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Abstract

In 1637 Fermat wrote: “It is impossible to separate a cube into two cubes, or a biquadrate into
two biquadrates, or in general any power higher than the second into powers of like degree: | have
discovered a truly marvelous proof, which this margin is too small to contain.”

This means: x"+y" =z"(n>2) has no integer solutions, all different from 0(i.e., it has
only the trivial solution, where one of the integers is equal to 0). It has been called Fermat’s last
theorem (FLT). It suffices to prove FLT for exponent 4 and every prime exponent P . Fermat
proved FLT for exponent 4. Euler proved FLT for exponent 3.

In this paper using automorphic functions we prove FLT for exponents 4P and P, where

P is an odd prime. We rediscover the Fermat proof. The proof of FLT must be direct. But indirect
proof of FLT is disbelieving.

In 1974 Jiang found out Euler formula of the cyclotomic real numbers in the cyclotomic fields
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where J denotesa 4m throot of unity, J*" =1, m=1,2,3,..., t are the real numbers.
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From (2) we have its inverse transformation[5,7]
4m 4m

eh=>"s, e*=> S (-~

i=1 i=1

2m

(3

2m

e"cosf=Y S, (-, e"sing=>" S,(-1),

i=1

4m-1
B.
e’ cosd; =S+ S

i=1

ijz
COS—,
2m

1+i

o 4m-1
e’ cosg =S+ Y. S

i=1

1+i
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From (3) we have
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From (5) and (6) we have circulant determinant
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Assume S, #0,S5,#0,5,=0, where 1=3,...,4m. S, =0 are (4m-2) indeterminate
equations with (4m—1) variables. From (4) we have
A=5+S,, e*=5-S5, e"=82+S?
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Example [2]. Let 4m =12. From (3) we have

A=+t (G +t) + (G +) + (G +1) + (G +1) + L,
A =— +t)+ (6 +t) - (G +t) + (L, +t) - (L +t,) +tg,
H=—(t, +1t,) +(t, +1;) -t
27 3 4 57
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B, =(t +t11)c0326 +(t, +tm)cos46 +(t, +t )cosG6 +(t, +t)(:0386 +(t, +t )c;oslc()3 +1,



D =-( +tll)cos%+ (t, +t10)cos%[— (t, +t9)cos%[+ (t, +t8)cos4?”— (t +t7)cos%[—t6,
D, =—(t, +t11)cos%[+ (t, +t10)cos4?7[— (t, +t9)cos%[+ (t, +t8)c038§— (t +t7)cosloTﬂ+t6,

A+A +2(H+B +B,+D,+D,)=0, A +2B,=3(-t,+t;,—t;). (D

From (8) and (9) we have

exp[A + A +2(H+B,+B,+D,+D,)]=5"-S;* =(S})* - (8))* =1. (10)
From (9) we have
exp(A, +2B,) = [exp(-t, +t, —t,)]°. (11)
From (8) we have
exp(A, +2B,) = (S, - S,)(S/ +S. +5,S,) =S -S;. (12)

From (11) and (12) we have Fermat’s equation
exp(A, +2B,) = §; =S, =[exp(-t; +t; —t;)I". (13)

Fermat proved that (10) has no rational solutions for exponent 4 [8].

Therefore we prove we prove that (13) has no rational solutions for exponent 3. [2]
Theorem . Let 4m=4P ,where P isanodd prime, (P—1)/2 isaneven number.
From (3) and (8) we have

exp[Ai+A2+2H+2§ (B, +D))]=S/F - =(SF) ~(S/)* =1. (14)
=1
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From (3) we have

P-1
exp[A, + 224; (B, + D, )1=[exp(-t, +t,, —t;p)]". (15)
From (8) we have i
P
exp[A, + 224; (B, +D,)1=S; -5, . (16)
From (15) and (16) we have Fermat’s Je_quation
P-1
exp[A, + 2124; (Byj o+ D, )1=S; —S; =[exp(-t, +t,, —t;,)]". (17

Fermat proved that (14) has no rational solutions for exponent 4 [8]. Therefor we prove that (17) has
no rational solutions for prime exponent P .

Remark. Mathematicians said Fermat could not possibly had a proof, because they do not
understand FLT.In complex hyperbolic functions let exponent n be n=I1P, n=2[IP and
n =4I1P . Every factor of exponent n has Fermat’s equation [1-7]. Using modular elliptic curves
Wiles and Taylor prove FLT [9,10]. This is not the proof that Fermat thought to have had. The



classical theory of automorphic functions,created by Klein and Poincare, was concerned with the
study of analytic functions in the unit circle that are invariant under a discrete group of
transformation. Automorphic functions are the generalization of trigonometric, hyperbolic elliptic,
and certain other functions of elementary analysis. The complex trigonometric functions and
complex hyperbolic functions have a wide application in mathematics and physics.
Acknowledgments. We thank Chenny and Moshe Klein for their help and suggestion.
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Abstract

As it is well known, the Riemann hypothesis on the zeros of the ((s)
function has been assumed to be true in various basic developments of
the 20-th century mathematics, although it has never been proved to
be correct. The need for a resolution of this open historical problem
has been voiced by several distinguished mathematicians. By using pre-
ceding works, in this paper we present comprehensive disproofs of the
Riemann hypothesis. Moreover, in 1994 the author discovered the arith-
metic function J,(w) that can replace Riemann’s ((s) function in view of
its proved features: if J,(w) # 0, then the function has infinitely many
prime solutions; and if J,(w) = 0, then the function has finitely many
prime solutions. By using the Jiang J(w) function we prove the twin
prime theorem, Goldbach’s theorem and the prime theorem of the form
22 + 1. Due to the importance of resolving the historical open nature
of the Riemann hypothesis, comments by interested colleagues are here
solicited.

AMS mathematics subject classification: Primary 11M26.



1. Introduction

In 1859 Riemann defined the zeta function[1]

¢ =[[a-p)" =3, (1)

s
p n=1 n

where s = 0 + 11,7 = /—1,0 and t are real, p ranges over all primes.
((s) satisfies the functional equation [2]

S u-s 1—s
2

TGN (s) = 7 T

)1 —s). (2)

From (2) we have
¢(ti) # 0. (3)

Riemann conjectured that ((s) has infinitely many zerosin 0 < o < 1,
called the critical strip. Riemann further made the remarkable conjecture
that the zeros of ((s) in the critical strip all lie on the central line ¢ = 1/2,
a conjecture called the famous Riemann hypothesis (RH).

It was stated by Hardy in 1914 that infinitely many zeros lie on the
line; A. Selberg stated in 1942 that a positive proportion at least of all
the zeros lie on the line; Levinson stated in 1974 that more than one
third of the zeros lie on the line; Conrey stated in 1989 that at least two
fifths of the zeros lie on the line.

The use of the RH then lead to many mathematical problems, such
as the generalized Riemann conjecture, Artin’s conjecture, Weil’s con-
jecture, Langlands’ program, quantum chaos, the hypothetical Riemann
flow [3, 4], the zeta functions and L-functions of an algebraic variety and
other studies. Similarly, it is possible to prove many theorems by using
the RH.

However, the RH remains a basically unproved conjecture to this
day. In fact, Hilbert properly stated in 199 that the problem of proving
or disproving the RH is one of the most important problems confronting
20th century mathematicians. In 2000 Griffiths and Graham pointed out
that the RH is the first challenging problem for the 21st century. The
proof of the RH then become the millennium prize problem.

In 1997 we studied the tables of the Riemann zeta function [5] and
reached preliminary results indicating that the RH is false [6, 7, 8]. In
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this paper we present a comprehensive disproof of the RH and show that
the computation of all zeros of the ((1/2 + ¢i) function done during the
past 100 years is in error, as preliminarily indicated in Refs. [9, 10, 11].
Since the RH is false, all theorems and conjectures based to the same are
also false.

2. Disproofs of Riemann’s Hypothesis
Theorem 1. ((s) has no zeros in the critical strip, that is {(s) # 0,

where 0 < o < 1.
Proof 1. From (1) we have

1 1
— _T[(1= =) = Re”. 4
&~ Hom ) “
where
2 cos(tlogp) 1
R=][R,, P:\/l_a—i_%a (5)
. p p
_, sin(tlogp)
6=3"6,, 6 —tan' 0 . 6
Zp:p’ P e eos(tlogp) ©)

If 0 =0, from (5) we have R, = \/5\/1 — cos(tlogp). If cos(tlogp) =
1, we have R, = 0 then R = 0. If ¢ > 0 from (5) we have R, # 0.
¢(s) = 01if and only if Re ((s) = 0 and Im ((s) = 0, that is R = co. From
(5) we have that if cos(tlogp) < 0 then R, > 1 and if cos(tlogp) > 0
then R, < 1. cos(tlogp) is independent of the real part o, but may
well depend on primes p and imaginary part t. We write m, (¢) for the
number of primes p satisfying cos(tlogp) > 0, m_(t) for the number of
primes p satisfying cos(tlogp) < 0.

For cos(tlogp) > 0, we have

1> R,(1+ti) > R,(0.5+ t1). (7)

If my(t1) is much greater than m_(¢;) such that R(0.5 + t17) = min.
From (5), (6) and (7) we have for given t;

> minR(oy +t17) — 0,
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(8)
Q(O’l + tll) = Q(l -+ tﬂ) = 6(05 + tﬂ) = 6(0’2 + 7512) = const (9)

where 07 > 1 and 0 < gy < 0.5.
Since | ((s) |= % from (8) we have

max | (o1 + t13) |< max | ((1 + t47) |

< max | (0.5 + t1i) |< max | {(og + t17) |— oc. (10)

For cos(tlogp) < 0 we have
1 < R,(0.5+1ti) < Ry(0.44ti) < R,(0.3 + t7). (11)

If m_(t;) is much greater than m,(¢;) such that R(0.5 + t1i) = max.
From (5), (6) and (11) we have for given ¢,

maxR(oy + t17) < maxR(0.5 + t1i) < maxR(0.4 + 1),

< maxR(0.3 + t17) < maxR(og + t1i) # o0, (12)

=0

= 60(0.3 + t11) (09 + t1i) = const,
(13)
where o; > 0.5 and 0 < gy < 0.3.
Since | ((s) |= % from (12) we have
min | {(o1 + t1¢) |> min | (0.5 4 ¢17) |[> min | (0.4 + ¢19) |>
min | (0.3 + ¢17) |> min | ((o9 + t1i) |# 0. (14)
Proof 2. We define the beta function
s = A(n

g =TI+ = 3 2, (15)



From (15) we have

1 1 _ -
— = 1+ —) = Re”,
o ~ 0+
where
_ _ 2 t1 1
R:HRp7Rp:\/1+COS<O_ng>+207
P p D

- - _, —sin(tlogp)
0= Z 0,0, =tan"" )
- prep p° + cos(tlog p)

For cos(tlogp) < 0, we have

1> R,(1+ti) > R,(0.5+ ti).

(19)

If m_(t;) is much greater than m. (¢;) such that R(0.5 + ¢;i) = min.

From (17), (18) and (19) we have for given ¢,
minR(o; + 1) > minR(1 + t17) > minR(0.5 + t,7)

> minR(oy + t1i) — 0,
0(oy + t13) = O(1 + t13) = 0(0.5 + t13) = O(0o + t17) = const,

where 01 > and 0 < g9 < 0.5.
Since | f(s) |= £ from (20) we have

max | B(oy + t14) |< max | B(1 + t11) |

< max | 5(0.5 + t13) |< max | B(og + t1i) |— 0.
For cos(tlogp) > 0 we have

1 < R,(0.5+ti) < R,(0.4+ti) < R,(0.3 + ti).

(22)

(23)

If m. (¢,) is much greater than m_(#,) such that that R(0.5+4%,i) = max.

From (17), (18) and (23) we have for given t;

maxR(oy + t17) < maxR(0.5 + t1i) < maxR(0.4 + t1i)

< maxR(0.3 + 1) < maxR(oy + i) # oo,

5
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O(oy +t1i) = 6(0.5+t13) = 0(0.4 + t14)
= 0(0.3 +tyi) = 0(0y + t17) = const,

where o; > 0.5 and 0 < 05 < 0.3.
Since | f(s) |= £ from (24) we have

min | f(oy + t12) |[> min | 5(0.5 + £17) |
> min | (0.4 + t17) |>

min | 5(0.3 + £17) |> min | B(og + t13) |# 0.
From (1) and (15) we have

((25) = ¢(s)B(s)-

(25)

(26)

(27)

In 1896 J. Hadamard and de la Vallee Poussin proved independently

| C(1+ti) |# 0. From (27) we have

(14 280) |=] €5 + 1) || A5 + 1) [ .

From (28) we have

| C(; +1i) [#0  and Iﬁ(; +ti) |# 0.

((s) and f(s) are the dual functions. From (22) we have

| B +10) [# oo

Therefore we have

| ¢(5 + 1) [#0,

In the same way we have

G5 +260) [=1 < +40) 11 55 + 1) [ 0.

(28)



From (32) we have
1 , 1 .
[C(;+t) [0 and | 5(7 +1) [#0. (33)
In the same way we have
1 4
| Con + 1) [0, (34)
As n — oo we have
| (i) |# 0. (35)
Proof 3. For ¢ > 1 we have
(36)

log¢(s) =>_ > m~'p " exp(—itmlogp).

P m=1

If ¢(s) had a zero at § + ti, then log | (o + ti) | would tend to —oc as o
from the right. From (36) we have

tends to %
log | ¢(s) = Z m~'p~" cos(tmlog p), (37)
P m=1
with ¢ replaced by 0,¢,2t,---, Ht, it gives
H-1
2H 2H

3 S PARCRUERBIE &

log¢(a)=>_> m'p™A>0 (38)
P m=1
where

~1( 2H . 2H

A = Z < : )cos((H—j)tmlogp)—l—; ( 17 )

J=0 (39)

2H-111 4 cos(tmlog p)]" >0,

H is an even number.



From (38) we have

»

<<<a>>1<2£’[ >fr[:g<a+<Hj>n><2f >21. (40)

Since | ((5 + eti) |# oo[5], where e = 1,2,---, H, from (40) we have
| C(5 + eti) |# 0 for sufficiently large even number H.

Min | (5 +ti) ~ 0 but # 0. The computation of all zeros of ((1 +ti)
is error, which satisfies the the error RH.

From (39) we have

cos 20 + 4cosf + 3 = 2(1 + cos §)?,

cos 460 + 8 cos 30 + 28 cos 20 + 56 cos § + 35 = 8(1 + cos 0)*,
cos 50 + 12 cos 50 + 66 cos 40 + 220 cos 36
+495 cos 20 + 792 cos 0 + 462 = 32(1 + cos )°.

3. The Arithmetic Function J,(w) Replacing Rie-
mann’s Hypothesis

In view of the preceding results, the RH has no value for the study of
prime distributions. In 1994 the author discover the arithmetic function
Jn(w) [12, 13] that is able to take the place of Riemann’s zeta-functions
and L-functions because of the following properties: J,(w) # 0, then the
function has infinitely many prime solutions; and if J,(w) = 0, then the
function has finitely many prime solutions.

By using Jiang’s J,(w) function we have proved numerous theorems
including the twin prime theorem, Goldbach’s theorem, the prime k-
tuples theorem, Santilli’s theory for a prime table, the theorem of finite
Fermat primes, the theorem of finite Mersenne primes, the theorem of
finite repunit primes, there are infinitely many triples of n, n+1 and n—+2
that each is the product of k distinct primes, there are infinitely many
Carmichael numbers which are product of exactly five primes, there there
are finitely many Carmichael numbers which are product of exactly six
primes - - - in the prime distributions [14]. We give some theorems below

Theorem 2. Twin prime theorem: p; = p + 2.
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We have the arithmetic function

hw)= T[ (p—2)#0.

3<p<p;

Since Jo(w) # 0, there are infinitely many primes p such that p; is a
prime.

Theorem 3. Goldbach theorem: N = p; + po.
We have the arithmetic function

Bw = I =22 o

3<p<p; p|N

Since Jo(w) # 0, every even number N greater than 4 is the sum of two
odd primes.

Theorem 4. p; = (p+1)* + 1.
We have the arithmetic function

hw) =TI (-2 (-1)=) #£0.

3<p<p;

Since Jo(w) # 0, there are infinitely many primes p such that p, is a
prime.
Theorem 5. p; = p? — 2.
We have 5
Rw)= 11 -2-)#0.

3<p<p;

Since Jo(w) # 0, there are infinitely many primes p such that p; is a
prime.
Theorem 6. p; =p+4 and p, =4p+ 1.

We have
hw)=3 T (—3) #0.

7<p<p;

Since Jo(w) # 0, there are infinitely many primes p such that p; and py
are primes.



Theorem 7. p; = (p+1)?+1 and po= (p+1)*+3.
We have

) = 1 (r=3- (=) = (=) £0.

5<p<p;

Since Jy(w) # 0, there are infinitely many primes p such that p; and po
are primes.

Theorem 8. The prime 13-tuples theorem: p+b: b = 0,4, 6, 10, 16, 18,
24,28, 34,40, 46, 48, 90.
Since J5(13) = 0, there are no prime 13-tuples if p # 13.

Theorem 9. The prime 14-tuples theorem: p+b: b= 0,2,6, 8,12, 18,
20,26, 30, 32, 36,42, 48, 50.
We have

Jo(w) =300 J] (»—14) #0.

29<p<p;

Since Jo(w) # 0, there are infinitely many prime 14-tuples.
Theorem 10. p; = 6m + 1,po = 12m + 1,p3 = 18m + 1,py =
36m + 1,ps = 72m + 1.
We have
Bw)=12 ][ (p—6)#0.

13<p<pi

Since Jo(w) # 0, there are infinitely many integers m such that pq, pa, ps, ps
and ps are primes. n = p1Pap3psaps is the Carmichael numbers.
Theorem 11. Ps = P1 + P2 + P1p2.
We have
Jaw) =TI *—3p+3)#0.

3<p<p;

Since J3(w) # 0, there are infinitely many primes p; and py such that p3
is a prime.
Theorem 12. p3 = (p; + 1)° + po.
We have
Jsw) = [I @°—3p+3)#0.

3<p<p;

10



Since J3(w) # 0, there are infinitely many primes p; and py such that p3
is a prime.
Theorem 13. Pa = D1 (pg + pg) —f-pgpg.

We have .
L) =TI <(p_1)_1 + 1) £ 0.

3<p<p; p

Since Jy(w) # 0, there are infinitely many primes p;, po and p3 such that
P4 1s a prime.

Theorem 14. Each of n,n + 1 and n + 2 is the product of £ distinct
primes.

Suppose that each of mi, my = m;+1 and ms = my+2 is the product
of k — 1 distinct primes. We define

P1 = 2m2m3x + 1, P2 = 2m1m3x + 1, P3 = 2m1m2$ + 1. (41)
We have the arithmetic function

Jw)= [ (p—4—x(p)#0, (42)

3<p<p;

where x(p) = —2 if p | mymams; x(p) = 0 otherwise.
Since Jo(w) # 0, there exist infinitely many integers x such that py, po
and p3 are primes.

i From (41) we have n = myp; = 2mymamgz+my,n+1=mip;+1 =
2mimomsz + my + 1 = mo(2mymsz + 1) = mopa,n + 2 = myp; + 2 =
2mimomsz + my + 2 = mg(2mymox + 1) = maps. If py, py and ps are
primes, then each of n,n + 1 and n + 2 is the product of k distinct
primes. For example, n = 1727913 = 3 x 11 x 52361, n 4+ 1 = 1727914 =
2 x 17 x 50821, n 4+ 2 = 1727915 = 5 x 7 x 49369.

Jn(w) is a generalization of Euler’s proof for the existence of infinitely
many primes. It has a wide application in various fields.
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Absract
1637 Fermat wrote: “It is impossible to separate a cube into two cubes, or a biquadrate
into two biquadrates, or in general any power higher than the second into powers of like degree: |
have discovered a truly marvelous proof, which this margin is too small to contain.”

This means: X" +y" =z"(n>2) has no integer solutions, all different from 0(i.e., it has
only the trivial solution, where one of the integers is equal to 0). It has been called Fermat’s last
theorem (FLT). It suffices to prove FLT for exponent 4. and every prime exponent P . Fermat

proved FLT for exponent 4. Euler proved FLT for exponent 3.
In this paper using automorphic functions we prove FLT for exponents 3P and P, where

P is an odd prime. We find the Fermat proof. The proof of FLT must be direct. But indirect proof
of FLT is disbelieving..



In 1974 Jiang found out Euler formula of the cyclotomic real numbers in the cyclotomic

fields

where J denotes a n th root of negative unity, J"

numbers.

S, is called the automorphic functions(complex trigonometric functions) of order n with

exp(z tJ' j Z SJ"

n—1 variables [1-7].

where i=1,2,3,...,n;

n-1

5,= )Il[e +2Z (1) e cos(g, + (-1} L

A=t (D)7,

a=1

e e . O
6, = (-1 t,(-ni? sm—rj] ,
a=1

4

n—.

a=1

(2) may be written in the matrix form

(1
51 |
S,
S, |==| 1
_Sn_

1

1 0
T . T
COS— Sin—
n n
27 . 27
COS— Sin—
n n
08 (n-YHz 0 (n-D7z
n n

where (n—1)/2 isan even number.

From (4) we have its inverse transformation

eA

2

e™ cos g,
e*sing,

exp(B,_;)sin(d,,)

2

1

1

=0

- 10

-1

T
COS—
n

. T
Sin—
n

0 (n-Yr

2n

B. _Z t (-1)U™* cos—— J

n-1

A+2Y B, =0

j=1

sin{N=D7
2n
_sin (n-D7z

_1\2
—sin—(n V7

2n

27
COS—

. 27
SIn—

_sin (n-Yr

)

=-1, n isanodd number, t, are the real

1)J”)] @
3
_ " _
2e™ cos 6,
2e%sin g,
2expB, ,sing,
L 2 2
@)
. B}
Os(n—l)ﬂ' _81_
n
2
n(n—l)fz s,
n
-1z | LS
2n |



From (5) we have

eA — i Si (_1)i+1 ,

i=1

B o T (i i U7
e’ sing, =(-1)""> S,(-1) sin="—,

i=1

e” cos ;=35 + Z S, ()Y cos

iz
n

(6)

In (3)and (6) t, and S, have the same formulas. (4) and (5) are the most critical formulas of

proofs for FLT. Using (4) and (5) in 1991 Jiang invented that every factor of exponent n has the
Fermat equation and proved FLT [1-7] .Substituting (4) into (5) we prove (5).

A

e
e cosé,
e%sing,
exp(B,_,)sin(d,,)
L 2 2
1 1
-1 cos =
n
1 cosz—”
n

S|

1

0

S|

NS

-1 1
P 2
COS— CoS—
n n
sin— sin—
n n
in(M-D7 o (0-Dz
2n n
0 0
sin— sin (n=-L)z
n 2n
s|n2_7[ —Sin_(n_l)ﬂ-
n n
_1)\2
i (n-)°x
n n
0
eA
0
2e™ cos 4,
0 2e%sin g,
2exp(B,_,)sin(@, ,)
ﬂ i > 2
2 |

1
(n-Y)~
n
(n-YHz
n

Cos

sin

2
_sin(=D' 7
2n

eA

2e™ cos 4,
2e%sin g,

2exp(B, ,)sin(d,,)

2 2




eA

e cosé,
_ e™sing, 7

exp(B, ,)sin(d, ,)

L 2 2
where 1+ 3 (Cosj—ﬂ)z—E nf‘ (Sinj—ﬂ)z—E
=t n 2, =1 n 2
From (3) we have
n-1
2
exp(A+2) B;)=1. (8)
j=1
From (6) we have
et v =Sy =S (S )y o (S
2. S S ... —§ S S .« (S
eXp(A+ZZBj)= 2 1 3 — 2 ( 2)1 ( Z)n—l, (9)
Sn Sn—l Sl Sn (Sn)l (Sn)n—l
0S.
where S), =—1[7].
(S); a [7]
From (8) and (9) we have the circulant determinant
et S, =S, o =S,
< S S - =S
exp(A+2) B)=|* =1 (10)
= e :
Sn Sn—l Sl

If S, #0,where i=12,---,n, then (10) has infinitely many rational solutions.

Assume S, #0, S,#0, S,=0 where i=3,4,---,n.5,=0 are n—2 indeterminate

equations with n—1 variables. From (6) we have

" =S,—S,, e =52+52+25S,(-1) " cos A~ . (11)
n

From (3) and (11) we have the Fermat equation
n-1 n-1

2. 2 . i
exp(A+2) B;)=(S,-S,) _Hl(Sl2 +87+2S,S,(-1)" cos 3%y = S/-S;=1 a2
[El 1= n
Example[1]. Let n=15. From (3) we have
A= _(tl _t14) + (tz _t13) - (ts _tlz) + (t4 _tn) - (ts _t.I.O) + (ts _tg) - (t7 _ts)



T 27 3 v
B, =(t —tl4)cosE+ (t, —tis)cosEJr (t, —tlz)cosE+ (t, —tn)COSE

Y/4 67 1
+(t. — cos—+(t. —t,)cos—+ (t, —t,) cos—,
( 5 t".I.O) 15 ( 6 9) 15 ( 7 8) 15

82:—(tl—tm)cosi—;[Jr(tz—t13)cos£11—75[( tlz)coselS +(t, - 11)cosi—75z
—(t5—t10)c03110—5”+(t6—t9)c03112—57[ (t, t)coslf—sﬂ

B,=(t - 4)cosi +(t, - 3)cos(i +(t, tlz)cosi—g+(t4—tn)cosllz—5ﬁ
+(t5—t10)cos%+(t6—tg)coslf—5”+(t7—tg)cos%,

B, =—(t —tm)cosi—ng(t2 —tl3)cos§:3L—z_:—(t3 —tlz)cosllz—5”+(t4 —tll)cosllG—S”
—(t5—tlo)coszlo—5”+(t6—tg)coszf—sﬁ—(tftg)coszf—;,
=(t, - T14)COS +(t t13)coslf5 +(t, tlz)coslf—sﬂ( Hl)coszlo—;
(s tm)coszf—” +(t; tg)cos3f;r +(t, t)c05315—57[
=—(t, - tM)cos +(t t13)c05112—57[—(t3—t12)coslf—;[+(t4—tll)coszf—”
—(t5—t10)cos310—5”+(t6—tg)cosaf—5”—(t7—t8)cos412—5ﬂ,

B7=(tl—tl4)cosZ—75[+(t2—tls)coslf—S”Jr(ts—tlz)cos% +(t, tll)coszls—;

357 427 497
+(t. — cos——+(t. —t,)cos——+ (t, —t,) cos—,
( 5 t".I.O) 15 ( 6 9) 15 ( 7 8) 15

7
A+2) B; =0,  A+2B,+2B, =5(-t; +ty).
Form (12) we have the Fermat equation
7
exp(A+2)> B,) =S-S5 =(5)° - (S;)° =1.
j=1
From (13) we have
exp(A+ 2B, +2B,) = [exp(-t, +1,)]°.
From (11) we have
exp(A+2B, +2B,) =S -S;.
From (15) and (16) we have the Fermat equation

exp(A+2B, +2B,) = S — S¢ =[exp(~t, +1,)I.

4

(13)

(14)

(15)

(16)
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Euler proved that (14) has no rational solutions for exponent 3[8]. Therefore we prove that (17)
has no rational solutions for exponent 5[1].
Theorem 1. Let n=3P ,where P >3 isodd prime. From (12) we have the Fermat’s equation

3pP-1
exp(A+2) B,) =S -S" =(S7)*-(5;)* =1. (18)
j=1
From (3) we have
E
2
exp(A+ ZZ st) = [exp(-t, +t2p)]P . (19)
j=1
From (11) we have
E
2
exp(A+2) B,) =S -S;. (20)
j=1
From (19) and (20) we have the Fermat equation
P-1
2
exp(A+2)_By) =S —S; =[exp(-t, +1,,)]° . (21)

=1
Euler proved that (18) has no rational solutions for exponent 3[8]. Therefore we prove that (21)
has no rational solutions for P >3 [1, 3-7].

Theorem 2. We consider the Fermat’s equation

xF —yF =7 (22)
we rewrite (22)
(") =(y")y = (") (23)
From (24) we have
(X" —yP)X*F +xPyP +y?P)=2°° (24)

X
Let S, =—, S, = 1. From (20) and (24) we have the Fermat’s equation
YA YA

(7 +x7y" + Y = 27 [exp(t, —t,,)I° (25)

X" -y =[zx exp(-t, +t2p)]P (26)

Euler proved that (23) has no integer solutions for exponent 3[8]. Therefore we prove that (26) has

no integer solutions for prime exponent P .
Fermat Theorem. It suffices to prove FLT for exponent 4. We rewrite (22)

()" =(y°)" =(2°)" @7)

Euler proved that(23)has no integer solutions for exponent 3 [8]. Therefore we prove that (27) has

no integer solutions for all prime exponent P [1-7].
We consider Fermat equation

x4P _ y4p _ %P (28)



We rewrite (28)
") =((y")* = (") (29)

)" =y =" (30)
Fermat proved that (29) has no integer solutions for exponent 4 [8]. Therefore we prove that (30)
has no integer solutions for all prime exponent P [2,5,7].This is the proof that Fermat thought to
have had.
Remark. It suffices to prove FLT for exponent 4. Let n=4P, where P is an odd prime. We
have the Fermat’s equation for exponent 4P and the Fermat’s equation for exponent P [2,5,7].
This is the proof that Fermat thought to have had. In complex hyperbolic functions let exponent
n be n=IIP, n=2I1P and n=4I1P. Every factor of exponent N has the Fermat’s
equation [1-7]. In complex trigonometric functions let exponent n be n=IIP, n=2I1P
and n=4I1P . Every factor of exponent n has Fermat’s equation [1-7]. Using modular elliptic
Curves Wiles and Taylor prove FLT[9,10]. This is not the proof that Fermat thought to have had.
The classical theory of automorphic functions, created by Klein and Poincare, was concerned with
the study of analytic functions in the unit circle that are invariant under a discrete group of
transformation. Automorphic functions are the generalization of trigonometric, hyperbolic elliptic
and certain other functions of elementary analysis. The complex trigonometric functions and
complex hyperbolic functions have a wide application in mathematics and physics.
Acknowledgments. We thank Chenny and Moshe Klein for their help and suggestion.
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Abstract

In 1637 Fermat wrote: “It is impossible to separate a cube into two cubes, or a biquadrate
into two biquadrates, or in general any power higher than the second into powers of like
degree: | have discovered a truly marvelous proof, which this margin is too small to
contain.”

This means: X" +y" =z"(n>2) has no integer solutions, all different from 0(i.e., it
has only the trivial solution, where one of the integers is equal to 0). It has been called
Fermat’s last theorem (FLT). It suffices to prove FLT for exponent 4 and every prime
exponent P . Fermat proved FLT for exponent 4. Euler proved FLT for exponent 3[8].

In this paper using automorphic functions we prove FLT for exponents 6P and 2P,

where P is an odd prime. The proof of FLT must be direct. But indirect proof of FLT is
disbelieving.

In 1974 Jiang found out Euler formula of the cyclotomic real numbers in the cyclotomic fields

exp(zi1 tiJ‘}zi S,J", (D
i=1

i=1



where J denotes a 2nth root of negative unity, J*" =—1, n is an odd number, t. are the

real numbers.

S, is called the automorphic functions (complex trigonometric functions) of order 2n with

(2n-1) variables [5,7].

n-3
it - R ;
siz& oH Cos(ﬂJr(' 1)”]+Z o® cos( Mj
n 2 =0 2n
n-3
5 o .
+lz eDJ Cos(géj_wj, 2)
ni= 2n
where 1=1..,2n;
n-1 n L
H= Z t,, D%, p= z Lo =™
a=1 a=1
2n-1 H 2n-1 H
Bj = Z ta (_]_)"‘ Cosw, 6?]_ = Z ta (_1)1*"‘ Sinw’
a=1 2n a=1 2n
EUss (2] +Dar EUss (2] +1)a7r
D, = z t cos . P = Z t_sin
p 2n 2n
n-3
2
2H +2) (B, +D;)=0. (3)
=

From (2) we have its inverse transformation[5,7]

e"cosf=) S, (D", e"sing=> S,(-D)*
i=1 i=1

2n-1 _ . ;
e COSH] =S+ Z S..i (=D’ COS% ’
i=1
2n-1 _ . )
ij sin 01- = Z Sl+i (_1)l+| SinM ,
= 2n
2n-1 . .
i=1
2n-1
*sing, =3 8, sin{ .

(3) and (4) have the same form.

Let n=1.Wehave H =0 and S =t,.From (2) we have



S, =cost;, S, =sint, (5)
From (5) we have
cos’t, +sin’t, =1 (6)
(6) is Pythagorean theorem. It has infinitely many rational solutions.
From (3) we have
n-3
2
exp[2H +2) (B, +D;)]=1. (7
j=0
From (4) we have
n_3 S; Sy o S, S O A )
2. S S .. =S S S .o (S

j=0

€))

SZn SZn—l S1 SZn (SZn)l (SZn)Zn—l
where
oS,

S). =—x[7

(S1); a [7]
From (7) and (8) we have circulant determinant

N3 St =Sy =S,

2. S S .. =S

exp| 2H +2) (B, +D,) |=| ° ! =1
=
SZn SZn—l Sl

If S, #0,where 1=12,...,2n, then (9) has infinitely many rational solutions.
Assume S, #0,S,#0,S,=0, where i=3,..,2n. S,=0 are (2n-2)

equations with (2n—1) variables. From (4) we have

e =52 +52, e®® =52+52-255, cos(ZJZ;l)”,
n
)+~
2n
Example. Let n =15. From (9) and (10) we have Fermat’s equation

2D; _ g2, Q2
e =S5 +S, +2SS, cos

6
exp[2H +2)" (B; +D;)]1=5 +5° = (5;°)° +(S;°)° =1.

j=0

From (3) we have

1
exp[2H +2) " (Bs.; + Dy )] = [eXp(—tyy +15)1°.

j=0

indeterminate

(10

(11)

(12)



From (10) we have

1
exp[2H + 22 (Bsjs + Dsjp)l = ;" +8;. (13)

j=0

From (12) and (13) we have Fermat’s equation

1
exp[2H + 22 (st+1 + D3j+1)] = S110 + S;O = [exp(-t;, +ty )]10 (14
j=0
Euler prove that (11) has no rational solutions for exponent 3[8]. Therefore we prove that (14) has no
rational solutions for exponent 10.
Theorem [5,7]. Let n =3P, where P is an odd prime. From (9) and (10) we have Fermat’s
equation.

3P-3
2
exp[2H +2)" (B, + D)1 =S +8;7 =(S/7)* +(S;7)* =1. (15)
j=0
From (3) we have
P-3
& 2P
exp[2H + 22 (Bsjq + Dyj )l =[eXp(—typ +1,5)] (16)
j=0
From (10) we have
E
2
exp[2H +2)° (B, + D;;.,)1=S7F +5;°. an
j=0

From (16) and (17) we have Fermat’s equation
P-3

2
exp[2H +2>° (B
j=0
Euler prove that (15) has no rational solutions for exponent 3 [8]. Therefore we prove that (18) has
no rational solutions for exponent 2P [5,7].

1t D3j+1)] = Slzp + Sz2P = [eXp(_tzp +t4F>)]2P (18)

3j+

Remark. It suffices to prove FLT for exponent 4. Let n=4P , where P isan odd prime. We have
the Fermat’s equation for exponent 4P and the Fermat’s equation for exponent P [2,5,7]. This is
the proof that Fermat thought to have had. In complex hyperbolic functions let exponent n be
n=IIP, n=2I1P and n=4IIP. Every factor of exponent n has Fermat’s equation [1-7].
In complex trigonometric functions let exponent n be Nn=IIP, n=2[1P and n=4I1P.
Every factor of exponent n has Fermat’s equation [1-7]. Using modular elliptic curves Wiles and
Taylor prove FLT [9,10]. This is not the proof that Fermat thought to have had. The classical theory
of automorphic functions, created by Klein and Poincare, was concerned with the study of analytic
functions in the unit circle that are invariant under a discrete group of transformation. Automorphic
functions are the generalization of trigonometric, hyperbolic, elliptic, and certain other functions of
elementary analysis. The automorphic functions (complex trigonometric functions and complex
hyperbolic functions) have a wide application in mathematics and physics.
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Abstract

In 1637 Fermat wrote: “It is impossible to separate a cube into two cubes, or a biquadrate
into two biquadrates, or in general any power higher than the second into powers of like
degree: | have discovered a truly marvelous proof, which this margin is too small to
contain.”

This means: X" +y" =z"(n>2) has no integer solutions, all different from 0(i.e., it
has only the trivial solution, where one of the integers is equal to 0). It has been called
Fermat’s last theorem (FLT). It suffices to prove FLT for exponent 4 and every prime
exponent P . Fermat proved FLT for exponent 4. Euler proved FLT for exponent 3[8].

In this paper using automorphic functions we prove FLT for exponents 12P and 4P,

where P is an odd prime. The proof of FLT must be direct. But indirect proof of FLT is
disbelieving.

In 1974 Jiang found out Euler formula of the cyclotomic real numbers in the cyclotomic fields

exp(‘lil tiJij=§ S,J", (D
i=1

i=1



where J denotes a 4mth root of negative unity, J*" =—

numbers.

(4m—1) variables [5,7].

t; are the real

S. is called the automorphic functions (complex trigonometric functions) of order 4m with

e” cos(ej +Mj

4dm

U= (i-1)(2j +1)7rj
+ e'cos| g ————— | |» (2)
JZ_(; (¢’ 4m
where i=1..,4m:
Tt Qj+Dar = e . Qj+Dar
B. = t (-1)“cos———, 6. = t (-7 sin—————,
J ; a( ) 4m j ; a( ) 4m
D _‘”“Z‘:l t cos 2j+Dar p _‘““Z‘:l t sin Q2j+Dar
j a=1 “ 4m 1 j a=1 “ 4m ’
m-1
2> (B;+D;)=0. (3)
j=0
From (2) we have its inverse transformation[5,7]
4m-1 . H H
e”cosf, =S, + > S, (-1 cos 21 DIT
i1 4m
e® sing —mz_l 5, . (-1)* sin 21 +DIZ
j — 1+i 4m ’
D, ot (2j+Dirx
e’ cosg, =S, + Y, Sy, C08-——"—,
i1 4m
e sing —Alil s sin 210z (4)
j — 1+i 4m :
(3) and (4) have the same form.
From (3) we have
(5)

exp[zri (B; + Dj)}:l.

From (4) we have



Sl _S4m _Sz Sl (81)1 (Sl)4m—1
m-1 S S ... —S S (S,) (S)m—
exp|:22 (BJ +Dj)j|: 2 1 3 — 2 271 2/74m-1 (6)
S4m S4m—1 Sl S4m (S4m)1 (SAm)4m—1
where
oS,
S) =—L[7
(S); a [7]
From (5) and (6) we have circulant determinant
Sl _S4m _Sz
m-1 S S ..« =§
exp[ZZ (Bj+Dj)}= ? ! =1 7
~ .
SAm SAm—l S1

If S;#0,where 1=12,...,4m, then (7) has infinitely many rational solutions.
Assume S, #0,S,#0, and S, =0, where 1=3,...,4m. S, =0 are (4m—2) indeterminate

equations with (4m—1) variables. From (4) we have

e =52 1522255, c0s PITDT 00 _ 2 57055 cos(2ITDT (g,
4m 4m
Example. Let m=15. From (3) and (8) we have Fermat’s equations
exp[Zi (B, +D))1=S5"+S7" =(S/°)*+(S;°)* =1. 9)
j=0
From (3) we have
exp[ZZA(; (Bsjus+ Dyp0)] = [eXP(—ty +1,0)1° . (10)
iz
From (8) we have
exp[Zi (Byj1+ D)1 =S +85° (1D
j=0
From (10) and (11) we have Fermat’s equation
exp[ZZA: (Bsji+ D)1 = 7%+ 8% =[exp(—ty, +,0)1” (12)

j=0

Euler prove that (9) has no rational solutions for exponent 3[8]. Therefore we prove that (12) has no
rational solutions for exponent 20.
Theorem. Let m =3P, where P isan odd prime. From (3) and (8) we have Fermat’s equation.



3P-1

exp[2)’ (B;+D;)]=5"+5" =(5/7)° +(S;7)° =1 (13)
j=0
From (3) we have
3p-1 ap
exp[2) (By;,; + Dy )] =[exp(—t,e +15)1"" . (14)
j=0
From (8) we have
pP-1
exp[ZZ (Bsjis + Dyja)l= S (15)
j=0

From (14) and (15) we have Fermat’s equation
pP-1
exp[2) . (B, +D3;0)1 =S, + 5,7 =[exp(—t,p +1t5)1" (16)
j=0

Euler prove that (13) has no rational solutions for exponent 3 [8]. Therefore we prove that (16) has
no rational solutions for exponent 4P [5,7].

Remark. It suffices to prove FLT for exponent 4. Let n=4P , where P isan odd prime. We have
the Fermat’s equation for exponent 4P and the Fermat’s equation for exponent P [5,7]. This is
the proof that Fermat thought to have had. In complex hyperbolic functions let exponent n be
n=IIP, n=2I1P and n=4IIP. Every factor of exponent n has Fermat’s equation [1-7].
In complex trigonometric functions let exponent n be n=IIP, n=2[1P and n=A4I1P.
Every factor of exponent n has Fermat’s equation [1-7]. Using modular elliptic curves Wiles and
Taylor prove FLT [9,10]. This is not the proof that Fermat thought to have had.

The classical theory of automorphic functions, created by Klein and Poincare, was concerned with
the study of analytic functions in the unit circle that are invariant under a discrete group of
transformation. Automorphic funciton are the generalization of trigonometric, hyperbolic, elliptic,
and certain other functions of elementary analysis. The automorphic functions (complex
trigonometric functions and complex hyperbolic functions) have a wide application in mathematics
and physics.
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