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Abstract

A Clifford C1(5,C) Unified Gauge Field Theory of Conformal Gravity,
Maxwell and U(4) x U(4) Yang-Mills in 4D is rigorously presented extend-
ing our results in prior work. The CI(5,C) = Cli(4,C)®Cl(4,C) algebraic
structure of the Conformal Gravity, Maxwell and U(4) x U(4) Yang-Mills
unification program advanced in this work is that the group structure
given by the direct products U(2,2) xU(4)xU(4) = [SU(2, 2)]spacetime X
[U(1) x U(4) x U(4)]internat is ultimately tied down to four-dimensions
and does not violate the Coleman-Mandula theorem because the space-
time symmetries (conformal group SU(2,2) in the absence of a mass gap,
Poincare group when there is mass gap) do not mix with the internal sym-
metries. Similar considerations apply to the supersymmetric case when
the symmetry group structure is given by the direct product of the super-
conformal group (in the absence of a mass gap) with an internal symmetry
group so that the Haag-Lopuszanski-Sohnius theorem is not violated. A
generalization of the de Sitter and Anti de Sitter gravitational theories
based on the gauging of the Ci(4,1, R),CI(3,2, R) algebras follows. We
conclude with a few remarks about the complex extensions of the Metric
Affine theories of Gravity (MAG) based on GL(4,C) xs C*, the realiza-
tions of twistors and the A = 1 superconformal su(2, 2|1) algebra purely in
terms of Clifford algebras and their plausible role in Witten’s formulation
of perturbative N/ = 4 super Yang-Mills theory in terms of twistor-string
variables.
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1 Introduction

Clifford, Division, Exceptional and Jordan algebras are deeply related and es-
sential tools in many aspects in Physics [7], [8], [9], [20]. The Extended Rel-
ativity theory in Clifford-spaces ( C-spaces ) is a natural extension of the or-
dinary Relativity theory [18] whose generalized polyvector-valued coordinates
are Clifford-valued quantities which incorporate lines, areas, volumes, hyper-
volumes.... degrees of freedom associated with the collective particle, string,
membrane, p-brane,... dynamics of p-loops (closed p-branes) in D-dimensional
target spacetime backgrounds. Octonionic gravity has been studied by [26], [25].

Grand-Unification models in 4D based on the exceptional Eg Lie algebra
have been known for sometime [1], [4]. The supersymmetric Eg model has more
recently been studied as a fermion family and grand unification model [2]. Su-
persymmetric non-linear sigma models of Exceptional Kahler coset spaces are
known to contain three generations of quarks and leptons as (quasi) Nambu-
Goldstone superfields [3]. The low-energy phenomenology of superstring-inspired
Es models has been reviewed by [6].

A Chern-Simons Eg Gauge theory of Gravity, based on the octic Fg invariant
construction by [12], was proposed [10] as a unified field theory (at the Planck
scale) of a Lanczos-Lovelock Gravitational theory with a Eg Generalized Yang-
Mills field theory which is defined in the 15D boundary of a 16 D bulk space. The
role of the Clifford algebra C1(16) associated with a 16D bulk was essential [10].
In particular, it was discussed how an Eg Yang-Mills in 8D, after a sequence of
symmetry breaking processes based on the non — compact forms of exceptional
groups as follows Eg(_g4) — E7(_5) x SU(2) — Eg_14) x SU(3) — SO(8,2) x
U(1), leads to a Conformal gravitational theory in 8D based on gauging the
non-compact conformal group SO(8,2) in 8D. Upon performing a Kaluza-
Klein-Batakis [13] compactification on C'P?, involving a nontrivial torsion which
bypasses the no-go theorems that one cannot obtain SU(3) x SU(2) x U(1)
from a Kaluza-Klein mechanism in 8D, leads to a Conformal Gravity-Yang-
Mills unified theory based on the Standard Model group SU(3) x SU(2) x U(1)
in 4D.

A candidate action for an Exceptional Eg gauge theory of gravity in 8D
was constructed [11]. Tt was obtained by recasting the Eg group as the semi-
direct product of GL(8, R) with a deformed Weyl-Heisenberg group associated
with canonical-conjugate pairs of vectorial and antisymmetric tensorial gener-
ators of rank two and three. Other actions were proposed, like the quartic
Ey group-invariant action in 8D associated with the Chern-Simons Fg gauge
theory defined on the 7-dim boundary of a 8D bulk. The Eg gauge theory of
gravity can be embedded into a more general extended gravitational theory in
Clifford spaces associated with the Clifford C1(16) algebra due to the fact that
Eg C Cl(8) ® CI(8) = CI(16).

Quantum gravity models in 4D based on gauging the (covering of the)
GL(4, R) group were shown to be renormalizable by [16] however, due to the
presence of fourth-derivatives terms in the metric which appeared in the quan-



tum effective action, upon including gauge fixing terms and ghost terms, the
prospects of unitarity were spoiled. The key question remains if this novel gravi-
tational model based on gauging the Eg group in 8D may still be renormalizable
without spoiling unitarity at the quantum level.

Most recently it was proposed in [35] how a Conformal Gravity, Maxwell
and U(4) x U(4) Yang-Mills Grand Unification model in four dimensions can
be attained from a Clifford Gauge Field Theory formulated in C-spaces (Clifford
spaces). More precisely, the ordinary Cl(4)-algebra valued one-forms (.A,‘j1 Ta) dat
of a 4D spacetime are extended to polyvector-valued (A%, T'4) dX™ differen-
tial forms defined over the Clifford-space (C-space) associated with the CI(4)
algebra. XM is a polyvector valued coordinate corresponding to the C-space
of dimensionality 2* = 16. Other approaches to unification based on Clifford
algebras and Noncommutative Geometry can be found in [22], [21], [23], [32],
[29].

The main aim of this work is to show rigorously how a Clifford CI(5,C)
Unified Gauge Theory of Conformal Gravity, Maxwell and U(4) x U(4) Yang-
Mills in 4D can be attained without having to recur to polyvector valued
differential forms in the (2%) 16-dim C-space. The upshot of the CI(5,C) =
Cl(4,C) @ Cl(4,C) algebraic structure of the Conformal Gravity, Maxwell and
U(4) x U(4) Yang-Mills unification program in 4D advanced in this work is that
the group structure given by the direct products

U(27 2) X U(4) X U(4) = [SU(Qa 2)]spacetime X [U(l) X U(4) X U(4)}internal (1'1)

is ultimately tied down to four-dimensions and does not violate the Coleman-
Mandula theorem because the spacetime symmetries (conformal group SU(2, 2)
in the absence of a mass gap, Poincare group when there is mass gap) do not mix
with the internal symmetries. Similar considerations apply to the supersymmet-
ric case when the symmetry group structure is given by the direct product of the
superconformal group (in the absence of a mass gap) with an internal symmetry
group so that the Haag-Lopuszanski-Sohnius theorem is not violated. Further-
more, the complex Clifford algebra CI(5, C) is associated with the tangent space
of a complexified 5D spacetime which corresponds to 10 real dimensions and
which is the arena of the anomaly free quantum superstring [30].

In section 2 we present our construction of a CI1(5,C') Unified Gauge Theory
of Conformal Gravity, Maxwell and U(4) x U(4) Yang-Mills. In section 3 we ex-
tend our prior results [36] pertaining a generalization of the de Sitter and Anti de
Sitter gravitational theories based on the gauging of the Cl(4,1, R), CI(3,2, R)
algebras. We end with a few concluding remarks about the complex exten-
sion of the Metric Affine theories of Gravity (MAG) [16] based in gauging the
semidirect product of GL(4,C) x s C*; the realizations of twistors [38] and the
superconformal su(2,2|1) algebra [34] purely in terms of Clifford algebras and
their plausible role in Witten’s formulation [39] of the scattering amplitudes of
perturbative N' = 4 super Yang-Mills theory in terms of twistor-string variables.



2 (CIl(5,C) Unified Gauge Theory of Conformal
Gravity, Maxwell and U(4) x U(4) Yang-Mills

2.1 Clifford-algebra-valued Gauge Field Theories and
Conformal (super) Gravity, (super) Yang Mills

Let nap = (—,+,+,+), €o123 = —€’12 = 1, the real Clifford CI(3,1, R) al-
gebra associated with the tangent space of a 4D spacetime M is defined by
{Ta;Ts} = 2n4p such that

[y, Ty =2Tgp, I's = —iLy T Ty Ty, (F5)2 =1; {[5,T.} = 0; (2.1)
Labed = €abea I's;  Tap = % (Falp = Doly) - (2:2a)

Tabe = €avea I's % Tavea = €avea I's. (2.20)

LaTy = Lap+nab, Tap I's = %eabcd re, (2.2¢)

Pap Te = ye Ta = 7ac To + €apea I's T (2.2d)

TeTap = Nae Ty — Mhe Ta + €qpea I's T (2:2¢)

Lo To Te = nap Do+ Moe Ta — Nael's + €avea Ts T¢ (2.2f)

T Tog = €, Ts — 48,0 T — 2525, (2.29)

5ab — % (82 8% — 62 6°). (2.2.h)

the generators I'yp, I'ape, Labeq are defined as usual by a signed-permutation sum
of the anti-symmetrizated products of the gammas. A representation of the
Cl1(3,1) algebra exists where the generators

1; Fa = Fl, FQ, Fg, F4 = —iF0; F5; a = 1,2,3,4 (23)

are Hermitian; while the generators I',I's;Ty, for a,b = 1,2,3,4 are anti-
Hermitian. Using eqs-(2.1-2.3) allows to write the CI(3,1) algebra-valued one-
form as

1
A = (a# 14 b Ts + g Ta + fiTaTs + Jwpf rab) dat.  (2.4)

The Clifford-valued gauge field 4, transforms according to 4), = U 1A, U+
U~'9,U under Clifford-valued gauge transformations. The Clifford-valued field
strength is F' = dA + [A, A] so that F transforms covariantly F' = U~1 F U.
Decomposing the field strength in terms of the Clifford algebra generators gives

1
Fuo = Fo, 1+ F,Ts + F{\, Tq + FioT,T5 + ZF;S Tap.  (2.5)



where F' = % F,, dz* A dx”. The field-strength components are given by
Fﬁy = 0ua, — Oyay (2.6a)

FP, = 0uby, — Ouby + 26 fra — 2€5 fua

FS = 0ufs — 0uf +wi fup — Wil fup + 2e5b, — 2eby

(2.60)
Fi, = Ouep —Ovey, + wzbeyb —wibe,p, + 2fby —2f7b, (2.6¢)
(2.6d)
Fs,lj = 3le‘fb +wwy, b4 (eze,b, — f;fff,’) — [ V. (2.6¢)

At this stage we may provide the relation among the C1(3, 1) algebra gener-
ators and the the conformal algebra so(4,2) ~ su(2,2) in 4D . The operators of
the Conformal algebra can be written in terms of the Clifford algebra generators
as [18]

1 1 1 1
P, = T, (1 - 1—‘5)7 K, = T, (1 + F5)7 D = — -T5 La = 7 Ta.
2 2 2 2
(2.7)
P, (a=1,2,3,4) are the translation generators; K, are the conformal boosts; D
is the dilation generator and L,; are the Lorentz generators. The total number
of generators is respectively 4444146 = 15. From the above realization of the
conformal algebra generators (2.7), the explicit evaluation of the commutators
yields

[Pm D] = Py [Km D] = —Kg; [Paa Kb] = =29 D + 2Ly

[P, Py = 0; [Ko, Ky = 05, (2.8)

which is consistent with the su(2,2) ~ so(4,2) commutation relations. We
should notice that the K,, P, generators in (2.7) are both comprised of Her-
mitian 'y and anti-Hermitian £+I",I'5s generators, respectively. The dilation D
operator is Hermitian, while the Lorentz generator L, is anti-Hermitian. The
fact that Hermitian and anti-Hermitian generators are required is consistent
with the fact that U(2,2) is a pseudo-unitary group as we shall see bellow.
Having established this one can infer that the real-valued tetrad Vi field
(associated with translations) and its real-valued partner Vlf (associated with
conformal boosts) can be defined in terms of the real-valued gauge fields e fi
as follows B
epla + [iTds = Vi P + VI K, (2.9)

From eq-(2.7) one learns that eq-(2.9) leads to

e — fi =V e+ fi= Vi =

(Va+Vey), fi= (Ve-Vah. (2.10)

DN | =

e

a
©w



The components of the torsion and conformal-boost curvature of conformal
gravity are given respectively by the linear combinations of eqs-(2.6¢, 2.6d)

a a5 _ 1a . a ab __ pa
F,uy - F,ul/ - FIUJJ[P]? Fuy + F,uy - FILLI/[K} =
F{,Tq + FiOT,Ts = F},[P| Py + F},[K] K,. (2.11a)

Inserting the expressions for ej;, f; in terms of the vielbein Vi and f//f given
by (2.10), yields the standard expressions for the Torsion and conformal-boost
curvature, respectively

Fg [Pl = 0, Vi + Wit Vo — Vi by, (2.11b)
F2 K] = 0 Vi§ + wit Vi +2 V3 by, (2.11b)

The Lorentz curvature in eq-(2.6e) can be recast in the standard form as

ab _ pab __ ab ac , b a Ysb  ra b
Fl/”’ = RMV = 8[H OJV} + W[M wy]c + 2( ‘/[M VV] + ‘/[N VV] ) (2116)
The components of the curvature corresponding to the Weyl dilation generator
given by F, in eq-(2.6b) can be rewritten as

1, .
Fi, = O by + 5 (Vi Viga = Vi Via)- (2.11d)

and the Maxwell curvature is given by F ju in eq-(2.6a). A re-scaling of the
vielbein Vi /1 and f/lf /1 by a length scale parameter [ is necessary in order to
endow the curvatures and torsion in eqs-(2.11) with the proper dimensions of
length™2, length™!, respectively.

To sum up, the real-valued tetrad gauge field Vi (that gauges the trans-
lations P, ) and the real-valued conformal boosts gauge field XN/lf (that gauges
the conformal boosts K,) of conformal gravity are given, respectively, by the
linear combination of the gauge fields e, F f,‘j associated with the I'y, T'y I's
generators of the Clifford algebra C1(3,1) of the tangent space of spacetime M*
after performing a Wick rotation —i I'g = T'y.

In order to obtain the generators of the compact U(4) = SU(4) x U(1)
unitary group, in terms of the CI(3,1) generators, a dif ferent basis involving
a full set of Hermitian generators must be chosen of the form

1 1 1 ;
M, = 3Ta(1=iTs) Ny = Lo (L+iTs) D = S Ts Lay = - %rab.

(2.12)
One may choose, instead, a full set of anti-Hermitian generators by multiplying
every generator M,, N,, D, Lqp by 1 in (2.12), if one wishes. The choice (2.12)
leads to a dif ferent algebra so(6) ~ su(4) and whose commutators dif fer
from those in (2.8)

[Maa D] = ¢ Ng; [Naa ID} = —1 Mg; [Mav Nb] = —2igw D



1
[Ma, Mb] = [Na, Nb] = 5 Fab = iﬁab; ....... (213)

The Hermitian generators M, Ny, D, L, associated to the so(6) ~ su(4) alge-
bra are given by the one-to-one correspondence

1 1
M, = ifa (1 —iT5) «— — Xu5; N, = éfa (1 4+iT5) «— X6

. ‘
D = 3 s «— X561 Lap = — %Fab — Yap (2.14)

The 30(6) Lie algebra in 6D associated to the Hermitian generators X 45 (A, B =
..., 6) is defined by the commutators

(Y4B, Yop] = i (98c ¥ap — gac ¥ep — 98D Xac + gap ¥pc )
(2.15)
where gap is a diagonal 6D metric with signature (—, —, —, —, —, —). One can

verify that the realization (2.12) and correspondence (2.14) is consistent with the
50(6) ~ su(4) commutation relations (2.15). The extra U(1) Abelian generator
in U(4) = U(1) x SU(4) is associated with the unit 1 generator.

Since su(4) ~ so(6) (isomorphic algebras) and the unitary algebra u(4) =
u(1) @ su(4) ~ u(1l) ® s0(6), the Hermitian u(1) ® so(6) valued field A, may be
expanded in a CI(3,1, R) basis of Hermitian generators as

. ra .1,
AM = au1+ bNF5 + eZFa +1fMFaF5 +11wubrab =

) 1
ay 1+ A% Ss6 + AP S5 + AW Tee + ZAﬁb Sab (2.16)

One should notice the key presence of i factors in the last two (Hermitian) terms
of the first line of eq-(2.16), compared to the last two terms of (2.4) devoid of i
factors. All the terms in eq-(2.4) are devoid of i factors such that the last two
terms of (2.4) are comprised of anti-Hermitian generators while the first three
terms involve Hermitian generators. The dictionary between the real-valued
fields in the first and second lines of (2.16) is given by

56 ab a a ab a a ab ab
ap = ap, by = A7, A = e — [, Ay = e+ 10 Ay = wy (2.17)

the dictionary (2.17) is inferred from the relation
et Ty +ifiTals = A% S5 + AP See (2.18)

and from eq-(2.12) (all terms in (2.18) are comprised of Hermitian generators as
they should). The evaluation of the u(1)@®s0(6) valued field strengths F,,,, F}IV,
M,N =1,2,3,....,6 proceeds in a similar fashion as in the conformal Grav1ty—
Maxwell case based on the pseudo-unitary algebra u(2,2) = u(1) ® su(2,2) ~

u(1) ® so(4,2).



Gauge invariant actions involving Yang-Mills terms of the form [ Tr(FA*F)
and theta terms of the form [Tr(F A F) are straightforwardly constructed. For
example, a SO(4,2) gauge-invariant action for conformal gravity is [33]

S = / d*x €apea €77 R RSL (2.19)

where the components of the Lorentz curvature 2-form RZZL’,dx“/\dm” are given by
eq-(2.11c) after re-scaling the vielbein V/# /I and f/lf /1 by a length scale param-
eter [ in order to endow the curvature with the proper dimensions of length 2.
The conformal boost symmetry can be fixed by choosing the gauge b, = 0
because under infinitesimal conformal boosts transformations the field b, trans-
forms as 0b, = —2 £% eqy = —2 &,,; i.e the parameter &, has the same number
of degrees of feedom as b,. After further fixing the dilational gauge symmetry,
setting the torsion to zero which constrains the spin connection wzb(Kf) to be of
the Levi-Civita form given by a function of the vielbein V', and eliminating the
‘7; field algebraically via its (non-propagating) equations of motion [5] leads to
the de Sitter group SO(4,1) invariant Macdowell-Mansouri-Chamseddine-West
action [14], [15] (suppressing spacetime indices for convenience)

S = / d*z ( R%(w) +ll2 VAAVE) A ( R(w) +ll2 VEAVY) €apea. (2.20)
the action (2.20) is comprised of the topological invariant Gauss-Bonnet term
R%®(w) A R°(w)eapeq; the standard Einstein-Hilbert gravitational action term
I%Rab(w) AVEAV9apeq, and the cosmological constant term I%Va AVOEATVEA
Ve,peq. | is the de Sitter throat size; i.e. [? is proportional to the square of the
Planck scale (the Newtonian coupling constant).

The familiar Einstein-Hilbert gravitational action can also be obtained from
a coupling of gravity to a scalar field like it occurs in a Brans-Dicke-Jordan
theory of gravity

s =5 [ aevio (alae” Do) + v (D5e) + g RO ).

V9
(2.21a)

where the conformally covariant derivative acting on a scalar field ¢ of Weyl
weight one is

Dihp = Dy — by o (2.21b)

Fixing the conformal boosts symmetry by setting b, = 0 and the dilational
symmetry by setting ¢ = constant leads to the Einstein-Hilbert action for
ordinary gravity.

This construction of Conformal Gravity and Yang-Mills based on a Clifford-
algebra valued gauge field theory can also be extended to the superconformal
Yang-Mills and conformal Supergravity case. The A/ = 1 superconformal al-
gebra su(2,2|1) involving the additional fermionic generators Qu, S, and the



chiral generator A, admits a Clifford algebra realization as well [34]. The real-
ization of the 15 bosonic generators is given by (2.7) after one embeds the 4 x 4
matrices into a 5 x 5 matrix where one adds zero elements in the 5-th column
and in the 5-th row. Whereas the 8 fermionic @, S, generators are represented
by the 5 x 5 matrices with zeros everywhere except in the four entries along the
5-th column and along the 5-th row as follows

5 1 55 5 1
(Qa)dﬁ = - 5(171_\5)0453 (Qa) = Oa (Qa)ﬁ = [5(1+F5)C}o¢ﬂ
1 1
(52)” = F(U4Ts)as, () = 0, (S2)" = = [1-T5)Clas (2:220)
The indices o, 8 = 1,2,3,4. C = Cyp is the charge conjugation matrix C' =
—C~1 = —C7 satisfying CT,C~! = —(T',)”. In the represenation chosen in

(2.22a) C' =T'y. The chiral generator A is represented by —% times a diagonal
5 x 5 matrix whose entries are (1,1,1,1,4). The nonzero (anti) commutators of

) 7 ) )

the N = 1 superconformal algebra su(2,2|1) are [34]

{Qa:Qs} = 201" Pu)ap, {Sa:Sp} = — 2("Ky)ap
{Qa,Ss} = —%Ca,@ D +% (T*C)ap Lap + (iT5C)ap A
(Sar Lol = 5 (Tardasr 551 Qs Lus] = 5 (P @
(SarAl = i 3 (To)as 83 [QuAl = —i 5 (Ts)ap Qs
[Sas D) = = 3 Sar [QuD] = 3 Qa
(SarPal = — 5 (Tas Qs [Qu Pl = — 5 (Tas oo (2.220)

The remaining commutators involving the bosonic generators are given by (2.8).
2.2 U(p,q) from U(p+ q) via the Weyl unitary trick

In general, the unitary compact group U (p+¢; C) is related to the noncompact
unitary group U(p,q;C) by the Weyl unitary trick [17] mapping the anti-
Hermitian generators of the compact group U(p + ¢; C) to the anti-Hermitian
and Hermitian generators of the noncompact group U(p, g; C) as follows : The
(p+4q) x (p+q) U(p—+q; C) complex matrix generator is comprised of the diagonal
blocks of p x p and ¢ X ¢ complex anti-Hermitian matrices MlT1 = —Mjq; MQT2 =
— My, respectively. The off-diagonal blocks are comprised of the ¢ x p complex
matrix Mio and the p X ¢ complex matrix —Msz, i.e. the off-diagonal blocks
are the anti-Hermitian complex conjugates of each other. In this fashion the
(p+4q) x (p+q) U(p+ q;C) complex matrix generator M is anti-Hemitian
M = —M such that upon an exponentiation U (t) = ™ it generates a unitary



group element obeying the condition UT(¢t) = U~1(t) for t = real. This is what
occurs in the U(4) case.

In order to retrieve the noncompact group U(2,2;C) case, the Weyl uni-
tary trick requires leaving Mi1, Msy intact but performing a Wick rotation of
the off-diagonal block matrices i Mys and —i MIQ. In this fashion, My, Mao
still retain their anti-Hermitian character, while the off-diagonal blocks are now
Hermitian complex conjugates of each-other. This is precisely what occurs in
the realization of the Conformal group generators in terms of the CI(3,1, R)
algebra generators. For example, P,, K, both contain Hermitian I', and anti-
Hermitian I',I's generators. Despite the name ”unitary” group U(2,2;C), the
exponentiation of the P, and K, generators does not furnish a truly unitary ma-
trix obeying UT = U~!. For this reason the groups U(p, ¢; C') are more properly
called pseudo-unitary. The complex extension of U(p + ¢,C) is GL(p + ¢; C).
Since the algebras u(p + ¢; C), u(p, ¢; C) differ only by the Weyl unitary trick,
they both have identical complex extensions gl(p+q; C) [17]. gl(N,C) has 2N?
generators whereas u(N, C) has N2.

The covering of the general linear group GL(N, R) admits in finite-dimensional
spinorial representations but not finite-dimensional ones. For a thorough dis-
cussion of the physics of infinite-component fields and the perturbative renor-
malization property of metric affine theories of gravity based on (the covering
of ) GL(4, R) we refer to [16]. The group U(2,2) consists of the 4 x 4 complex
matrices which preserve the sesquilinear symmetric metric g3 associated to
the following quadratic form in C*

<uyu> = 4% gopg v’ = atut + @ — @dd - atut (2.23a)

obeying the sesquilinear conditions
<Av,u> = A<v,u>; <v,Au> = A<v,u>. (2.23b)

where ) is a complex parameter and the bar operation denotes complex conjuga-
tion. The metric gog can be chosen to be given precisely by the chirality (I's)as
4 x 4 matrix representation whose entries are 1oy, — loxo along the main
diagonal blocks, respectively, and 0 along the off-diagonal blocks. The Lie alge-
bra su(2,2) ~ so(4,2) corresponds to the conformal group in 4D. The special
unitary group SU(p + ¢; C) in addition to being sesquilinear metric-preserving
is also volume-preserving.

The group U(4) consists of the 4 x 4 complex matrices which preserve the
sesquilinear symmetric metric g,g associated to the following quadratic form
in C*

<uyu> = 4% gag v’ = atut + @ + @+ atut (2.24)

The metric g,p is now chosen to be given by the unit 1,5 diagonal 4 x 4 ma-

trix. The U(4) = U(1) x SU(4) metric-preserving group transformations are
generated by the 15 Hermitian generators ¥ 4p and the unit 1 generator.
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In the most general case one has the following isomorphisms of Lie algebras
[17]

so(5,1) ~ su*(4) ~ sl(2,H); s0*(6) ~ su(3,1); so(3,2) ~ sp(4,R)

s0(4,2) ~ su(2,2); so(3,3) ~ sl(4,R); so(6) ~ su(4), etc..... (2.25)

where the asterisks like su*(4), so*(6) denote the algebras associated with the
noncompact versions of the compact groups SU(4), SO(6). sl(2, H) is the spe-
cial linear Mobius algebra over the field of quaternions H. The SU(4) group is
a two-fold covering of SO(6) but their algebras are isomorphic.

2.3 U(4) x U(4) Yang-Mills and Conformal Gravity,
Maxwell Unification from a Ci(5,C) Gauge Theory

To complete this section it is necessary to recall the following isomorphisms
among real and complex Clifford algebras

Cl2m +1,C) = Cl(2m, C) & Cl(2m, C) ~ M(2™,C) & M(2™,C) =

Cl(5,0) = Cl(4,C) & Cl(4,C) (2.26a)

and
Cl(4,C) ~ M(4,C) ~ Cl(4,1,R) ~ C1(2,3,R) ~ C1(0,5, R) (2.26b)

CI(4,C) ~ M(4,C) ~ Cl(3,1, R)®i Cl(3,1, R) ~ M(4, R)®i M(4, R) (2.26¢)
Cl(4,0) ~ M(4,C) ~ Cl(2,2, R)®i C1(2,2, R) ~ M (4, R)®i M (4, R) (2.26d)

M(4,R), M (4,C) is the 4 x 4 matrix algebra over the reals and complex num-
bers, respectively. From each one of the CI(3,1, R) algebra factors in the
above decomposition (2.26¢) of the complex Cl(4,C) algebra, one can gener-
ate a u(2,2) algebra by writing the w(2,2) generators explicitly in terms of
the CI(3,1, R) gamma matrices as displayed above in eqs-(2.7) ; i.e. one may
convert a Cl(3,1, R) gauge theory into a Conformal Gravity-Maxwell theory
based on U(2,2) = SU(2,2) x U(1). Therefore, a Cl(4,C) gauge theory is al-
gebraically equivalent to a bi-Conformal Gravity-Maxwell theory based on the
complex group U(2,2) ® C = GL(4,C); i.e. the Cl(4,C) gauge theory is al-
gebraically equivalent to a complezified Conformal Gravity-Maxwell theory in
four real dimensions based on the complex algebra u(2,2) ®1i u(2,2) = gl(4, C).
The algebra gl(N,C) is the complex extension of u(p,q) for all p,q such that
p+q=N.

Furthermore, from each C1(3, 1, R) commuting sub-algebra inside the Cl(4, C)
algebra one can also generate a u(4) = u(1l) @ su(4) ~ u(l) ® so(6) algebra
by writing the latter generators in terms of the CI(3,1, R) gamma matrices
as displayed explicitly in eqs-(2.12). Therefore, the Cl(4,C) gauge theory is
also algebraically equivalent to a Yang-Mills gauge theory based on the algebra
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u(4) &1 u(d) = gl(4,C) and associated with the two CI(3,1, R) commuting
sub-algebras inside Cl(4,C). The complex group is U(4) ® C = GL(4,C) also.

From eq-(2.26d) : Ci(4,C) ~ Cl(4,1, R) one learns that the complex Clifford
Cl(4,C) algebra is also isomorphic to a real Clifford algebra Ci(4,1, R) (and
also to Cl1(2,3, R), Cl(0,5, R)). A Wick rotation (Weyl unitary trick) transforms
Cl(4,1,R) — CI(3,2,R) = CI(3,1,R) @ Cl(3,1,R) ~ M (4, R) ® M (4, R) such
that there are two commuting sub-algebras of Cl(3,2, R) which are isomorphic
to Cl(3,1,R). From each one of the latter CI(3,1, R) algebras one can build
an u(4) (and u(2,2)) algebra as described earlier. A typical example of this
feature in ordinary Lie algebras is the case of so(3) ~ su(2) such that there
are two commuting sub-algebras of so(4) and isomorphic to so(3) furnishing
the decomposition so(4) = su(2) @ su(2) ~ so(3) & so(3). Concluding, one can
generate a U(4) x U(4) Yang-Mills gauge theory from a Cl(4,C) gauge theory
via a Cl(4,1, R) gauge theory (based on a real Clifford algebra) after the Wick
rotation (Weyl unitary trick) procedure to the C1(3,2, R) algebra is performed.

The physical reason why one needs a U(4) x U(4) Yang-Mills theory is be-
cause the group U(4) by itself is not large enough to accommodate the Standard
Model Group SU(3) x SU(2) x U(1) as its maximally compact subgroup [24].
The GUT groups SU(5), SU(2)x SU(2) x SU(4) are large enough to achieve this
goal. In general, the group SU(m +n) has SU(m) x SU(n) x U(1) for compact
subgroups. Therefore, SU(4) — SU(3)xU(1) or SU(4) — SU(2)xSU(2)xU(1)
is allowed but one cannot have SU(4) — SU(3) x SU(2). For this reason
one cannot rely only on a Cl(4,C) = CI(3,1,R) @i CI(3,1) gauge theory to
build a unifying model; i.e. because one cannot have the branching SU(4) —
SU(3) x SU(2), one would not able to generate the full Standard Model group
despite that the other group inside Ci(4,C') given by U(2,2) = SU(2,2) x U(1)
furnishes Conformal Gravity and Maxwell’s Electro-Magnetism based on U(1).

A breaking [28], [31], [5] of U(4) x U(4) — SU(2)r, x SU(2)g x SU(4) leads
to the Pati-Salam [27] GUT group which contains the Standard Model Group,
which in turn, breaks down to the ordinary Maxwell Electro-Magnetic (EM)
U(1)ga and color (QCD) group SU(3). after the following chain of symmetry
breaking patterns

SU(Q)L X SU(Q)R X SU(4) — SU(?)L X U(I)R X U(l)B_L X SU(3)C —
SU2)L x U(l)y x SU(3)e — U(1)gm x SU(3)e. (2.27)

where B — L denotes the Baryon minus Lepton number charge; Y = hypercharge
and the Maxwell EM charge is Q = I3+ (Y/2) where I3 is the third component
of the SU(2)y, isospin. It is noteworthy to remark that since we had already
identified the U (1) gas symmetry stemming from the (U(2, 2) group-based) Con-
formal Gravity-Maxwell sector, it is not necessary to follow the symmetry break-
ing pattern of the second line in (2.27) in order to retrieve the desired U (1) g
symmetry.

The fermionic matter and Higgs sector of the Standard Model within the con-
text of Clifford gauge field theories has been analyzed in [35]. The 16 fermions of
each generation can be assembled into the entries of a 4 x4 matrix representation
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of the C1(3,1) algebra. A unified model of strong, weak and electromagnetic
interactions based on the flavor-color group SU(4) ¢ x SU(4), of Pati-Salam has
been described by Rajpoot and Singer [27]. Fermions were placed in left-right
multiplets which transform as the representation (4,4) of SU(4)y x SU(4)..
Further investigation is warranted to explore the group SU(4); x SU(4). of
Pati-Salam within the context of the U(4) x U(4) group symmetry associated
with the Cl(4,C) algebra presented here.

The u(4) algebra can also be realized in terms of so(8) generators, and in
general, u(N) algebras admit realizations in terms of so(2N) generators [5].
Given the Weyl-Heisenberg ”superalgebra” involving the N fermionic creation
and annihilation (oscillators) operators

{ai,al} = 6, {aia;} = 0, {al,al} = 0; 4,5 = 1,2,3,..... N. (2.28)

(3

one can find a realization of the u(N) algebra bilinear in the oscillators as
E/’J = ag a; and such that the commutators

B, B] = alajal ar — af arafa; =

al Ok —af aj) ay — a (6 —al a)) a; = al (Ojn) a1 — af (0u) a; =

5l B~ &L B (2.29)
reproduce the commutators of the Lie algebra u(N) since

fa;-f a,t a; a; + a}; alT a a; = — a}; alT a; a; + aL aI aa; = 0. (2.30)
due to the anti-commutation relations (2.28) yielding a double negative sign
(=)(=) = + in (2.30). Furthermore, one also has an explicit realization of the
Clifford algebra CI(2N) Hermitian generators by defining the even-number and
odd-number generators as

1 1
ng = B (aj + a;[-); F2j—1 = % (aj - a;) (2.31)

The Hermitian generators of the so(2NN) algebra are defined as usual ¥,,, =
L0y, Ty] where m,n = 1,2,...2N. Therefore, the u(4),so(8),Cl(8) alge-
bras admit an explicit realization in terms of the fermionic Weyl-Heisenberg
oscillators a,;,a]; for i,57 = 1,2,3,4. wu(4) is a subalgebra of so(8) which in
turn is a subalgebra of the CI(8) algebra. The Conformal algebra in 8D is
50(8,2) and also admits an explicit realization in terms of the CI(8) genera-
tors, similar to the realization of the algebra so(4,2) ~ su(2,2) in terms of
the CI(3,1, R) generators as displayed in eq- (2.7). The compact version of
the group SO(8,2) is SO(10) which is a GUT group candidate. In particular,
the algebras u(5), so(10), CI(10) admit a realization in terms of the fermionic
Weyl-Heisenberg oscillators a;, a;f- fori,j =1,2,3,4,5.

Conclusion : The upshot of the Ci(5,C) = Cl(4,C) & Ci(4,C) algebraic
structure of the Conformal Gravity, Maxwell, U(4) x U (4) Yang-Mills unification
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program advanced in this work is that the group structure given by the direct
products

U(2,2)xU(4) xU(4) = [SU(2,2)]spacetime X [U(1) X U(4) < U(4)]internar (2.32)

is ultimately tied down to four-dimensions and does not violate the Coleman-
Mandula theorem because the spacetime symmetries (conformal group SU(2, 2)
in the absence of a mass gap, Poincare group when there is mass gap) do not mix
with the internal symmetries. Similar considerations apply to the supersymmet-
ric case when the symmetry group structure is given by the direct product of the
superconformal group (in the absence of a mass gap) with an internal symmetry
group so that the Haag-Lopuszanski-Sohnius theorem is not violated.

3 Generalized Gauge Theories of Gravity based
on Cl(4,1,R),CI(3,2, R) Algebras

We saw in the last section that the complex Clifford algebra Cl(4,C) ~ M (4,C) ~
Cl(4,1, R) is isomorphic to a real Clifford algebra Ci(4,1, R) which contains the
de Sitter algebra so(4,1). In this section we will construct generalized gauge
theories of de Sitter (SO(4,1)) and Anti de Sitter Gravity (SO(3,2)) based
on the real Clifford Cl(4,1, R), Ci(3,2, R) Algebras. The Cl(4,1,R),CI(3,2, R)
algebra-valued gauge field is defined as

A = A1+ A7 T + AY" Do + AR Ui + AR Tiinpg + AR Tipgr
(3.1)
the spacetime indices are p = 1,2, 3,4 as before. The gamma generators are

1 1
Iy @ 1; Ty =Ty, Ty, Ty, Ty, Ts; lemz = §Fm1 /\Fmg = i[le,sz]’
1 1
Loymams = gle/\Fm,z/\Fms; ........ s Dmamgenooms = ale/\Fm/\ ......... Al
(3.2)
the indices mq, ma,.... Tun from 1,2,3,4,5. The above decomposition of the

connection A, = AIIL I'; contains Hermitian and anti-Hermitian components
(generators). It is common practice to split the de Sitter/Anti de Sitter alge-
bra gauge connection in 4D into a (Lorentz) rotational piece wf;'“?T'y, 4, where
a1,a2 = 1,2,3,4; p,v = 1,2,3,4, and a momentum piece wZ5Fa5 = %V;Pa,
where V' is the physical vielbein field, [ is the de Sitter/Anti de Sitter throat
size, and P, is the momentum generator whose indices span a = 1,2,3,4. One
may proceed in the same fashion in the Clifford algebra CI(3,2),Cl(4,1),....
case. The poly-momentum generator corresponds to those poly-rotations with
a component along the 5-th direction in the internal space.
Therefore, one may assign
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F5 = P07 Fa5 :lpcu a:1a2a374; Fa1a25:l2 Pa1a2a a’lva2:172a374

3
Fa1a2a35 =1 Pa1a2a37 a1,0a2,as3 = 172a374
4 .
Pa1a2a3a45 =1 Pa1a2a3a47 ai, a2,0a3,a4 = 17233,4a (33)

In this way the 16 components of the (noncommutative) poly-momentum opera-
tor Py = Po, Ps, Poyays Payasas, Payasasa, ave identified with those poly-rotations
with a component along the 5-th direction in the internal space. A length scale
[ is needed to match dimensions.

Py does not transform as a C1(3,2),Cl(4,1) algebra scalar, but as a vector.
P, does not transform as a CI(3,2),Cl(4,1) vector but as a bivector. Pg,q,
does not transform as CI(3,2), Cl(4, 1) bivector but as a trivector, etc.... What
about under CI(3,1) transformations ? One can notice [I'gp, I's] = [Cap, Po] =0
when a,b = 1,2, 3,4. Thus under rotations along the four dimensional subspace,
I's = Py is inert, it behaves like a scalar from the four-dimensional point of view.
This justifies the labeling of I's as Py. The commutator

[Faba FCB] = [Fab7 lpc] = _nachS + nbcra5 = —TNac l Pb + MNbe l Pa (34)

so that I'.5 = [P, does behave like a vector under rotations along the four-dim
subspace. Thus this justifies the labeling of I'.5 as [P, etc...

To sum up, one has split the C1(3,2), Cl(4,1) gauge algebra generators into
two sectors. One sector represented by M which comprises poly-rotations along
the four-dim subspace involving the generators

1; Fal; Fa1a2§ Fa1a2a3§ Fa1a2(lsfl4v ai,az,as, 04 = 17 23 3a 4. (35)
and another sector represented by P involving poly-rotations with one coordi-

nate pointing along the internal 5-th direction as displayed in (2.8).
Thus their commutation relations are of the form

[P, Pl ~ M; [M, M] ~ M; [M, P| ~P. (3.6)
which are compatible with the commutators of the Anti de Sitter, de Sitter

algebra SO(3,2),50(4,1) respectively. To sum up, we have decomposed the
Cl1(3,2),Cl(4,1) gauge connection one-form in a 4D spacetime as

Ay dat = AT da" = (Q) Ta + Ejf Pa) da*; TACM, PyCP (3.7)

The components of the generalized curvature 2-form are defined by
R = 0 % + BT < D )7 > 4 QO < P 2] 100 >
sznp Q£St < [’Ymnpa 'Vrst] 7a1a2 > + szpq QZStu < ['Ymnpqv ’Yrstu] 7a1a2 > +
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Q;Tnqu Q;stuv < [’Ymnquu’%"stuv] 7a1a2 > (38)

where the brackets < [Yimn, Vr] 7% >, < [Ymnpg: Yrst) 7* > indicate the scalar
part of the product of the Cl(4, 1, R), Ci(3, 2, R) algebra elements; i.e it extracts
the Cl(4,1, R), CI(3,2, R) invariant contribution. For example,

< [anvfyr} ’Ya > = < —Nmr Yn ,ya >+ < nnr7m7a > = —Nmr 62 + Nnr 5;Ln
(3.9)
The standard curvature tensor is given by

RO8: = 9, QU + QP < Py o] 79 > (3.10)

which clearly differs from the modified expression in (3.8). Since the indices
m,n,r,s in general run from 1,2,3,4,5 the standard curvature two-form be-
comes

RO da A dr¥ = dQU 4 QU A Q2 gy Q00 A Q20 =

1 1
dQa®z + Q% A Q92 — 55 ﬁVal A V®2 QP = 7‘/“ (3.11)

where the vielbein one-form is V* = Vi'dz#. In the | — oo limit the last terms
#V AV in (3.11) decouple and one recovers the standard Riemmanian
curvature two-form in terms of the spin connection one form w®“? = wjt*2dz#
and the exterior derivative operator d = dz#0,. From (3.11) one infers that
a vacuum solution Rf1*? = 0 in de Sitter/ Anti de Sitter gravity leads to the
relation

1
R (w) = dw™?? 4+ w% A W = 72 5 Ve A Ve (3.12)

which is tantamount to having a constant Riemannian scalar curvature in 4D
R(w) = £(12/I?) and a cosmological constant A = 4(3/1?); the positive (nega-
tive) sign corresponds to de Sitter (anti de Sitter space) respectively ; i.e. the
de Sitter/ Anti de Sitter gravitational vacuum solutions are solutions of the
Einstein field equations with a non-vanishing cosmological constant.

A different approach to the cosmological constant problem can be taken as
follows. The modified curvature tensor in (3.8) is

aija2 __ a1a J—
Ry = R™ + extraterms =

1
dw™® + W™ A W — s ﬁV‘“ A V® + extra terms (3.13)

The extra terms in (3.13) involve the second and third lines of eq-(3.8). The
vacuum solutions R{L*? = 0 in (3.13) imply that

1
dw™ 4+ W% A W = 72 1155 V3 A V%2 — extra terms. (3.14)
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Consequently, as a result of the extra terms in the right hand side of (3.13)
obtained from the extra terms in the definition of R{.** in (3.8), it could be
possible to have a cancellation of a cosmological constant term associated to
a very large vacuum energy density p ~ (Lpiancr)%; i.e. one would have an
ef fective zero value of the cosmological constant despite the fact that the length
scale in eq-(3.14) might be set to [ ~ Lpjanck-

For instance, one could have a cancellation (after neglecting the terms of
higher order rank in eq-(3.14) ) to the contribution of the cosmological constant
as follows

QZL Q:/L < [era’YT'] 7a1a2 > + 9/775 925 < [’Ym57’Yr5] 7a1a2 > =0=

QA Q% s QU5 A Q925 = . (3.15a)

Since the C1(3,2) algebra corresponds to the Anti de Sitter algebra SO(3,2)
case one has -
s =—l= — = O = +iQ) (3.15b)

Hence, one can attain a cancellation of a very large cosmological constant term
in (3.15) if Q%° = 4i QF. In the de Sitter case the group is SO(4,1) s0 755 = 1
and one would have instead the condition fo’ = 0, leading to a cancellation
of a very large value of the cosmological constant when | = Lpgner. Having an
imaginary value for (2 in the Anti de Sitter case fits into a gravitational theory
involving a complex Hermitian metric G, = g(uv) + 79[ Which is associated
to a complex tetrad Ejj = %(éz + zf;f) such that G, = (Eﬁ)*EBUab and the
fields are constrained to obey €, = V/i';4 fl‘j =V = ¥l . For further details
on complex metrics (gravity) in connection to Born’s reciprocity principle of
relativity [40], [41] involving a maximal speed and maximum proper force see
[42] and references therein.

The modi fied torsion is

T — RaS =90 Qa5 4
pv v (1 25

s 5 4

O Q< vl 7 >+ Q0 < [y Yrs) Y
Qzlnp Q:;St < [’Ymnp,'yrst] '7a5 > + szpq Q::Stu < ['ymnpqv')/rstu} ,ya5 > +
Q;T?nqu sttuv < [’Ymnqua’yrstuv} ,ya5 > (316)

Form (3.16) one can see that the C1(3,2),Cl(4,1)-algebraic expression for
the torsion 7}, contains many more terms than the standard expression for

v
the torsion in Riemann-Cartan spacetimes

TS, da* A da¥ = RS da* A da’ = 1(d Q™ + Q4 AQ%) =

dVe + Q% AV (3.17)
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The vielbein one-form is V¢ = Vidat = | Q“sdx“ and the spin connection
one-form is Q% = Q“bdx“ (it is customary to denote the spin connection by wy;
instead).

The analog of the Abelian U(1) field strength sector is 72, = )}, QB]. The

other relevant components of the C1(3, 2)-valued gauge field strengths/curvatures
F A v (R, 4 are

Ry = 0 Uy + Q0" Q) < [Yon, W] 7" > QP Q0T < (g, Yrst] 7 >

(3.18)

A quadratic Ci(3,2),Cl(4,1) gauge invariant action in a 4D spacetime in-
volving the modified curvature R ., and torsion terms ’TA is given by

/ d*z /gl [ (RD,)? + (RL,)” + (R + o (Riazazes)? 4

(RE)? + (R + (Ri™) + e (Ruy29%)2 + (R e®)? ] (3.19)

The modifications to the ordinary scalar Riemmanian curvature R(w) is
given in terms of the inverse vielbein V/ by the expression RZ;”VEZ Val;]] which
is comprised of R(w), plus the cosmological constant term , plus the extra terms
stemming from the additional connection pieces in (3.8)

QUAQ®=, QL AQNRe L QO N QP PRbsbae (3.20)

One can introduce an SO(3,2), SO(4, 1)-valued scalar multiplet ¢!, ¢?, ....., #°
and construct an SO(3,2),50(4,1) invariant action of the form

= / d'z (¢° R RL + ¢ RY, RIS + .. ) €abeas €77 (3.21)
M

As described above the modi fied curvature two-form Rab dx* Adz” is given by
the standard expression Rﬁ (w) dzt Ndx¥ + 3 V“daz”/\Vbdx plus the addition of
many eztra terms as shown in (3.8, 3.20). Also the modified torsion R“5 dz* A
dz¥ in (3.16) is given by the standard torsion expression plus extra terms.
Therefore, by a simple inspection, the action (3.21) contains many more terms
than the Macdowell-Mansouri-Chamseddine-West gravitational action given by
eq-(2.20).

An invariant action linear in the curvature is

= 53 /d4 VIl Ry VIV g = VEVE ma, gl = |det gyl
(3.22)
where k? = 87Gy, Gx is the Newtonian gravitational constant, V/* is the
inverse vielbein and the components of the curvature two-form are antisym-
metric under the exchange of indices by construction Ry} = —Ryj12, Ry}"2 =
—R%%  The action (3.22) contains clear modi fications to the Einstein-Hilbert

nv
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action due to the extra terms stemming from the corrections to the curvature
as shown by eq-(3.8, 3.20).

The generalized gravitational theory based on the Cl(4,1, R) ~ Cl(4,C) and
Cl(3,2, R) algebras, must not be confused with a Metric Affine Gravitational
(MAG) theory based on the complex affine group GA(4,C) = GL(4,C) x4 C*
given by the semi-direct product of GL(4,C) with the translations group in C*
and involving 32 + 8 = 40 generators. The real MAG based on GA(4,R) =
GL(4,R) x5 R* is a very intricate non-Riemannian theory of gravity with prop-
agating non-metricity and torsion [16]. The most general Renormalizable La-
grangian of MAG contains a very large number of terms. We refer to [16] for
an extensive list of references. The rich particle classification and dynamics
in GL(2,C) Gravity was analyzed by [37]. In addition to orbits associated
with standard massive and massless particles, a number of novel orbits can be
identified based on the quadratic and quartic Casimirs invariants of GL(2,C).
Noncommutative generalizations of GL(2,C) gravity based on star products
and the Seiberg-Witten map should be straightforward [19].

The CI(5,C) algebra-valued gauge field theory defined over a 4D real space-
time raises the possibility of embedding this gauge theory into one defined over
the full fledged Clifford-space (C-space) associated with the tangent space of a
complexified 5D spacetime. Namey, having the ordinary one-forms (AIIL ) dz#
of a complexified 5D spacetime extended to polyvector-valued (A4, T';) dZM
differential forms defined over the complex Clifford-space (C-space) associated
with the complexified Ci(5,C) algebra. ZM is a polyvector valued coordinate
corresponding to the complex Clifford-space. Since a complexified 5D spacetime
has 10 real-dimensions, this is a very suggestive task due to the fact that 10-
dimensions are the critical dimensions of an anomaly-free quantum superstring
theory [30]. Since twistors admit a natural reformulation in terms of Clifford
algebras [38], and in section 2 we displayed the realization of the superconformal
su(2,2|1) algebra generators explicitly in terms of Clifford algebra generators
[34], it is very natural to attempt to reformulate Witten’s twistor-string picture
[39] of N' = 4 super Yang-Mills theory from the perspective of Clifford alge-
bras, mainly because C-space is the natural background where point particles,
strings, membranes, ... , p-branes propagate [18] .
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