
dx = Jdt
aU; aU, _
! dy 0z
au, dU,
iT ———— =0
! dy T
au, adu

0z ot
We can see for example thatif = 0, these conditions_requitkat(U;, U,, U;) are independent

of time. For the remaining componelits, U,, U;) we can see that ... they mean the cancellation of
the rotor and divergence for the conjugdie, —U,, —U;).

This immediately generalizes what happens for 2&laic functions.
In the general case, the equations mean, for thigate(U,, —U,, —U;, —U,), puttingv =
(Uy,—U,, —Uy), the equations:

rot v=0
., 0y
divv+——=20
ot
ov
—+gradv, =0

ot
eqguations of motion of a irrotational, compressihlél, in 3 dimensions (i, = 0, even
stationary).

Staying for the moment in 3Dx(y, z) it is easy to build up analytic functions with tiedowing
property, however general:

If A is harmonicy = dA is analytic.

(*)

The moduluF'F* is equal taEE* — HH* + Tji(EH* + HE™) that contains the two famous field
-2 — 2 - —

invariants|E| — |H|" andE - H.

=

that, in fact, has the added compongént



In fact, A harmonic means:
00"A =0
Howevergo* = 0*0d , so
0"0A =0
ie, puttingv = 0A , followsd*v = 0, sov it's analytical CVD.
This extends the concept of "potential” of a fieldhere the field is thé derivative. But we can
also, again, see this as a empirical way to maké/an functions.
Just as an example (which you can work hard) commgthe analytic function that provides the
flow of a fluid around a sphere of radias
Skipping the way to derive it from a harmonic paizin

The analytic function is:
3xz*

r2

1 ,1-
7,-3
The conditiod*U = 0 is verified.
For the conjugaté = (vy, vy, v,) = (U;, —U,, —Us) apply the formulas:
3a3x? 1a3

=—= ——+1
Vx 2 1S + 273 +
3a3xy
T T
3adxz
oo .
Note a term 1 of speed parallel to thaxis The fluid moves in the direction of the positc
y
PR
VA
Other interesting analytic functions:
z y z
=1+7'=l_ T —j T
x+r r 3£ +r X+r
Z
U = T_3

(I think the first around | don’t remember whate thecond on a sink, but | do not remember)

Go on to other things.

(In this final section | report only the main copt®e This part contains indeed a number of
interesting and picturesque aspects that woulkpleed. | do not have reported too much math,
which would have greatly burdened the text.).

Show particular interest those | would call "powgsalytical) of the numbér

Who are they

Are the same of powers' in 2D.

In 2D, takingz = x + iy = pe'® the variable, or "point P", its (analytical) powerez?, z3, ....,

z" = p"e™® . In 2D there are two ways to get:



- or by the product of andz andz .... n times;
- or defining them as eigenfunctio(ealytical)_of angular momentunm fact
d

—i—2z" =nz"

dg
The latter picturesquely calls the operator of dagonomentum in quantum mechanics that is
0
L,=—i—
VA l a(p

but as we shall see (and to prevent people fronkiting we're doing quantum mechanics) it appears
separating the variables in the equatiéfi = 0.

The 2-th way, and not the first, it generalize8 @himensions.

In fact do not exist in 3D powers (meaning: anabftiie such thad*f = 0) made by product of
various termg = x + iy + jz (*).

Indeed neithex = x + iy + jz it is analytical.

How does the operator of angular momentum appedreiequatiod”f = 0?

The way it should be noted in writidj (which is then equated to zero) in the form:

z1
So when one write8* = 0 brings upz*d* = 0. Let the 2D polar coordinatese and seek

solutions that are analytic in the fofn= R(r)® (@) to separate variables. Immediately the
operator of angular momentum appears. In fact

5" = ( )( +6>_<6+ 6)+(6 8)_ 6+_6
X — iy lay xax yay any ) =r [
.9 .
—is, Is the operator of angular momentum.

At this point it is clear that invoking "an eigeiwea for the operator—z " is equivalent to being

able to separate the variabte® . The fact that this eigenvalue is an mtegerearfsom which the
function covers as it spins. With the eigenvatuge measure the "turns" that makes the function
(in this case, on the, y plane).
In 3 dimensions is:
0= cmty ) (e D) = (vt y ) i3 —y etc
VA xX—1ly—jz lay ]az— 3 yay etc any 3 etc
0
= TE + r*
—I'* is the operator of angular momentum The expligiression of the-I'* operator is:

= < d 6) ( d 6) ( d 6)
=71\¥Gy T Vax) TI\¥e %ax) T Ve T %5y
Following the notations of almost all the booksjantum mechanics is (unless the current
physical meaning af etc.) we have:

9 a>_ 9
o9

Lz:—l<x@—Ya =

(0 d
L, = —L<y——z—

0z 6y>
)

L_(a d
="\ Yoz

(*)Note
Ambiguity between notationsandz solved in context.



If —I'* has an eigenvalue, this means:

-’y =¥
ie:

[L, +j(Ly +il,)|¥ =¥

and if, perhaps simultaneously, has an eigenvalue , is:

L,¥ =my
We will see the exceptions of the latter.
| would insist and repeat that all these concdps$eem to be peculiar to quantum mechanics are
simply the mathematics of analytic functions (aral/eguides and spherical cavities, is it by
chance? We will see).
Well. After this long introduction let 3D analyticsolutions that are in the forfn= R(r)® (9, )
with separate variables.
Let, as in 2Djn the same form of powerd = ptei™?

W, =l (6, 9)
with the condition, as in 209 be analytical
Y, =0

and with the condition, as in 2 be eigenfunctions of angular momentum

Iy, =1y,
Incidentally this last thing, if you think about is equal to put them in shajie = r'y, (0, ¢).
They ...._are dependent on another ingdex
This second index is written at the top of the fé¥ffi (*).
The powersP} are trivial. They are:

W = (x + iy)
Then, for eaclt , there are additional powers of lower grade
o wltt wl=z o until W

Total: (2L +1).

| repeat that | can not write too much because welavlike a text ad - hoc. No book or article
attempts to investigate the physical meaning,veould say even better geometric, or arithmetic. It
turns out that such banal m.who is it?

Every®/" (ie: anyy;™ ) turned around times, and this makea rounds on the, y plane (or when

it is negativemn turns in the opposite direction on they plane).

The statement is not strict, but he interpretdalces in a picturesque way.

At this point we must proceed with an observationaerning the operatdr, = —i% which

should measure the turns on the, y plane.

Does not alwayé, give an eigenvalue:. Sometimes, in fact, applied %™ does not give an
eigenvalue precisely nothigrhich, formally, we make it impossible to separtite variablep
into equation of analyticitg™ = 0).

™)

and correspondingly the angular functigihg6, ¢), they become;™* It is quite interesting, given
the shape of the powezd = p"e™ and¥™ = r'y*(0, ), to note that the functions™ (6, ¢)
containing the angular dependence are the 3D deratian of e ¢ .




The only operator that gives an eigenvaluéihis aL, "modified" whose name j. in quantum
mechanics. It gives o/ the eigenvalue of .(.m + %)

1
]zlplm = (m + E)Lplm

and is thus formed:
J; =L +S
Its action orl¥]" is of the following:
d 1
]lelm = —%Lplmi—zil'plmi
and in quantum mechanics the three terms respbcgie the_totakngular momentum, orbital
angular momentum and spin.
As you can see the onset of these eigenvaluespardtors (or if you want these geometric
feature$, however, does not have anything to do with quannechanics. It is characteristic of this
new mathematics of analytic functions, all to beestigated.
Is this by chance? Are there coincidences? In niyi@p not, and indeed opens before us a huge
matter of study, both theory and application. Apiblgse "spin” properties in paragraphs 9 and 11.
Needless to say thed§" are orthogonal, form a base, they can develomaalytic function (... is
the analogue of zeros and poles, are the anal@ajueg™ on the plane .... and there are also the
statesl/zn that are ... to negative. They" generate a single stroke a lot of mathematicatisp
functions such as Legendre polynomiBl% and / or "spherical armonicg™ (6, ¢). The explicit
expression (Doran) ap;" with the associated Legendre polynomials (see €btag¢in & Ryzhik for
the definition ofP/™) is:
Ym = (I +m+ 1)P"e™? + jp/tlelmtDe
| end here, but | anticipate some kind of pictutesgccount of paragraphs 9 and 11.
Turns out that the enumeration of the analytichltsmns W™ and their type of angular distribution
Y™ match to the states of the electrons in the hyaliagom.
"Strangely," it also gets information about thetggalistribution of the orbits, which are descdbe
by Y* and are listedy they;™.
However instead will be entirely clear and unambiggithe problem of spherical cavity, where the
oscillation modes are also described/gy, and enumerateloly y;". In this second case there is no
ambiguity about the fact that the field componemtsdescribed in their spatial distribution by the
solutions of Maxwell equationd'F = 0
Conclusion: there are strong suspicions of relatigmbetween the two cases: the possible
oscillation modesn the cavity and the orbits of the electronshia &tom. There are elementary
geometric entities that are tHg" or they;™ that dominate the scene. Th§ are three-
dimensional analogous of the angular distributieft€. TheW/".... are the analogous of the
elementary geometric (or numerical) entiiié’sandl/zn of thex, y plane.
Why this happens?
We are discovering, as the Cambridge group sag9riperties of space and time?

None of this. The question, in my opinion, is dtofes:
what chance is there that the basic entities ofamguage are differeiso to speak) of elementary

particles?
The answer is in my opinion (if the language isnteeed™):_none.




And so we should not be surprised that this happ&the end is our problem. In physics an
elementary reality too often escapes, which is alsj but then is forgotten with phrases like "I
found the law ...", "I discovered". In physics, wan only tell you what happens. Or try to tell.
Now if you think about it (this is probably incoatébut suggestive diction) we say that bodies are
made of atoms, elementary particles, etc., andifumeare made up of zeros, poles and so on.
Compose the bodies with the atoms and composeidasowith the elementary functions.

It would be wisegven if not required, that the elementary entitiethe mathematical language
coincided with the basic realities of the surromgdieality that we intend to tell. That is why this
fact can reasonably happen: elementary physicdlesnare elementary functions. They are, not for
aesthetic magic, or coincidend®jt because we, in turn and reversal of secutarght and
mathematical and physical laws, we can not mergeerr less unconsciously, in a right
mathematical language which elementary functions, such as analytitctions¥;™ , necessarily
correspond in some way to elementary physicaliestit

You might say: but it is nott is still not exactly so. Well: Schroedinger séyn my day it was said
that the research is not over yet."

Finally (and | stress this, which in my opiniorthie most satisfying aspect) we would pointed out
and stated our fundamental "ignorance”. We oniyteal out the class of functions that will work
in the description of the phenomena of space ane.tWe, in fact, first pointed out the space and
time, with their unit vectors, and the formal ruteguired, consequential, and then the class of
functions, analytic function of the point P of spime. The general law valid in all of physics is
that we_use those functions thefée lawo*F = 0 adds nothingo the_substancef what we know

of the electromagnetic field (and thus eventualbuld be for elementary particles). End.




5 - Maxwell's equations

| have already spoken of Maxwell's equations but poopose again in a complete form with 8
components.
Introduce a quantity’ electromagnetic field (*):
F = (E, +iE, + jE, — TH,) + Tji(H, + iH, + jH, + TE;)
The analyticity off means
0'F =0
ie:
d d d iy . .
<8x la—+]a—+T ) [(Ey +iE, + JE, — TH,) + Tji(Hy + iH, + jH, + TE;)| = 0
Developing and then separating the "partg; 1, etc, we have 8 scalar equations:
) 0E, OE, OE, 0H,
ox dy 9z Ot
0E, N dE, N 0H, OE; _
ay 0x Jdt 0z
j . .. etcetera
With 6 components we have Maxwell S equatlons |ptgrapace With non-zerd, andE;, terms
appear, related to density of electric and magrétarges and currents.
You can see that even the teHnit is enough to give Maxwell's equations with des and
currents. Consider for example the first equatioitteén. Moving on as usual to the conjugate
(E; — iE, — JE, + TH,) and then placing = —
divE = p
Even on this you can write a book, but | want tovenquickly to write down some peculiarities.
In these conditions of maximum generality the at@ty conditiond*F = 0 applied to a 8
components results in terms which are atiterpretable in electromagnetic sense.
The resolution of these equations may seem a ratimplicated problem, it is already difficult to
solve the Maxwell equations without currents oldisederived from charges and currents that
generate them. In fact, paradoxically, the oppasiteue: that is easy to produce solutions in
abundance in fully automatic mode.
How?
The premise holds, of which | have already mentiptieat if any "thing’d is harmonicgA is
analytic.
So the thin@4 , if harmonic, can be anything:
a scalakp(z,t), oro(x,y,z,t), a thing_with indicessuch thae*(«@t=k2 which, ifw = k, is
harmonic, and so on. We can say thatlaying the role of potential (generalized) of fledd, but
no longer obeying the Lorenz gauge condition betrtiore "simple™ condition:
0? 02 9% 02
DA = (axz toit o aT2>A =98"0A =10
Differentiating, we get a fiel# = dA that provides a structure of electric fields, matgnfields,
charges and currents, interpreted every time, drwsatisfies the Maxwell equations in the sense
that these currents generate these fields accordili@axwell's equations.
(At least this formally. It should of course be maisical condition, which make precisely
(*) Note
The decision to introduce the other two componeartd, writing them as-TH, andTE, is done in

order to be able to writB in a form that will be used later for comparisomivthe Dirac equation
(n.d.r.)

i




physically acceptable those current and thosedjeld

We can say that these currents generate these &etabrding to Maxwell's equations (*), but at this
point would be equally justified in saying thatdbdields generate the current ... and then in
general we tend to say that those fields and cte@e self-sustaining

Not only. Reached a solutighwith some indices (indices which we do not likejfave wanted to
reach the interpretation of a solution with differendices) is the observation that whilet is
analytical, yet analyticafi, FT, Fji , or whatever, for any index multiplied by thehig This
exchange and reinterprets all original indexeB.of

Example: multiplyingF by Tji exchanging electric fields to the magnetic switghirom aTE to

TM (or, if you started fronTM , you get &'E).

(*)Note

| think it is important to note that these "geneied" equations to 8 components are not different
from the usual Maxwell equations. Are the usual Melks equations and more precisely are the
usual Maxwell equations in the presence of chaagescurrentsThe only (so to speak) difference
is that the charges and currents that appear iagbations are no longer assigmedside (and then
they will derive these fields), but appear autoosly as part of the solution.

In other words, the electromagnetic fieklsd that the equations provide are the fields thatwe
(are) drawn from the usual Maxwell equations inghesence of charges and currents if you were
able to generate this distributions of chargesamtents.

So this is to examine from time to time if chargesl currents correspond to physically realizable
situations (n.d.r.).

Exercises.

Exercise 1 - The potentid = Tie! @t~k with different signs forw andk is harmonic, provided
thatw? = k2. Differentiating with thed operator the four analytical solutions are obtdine

Fl (1 + Tj)el'(—kz+wt)

FZ (1 + Tj)ei(+kz—wt)

F3 (1 _ Tj)ei(+kz+wt)

F4 (1 _ Tj)el'(—kz—wt)

The first two are propagated in theositive direction, with spie*'®t opposite Ditto the second,
to negativez .

Exercise 2 To interpret in terms of Poynting vector

X
E
ExH
0
H z
y

Exercise 3 - Discuss the suf-Tak;sré and%.
Solution:
F1+F,

—* = (1 + Tj)cos (wt — kz) LinearE, H, Horizontal;
5% = (1 + Tj)isin(wt — kz) LinearE, H, Vertical.



Exercise 4 - Interpret the analytical solution- Z—3
T

Solution. Turning to the conjugate, we have:
z" z 1z

r3 r3 rir
Z - . ey
~is the unit vector oD P

-

P=(x+iy+j2z)

2
Exercise 5 - The potentiad = cos (wt — kz) is harmonic ifw = k . The function
F =0A < (j — T)sin (wt — kz)
is analytic. Interpret in terms of electromagnéidd.

The field isE, = ri radial, static.

Solution:

AAA A,
VVYyVYyw!

+++
SER 4

It has aFE, wave (not polarized in the transverse plane), wpiopagates accompanied by
oscillating charqé?f. There are nelectromagnetic waves in the ordinary sense (*).

(*)Note

This is an example of "scalar waves" which is wyddiscussed on the Internet. They arise naturally
in these so-called "generalized" electromagnegid fequations , also accompanied by other
"strange" solutions. Actuallyhat is, without making assumptions, and withagipg the problem

of arbitrary "gauge conditions”, the most naturalgtic solutions of the equati@iF = 0 are
solutions to 8 components. It remains to be setree solutions can have a physical sense. These
solutions give automatically charges and fieldsoklare self supporting in the empty spabttat's
better suited for an electromagnetic interpretatibelementary particles?




6 - The Dirac equation

The fluid equations, special functioRg', the powers of the point in 2D and 3D, Maxwell's
eguations, the waveguide equations , all could lesab say that the combination of many things:
(1) has a mysterious meaning or (2) is a matteledance, or (3) means nothiagd is only an
analogy completely irrelevant, meaning only thatlircases is formally present the sadrieor (4)
might suggest that we are facing fundamental "laav&h beyond our intuition, or that (5)
whenever there is at stallév rot there are similarities of which is useless to tagkmeaning,
analogous to the observation (3), or (6) analo@jgvics from mathematicsyhich formally put into
play the analytic functions (2D, 3D, 4D) and sotfus common properties born, common
functions etc. or ..... and so on.

In fact | believe that what we are facing is anrappate definition of number, and a deep
statement (*) and a general physical law, whicheis/ general because it says .... nothing and says
nothing, more, in the form of tautology, and therefpresents itself as a thing in itself true, drad
is no more a law of physics but a law of our larggua... and is therefore also, as a heoéld
information, information-rich, because it respotmlsvhat | think is the fundamental question of
physics that is, "but wewhat the hell we wanted to say?" (ie, a reviewaofjuage).

Thislaw can be expressed in various ways, but rouigidy

"l will describe the phenomenon (which I'm startitagdescribe and what happens in space and
time) ... with functions of space and time", followfm accompanied by, or equivalent to) also
tautological statements such as:" the functiorspate and time | will use will obey the general
laws .... which must obey the functions of spaagtane @*=0)".

It is clear that when faced with statements so pfaveo one can attack.
It is equally clear that this is not physics, the study of ourselves. We might even get to say,
grandly, and ambitiously, to "have discovered a tewof physics"”, or have discovered the lafv
physics if you completed the previous statementss this other: "l will use the conditioh*=0 in
all cases where this is appropriate to use it
At this point (I think) we are incontestable.
So?
So when in 1928 he invented Dirac the operatordsgwot oftE? = p? + m3" is found, without
realizing it, to discover (**) th@* operator.
The problem of Dirac was, ultimately, to bring tstlorder the relativistic 2-th order Klein Gordon
equation. Solved it with a 4x4 matrix, and "spiriofihe Dirac equation is thus look quite
unfriendly. Developed in full, in one of its var®possible equivalent "forms", it is equivalenato
system of 4 equations in_ 4 complgxantitiesp,, ¥, , Y3, Y, With indices 1j (and therefore a
system of 8 equations in_8 replantities).
If we now take a quantity¥ (or ¥) to 8 components and write

0*Y = imWiT
we get, by developing, a system of equations fdgndéntical to the Dirac equation.

*)
Which denied, as Niels Bohr said, is still a deigpesnent.

. > 92 | 9% 92 a .9 .8 d ,
Beingod* = 0*d = ﬁ+a—yz+7—ﬁanda* Za-}' l$+]£+TEand being
%w 9%y %y 92 : L
a_xf ayqzj a—;: — a—: = m3¥ the Klein Gordon equation, ie between operatgré + E? = m3.



Moreover, taking th@ of both members and considering that (as is eaggrify)
0l =10"
iTiT =1
we get immediately (witlwn, > 0 or withm, < 0):
00°Y = tmoWiT = 10" moWiT = imo(imoWiT)iT = mg¥
and then the desired Klein Gordon equation.
But what lies beneath?
Why these equations so reminiscent of Maxwell's eqnati*F = 0 ? (Just put formallyn, = 0).
It is said in a paper of Cambridge group:
“when in 1928 Dirac “square rooted” the quantumrapm E? = p? + m3 not only ... (etc.) but he
also uncovered the geometric rules governing Mirgignspacetime!”. (The exclamation point is in
the writing of Cambridge).
But why?
And Dirac encountered in the properties of spacstion in the properties of our language? (In the
sense of the properties Wave assigned to our descriptive language, wehrttroduction of the@*
operator). And whyirac's equations are so? Would not it be more#bgf they wered*¥ = 0?
| will try in the following paragraphs to illust@the concept, or if you want to call it the hypasis
that the Dirac equations are approximate in theeseha "ray approximation" or physical optics,
and that the truequations are actually a*¥ = 0.
| remember what they are (and how they relateBitteoedinger equation, Pauli, Dirac and Klein
Gordon equation.
They are the differential equations that governsih&cetime evolution of the "wave functicH;
which, however, we consider only the meanin§’8f* = |¥|? or so.
The Schroedinger equation is to second order inespad firsorder in time.
The Klein Gordon equation is the relativistic Sadimger (to second derivatives) and includes, as
non-relativistic approximation, the Schroedingenapn. All are scalaequations. The Pauli
equation is no longer scalar, but with componestughat it can take account of the polarization
(say the spin). The Dirac equation is to the 1rden 4 complex componentsilrelativistic,
includes and generates all the others and is thiegue of Maxwell's equations with respect to the
wave equation (which here becomes the Klein-Gortpration, ie with mass).
Practically the Klein Gordon equation is equivalenthe formula of relativistic mechanics
E? = p? +m}
while the Schroedinger equation is equivalent ®approximate mechanical relationship
1 p?

2 ~
5MoV* = Eineticy = 5
2my

2
This is the nonrelativistic approximation Bf = p? + m2.
Note that in this context, the Maxwell equations e equivalent of the mechanical relationship
E =pc
valid for the_light.
Eachscalar component of Dirac equation still satistiesKlein Gordon equation (as well as each
scalar component of the Maxwell's equations satisfywave equation).



7 - The equations of Maxwell and Dirac compared

The equations of Maxwell and Dirac are, for a 8-pomentsF:
J0'F =0
9*F = imoFiT
Developing the equations, for example in a systefhapmplex equations with components,lor
8 scalar equations between scalar quantitiesybegjuations coincid@ne being a
particularization of the other witlh, = 0. Put in Maxwell's equations:
F = (E; + jE) + Tji(H, + jH))

E, = E, + iE,
E, = E, + iE,
H, = H, + iH,
H, = H, + iH,

This is just a different way of grouping the figldantities, being’ the usualand already defined
in paragraph 5):

F = (E, +iE, + jE, — TH,) + Tji(H, + iH, + jH, + TE;)
The grouping, as we see, highlights the transvgusatities £, y plane) with respect to the
longitudinal ones ("perpendicular” to tlhgy plane). With a little of steps, by separatingitigices
as indicated, we reach to:

a .0 d d .
J,ij (——l—)El+£Et+—lHt =0

dx  dy T
1,1 <6+_6)E aE+a'H—0
L ox lay SRFPRUMIFEL
Ti, T (6 'a>'H+a'H+aE—O
. ax  Tay)tt Tzt Tt T
Tji,Tj <a+'a>'H a'H+aE—0
IbTT \Gx laylt 9z 9T
These are exactiye Dirac equation witim, = 0 for the complex quantities (*):
Y, =E
¢3=_Et
lpz:le
Yy = iH,

as written in books and developing the form@il& = im,FiT, namely:

( da 0 ) N 0 N Jd _0
ax lay lp4 azlp:% (a,l_ lmO)lpl -
(6 ny d ) d N Jd _ 0
ax l‘ay 1103 azl/)‘l- (aT lmo)wz -
<a ; a) PP =0
ax l‘ay 1102 azwl (aT l‘mO)l/)3 -
(6 ny 6) d N d ny 0
ax lay lpl azlpz (a,l_ lmO)lp‘l -

(*)

In my later paper of 2009, "Clifford Algebra andrés equation for TE, TM waveguide/iXra:
0910.005%nd later | used an opposite signdtF = im,FiT, ied*F = —imyFiT. This results, in
the Dirac equations written in extended form, thange of sign o, that is reflected in an
exchange between the pdiy, ¥, and the pait)s, Y,, with the result thap,, iy, are identified as

electricfields andy s, ¥, magnetign.d.r.).



Why the comparison? Whatterests? What abotlie comparison? What is?

Before continuing, | would like to make some coesadions at least in words, to explain the
meaning (onef the meanings) of these ruminations.

For a long time, the meaning of the Dirac equakias been hidden. Indeed, it is still hidden, since
there is certainly no statement about my knowleafgbe kind that I'm doing. For me, both
eguations must lead necessarily to a formulati@mewore commothat we will discuss in a little,
and that is, for both, the assertioihbeing_electromagnetic fieldsr, if you will, of being both the
expression of analyticity).

We come to us.

The meaning, the hidden meaning of the DPacomponents, expressed as field quantities, it was
not clear for a long time, first of all .... becauswas forbidden task. And it is still prohibited.

The only meaning is given t8¥* (*). | have said that to me this means that arptiey give up
knowledge of phase and describe the phenomenoowtithe phase éf (which, moreover, in the
absence of two channels | and Q "phase detecteryould be forced to do already in the infrared,
or already at 300 GHz, or already in W-band, iftvael not the technology. Thus, the lack of
knowledge and technology has led to a prohibit[6h)

Let's get back to us.

The correspondence | wrote betweln y,, ¥, Y, and thek;, E;, H;, H; components of the
electromagnetic field is not trerrespondence. It is a possibtarespondence. In fact, the Dirac
equations have several possible "forms of the Decaeation” (evidently through all the different
possible groupings that can be created betweetotin@onents, while leaving intact certain
guantities which are the only ones to which we gneaning, ex¢¥™).

However, the correspondence we found at leasteseatlue, or a way to try to assign a meaning to
the Dirac components. | could give many other eXxamput | do not want to dwell too much: only
note that the plane wave solutions of the Diraaéqu lead to the following 4 very simple
solutions at rest:

¥ = (l)bll l)bZl l/)3' l/)4) = (elwot, 01010)

Y= (l)bll l)bZl ¢3' l/)4) = (01 elwot, 010)

¥ = (1/)1; 1/)2; lpg, lp4) = (O;O; e_lwot; 0)

Y= (1/)1; 1/)2: lp3l l/)4) = (0,0,0, e_lwot)
in quantum mechanics interpreted as matter andhatter, spin here and theféhese, transported
in terms ofE;, E;, H¢, H;, have an electromagnetic suggestive meaning,dm €learly ambiguous
and incomplete.
On the other hand, it does not have to worry abwah the slightest, because if it is viewed in
electromagnetic terms, the solution of the Diragagipn has a clear field components too lidiur
example);=e~'“of meanst, + lE, = e~'@ot: the field would be a transverse electric fieldtth
turns alone in circular polarization. Suggestivgt, somewhat incomplete.
So, in summary, we may have groped a way for amtiftteation. No more, no less. Go on in the
next section.
But before | do another suggestive example. Thigyto write Maxwell's equations in terms of
instead ofdiv, rot,.... now opens the possibility to write the Diesguation in terms aliv, rot
instead o#d*. They sound so fgy = 0:

V-E=0, V-H=0

(*)

and some other “observable” quantities.



—

TakingV XV xE =-V = —%(V X ﬁ) + imO(V X 17) and substitutin@ X H it gets in a little

steps:
2

V2E — Sk = m2E
that is, the wanted Klein-Gordon equation for tieédfcomponents (the same ﬁ).
So those are "the 1-st order equations correspgndithe 2-th order Klein-Gordon equation”, that
is the Dirac equations.
But if you look at themand think the imaginarithat appears in electrical terms, we see that the
eguation

=

- - O0E
VXH= T + imyE
has a term that contains a current
f = imOE
instead of the usual
J =oE

we usually consider.

f = oE (for a medium witho # 0) means energy dissipation by Joule effect. A tfalemimof
(such ad = iwV) means "quadrature", ie, reactive energy, ie gneérat is therdout does not
dissipate.

Hence the obvious speculations (for example, "egjant circuits") that | skip, of energy storaige
space inductance or capacitance.



8 - The waveguides

The waveguides are the "place" where we can bestagi account of how the equations for a
particle with mass born.

| will detail how in waveguides is worth exactletlschroedinger equation (or the corresponding
"exact" relativistic Klein Gordon equation) for arficle of massn, (w).

Use "savagely" the units, in the sense that | vaitieer, considering them equivaleat, or m, or

the energye, (and so | will for momentum and the wave vectdr). Suitably choosing the unit of
measure for (or the value for Planck's constétw is identified with the energy(= hw) and

the energy at rest is identified with maBs € mc?).).

The fundamental characteristic of a particle witissiis to give an eigenvalue for the energy
operator at rest that you identify witlhy, = w, (in other words this means that the wave function
or the field have, at rest, the appearagit€o!, as indeed we have seen is in the Dirac equation).
The structure of the field in a waveguide, in garar to a specific "mode"” in waveguide with
cutoff w,, is first of all it comes into play only if thedquency or energy reach at least the valye
(otherwise not born a damn thing).

If the frequency, that is the available energwtiteasiw, for the first time a field born and appears
in the waveguide.

It is standing.

(In fact, its energy is barely enough to keepiiteathere, standing).

The "descriptive" structure of the field in thesmditions, as is well known (see for example Ramo
Whinnery) is that of a wave that dribbles betwdenwall and stays there, like this:

When, if and when the frequency or the energy groesfield travels, like this:

FARANVAAN
Juus#i*eqﬁam y'e \ PN

SO S

There are three characteristic quantities relaieghth other, describing the field in waveguide in
one of these generic situations, and they are:
- the frequency (i@ , ie the energ¥);
- the wavevectok, (or the momenturp along thez axis of propagation);
- thek, (Orkeytors, OF wg, OF the rest energy or mass;
and these quantities are related by:
w? = k2 + k?
ie:
E? =p%+m}



Atrestp = 0, E? = m3.

In particular, therefore, at rest (at the cutoéfofuency) wheré, = 0, it isw? = w3 = k2.

The condition ork, is imposed on the boundary conditions.

So, conclusion:

the mode in question operates in obedience to mediaelationships (relativistic) which obeys a
particle of massn,, momentunp and energy¥ (E,=w,). At rest, the energy is them@xibbling.

You can have fun digging in all the formulas ama Analogies that come to mind, but it all leads to
a strict correspondence between the mode of "mags= m, and a particle of mass, = w, (eg

in the waveguide thé exhibited by the mode is exactly equal to thaf a particle of massy, =

wo Moving with momentunp, exhibited in diffraction experiments performediwparticle beams).
On the other hand, it is difficult to argue thaisita simple formal analogy (or rather: a stupidildlo
say that it is a formal analogy. In reality we havelight standing, or travelling, in both cases).

It is also however instructive to study all possibbmparisons and analogies that | said (*).

But we go further, because interesting things lanse that follow.

Each field component in wavequide fulfitlse equation (see Ramo Whinnery)

0’F 1 0°%F
R
M d0z% c? 0t? keF
thatis ....... the Klein Gordon equation for atjgée moving with momentunp = p, in the

directionz and massn3 = k2.
E? —p7 =mj
_ 0%F 0°%F 5
(1bis) PP ik mgF
(Therefore, in non-relativistic approximation fenall velocities, or fow that differ little fromw,,
the Schroedinger equation)
But then ..... someone is stealing, what's theh@atc
How is it that every component of the field sa@sfthe Klein Gordon equation .... as this is an
electromagnetic field and then satisfies the Makeglations... and then to the 2-th order satisfies
the wave equation:

0%F N 0%F N 0%F 0°F _o
x2  dy?  0z2 0912
and_notto Klein Gordon equation:
0°F 0%F 0%F 0°%F

— = m2F
0x? + dy? + 972 9tz 0

It's simple.
Each field componenheets (it seems that meets) in the waveguide i@4¥Gordon equation
because each field componafo meets the eigenvalue equation:

(*)

You can make a fun, picturesque and non casuahadigen by noting that the graphic composition

of movements, with the notations.
E
my
—o—>

p
according to the Pythagorean theorem corresponithe teelativistic formula? = p? + m3 .




0°F 0°F

- = _)2
FP%) +6y2 k:F

(2)

Something (here the walls) results for the eigamvait resk?, ie the mass.

Let now the last step (which is obvious but | wemhighlight). If we neglect the variation of the
field on the transverse plane, or plang, or assume a plane wave approximation of the,ftakl
Klein Gordon equation (1bis) or (1) with respecttoecomes strictly true for any direction of

propagationp # p,:

=
&

=Dz

Y

ﬁ = pxi-}_pyj-}_pz'ié

y

that is true in its complete form:

d0*F 0°F 0°F 0°F 5

oxz T2 Yoz T2~ Mok
(So this is not strictlyor the fieldF, but for the plane wave approximatiohthe fieldF. We say,
"physical optics").
(I'just want to say that this would be a more thdaquate for a wave packet or photon in the
infrared(for example) that were propagated in a suitatfi@ied waveguide. Probably, not
knowing anything about measuring the transverseephae would be more than happy to describe
it for plane waves).
So we summarize things.
If Schroedinger in the ‘20s was more familiar wiitie fields in the waveguide he would have
probably immediately written ... "the wave equationa particle of mass," that is
“a scalar wave functiogh(z, t) that properly represent all the mechanical charaties of the
motion (the relationship between mass, momentuerggh and at the same time as to reproduce
correctly the diffraction experiments with partitleams".
This would mean writing immediately (as indeed I dhile recognizing that he had only to
assume, for the needj/dz, t) scalar component of a field in waveguide. Witls the also
highlighted the significance of rest mass: thelliily of field energy, which does not travel, but i
is there.
He also would have clearly understood what he veasgd namely, that it was a satisfying plane
wave approximationscalar (what, however, largely satisfactory).ddknowledged that he was
doing a ray approximation, or as we say "physiqdics".




Wanting to satisfy the wish for deflect these rey®ving in within a field (eg electric) would have
been enough, more or less (as indeed he did.pyttin the phase (ie adding to the energy) even

the energy imparted from the field (thatlsé = Zriz). Having put that term in the phase (ie the

action) automatically to track the ray where thageh(the action) is stationary would have
described "curved beams", which bend within thetakefields (or similar within magnetic fields).
This is what he did, more or less.

The same thing he did Dirac when in the 1-st oedgrations adds to the "Hamiltonian" (total
energy) the effect of electric and magnetic fields.

But, back to Schrédinger, | would say that woultbauatically have done much more, because:

- would write an equation that would naturally .latwistic (ie directly the Klein Gordon
equation, which would have shown "Schroedinger ggaafor low speed or in non-
relativistic approximation);

- would have been obvious that a scalar wave fun¢teorepresenting the plane wave with a
single scalar componéntould only represent a particle without spin, emdepresent a
particle with spin (the Pauli equation later) wosaltbuld hold at least two field components.

And so on and so forth. There is a whole seridantiier matches:

- Yy is the energy of the field (*), and normalizinglteve obtain the "probability of finding
the particle where" (of course: it is its energstdbution);

- the wave packet is logi(z, t) after a while disappears (translation: the wavegis
dispersive, the group velocity is a function ofgwency for which the various components
of the Fourier spectrum of a wave packet after dendiscarding).

Et cetera. Because of these clues we have, | leglie\examine possible relationships between the
equations of 1 st ordethat of Maxwell and Dirac. Up to now we would sdgarly understood
meanings and relationships between the 2-th ogleatens. From examination of the equations of
order 1, we can expect all that huge enrichmemexnings that bring ..... Maxwell's equations
rather than the most trivial wave equatienom what we saw on the role of "trick" performsd

k2, which is carried by 1-st to 2-th member so appiyehanging the equation from the wave
eqguation to the Klein Gordon equation, we can exagame (or role) that is similar on the 1-st
order equations ie the Maxwell equations.

In short, the suspicion is that the separationteomg,. (or w,) in Maxwell's equations is carried by
the 1 st to 2 nd member, so generating a plane aap®ximatioor or "physical opticsfor which
the Dirac equation is true.

Also would love to write a book but step over (**).

Let's look at aspects of mathematical physics,motably not random combinations with quantum
mechanics.

| think there is in mathematics (or mathematicalgits) a similar enrichment of meaning resulting
from the transition to the study af with respect to the study ép".

Thed* Hestenes says has never been treated in mathahpditysics ... simply because was an
operator unknown in mathematical physics. Enties®s of polynomials and special functions,

*) ) )

More precisely?'T¥*, or FTF* for the electromagnetic field, gives energy anamantum four-
vector, see my later writings (n.d.r.)

(**)

| have faced and solved this in my later writingsi(r.)




which were all known from 2 nd ordeguations, are returned to the solution of eqoatad the 1 st
order(as we shall see, Bessel functigpsspherical Bessel functioris, Legendre polynomialg/™,
etc.) with types of links that | assimilate to taaxfe? andcos ¢, sin ¢ notknewas long as we
define the partsos ¢, sin ¢ through 2 nd order differential equatiomsthout realizing that the

real function (and Euler's formula) are definedalgifferential equation with firderivatives.
Etcetera. This, at least, is what it seems to me.

The better "place” to ask ourselves these kindpiettions is once again a problem of waveguides
in circular symmetry (notectangular) in which, presumably, formulas o€glar polarization or
"spin" assumed a more spontaneous form.

We must therefore examine in some detail the swistin the circular waveguide, with the
separation of variables not made with the 2 ndrk@eut with a (presumably)*orderk, .....

that is, in the Maxwell’'s equatiods F = 0.

The problem is that ..... nobody has ever raisedssue of separating the variables in the
Maxwell's equations, 1st order. Usually it is doneéhe wave equation, if only because no one in
mathematical physics has never used the operatbonly because ... there was not (or maybe
someone in the United States did. If someone diddtcame across charged rays, | think someone
else has asked the question "could be uskéde charged rays to shoot Famyone?").

| will do in the next section.




9 - The analytic functions in the circular waveguie

The problem of separation of variables in the firster equation in circular waveguides
0'F =0
is of great simplicity and elegance (after it i:ida...) although | will stay longtime in
mathematical passages, and is preparatory to tihexng z, T general problem in that they are then
.... Spherical cavities.
The above equation, ie the Maxwell equation inreuwtar waveguide, is from a purely physical
mathematical point of view such as "find the fuaos that are analytic functions of the coordinates
x,y,T"
(Solve the problem for the electromagnetic fieltirést” for not introducing a boring additional
dependence on so much is obvious).
The international research groups on Clifford atgebn my opinion, discovered a "play that
works" and gives a lot of mathematical results, jost not understanding whyworks (that is, it
works because it does not mean anything if nofdbg important, to clarify our language, and the
functionsthat we propose to use in our language) they démen the already complicated issues,
like the Dirac equation, the "monogenic functioBs", to go to_'upwarchs a complication (Lie
algebra, n-dimensional spaces, symmetries SU (8) Sld (4), families of particles) because
obviously being mathematicians, they generalize
That is, what is the starting point, in itself nemd difficult to appreciate and understand, to
understand they generalize
Instead | think it's important to come_to downwatdht is to review all the most basic cases that we
have taught as basic structures of mathematicaighypr electromagnetic fields, to be able to
handle and appreciate these new tools, to answdaithous fundamental question of physics, "but
we, what the hell were we saying?".
So, returning to the separation of variables indgheationd*F = 0 in the circular waveguide, we
do not even have the faintest idea how or whaeims to separate the variables.
There is, for example, an anticommutativity probl@mong indices, so the usual writing a solution,
in order to separate, for example in the form:
F(p,o,t) = R(p)P(p)T (1)
as we write here? (Because it does matter whicérgmu write the terms).
Proceed by trial and | suppose, for various regdonsut
F = Fy(x,y)e~®o"
| make the assumption thBt(x, y) it contains indexes ex, i, Ti, T and | suppose a terar‘®o?
with the indexi which (as a bivectar = ij) produces rotations on they plane (*).
To say that the solution has that form means tiaaktisk,., an eigenvalue for the rest enetgy or

for the operatof—r (F)i which provides‘;—ii = wyF.
Then the correct operator which gives an eigenvaljien e ~i“°% or better on the function

F = F,e~'®0? (whereF, has various indexes) is more or less the same@santum mechanics

OF
l— = (U()F

ot
but it really isg—ii = w, (it is a fundamental position éfon the right).

*

I(;bsolutely do not rememlber quite | decided toteatily choose the siga='®o7 instead ok +'@o7,

| probably chose the sigrm'®°" instead ok ™'®o only to better propose an analogy with quantum
mechanics, where the energy operatm'%’r;s and produces o#i i07 the result'g—i = woF thatis a
positive eigenvalue-w, for the energy (n.d.r.).



But in short, to sum up, apart from “energy eigéngs’ and so on, | have to solve the equation:
0'F =0
. J . ]
axyF-I—TaF:O - 0 =6xy+Tg
Put, withF; = F; (x, y) having many indexes:

F = Fy(x,y)e "o
and get:
Oy Fre ™07 + T2 (Fie™@07) = 95, Fye ™90 — TayyFyie™1@07=0
It can therefore (in spite of such anticommutatidices) simplifye ~'“o% from rightand you get
the new equation, having separatg or p, ¢ fromt:

a;yFl - T(U()Fli =0

Writing explicitly oy, = aa + i:—y and allowing the possibility of a possible dousilgn for

T ox
k. = w, you finally reach equation (*):
OF OF

or Lot .
ax_+lay +Tk Fi

which is the first order equivalent to eq. (2) lné preceding paragraph

0°F 0°F

2
% T3 K2F

We then found the first order equivalent to sepamnabf variables in the wave equatipmhat
immediately appears, among other things, is_thatdonstants are possible that correspond to the
kZ,ie+k, and—k.).

| put now, looking for a TEE;in this form:

F,=E+TH

where hypothesizg with indicesl, i and as welH with indicesl, i, as | expect for a TE the
components at reét, E,, H,, orE,, E,, H, (see Ramo Whinnery) artderefore | expect that the
terme 0% by rotation, produces d the terms fronT'H, to TiH, and fromTiH, to TH,.
Briefly, | would expect components,, E,,, H,, H; and indexed,i,Ti,T.
Substituting and separating the indices we have:
OxyF1 — TwoFyi = 03, (E+TH) — Twy(E+TH)i =0
OryE — woHi = 0
05y TH — TwoEi = 0
| note thatdy, T = Td,, and then replacing and simplifyifigfrom the left finally arrive to the
following system of two equations in two complexaqtitiest, i:

*)

Sothe key is: ifF; is analytic on the transverse pladg,F; = 0, you have a static field or, in
motion, a TEM, the mass is zellbit falls the analyticity orx, y, we have mas3.he mass thus
presents itself as the eigenvalue of the opedtp(in space will bely,,,).




OxyE — woHi = 0
Oy H — woEi = 0
Change coordinates to@ where (as | seem to have already written elsewyhere

6*—r26*—ZZ*6*—Zl 3 = l.(pl( 6+_6>_ i¢(a+ia)
Cr2 _.rz “rr2 0 T UGy lago — ¢ \or rade
and therd = e~ (i L9

o> ra(p) so | have the system:

rd 00 ,
e“”<—+——>E—wOHL=O

dr rde
-ifp(a—la)H— Ei=0
or rde @olt =

| try now a separation between the two remainimipéesr ande. | ask for this:
E = Rg®g
H = Ry ®y

and replace

One option (looking at the first equation) in ordesimplify the angular functions, thus leaving
an equation for the only variabteis that it ise’?®; = @. In this way, between the first and last
term,e'?d, goes away witl®,,.
If ei?d, = &y itis also®; = e Py, which is what you need to simpliy; ande~*®,, in the
second equation.
On the other hand, this double condition
e P, = oy
e P, = b,
is simply interpreted as:
"¢ turns, andby turns with a turre’? on more".
That is:
(pH — ei(n+1)(p
Pp = e"®
with this, differentiating, we get (*):
0dy .
w = l(‘l’l + 1)(pH
0P, .
% = in®g
so, replacing everything, you get a huge simplif@maand remains:

*)

Note: this is equivalent to the eigenvaliest+ 1) andn for the orbital angular momentum operator
; 0%H _ _; 9% _

L,. In fact—i 0 (n+ 1)@y, and—i 0 ndg.



ORy

a_‘l' (n + 1)RH lRE = 0
Re 1 R iR, =0
or rn ET e =

These two coupled equations have a structure ¢lsats over and over again in quantum mechanics
(*) (eg Fock, Schiff, Bjorken and Drell, Landau.é&yhhave the structure of the equations for the
radial part of the spin components of the Diracagign for Hydrogen atom).
They have a structure that always recurs .....usec# is the 1 st order equivalent to other "usual
second order equations. Hehese equations are the 1 st order equation dgqoivi@ the Bessel
equation(which is usually presented ... as an equatiche®® nd order).
In fact if | getRy from the second one and replace in the first (aoel versa foRy) | get either:
0%Rg 1 ORE n?
aZRarZ 16;? o (1( +1 )sz -°
H H n
oz Ty YT
resolved by, J,+1 (Or Ny, Nyyq OF Hy, (1) Hr(li)l and so on and so forth).
The equations of 1 st order (which, as we shalirsedittle are also a sing®mplex equation to
the first partial derivatives) put in evidence, lewmsr, that there is "a particular cluster" of Bésse
functions that makes sense, a precise "couple"cfwikithe equivalent of not having to take
cos ng, sinng but the functiore™® = cosng + i sinng).
Take for exampl®y, = iJ,41

)Ry =0

H = ifpyq(r)et™e
Substituting in the equation of 1 st order whichegiR; you have:

0Jn
RE_ ]a+1+ ( +1)]n+1_]n

In fact, are valid for Bessel functions the follogirecurrence equatiofahich are nothing but ....
that system of 1 st order differential equationwalid for J,,, N,,,, H,(ll),H,(lz))

Op-1 n—1
;ral_ Jne1 +Jn =0
Un

Summing up and recombining all we come to the esdlt: the solutior is like

F = Uneimp + Ti]n+1ei(n+1)<p)e—iwor

| say "like" becausen it can be anything in particular we have states to 0 and states ta < 0,
then we have the corresponding solutieh¥’o?, and the Bessel functions may be the Hankel
functions or something, and in any event would o@cypairs, et cetera.

Summing up solutions™“°% with positiven and negativer, and then combining them with the
corresponding pair but havireg‘“°® we obtain the TE fields in the circular waveguide

The individual solutions rather have a cha(r%%é, positive or negative) and masg (positive or
negative).

*)

In fact it would probably be best to piitasH = Ry, ®yi, but | do not want to redo the calculation.
If | place H = Ry ®yi in the equations would not have appeared the iglyR; andiRy. | also
putw, = 1.




By measuring the spin of the solutiBror better by measuring the orbital angular mommantyl (in
short, doing—i%) it is observed that the 1 st term of electri¢dfigives an eigenvalue.

The 2 nd gives an eigenvaluet 1.

F as a whole does not give an eigenvdaraghe operatof., = —i%.
However you can see that the otbperator that | have already writtgp, that of the total angular
momentum (orbital + spin)

J,=L,+S
gives an eigenvalue ..... that is intermediate betw andn + 1, and isn + %

“The angular momentum of the analytical solutiénisas a value + % composed of an orbital
angular momentum and spin %2". (Othesolutions have rather spin -1/2).
It's just a way to tell? 1 do not know, what | knesthat_the exact solutions of electromagnetic
fields in a circular wavequide are obtained by corations (*) of solutions, with charge and
current, and rest mags,, moving with mass, energy and momentum obedietitdonechanical

. . . .. . 1
relationships provided by relativity for particlesmassn, = w,, and show values + 5-as
eigenvaluesf the total anqular momentum operatarFictitious?
Boh!
Reviewing the final solution there is a curiousydigity that is that in the expression

F = Unein(p + Tl-]n+1ei(n+1)<p)e—iwor

the variables, ¢ are notseparated (as they are, however, in the individagsE andH). In fact,
the brackets do n@ppear as the product of a functionpodnd a function of.

However, (using i /2T = Te**/2)) it has the new expression

F = e () + Tifyyp)el+ /20 gmiont

wherer, ¢ andt are separatedt is the special appearance of a "hypercomplessBlefunction”
formed from the collectior(J,, + TiJ,,+1), with indicesl, i, Ti, T and at the same time appeared the

exponentiaki™*+/2)¢ with the exponerén + %)
There is thus a suspicion that everything is rdladethe particular operator which heigenvalues
onF
1
JF=m+ E)F

Restart from the beginning looking fBras eigenfunction of the operafgrwith eigenvalues
(n+ %). We arrive with a little steps to the equationtfue radial part

s Do -tz =0
arl rn 2%’ ngl Wod =

This differential equation of order 1, providesoime fell swoop the Bessel functiohsof the form
"nypercomplex'®§(r) = J,, + Ti],., and the recursive equations between them.

(Not onlyJ,,, but alsav,,,, H,Sl), H,(lz)).

(*)
See Appendix Al.




If l ask& = Rg + TRy | get

ORs M iRy =0
ar r F HoRH =

ORy n+1 )

ar + RH+l(l)0RE:0

that is the usual system of equations with the lusalations (it is written differently from the
previous one because this time (*) | have triedisohse t'«o7),

This exercise serves not least to understandttiéesemergence of concepts such as "eigenvalues of
total angular momentum™ or "orbital angular momemtwr "half spin” does nadppear necessary

in connection with quantum mechanics. The exemwséave just done, to resolgéF = 0, may in

fact be thought of nais an exercise in quantum mechanics but:

exercise on a circular waveguide;

but also

exercise of physics about circular membranes;

but also

a mathematicatxercise on the analytic functions.

These are the facts.

(*)
For detailed steps see Appendix A2



10 — Plot of "charged" solutions in the circular waveguide

| provide only some indication for "plotting" theefds because it is too boring to consider the
various solutions.
Take some states withas low as possible:
F = (Jo + TiJ,e?)e w0
F = UO _ Tijlei(p)e+iw0‘[
orevenj[_; = —J;)
F = (J_ie % + TiJ,)etwo?
F = U_le—i(p _ Tijo)e+i(u0‘r
or combinations. For the plotting of fields shobklundertaken as well.
1) by first we fix time. You draw a situation ofeetric field “frozen” on the plane, which then
rotates rigidly with the operateft‘“o7 that induces rotations in the plane.
2) we pass to the conjugate .
3) we consider separately the electric field, whals components,, E,, or E,., E, thex, y plane.
For example:

E electric field

Jo

VA . .
E electric field

]—1ei(p

VR

4) the magnetic field (*) has componefitg'i thenH,, H, (it should be splie’? = cos ¢ + i sin¢
and then separaté, from H,).

*)
Note: The operatorti®o? does notnduce rotations on the y plane and on thH, H,

components. They oscillate with laws w, t andsin w, t. Can be drawn at a fixed then
oscillate.



5) drawingH,, (exampleT'i]J, cos ¢ or J,)

H, magnetic field

Jicos @
VA
0 ® ® ® H, magnetic field
®® ®
—& ® © 3 Jo

R ®

®®
® ® ®

©® x

® .
® ©7 ®
[CJOXC'ROJXO)
®@®

6) drawing the electric charéjaﬁl (for example withH, = J, sin w, t you made the derivative and
then you draw)

charge




Overall, for example, we have solutions in whiatharge oscillates exchanging with a pulsating
component,,.

7) if you want you can draw the currents.

8) you can try to interpret the various electrid amagnetic fields that arise, relating to charges a
currents that generate them.
The meanings are obscure.

Please note that from a physical point of viewdleetromagnetic field is self-sustaining, with
terms of the Poynting vector (energy and momenttitheofield) that are related to the Lorentz
force at each point.

At eachpoint the Lorentz force induced on each elemehafge at that point a variation of
energy and momentum of the field which, among thema self-sustaining.




11 - Analytic solutions in 4 dimensions, or sphera cavity

As simple "electricians"”, having interpreted thedgiequation as an approximation of physical
optics of "heavy and charged beams", we can atfiofohd the orbital configurations of the electron
in the hydrogen atom (*).

We can treat this problem without any referencguantum mechanics.

In fact, since we have clear the kind of approxiorgtwe are induced (at least | am inducted

look carefully the kind of spatial configuration thie field components resultirgty).

What we can have more trust .... are the valuesgenvalues of energy (we call them: the natural
frequencies of oscillation) that result from théusion.

Yet strangely (and this must be said in honor efttemendous capacity of the physical optics
approximation) one gets also information on thdiapdistribution of "orbits", which are described
fromy", and are listethy ;" .

However instead is entirely clear and unambigubagptroblem of spherical cavityhere the
oscillation modes are also described/gy, and_enumeratedoly 1);". In this second case (cavities)
there is no ambiguity about the fact that the fdhponents are described, in their spatial
distribution, by the solutions of Maxwell's equatid*F = 0.

Of course, at least | assume because of lazindigsniot, even here, as in the case of waveguides,
suitable sums and differences of the solutjomide the electromagnetic field (Stratton).
Conclusion: there are strong suspicions of kingieffpveen the two cases: the possible mauése
cavity and the orbits of electrons in atoms. Theaespondence between the two cases is one by
one. The states are the same. Angular configuatiescribed by[" are the same.

The one present themselves as field configuratitvesother (the orbits) as configurations of
charge; however (in cavities) combinations of ckargnfigurations of opposite char(f&*) give

the fields. Everyone can fantasize about whatllib¥es, according to his own personal fantasy (for
example, even if things are not in such simple seryou could use this picturesque image: the
fields are made of* ande™. If someone removes oré from a electromagnetic field, what's left
is the spatial configuration of an electronic ofaie ™).

But if you add a fielce* to a fielde™, you get a "neutral" electromagnetic field, ie dseillation in

a cavity.

Moreover, the addition of a "neutral” mode of dstibn to a "charged" orbit, is passed to another
charged orbit, "more excited" than the last. Antkwersa. We move from one charged orbit to a
second, the lower energy level, through the enmissf@a "neutral” electromagnetic field).

| will now make a long digression.

I'll repeat in part what | anticipated in the paegzh 4.

*)
Or generic atoms of nuclear chargge (Z = 1,2,3,--:). See paragraph 12.

(**)

Distinction here between a detailed descriptiomofe or less hypothetical "field components™)
and a more overall description on the spatial ihistion of the orbits (n.d.r.).

Gy
Note that (see Bjorken Drell) the Dirac equationtfee atom provides both. The solutiarfsare
discarded or interpreted as positramsl_antimatter.




In all this talk there are elementary geometridtierstthat are th&™ or they;" that dominate the
scene. They!" are three-dimensional analogous of the angulailolisionse™?. TheW/™.... are
the analogous of the elementary geometric (or nica@entitiesz™ andl/Zn of thex, y plane.

Why this happens?

We are discovering, as the Cambridge group sag9rperties of space and time?

None of this. The question, in my opinion, is dtofes:

what chance is there that the basic entities ofamguage are differeiiso to speak) of elementary
particles?

The answer is in my opinion (if the language isnteeed"):_none.

And so we should not be surprised that this happ&inhe end is our problem. In physics an
elementary reality too often escapes, which is @l but then is forgotten with phrases like "I
found the law ...", "I discovered".

In physics, we can only tell you what happens.

Or try to tell.

Hestenes wrote to me (in response to my strangblirags) "no one will give you credit, though
not explaining the interactions of the electronigtR However, if we want to split hairs, we can
not explain the interaction of the electron.

We can not explaithe electron: we can tdhe electron (which is there).

Now if you think about it (this is probably incoatébut suggestive diction) we say that bodies are

made of atoms, elementary particles, etc., andifumcare made up of zeros, poles and so on.
Compose the bodies with the atoms and composeidasoith the elementary functions.

It would be wisegven if not required, that the elementary entitiethe mathematical language
coincided with the basic realities of the surromgdieality that we intend to tell. That is why this
fact can reasonably happen: elementary physiciiesnére elementary functions. They are, not for
aesthetic magic, or coincidend®jt because we, in turn and reversal of secutargit and
mathematical and physical laws, we can not mergeerr less unconsciously, in a right
mathematical languag@ which elementary functions, such as analyiections¥" , necessarily
correspond in some way to elementary physicaliestit

You might say: but it is nott is still not exactly so. Well: Schroedinger séyn my day it was said
that the research is not over yet."

| think that_is certairf*) that it may have a solution.

Well (and this is the last point at which end tloisg digression) here's more.

There's much more. In fact there are twore things.

First, here are a lot of things that match, it se¢inese are a lot of things that match. One might
think that we have discovered the electron. We doather (if it works) found the appropriate
languageHere, then, what is magical or mysterious it re@gm at times, sometimes mystical,
sometimes its hard to understand why, or .... fedeng”, aesthetic or otherwise, or
incomprehensible, or even irrelevaiihis according to the imagination of the behalder

That's why the "powers of the number" are ....dtmsts of the electrons in the hydrogen atom, and
states s, p, d ... (see below) correspond to thmeration of;"* (see below).

*)

Align the elementary entities of our language valbmentary particles, such as the electron, is not
a problem of the electron, but it is our problenorbbver, it is clear that this is possible, just
change the language (as long as they do not sucagéahg as he has not found a suitable
language).




Secondand | stress this in my opinion is the most §ahg aspect) would, as | say, pointed out at
last and said, our fundamental "ignorance”. We @oiynted out the class of functions that will

work in the description of the phenomena of spaxcktene. We, in fact, first pointed out the space
and time, with their unit vectors, and the formaes required, consequential, and then the class of
functions, analytic function of the point P of spaime. The general law valid in all of physics is
that we_use those functions thefée lawo*F = 0 adds nothingo the_substancef what we know

of the electromagnetic field (and thus eventualbuid be for elementary particles).

End of digression.

Returning to the subject, before solving the equadi' F = 0 we establish a preliminary formula

that is used in the calculations and concérnlst is in 3 dimensions exactly the same Z—oh two

re” ¢

dimensions .. VIZ— = = e~ This establishes a similar relationship analogowsd(!-D¢ =

e~Wel? the relatlon that connects the stdtasd(l — 1). Here is a similar relationship, but a little
dlfferent which connects the state@vith [ positive or zerol > 0) with states—(I + 2).
(Why? Boh!).
The formula in question is (*):

Z Z
Tyt = -+ DT P

It says that if we start from a stapg tol > 0 functionssz/)lm have a negativeigenvalue of

angular momentum and preciselyl + 2).

(A good example of this is the analytic functian ¥, = 1 (ie,l = 0, ¥; = 1) which corresponds
to the functionp_, = T% = Z;T that is part of the analytic functiob., = r~2 Z; = f—s already

met).

The solution ob*F = 0 now proceeds in close analogy ("mutatis mutandaigt) what happens for
the waveguides. Is:

(D 0'F =0
or
i} 0
) OsyF + T F =0
| take:
3) F = F,(r,9, p)e'®ot

where F; (r,9, ¢) has various indexes. | write (see paragraph 4):

0
20" =r—+T"

or
(4) o =29 1
- - xXyz — r(ar r )
and substituting
aF1 1 ]

where the exponential has been simplified fronridjet. Now | put:

(*)
For detailed steps see Appendix A3.



from which substituting in (5) and separating tlaetp with and without the indéxis obtained

zJdE;, z1 )
_—— +__F*E1 + leol = 0
7) ror rr
z 0THy A el 4 TE wgi = 0
r or rr 1 1@ol =
To try to separate from 9, ¢ | try to put
( ) E, = RE¢Z”
8 z ,
Hy = ;IMHRHL

in order to write:
—-I''E; = —F*REI/JZn = REh/)Zn

Z Z
{—F*THl = —I"T—y["Ryi = —(L+ )T Y] Ry

Substituting in (7), simplifyall the terms from the left eis/)lm orsz/),m and you get, witlw, = 1
for convenience:

€)

JORy 1
W+;(l+2)RH+RE—0

GettingRy from the first and substituting in the second (dntb for Ry) is obtained

0°R; 20R I+ +2
( H, - H+(1_( )( ))RH=O
(11) or? r or 2
0°Ry 20R; . lA+D.
or? r or ( 2 IRe =

These are the 2 nd order equations for the "spdieBiessel functions,” already solved (Schiff,
Stratton). If you také&; = j, the (10), because of the recursive formulas (tvbenj;, we are
obliged to takeRy = —j;,, for which

z .
(12) F=0y" —Tji ;Eb{ni)elw‘)t

This is the solution for the spherical cavity (*¥ery similar to that for the cylindrical wavegusde
(**). The enumeration of states follows from ti¢¢* (for eachl, (21 + 1) values form, from
m=Ll—1,1-2, tom = -I).
*)
Worth it for the "spherical Bessel functions™ tlidldwing recursive equatior(svhich are nothing
but .... that system (10) of 1 st order differdrgiguations)
aii L. .
; 3 El;]z;)‘lzﬂ =0
i +2) . .
6:1 t—— =0

(**)
We can verify, by replacing, if they really satigfy) or (5) or the system (7), see Appendix 4. Only
later I've written the 1 st order equations as a simgleplex equation, see Appendix A5 (n.d.r.)



There are negativiestates. To calculate such states | restart frgm (7
This time to separatefrom 9, ¢ | try to ask

VA
E; =T—-Y"RgT

Hy = TYMTRyi

which | need to write:

14 { [“E,=-T (Trl/Jl RyT) = (1 +2)(T =y} ReT)
—[*TH, = —T*Y"TRyi = WI"TRyi
Substituting in (7), all the terms Iikia/),m orfoz/)lm are simplifiedfrom the left and you get,

always asking for convenienag, = 1:

6ﬁ+(l+2)

ar
(15) R, |
W - ;RH + RE = 0
These, taking into account the recursive equationthe "spherical Bessel functions"
di L. .
5 +J1+1 =0
Oji+r  (L+2) .
a:l + T = 0

RE_RH=0

are satisfied bRy, = j, andRg = j,1.
The end result is

Z . .
F,=E +TH; = T;l/)lm]lﬂT + YT},

Z .
(16)  F= (=P + Y] Tjie' "

(and so here-T"E = —(1 + 2) instead of (12)}-I'*E = [E)

Combining "states to positiveand negativeé " and states with-w, and—w, we obtain the
electromagnetic fields in the cavity (I imaginetidl not but should work, becaugéF = 0 they are
.... Maxwell's equations).

The enumeration of the states, here too, presentsachl, (21 + 1) values form (fromm = 1[,[ —
1,1l —2,-tom = -1).

The total states, including positive and negativg &lways positive) are the same as availggle

forl=1 2l + 1 = 3 states

(+3 negative) 6 states
forl =2 2l+1=5

(+5) 10 states
forl =3 2l+1=7

(+7) 14 states
forl =0 2l+1=1

(+1) 2 states



This corresponds to the enumeratsop, d, f,---- of electronsZ electrons in s, 6 electrons in p,

10 electrons in d, 14 electronsin f, ....).

The fact that | have probably made some mistakéseircalculation here and there, does not change
the substance of the matter, all this is not quantiechanics: it is mathemati@)d comes from

the technique of separation of variables in theaiqnd*F = 0.

Or if you want, is electromagnetismvhere appropriate combinations of "fictitious"wbns, with
positive and negative states and solutibag, and—w, (*), give the possible modes in the
spherical cavity. The enumeration of solutions #adr type of angular distributiop;™

corresponds to the orbits of electrons in the at©auld it be just a coincidence?

Well, the answer might be yes.

It may well be a coincidence but a coincidencehmfact that there are always Mge are always
involved. A coincidence in the fact that we areatdsng similar basic phenomena. Which also we
can not say whahey are, as well as the electromagnetic fieldl@ot know what it isWe create,
basically, "models" representative of reality. Bihis is the point) I think that what we call
electromagnetic field, seen asF = 0 "generalized", has in itself all the complicatiorecessary

for try to describe, with it, even the electron, [BT], [8], [9]. Are to be solved, of course, seale
problems still unclear.

(*)
The solutions-w, are obtained by simply multiplyinfi from the right. This allows analytical the
analytical solutions and we have:

. Z . x _'
F=(Tji+1 ;1/){”T — Tijpt)e ot

z .
F=(+jy" + T;lp;njlﬂi)e_lwot



12 - Physical Optics and heuristic derivation of tke atom spectral lines

| mentioned a tentative interpretation of the Diegeiation in a few paragraphs earlier.

Now, however, for greater mental cleansing, | wdakl/e aside the Dirac equation and forget it,
think in terms of physical optics [10], "heuristic"

| mean here as physical optics a plane waves srapgroximation of Maxwell's equations, namely
that we have discussed talking waveguides. Suppassome solution af*F = 0, approximated

by plane waves, represents a wave packet with (meessn mass for energy "at regfy'= w, =

m,), and suppose also that it is charged, ex. withgative chargee, ie it is affected by the
presence of external electric fields.

| have already said that the movement of this "geand charged ray" can aptly described by

2
“suitably” introducing, in addition to the value fiEe energyv, the energy value, examp+eZ%,

when it passes near a chaffye
o @
@
D &P

Chargeze

PotentialV = %

introducing, | said, this value of energy in thevegphase, so that the trajectory of the wave bends
according to the various positions imposed by thBanary phase (see for example Landau, "Th.
du Champ").

Call "heuristics" throughout this procedure.

Thus | consider af such as:

2
E+Zi)t

(17) F= Fle"‘( T
where, as usuak; contains some number of indexes anticommutative.
As we saw in section waveguides this field, inanpl wave approximation, satisfies the 2 nd order
Klein Gordon equation (I mean: for the free pa€jcl

(18) 00*F = w3F
However, the 2 nd order equation is completelydttrgg the "components” structure of the plane
wave, in particular does not take into accountablarization. One way "heuristic" again, to take
account of the field components without throw theway is to consider the 1 st order equations
corresponding to (18), for example in the form

(19)  9'F = —iw,FiT
| say that is an "heuristics" way (*), a little lz@se | can not do bettemd a little because | have no
idea how on earth will be stored the plane wavepmments in (19) and what they mean.

(*)

The (Italian) dictionary, to the term "heuristisgys:

"Heuristic (mathematics): procedure by analogynaritive, or approximate, which allows the
deduction of empirical laws, before you can expreitis mathematical rigor".




One thing is certain: (19), instead of (18), ketgsinformation of the field componenis such it
is a better physical optics approximation of thecebmagnetic field.

Or at least hopefully.

Even if the assumptions we made are very rude,¢begspond to a first approximatiapproach,
let's see if there are solutions of (17) in (19).

Rewrite (19) in the form

oF N
(20) Osyz F +T = —iwoFiT

It follows, using the expression (17):

. Ze? 2 . Ze?
roF _ TiFle_l(HT)t = —TF,i (E n Zi) e‘l(“T)t
t r

at d
and again:
, Ze?
—inFlT == _iwoFliTe_l(E+T)t
. Ze?
iy F = (3 Fe ()"

so substituting (20) is simplified by the right tligponential (*) and you have an equation for
Fi(x,y,z), orF(r,9, @) if you prefer:

. Ze? ] . A
(21) axyz Fl - T E +T Fll === _la)oFllT

Suppose at this poi in the form:
(22) Fl = El + THl
and introducing the usual expressiordgf, in spherical coordinates we have:

62

Z<aF1+1I“*F) TE+Z Fi = —Twy(E; — THy)i
A\ 1 1 " 1l = wo(Eq i

(I changed the 2 th member usiffy + TH,)T = T(E, — TH,) and then usingl’ = T).
By separating the parts with and without the indlecomes to:

z0E, z1 Ze? _
-——+ __F*El - (E + —+ wo)Hll = 0
(23) r

ror rr
20THy 21y TE+ZeZ Eji=0
r or rr 1 ( r wo)Exi =

At this point the equations are exactly identica{#), just different coefficient of the last terag
no need to redo that step, we separate the angariables as we did, and you will come to the
equations only withr:

*)

2
In doingdy,, . F | considerZ% as a fixed term imposed from outsidg, as if it were constant and
not subject to the operations of derivative.




or

OR; (L+72) Ze?
-+ Ry + (E+——=wo)Rg =0

OR; 1 Ze?
___RE+(E+_+(U0)RH=0
(24) r r

These equations are known and already discussee@gseé. Doran et al., “Spacetime Algebra and
Electron Physics” Adv. Imag. & Elect. Phys. (1996):

k—1 E+Za+
ul _ r ( r (,Uo) (u)
v E +Za —-K-1 1%
( " wg) "

Doran says, "K is a non zero positive or negatiteger’ = (I + 1) orK = —(l + 1).
So withK = (I + 1),, and withe? = a (*) we obtain exactly (24)

[+2 Ze?
44 )v—(E+Te—a)0)u=0

l Ze?

( u'——u+(E+—e + wo)v =10
r r

iv’

He always says Doran: “The solution of these ragligiations can be found in many textbooks (see,
for example, JD Bjorken and SD Drell, “RelativisQuantum Mechanics”, vol 1. McGraw-Hill,
1964), and the energy spectrum is obtained fronetjuation

(Za)®
n?+2nv+ (L + 1)2>

(25) E?=w? <1 -

wheren is a positive integer and= /(I + 1)2 + (Za)?". So Doran says.

What concerns us is that the system admits sokitvaty for certain eigenvalues Bfthat
coincide with all the information given by the Dirtheory of the atom

(Spectral lines).

, Ze?
At the same time the solutidh= (Rgy]" + szp{”RHi)e_l<E+T)t, with Rg (1), Ry known
functions, contains all the information on the ed@dind angular distribution of electrons in atoms.
Orbital states are once again lissewl_describedy they;".
The solution (25) on the energy levels of spedinals also contains in itself (obviously) all
approximate solutions of Schroedinger and Bohr {twuthese discussions we can see any good
book on quantum mechanics).
Conclusion: while admitting that in this paragrdmve been "heuristic,” and perhaps even biased,
it gives me to think that simply by (17) and (19)lg, to be received (25) with all that follows. We
used one of those fictitious solutions of Maxwedpiations that, we have seen, provide in a
waveguide the waveguide modes. We have representiee form of plane waves where someone
or somethindhas stored and set the valuewgf= k. which the wave carries. Such "heavy and
charged rays" we made them travel in an extereatmét field ... and the result is all the Dirac
theory on spectral lines, down to the fine struetofrspectra.

(*)

Writing e? or a depends on the system of units adopted.




| would like to observe a thing. | insisted, foweeal paragraphs, knowing that this is not quantum
mechanics, and neither is electromagnetism, bat pure question of mathematical language. Pure
language, pure geometry, pure mathematics.

After then, jJumping out (25), with inside atomsesfral lines, experimental values of constants,
such ag, e?, mg, h, a . In fact, is it possible that these last solwiaitso belong to the pure
geometry, ie, to the language?




13 - Considerations on the fine structure constant

The solutions of the equati@iF = 0

( a0 0
2D with 0 :aﬁ'l@
P Y
) 3D with d Za-}'l@-}']a
.. a8 3 _2
3D with d :a-}'l@-}"ra
P ¢ R
\ 4D with 0 =a+l@+]&+'ra

give rise, respectively, if you require the sepgarabf angular variables, (plus the conditionhatt
they repeat in angle) to analytic functions likesth
( N = pneinq)
Wt =1y, )
Fn — Unein(p + Ti]n+1ei(n+1)(p)e—iw0t

F™ =G + Tél/)lijli)e_iwot
In addition to the conditions on the angles, giviisg to integer numbers, we have here eigenvalues
regardingw (or w,, rest mass, or the total energy These eigenvalues do not come more from
conditions on space angles, but time-relatealditions. The last two give special functigpsand
Ji1, and correspond to the "normalized" eigenvadde= 1. The first two can be thought as, indeed
are,the solutions corresponding to the eigenvalye= 0.
All these solutions appear as the basic solutidiseoequatior®*F = 0 and correspond to
eigenvaluesw, = 0 ew, = 1.
Are there any others?
The solution to the atom relative in paragraph d@sthot correspond to any analytic solution of
0*F = 0 (we could obtain only with approximations ... kabwing what else to do, moreover,
because we would not know how to write ... thespnee of the body consisting of the nuclges
It is possible that there is an analytic functidescribing the whole system electron plus nucleus,
individually describing the electron and the nuslegaut in terms of course of exact analytical
functiond*F = 07?
And yet, seeing things from another point of viewskill, or fortunately, we were able to find a
spectrum of energy eigenvalues, which proves veodg@e, Dirac was able to). Now, this is the
point, overall this spectrum of energy eigenvaligaa fact a purely geometri{or numerical).
Appropriately normalizing the units, next to thgenvalue 0 and another eigenvalue 1, there is the

1

za)?
nz+2nv+(l+1)2
/137,035999 ... Just to understand, the situation is a bit asihad found, for certain basic

functions of our geometric language, only 0, 1, extegers andat.

This is not a demonstration. It is a doubt.

May a be due to factors not yet understood geometry$t)@gestive clues of more or less evidence
there are many.

(*)

Quantization conditions on spacetime angles? Skepthiese reflections leaving the reader (n.d.r.).

additional eigenvaluél - )E, where they appear only integersl(Z) anda =



14 - Conclusion

| do not know if Eddington had understood everygh(t), but | was always struck by the final
sentence of his book:

“We found that where science is more advanced thigamind has recovered from nature what the
same mind had placed in nature. We found a stroaiprint on the beach of the unknown. We
have devised profound theories, one after anothexplain its origin. At the end we managed to
reconstruct the creature that had left the impAnd lo! is our footprint”. (Arthur Eddington, 1920

*)
Who, however, say the books, dedicated many yddnis ¢ife to obsessed exploration with the
numbera.



15 - Appendices
Al

| point out, even if it is a bit boring, as to dexithese fields of Ramo Whinnery. | take solutions
e~ with positiven and negativer (andn even (*),/_, = +/,.).

Un_lei(n—l)q) + Ti]neimp)e—iwot
U_n_le—i(n+1)<p + Tl-]ne—imp)e—iwot
The sum of magnetic fields gives:
TiJ, cosng e '@ot
With e @07 | got:
Un_lei(n—l)(p _ Tl-]nein(p)eHth
U_n_le—i(n+1)<p _ Tl-]ne—imp)eﬂwot
In this case the sum of magnetic fields gives:
—Ti], cos ng e*i@ot
Subtractinghe magnetic fields in the two cases (becausent aaolution where thEH,, field is
removed) is only obtained a fiek,
+TiJ,, cosng cos wy t
Electric fields can be rewritten first.
If e~i@oT they are

(aai:_l_ ;]n)ein(pe—igae—iwot
(aai:_ gjn)e—in(pe—i(pe—iwot

and the sum gives

(%i cosng + iE]n sinngp)e?e~iwot
If e*i@oT they are " "

(‘;L:_l_;]n)eimpe—i(peﬂwot
(aai:_ gjn)e—in(pe—i(peﬂwot
and summing

(%L: cosng + i ;]n sinng)e e tiwot
Now subtractinghe electric fields in the two cases (like the metg field that gavél,) it has
(;]n sinng e™¢ — %—: cosng ie ) sin wot
Combining everything together and passing to thigugmate, as is done for analytic functions on the
plane (since we have seen that the equaidh= 0 is the Maxwell's equations for the conjugate)

we arrive at

n. . . o . n : . .
;]n sinng sinwyte'? + Wcos ne sin wyt ie'? — TiJ, cos ne cos wyt

We recognize here the unit vecteys= e'? ande, = ie'?, polar coordinates on theg plane.

(*)

| consider the case witlheven to writ¢_,, = +/,,.



So finally we get Ramo Whinnery fields for TE

n
E, = =], sinng sin wyt
T

aJ .
E, = a—:cos ne sin wyt
H,

= —J,, COS N CoS wyt



A2

Restart from the beginning looking at other waysetch the solution of waveguide equations (and
take advantage of it, just to muddy the waterskilogpfor the solutiore t1«o7),

We searclF as eigenfunction of the operajgr with eigenvalugn + %).
You have to solve the equation

0'F =0
namely
"4’(6 i a)F+TaF—O
' ©\or 7 do d
PutF = F,(r,p)e*'“°® and can thus simplify the exponential from rightbtain
i 6F1 it i 0F;
e W ;% + Ta)oFll =0

| separate the variablese in F;, but | can not use such an express%m’g% F, = nF;, as—i%F1
he has no eigenvalue, it's equal to .... to anytliagywe already know.. how isF;).

But (since we already know thgF = (n + %)F, and then alsp,F; = (n + %)Fl) say:

“Liry to put/,F; = (n +)F,".

To do this ... we must first bring up this operatdrich is not there. Because instead—a)f;—(p F, we

need/,F, = —%Fli — %iFli, we must first rewrite the equation with a mulggation byi from the
right,
l‘P%L + i"’ia—t —TwyF; =0
or rde 071

and then adding and subtracting agﬂﬂi;

l‘P%L+ lfpi%1+el‘p—lLFL—el(p—llFl—Ta) F,=0
or 1) r2 * r2 1t o
wOF . i OF 1 ip 11

i J‘%“EM” rzi Tl =0

| did so appeaf,F;. Now "l try to put"/,F; = (n + —)F1 and | get:

wOF 1 1 el?1
e El —e ;(H+E)F1 +7§F1l —Tw0F1 =0
The equation contains (r, ¢) with variables, ¢ that are not yet separated (in fact, if we look at
the equation we see that there is%@non-simplified), however, can be rewritten by nmphiting

e~/2 from the left (taking advantage of the fact that?/?T = Te'?/?) and it shows that it is so

OFy = i 1 e®/z1 0/
Wl—e"’ ;(n+.§)F1+ " §F1L—Twoe(p F,=0
This makes you want to take as unknaaify2F, instead off;.

ei(p/z

So | assume as unknowt¥/?F,; and separate the variables in the form

e'?2F = F(r)@(p)



Substituting and simplifying (¢) we arrive to this equation f@(r)

L 1 L.
—L—;<n+§>i§+§i}l—Tw0‘§—0

This differential equation is the 1 st order equaf the “hypercomplex Bessel functiof{r) =
I, + Til,., (which presents herself as a single entity).
If lask& = Rg + TRy | get

OR n )
ar _;RE‘l‘lwoRH =0
ORy n+1 .
ar + r RH + leRE =0

that is the usual system of equations with the lusalations (it is written differently from the
previous one because this time | tried soluti@tt§e?).
Having so found(r) = J,, + TiJ,,+1 we can finish by computing(¢).

ei(p/ZFl = Un + TiJn+1) P (@)

_lp )
Fi=e2(,+ Tl]n+1)¢(§0)
and the conditioni, F; = (n + %)F1 with long but obvious passages gives as it must be

®(p) = elm+/e



A3

The expression | need
Z Z

Tt = U+ DT
| find, ready, in C. Doran, A. Lasenby, S. Gull,.S&maroo, A. Challinor, “Spacetime Algebra and
Electron Physics” Adv. Imag. & Elect. Phys. (1996)s written

~XAVGY, = ~(L+ )&
being

—E AV, =

It is written: “so, without loss of generality, vean choosé to be positive and recover the negative

- | states through multiplying bsj.”.
Translate from Cambridge’s notations. Is:

OA a_ 0
—x/\V——(xL+y]+Zk) ( @]+a—k)

B ( d 6) ( d 6) ( d 6)_ F*
=75y TVax) TI\¥er T %ax) T Ve %5y) T
(see paragraph 4). It is then:
1 xX—1ly—jz
é}=(xi+yj+zk);=(r#i

decoding the whole you get

Z "~
=—1
r

z* z*
I — it = 1+ )]

Finally you can write, by multiplying by (T = iT ZT*i = if), as:

Z Z
Tyt = -+ DT P



A4 (%)

For those who have doubts about whether thesectirally analytic functions in 4 dimensions,
observe from (12) we found in the final

E, = ]llp;n
Z
Hy = —ji4q ;lpznl
We can verify, by replacing, if they really satishe (1) or the (5) or the system (7). From thst fir
of (7) we have

zojpPt  z1 .z
= +;;F ]ll/)zm—lzﬂ;ll’{nlwol:()

r or

then immediatelyfﬁ is simplified from left. The ternp;™ is simplified from rightw, = 1, so the

equation reduces to
da, . +i =0
ar r]l Jiv1 =
and this is true as it is the recursive equation,fQED.

We pass to the second of (7)
Z
TG 790" z1
z 1+1 l z . Z . . .
S T (jua Y — T ol = 0
First | change the second term using the relatipnsh
Z Z
Tt = U+ DT

| get so

Z
OT (i1 =¥IM) 21
VA +1 7Y z Z S i i
r a: o~ U+ 2T = (D) = T woi = 0

Now in the 1 st term | moVEf out of the sign of the derivative (does not depenr but only on

. . zZ*
angles) and | simplify wherever a teﬁmﬁ =T.

0 YM) 1 o |
LD 4 U+ 297 ) — j ol = 0

Take alsav, = 1 and simplify ap;™i from right

Oy (1+2)
ar " Jiv1 — N1
and this is true as recursive equationjfd@ED.

*)
| added a direct verification in this Appendix,retrospect, that actually (12) satisfies the oagin
equation (1) (n.d.r.).



A5

It is also possible to write the 1 st order equeitor the spherical Bessel functions as a single
complex equation.

af+1(l+1)TT+1+T =0
pl I+ =+ Twol =

This is the 1 st order equation of “hypercompleResical Bessel functionf(r) = j, + iTj;.4
(which presents herself as a single entity).

In fact, if | putf= Rg + iTRy, also considering th&tfT = —Rj + iTRy,, | get the following two
equations

OR; |

W__RE +RH —_— 0
ORy  (+2) ~
ar r " E—

These, taking into account the recursive equationthe spherical Bessel functions

aj, L, i =0
a. ar (lr]lz) ]l+1 -
1 +2) . )
6:1"‘ " Jisr—J1=0

are properly verified bRy = j; andRy = j41.
The final solution is thereforiér) = j; + iTj;41.
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