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PREFACE

This Interval arithmetic or interval mathematics developed in
1950°s and 1960’s by mathematicians as an approach to putting
bounds on rounding errors and measurement error in
mathematical computations. However no proper interval
algebraic structures have been defined or studies. In this book
we for the first time introduce several types of interval linear
algebras and study them.

This structure has become indispensable for these concepts
will find applications in numerical optimization and validation
of structural designs.

In this book we use only special types of intervals and
introduce the notion of different types of interval linear algebras
and interval vector spaces using the intervals of the form [0, a]
where the intervals are from Z, or Z" U {0} or Q" U {0} or R”
v {0}.

A systematic development is made starting from set interval
vector spaces to group interval vector spaces. Vector spaces are
taken as interval polynomials or interval matrices or just
intervals over suitable sets or semigroups or groups. Main



feature of this book is the authors have given over 350
examples.

This book has six chapters. Chapter one is introductory in
nature. Chapter two introduces the notion of set interval linear
algebras of type one and two. Set fuzzy interval linear algebras
and their algebras and their properties are discussed in chapter
three.

Chapter four introduces several types of interval linear
bialgebras and bivector spaces and studies them. The possible
applications are given in chapter five. Chapter six suggests
nearly 110 problems of all levels.

The authors deeply acknowledge Dr. Kandasamy for the
proof reading and Meena and Kama for the formatting and
designing of the book.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this chapter we just define some basic properties of intervals
used in this book. Throughout this book [a, b] denotes an
interval a < b. If a = b we say the interval degenerates to a point
a. We assume the intervals [a, b] is such that 0 < a < b. We just
give the notations.

Notations: Let

Z: ={[a,b]|a,be Z"U {0},a<b}
Q; ={[a,b]|a,be Q" U {0},a<b}
R} ={[a,b]|a,be R U {0},a<b}.

Clearly Z; < Q; <R . Consider Z, = {[0, 1] |t € Z,} is the
set of intervals in Z,,.



However from the context one can easily follow from which
set the intervals are taken.

While working we further refrain and use mainly intervals
of the form [0, a] where a € Z, or Z" U {0} or Q" U {0} or R"
U {0}. We add intervals as [[a, b] + [c, d] = [ac, bd]

In case of [0, a] type of intervals [0, a] + [0, b] = [0, a + b]
and [0, a]. [0, b] =[0, ab] for a, b in Z, or Z"{0} or so on. We
use only interval of the form [a, b] where a < b for in our
collection of intervals we do not accept the degenerate intervals
except 0. When we say A = (a;)) is an interval matrix the entries
ajj are intervals.

For example

[0,5] [0,3]
[0,1] [0,4]
[0,2] [0,7]

is a 3 x 2 interval matrix.
For more about these concepts please refer [52].
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Chapter Two

SET INTERVAL LINEAR ALGEBRAS OF
TYPE | AND THEIR GENERALIZATIONS

In this chapter we for the first time introduce the new notion of
set interval linear algebras of type I and their fuzzy analogue.
This chapter has two sections.

2.1 Set Interval Linear Algebras of Type |

In this section we define two classes of set interval linear
algebras one built using just subsets from Z or Q or R or C or Z,
(n < o0) and the other built using intervals from Z" U {0} or Q"
U {0} or R" U {0} or Z, discussed in chapter one of this book.

11



DEFINITION 2.1.1: Let S denote a collection of intervals of the
form {[x;, vi|; v, x; € Z; 1 <i <n} (This set S need not be closed
under any operation just an arbitrary collection of intervals).
Let F be a subset of Z" U {0} If for every ¢ € Fand s = [x;, y;] €
S, we have cs = [cx;, cy;] € S; then we define S to be a set
interval integer vector space over the subset F. If the number of
distinct elements in S is finite we call S to be a finite set interval
integer vector space; if |S| = oo we say S is an set integer
interval vector space of infinite order.

We will illustrate this situation by some examples.

Example 2.1.1: Let S = {[2n,2m],n<m |m,n e Z'} < Z/,

take F = {2, 4,8, ..., 212} c Z. S is a set integer interval vector
space of infinite order over the set F.

Example 2.1.2: Let S = {[1, 2], [0, 0], [4, 7], [-2, 3], [4, 21],
45, 37] [3, 7], [147, 2011]} < Z; be a subset of integer
intervals. Take F = {0, 1} < Z. We see S is a set integer interval

vector space over the set F. Clearly S is of finite cardinality and
o(S) =S| = eight.

Now having seen the structure of set integer interval vector
space of finite and infinite dimension we now proceed on to
define set rational interval vector space.

DEFINITION 2.1.2: Let S < Q;0r Q; be a subset of intervals of
Qror QF . Let F cZ {0} or Q" U {0} be a subset of Z" or Q"
(according as S is from Q; or Q).

If for every ¢ € F and s = [x, y] € S we have ¢ s = [cx, cy] and
sc = [xc, yc] is in S then we define S to be a set rational interval
vector space over F.

If the number of distinct elements in S is finite we say the

cardinality is finite otherwise infinite. Throughout this chapter
unless otherwise stated the set F over which the vector spaces

12



are defined is assumed to be subsets of Z" U {0} or Q" U {0} or
R"U {0} thatis F = Z" U {0} (or Q" U {0} or R" L {0}).

We shall illustrate this situation by some examples.
Example 2.1.3: Let
5- {1 ! }
nn-2
be a subset of intervals. Take F = {0, 1} < Q. Clearly S is a set

rational interval vector space over the set S of infinite
cardinality.

33n£oo} c Q.

Example 2.1.4: Let S =

2ol 2 a2 0] 2]
2 3 5 7 2 4

c Q; be an interval subset of Q.

It is easily verified S is a set rational vector space over the set F
= {0, 1} and the cardinality of S is seven.

DEFINITION 2.1.3: Let S < R, (or Ry be the subset of intervals

of reals. Let F cZ or Q" or R* (Zor Q or R). If for all s € S
and ¢ € F, sc and cs is in S then we define S to be a set real
interval vector space over F. If the number of elements in S is
finite we say S is of finite order otherwise S is of infinite order.

We shall illustrate both the situations by some examples.

Example 2.1.5: Let
S= {[n S,n\/ﬁ]‘neTU{O}} - R,

be the subset of intervals from the positive reals. Take F = {1, 2,
3,4, ...,256} c Z". S is an infinite set real interval vector space
over the set S.

13



Example 2.1.6: Let

g {L 1}
NZANG)
be a subset of intervals. Take F = Z" < R". Clearly S is an
infinite set real vector space over F.

ISnSoo} c Ry

Example 2.1.7: Let S = {[0, 0], [0, 1], [V2,v/7 ], [-V/3, 4],
[—/13,/43 1, [5, 8], [\17, 41]} < R, subset of real intervals.

Take F = {0, 1} — R. We see S is a set real interval vector space
over the set F. S is of finite dimension or cardinality and the
number of elements in S is 7.

Now we will define the concept of set modulo integer interval
vector spaces.

DEFINITION 2.1.4: Let S = {[x, y] /%,y € Z,, x <y} < Z' be a

subset of intervals from the modulo integers. Take F < Z, to be
proper subset of Z,,. If for every ¢ € F and all s = [x, y] €S, [cx
(mod n), cy (mod n)] and [xc (mod n), yc (mod n)] € S then we
say S is a set modulo integer interval vector space over a subset
{0, 1} < Z, (n < oo any other subset S; < Z, is choosen
provided if x < y implies sx <sy ¥s € S;and V [x, y] in S.

We will illustrate this situation by some examples.

Example 2.1.8: Let S = {[0, 0], [0, 1], [0, 2], [1, 1], [2, 2]} <
Z: be the subset of intervals of Z;. Take F = Z; it is easily

verified that S is a set modulo integer interval vector space over
Z3 =F.

Example 2.1.9: Let S = {[0, 0], [2, 4], [4, 6], [6, 8], [8, 10]} <
Z,,. Take F = {0, 1} < Zy,. It is easily verified that S is a set
modulo integer interval vector space over F.

It is pertinent to mention here that all set modulo integer interval
vector spaces are only of finite dimension.

14



Thus it is convenient to use these structures when our need is
just finite.

Now we proceed onto define the notion of set complex
interval vector spaces.

DEFINITION 2.1.5: Let S < C; subset of intervals of complex
numbers. Take F to be a subset of Z* U {0} or R* U {0} or Q" U
{0}. If for be the every c in F and for every s = [x, y] in S sc, cs
€ S then we call S to be a set complex interval vector space
over the set F.

We will illustrate this situation by some examples.

Example 2.1.10: Let S = {[2i, 41 + 2], [7, 3i + 13], [0, 0], [14i +
1, 271 + 4]} < C; be a subset of intervals from C;. Choose F =
{0, 1}; we see S is a set complex interval vector space of
cardinality four over the set F = {0, 1}.

Example 2.1.11: Let S = {[ni,ni +n] |n € Z"}  C, be a subset
of intervals from C;. Choose F = {1, 2, ..., 24} we see S is an
infinite set complex interval vector space over F.

We now proceed onto describe substructures in these
algebraic structures.

DEFINITION 2.1.6: Let S < Z, < (Z) be a set integer interval

vector space over the set F < Z© we say a proper integer
interval subset P < S to be a set integer interval vector
subspace of S over F if P itself is a set integer interval vector
space over F.

We will illustrate this by some examples.
Example 2.1.12: Let S = {[0, 0], [3, 9], [4, 14], [-5, 17], [13,

19], [41, 53]} < Z,; be an integer interval subset of Z;. Take F =
{0, 1} < Z, S is a set integer interval vector space over F. Take

15



P = {[0, 0], [41, 53], [-5, 17], [3, 9]} < S, P is a set integer
interval vector subspace of S over the set F.

Example 2.1.13: Let S = {[0, 0], [(2m)", 2m)""']; 1 < n, m <
o} < Z;; S is a set integer interval vector space over the set F =
{0,2,2%, ...,2" < Z". Choose P = {[0, 0], [(4m)", (4m)"" ]| 1
<n, m< o} cS; P is a set integer interval vector subspace of S
over F.

Now we can as in case of set integer interval vector spaces
define for set real (complex, rational, modulo integers) set real
interval vector spaces (complex, rational, modulo integer)
interval vector subspaces with appropriate simple changes.

We shall however illustrate this situation by some
examples.

Example 2.1.14: Let S = {[0, 0], [2, 2], [1, 1], [0, 1], [0, 2], [3,
3], [0, 3]} < Z. be a set modulo integer interval vector space

built using Z,. Take F = {0, 1, 2, 3} < Z4. We see S is a set
modulo integer interval vector space over F.

Take P = {[0, 0], [1, 1], [2, 2], [3, 3], [0, 2]} < S; P is a set
modulo integer interval vector subspace of S over F.

Example 2.1.15: Let S = {[0, 0], [1, ~/2 1, [1, V31, [V2,43 1.
[\/_ ,\/_ 3]} < Ry be a set real interval vector space over the set
F = {0, 1}. Choose P = {[0, 0], [1, v31, [v2, 3]} cS; Pisa

set real interval vector subspace of S over F.

Example 2.1.16: Let

35 57 43 45
s=ioon[33]. 53] [35 ] ca

be a set rational interval vector space over the set F = {0, 1}.

Take

16



P = ([0, 0] [z 1} [2 2} {2 é} {2 ﬁ} {ﬂ ﬁ}
2720 2722720272272

c S; it is easily verified P is a set rational interval vector
subspace of S over the set F = {0, 1}.

Example 2.1.17: Let S= {[n /2,1 v231,[0,0] |[n € Z'} =R,
be a set real interval vector space over the set F = {0, 1}.
Choose P ={[3n\/§, 3n\/g], [0, 0]} < S; P is a set real
interval vector subspace of S over the set F = {0, 1}.

Example 2.1.18: Let S = {[mi, (m + 3) + (m + 3)i], [0, 0] | m €
Z"} < C; be a set complex interval vector space over the set F =
{0, 1}. Choose P = {[5Smi, [S(m + 3) + 5(m +3)i] me Z'} = S
c C,. P is a set complex interval vector subspace of S over F.

Now we call a set integer (real or complex or rational or modulo
integer) interval vector space S to be a simple set integer (real or
complex or rational or modulo integer) interval vector space if it
has no proper set integer (real or complex or rational or modulo
integer) interval vector subspace P; where P # [0, 0] or S over F.

We will illustrate by some simple examples the notion of set
integer (real or complex or rational or complex or modulo
integer) simple vector space.

Example 2.1.19: Let S = {[0, 0], [5, 7]} be a set integer interval
vector space over the set F = {0, 1}. We see S is a simple set
integer interval vector space over F.

Example 2.1.20: Let S = {[0, 0], [0, 1], [0, 2], [0, 3], [O, 4], [O,
51, [0, 6]} < ZI7, be a set modulo integer interval vector space

over the set F = {0, 1, 2, 3, 4, 5, 6}. We see S is a simple set
modulo integer interval vector space over F.

17



Example 2.1.21: Let S = {[0, 0], [ 7 % 1} < Qi be a rational

interval vector space over the set F = {0, 1}. S is a simple set
rational interval vector space over F = {0, 1}.

Example 2.1.22: Let S = {[0, 0], [1, 3 + i]} be a set complex
interval vector space over the set F = {0, 1}. S is a simple set
complex interval vector space over F = {0, 1}.

Example 2.1.23: Let S = {[0, 0], [\/7,~/3+40]} be a set real

interval vector space over the set F = {0, 1}. Clearly S is a
simple set real interval vector space over F.

We now proceed onto define the new notion of subset integer
(real or complex or rational or modulo integer) interval vector
subspace defined over a subset T < F of a set integer (real or
complex or rational or modulo integer) interval vector space
defined over F.

DEFINITION 2.1.7: Let S < Z; be a set integer interval vector
space defined over the set F < Z" U {0). Suppose P =S (P a
proper subset of S, P # [0, 0] or P #S) is a set integer interval
vector space over the subset T < F (T = (0) or T # P and |T| >
1) then we define P to be a subset integer interval vector
subspace of S over the subset T of F. Similar definition can be
made in case of set real or complex or rational or modulo
integer interval vector spaces with suitable modifications.

However we will illustrate this situation by some examples.

Example 2.1.24: Let S = {0, 0] [0, 1] [0, 2], ..., [0, n] | n < oo}
C Z; be a set integer interval vector space over the set F = {0, 1,
2,3, 4}. Choose P = {[0, 0], [0, 2], [0, 4], ..., [0, 2n]} = S. P is
a subset integer interval vector subspace of S over the subset T
={0,2} cF.

Example 2.1.25: Let S = {[0, 0], [0, 1], [0, 21, [0, 3], [0, 4], [1,

11, [2, 2], [3, 3], [4, 4]} be a set modulo integer interval vector
space over the set F = {0, 1, 2, 3, 4} < Zs. Choose P = {[0, 0],

18



[0, 11, [0, 2], [0, 3], [0, 4]} < S, P is a subset modulo integer
interval vector subspace of S over the subset T = {0, 1} c F.

We now proceed onto define the new notion of pseudo simple
set integer (real or rational or complex modulo integer) simple
interval vector spaces.

DEFINITION 2.1.8: Let S < Z; (or Q; or Z; or R;or C)) be a set

integer (rational or modulo integer or real < Z~ U {0} or
complex) interval vector space over the subset F < Z* U {0).
Suppose S has no proper subset integer (rational or modulo
integer or real) interval vector subspace over a proper subset T
of F then we define S to be a pseudo simple set integer (rational
or modulo integer or real) interval vector space over F.

If S is both a simple set interval vector space as well as pseudo
simple set interval vector space over F then we define S to be a
doubly simple set interval integer (real or rational or modulo
integer) vector space.

We will give some illustrations before we proceed onto prove
some properties.

Example 2.1.26: Let S = {[0, 0], [0, 1], [O, 2], ..., [0, 415]} <
Z; be a set integer interval vector space over the set F = {0, 1}.
Clearly S is a pseudo simple set integer interval vector space
over F. However S is not a simple integer interval vector space
as S has several set integer interval vector subspaces over F =
{0, 1}. Thus S is not a doubly simple set integer interval vector
space over F = {0, 1}.

In view of this we have the following theorem.

THEOREM 2.1.1: Let S < Z; (or Q;or Z; or Ry or Cy) be a set
integer (rational or modulo integer or real or complex) interval
vector space over the set F'= {0, 1}. Then S is a pseudo simple
set integer (rational or modulo integer or real or complex)
interval vector space over the set ' = {0, 1}.

19



Proof: The result follows from the fact that the set F = {0, 1}
has no proper subset T of order greater than or equal to two.
Thus we cannot have any subset integer (rational or modulo
integer or real or complex) vector space over F = {0, 1}. Hence
the theorem.

THEOREM 2.1.2: Let S = {/0, 0], [x, y]} < Z; {or Ql or Z! or R,
or C)) be a set integer (rational or modulo integer or real or
complex) interval vector space over the set F = {0, 1}. Then S is
a doubly simple set integer (rational or modulo integer or real
or complex) interval vector space over the set F' = {0, 1}.

Proof: Obvious from the very definition and the cardinalities of
S and F. S is a doubly simple set integer (rational or modulo
integer or real or complex) interval vector space over F.

Now we will give an example of a doubly simple set interval
integer vector space.

Example 2.1.27: Let S = {[0, 0], [\/7, 3419 1} < Ry be a set real
interval vector space over the set F = {0, 1}. Clearly S is a
doubly simple set real interval vector space over F.

We now proceed onto define the notion of set interval vector
space interval linear transformations.

DEFINITION 2.1.9: Let S and T be any two set integer (rational
or modulo integer or real or complex) interval vector spaces
defined over the same set F. We call a map T; : S — T which
maps intervals of S into intervals of T and Ti(cs) = cT,(s) for all
s € Sand c € F to be a interval linear transformations of S to T.

The collection of such interval linear transformations of S
to T is denoted by IHomy (S, T).

We will give some illustrations of this definition.

20



Example 2.1.28: Let S = {[0, 0], [0, 2], ..., [0, 45]} and T = {[O,
01, 1, 2], [1, 3], ..., [1, 45]} be two set integer interval vector
spaces defined over the set F = {0, 1}.
Define T; : S > T by

Ti {10, 01} = {[0, 0]}

T {[0,n]} = {[1,n]} 2<n<45.

T, 1s an interval linear transformation of S to T.

Example 2.1.29: Let

S = {10, 0], [V2,J7 1, [V7.V111, [V11,V43 1, [43,20V53 1}
and T = {[0, 0], [7, 9], [3, 11], [24, 45], [10, 29]} be two set real
interval vector spaces defined over the set F = {0, 1}.

Define T; ([0, 0]) = [0, O].

T((N27D) = [7,9]
T((N7V11D) = [3,11]
T ((V11,4/43]) = [3,11]and
Ti([V43,201/45]) = [24,45].

T; is an interval linear transformation of S to T.

It is important to mention here that S and T can be any type of
set interval vector space built using integers or reals or complex
or so on but only criteria we need is that both should be defined
over the same set F. This is evident from the following example.

As we do not demand any thing from the set map T; except
Ty (cs) =cT; (s) foreveryc € Fand s € S.

As in case of usual vector spaces we say a interval linear
transformation is an interval linear operator if S = T in the
definition 2.1.9.

Now having seen interval linear transformation T; we can
define kernel of T only if [0, 0] € S otherwise the notion of
kernel of T remains undefined.

We will illustrate this by some examples.

Example 2.1.30: Let S = {[2",2"*]|n=1,2, .., 0} and T =
{[4", 4" |n=1, 2, ..., ©} be two set integer interval vector
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spaces defined over the set F = {4, 4>, 4°, 4*, 4°}. Define T} : S
— Tby T;[2", 2" =[4",4""],n=1,2, ..., .

It is easily verified that T is a interval linear transformation
of Sto T.

We see the notion of kernel T} has no meaning as [0, 0] ¢ S.

Now we proceed onto give one example of a linear interval
operator (interval linear operator) on a set interval vector space.

Example 2.1.31: Let S = {[3",3"7] |n=1, 2, ..., o} be a set
integer interval vector space over the set F = {0, 1}. Define T :
V- Vby T [3", 3] > [3™, 3""],n=1,2, ..., .

It is easily verified that Tj is a interval linear operator on V.
Further Ty has kernel.

Next we proceed onto define set interval linear algebras built
using integer intervals, real intervals and so on.

DEFINITION 2.1.10: Let S;, S5, ..., Sk be a collection of subset
integer (real, complex, rational or modulo integer) interval
vector subspaces of S defined over the subsets T,, ..., Ty of F
respectively (that is each S; is a subset interval vector subspace
of S over the subset T; of F, i=1, 2, ..., k). f W=nNS; z¢pand T
= NT; # @ then we call W to be a sectional subset interval vector
sectional subspace of S over T.

We will illustrate this situation by an example.

Example 2.1.32: Let S = {[0, 2n], [0, 6n], [0, 5n], [0, 11n], [O,
14n] /n=0, 1, 2, ..., o} be a set integer interval vector space
over the set F=Z".

Take Sy ={[0,2n] /n=0,1,2, ...,00} S, = {[0, 6n] | n =0,
1,2,...,0},S3={[0,5n] /n=0,1,2,...,0}, Sg = {[0, 14n] /n
=0,1,2,...,0} and S5 = {[0, 1In] /n =0, 1, 2, ..., o} be
subset integer interval vector subspaces of S over the subsets T;
=27, T, =37, T3 = 5Z, 7Z = T4 and Ts = 11Z respectively.
Clearly W= S;# ¢ and T =N T; # ¢. Hence W is a sectional
subset interval vector sectional subspace of S over T c F.
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We have the following interesting theorem the proof of which is
left as an exercise for the reader.

THEOREM 2.1.3: Every sectional subset interval sectional
vector subspace W of the set interval vector space S over the set
F is a subset interval vector subspace of a subset F, but not
conversely.

We can as in case of set vector spaces define the generating
interval set of a set interval vector space.

DEFINITION 2.1.11: Let S be a set interval vector space built
using interval integers or reals or rationals or complex or
modulo integers over the set F. We say a subset of intervals B of
S generates S if every interval s of S can be got as cs some ¢ € F
s; #csiand s; #cs; for s; #s;, S, S; € Band ¢ € F. B is called the
generating interval set of S over F.

We will illustrate this by some simple examples.

Example 2.1.33: Let S = {[0, 2n], [0, 3n], [0, 5n], [0, 7n] |n =0,
1,2, ..., o} be a set integer interval vector space over the set F
={0,1,2, ..., 0}.

Take B = {[0, 2], [0, 3], [0, 5], [0, 7]} < S; B is the
generating interval subset of S over F.

Example 2.1.34: Let S = {[2n, 3n], [5n, 7n], [11n, 13n], [15n,
29n], [12n, 31n] | n =0, 1, 2, ..., o} be a set integer interval
vector space over the set F =Z" U {0}. Take B = {[2, 3], [5, 7],
[11, 13], [15, 29], [12, 31]} < S, B is the interval generating
subset of S over the set F.

We as in case of set vector spaces say a proper interval subset B
of a set interval vector space to be linearly independent interval
setifx,y e Bthenx#cyory#dx;c,d e F. If the interval set
B is not linearly independent then we say B is a linearly
dependent interval set.

We see in the example 2.1.34, B is a linearly independent
subset of S. If we take D = {[2, 3], [8, 12], [5, 7], [10, 14]} = S.
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D is not a linearly independent interval set as [8, 12] = 4 [2, 3]
and [10, 14]=2[5, 7] for4,2 € Z" U {0}.

It is left as an exercise for the reader to prove the following
theorem.

THEOREM 2.1.4: Let S be a set interval vector space over the
set F. Let B < S be a generating interval set of S over F then B
is a linearly independent interval set of S over F. Further if S, P
and V be any three set interval vector spaces over the set F (S, P
and V may be integer interval or real interval or complex
interval or rational interval or modulo integer interval) such
that if T and M be interval linear transformations where

T; S—=>P
and M;:P—>V.
Then

T]OMS&V

That is (Tro M) (s) (fors €85)

= M (Ti(s))

M () (p €P)
= yvel;

is a interval linear transformation for S to V.
We can define invertible interval linear transformation of T;

where Tj: S — P then T,': P — S and derive related properties.

It is pertinent to mention that we cannot define for these set
interval vector spaces set interval linear functional; as F the set
over which S is defined is not an interval set.

Now we proceed onto define the notion of set interval linear
algebras using integer intervals or real intervals or rational
intervals or complex intervals or modulo integer intervals.

DEFINITION 2.1.12: Let S be a set integer (real or complex or
rational or modulo integer) vector space defined over the set F.
If S is closed under the operation ‘+’ of interval addition i.e., if
s =[x, y]ands; = [a b],s +s;=[c, d] is in S foreverys, s; €
Sandc (s+s)) =cs +cs;forall s, s; € Sand c € F then we call
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S to be a set integer (real or complex or rational or modulo
integer) interval linear algebra over F.

We will first illustrate this situation by some examples.

Example 2.1.35: Let S = {[0,2n] |[n=0,1,2,...,0} < Z/bea
set interval linear algebra over the set F = {0, 1}. Clearly S is
closed under interval addition. For if x = [0, 2n] and y = [0, 2m]
are in S then

x+y = [0,2n]+[0,2m]
[0+0,2n+ 2m]
[0,2 (n+m)] € S.

Example 2.1.36: Let S = {[0, \/gn] In=1{0,1,2,...,0 }}
R be a set interval linear algebra over the set F = {0, 1, 2, ...,

o0},

Example 2.1.37: Let S = {[5n,9n] |[n=0, 1, 2, ..., oo} is a set
interval linear algebra over the set F = {0, 1}. For if x = [5, 9]
and y = [20, 36] then x +y =[5, 9] + [20, 36] = [25, 45] = [5.5,
9.5] € S.

Now having seen examples of set interval linear algebras
defined using real intervals or integer intervals or rational
intervals or modulo integer intervals or complex intervals, now
we proceed on to define set real (or complex or integer or
rational or modulo integer) interval linear subalgebra.

DEFINITION 2.1.13: Let S be a set interval linear algebra using
(integer intervals or real intervals or complex intervals or
rational intervals or modulo integer intervals) over the set F.
Suppose P < S is a proper subset of S and P itself is a set
interval linear algebra over F then we define P to be a set
interval linear subalgebra of S over F.

We will illustrate this by some examples.
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Example 2.1.38: Let S = {[n(1 +1i),n (20 +20i)] [n € Z'} be a
set complex interval linear algebra over the set F = {1, 2, ...,
o). Take P = {[4n(1 + 1), 4n(20 + 20i)] |n € Z'} = S; P is a set
complex interval linear subalgebra of S over F.

Example 2.1.39: Let S = {[21n,43n] |n=0,1, 2, ..., o} be a
set interval linear algebra over the set F = Z". Let P = {[21 x 5n,
43 x 5n] |n=0,1,2,...,0 } < S. P is a set interval linear
subalgebra of S over the set F = Z".

We illustrate this situation by some examples.

Example 2.1.40: Let S = {[0, \/7 n]/m=0,1,2,..., 0} be aset
real interval linear algebra over the set F = {0, 1}. Take P = {[0,
J7 x5n 1/n=0,1,2,...,0} S;Pis aset real interval linear
subalgebra of S over F.

Example 2.1.41: Let S = {[n (2 +3i),n (12 + 171)] | n=0, 1, 2,
...., o} be a set complex interval linear algebra over the set F =
{0, 1}. Choose P = {[6n(2 + 3i), 6n(12 + 171)] I n=0, 1, 2, ...,
o} < S, P is a set complex interval linear subalgebra of S over
F.

Now we proceed onto define subset interval linear subalgebra
built using integer intervals or complex intervals or real
intervals or rational intervals or modulo integer intervals.

DEFINITION 2.1.14: Let S be a set integer (real or complex or
rational or modulo integer) interval linear algebra over the set
F. Let P c S be a proper subset of S (P # ¢ and P #S), if Pis a
set integer (real or complex or rational or modulo integer)
interval linear algebra over a proper subset T of F (T #F) then
we define P to be subset integer (real or complex or rational or

modulo integer) interval linear subalgebra of S over the subset
T of F.

We will illustrate this situation by some examples.
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Example 2.1.42: Let S= {[0, (3 + J17 )n] be such thatn=0, 1,
2, ..., 0} be a set real interval linear algebra over the set F = {0,
1,2, ...,n=o0}. Choose P = {[0, (3 ++/17 )n] |[n =0, 2, 4, 6, 8,
...., o; that is n is even} < S; P is a subset real interval linear
subalgebra of S over the subset T= {4n |n=0, 1,2, ..., 0} c F.

Example 2.1.43: Let S = {[0, 0], [0, 1], [0, 2], [0, 3], [0, 4], [O,
5]} be a set modulo integer linear algebra over the set F = {0, 1,
2,3, 4,5}. Choose P = {[0, 0], [0, 2], [0, 4]} < S, P is a subset
modulo integer Zs interval linear subalgebra of S over the subset
T={0,2,4} cF.

Now if we have a set interval linear algebra S built over the
(real intervals or rational intervals or complex intervals or
modulo integer intervals) over the set F and if S has no proper
set interval linear subalgebra over F then we define S to be
simple set interval linear algebra over F. If S has no subset
interval linear subalgebra over any proper subset T of F then we
define S to be pseudo a simple set interval linear algebra. If S is
both a simple set interval linear algebra and a pseudo simple set
interval linear algebra then we define S to be a doubly simple
set interval linear algebra.

We will illustrate this by some simple examples.

Example 2.1.44: Let S = {[0, 0], [0, 1], [0, 2] [O, 3], [0, 4]} <
Zs1 be a set modulo integer 5 interval linear algebra over the set
F = {0, 1, 2, 3, 4} then S is a simple set modulo integer 5
interval linear algebra. Infact S is also a pseudo simple set
modulo integer 5 interval linear algebra. Thus S is a doubly
simple set modulo integer 5 interval linear algebra.

Consequent of this we give a class of doubly simple set interval
linear algebras.

THEOREM 2.1.5: Let S = {/0, 0], [0, 1], ..., [0, p-1] / p is a
prime and intervals are from ZIIJ } be a set modulo integer p

interval linear algebra over F = {0, 1} then S is a doubly simple
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set modulo integer p interval linear algebra. S is a doubly
simple set modulo p integer interval linear algebra.

The proof is left as an exercise for the reader.

Now as in case of set interval vector spaces we in case of set
interval linear algebras define interval linear transformations.

DEFINITION 2.1.15: Let S and M to two set integer (real or

complex or rational or modulo integer) interval linear algebras

over a set F. Suppose T, is a map from S to M, T; is called a

interval linear transformation if the following condition holds;
Ty(cs +s;) =cTi(s) + Ty (sy)

for all intervals s, s; in S and for all c in F.

It is important to mention that interval linear transformation is
defined if and only if both the set linear algebras are defined
over the same set F. Further set linear interval transformations
of set interval vector spaces are different from set interval linear
algebras.

If in the definition 2.1.15, M is replaced by S then we call
the set interval linear transformation to be a set interval linear
operator on S. As in case of set interval vector spaces we define
the notion of generating set linearly independent elements and
set linearly dependent elements.

We see in case of set interval linear algebra S over F; a
subset of intervals B — S is said to be a linearly independent
interval subset if there is no s € B such that s can be written as

s = Zc[s,.;si e Bandc; € F;
otherwise we say the set B is a linearly dependent interval
subset. We say a linearly independent interval subset B of S to

be a generating interval subset if every s € S can be written as

s = ch.bi ;¢ € Fand b; € B.

We will illustrate this situation by some examples.
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Example 2.1.45: Let S = {[0, n\/z] In=0,1,2,...,0} cR;be
a set real interval linear algebra over the set F = {0, 1}. Take B
= {[O0, J2 1} < S, B is the generating interval subset of S.
Consider {[0, v21, [0, 521} = C = S, C is a linearly
dependent interval of S as [0, 542 1= 1[0, ¥2 ]+ [0, /2 1+ [0,
V21+10, V21+[0, V21

We call the set interval linear algebra S over F to be finite
dimensional if B is a generating interval subset of S over F and
the number of elements in B is finite; otherwise we say S is an
infinite dimensional set interval linear algebra of over F. The
dimension of S given in example 2.1.45 is finite and is one.

Interested reader can construct and study more about the
dimension of set interval linear algebras.

Now having seen only class of set interval linear algebras we
now proceed onto define another new class of interval linear
algebras.

2.2 Semigroup Interval Vector Spaces

In this section we proceed on to define a new class of semigroup
interval vector spaces and discuss a few of their properties.
However every semigroup interval vector space is a set interval
vector space and not vice versa.

DEFINITION 2.2.1: Let S be a subset of intervals from Z; or R,
or Z! or Q; or C,. F be any additive semigroup with zero. We

call S a semigroup interval vector space over the semigroup F if
the following conditions hold good.

1. cseSforallc e Fandforalls €8S.

2. Os=0¢eSforalls e Sand 0 €F.

3. (citcy)s=cist+cysforallcy, c; eFands € 8.

We will illustrate this situation by some examples.
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Example 2.2.1: Let S = {[0,2n] [ n =10, 1, 2, ..., © } be a
semigroup interval vector space over the semigroup F = Z" U
{0} under addition.

Example 2.2.2: LetS= {[(1 +i)n,n (2+2i)n] |n=0,1,2, ...,
oo} be a semigroup interval vector space over the semigroup F =
3Z" U {0} under addition.

Example 2.2.3: Let S = {[0, 0], [0, 2], [0, 4], [0, 8], [0, 6], [O,
10], [0, 12], [0, 14], [0, 16], [0, 18]} be a semigroup interval
vector space over the semigroup F = Z,; (semigroup under
addition modulo 20).

Example 2.2.4: Let S = {[0, 0], [0, 3]} < Z, be a semigroup

interval vector space over the semigroup F = {0, 3, 6} addition
modulo 9.

Now we proceed on to define semigroup interval vector
subspace of S.

DEFINITION 2.2.2: Let S be a semigroup interval vector space
over the semigroup F. Suppose ¢ #P < S (P #S a proper subset
S) is a semigroup interval vector space over the semigroup F
then we define P to be a semigroup interval vector subspace of
S over the semigroup F.

We will illustrate this situation by some examples.

Example 2.2.5: Let S = {[0, 0], [0, 1], [0, 2] [0, 3], [0, 4], [0, 5],
[0, 6], [0, 7], [O, 8], [0, 9], [0, 10], [0, 11]} be a semigroup
interval vector space over the semigroup F = {0, 2, 4, 6, 8, 10}
c Z, addition modulo 12.

Take P = {[0, 0], [0, 4], [0, 8]} < S, P is a semigroup
interval vector subspace of S over the semigroup F.

Example 2.2.6: Let S= {[0,n /17]|n=0, 1,2, ..., 0} be a
semigroup interval vector space over the semigroup F = 3Z" U
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{0} under addition. Take P = {[0, 4n 17 ]suchthatn=0, 1, 2,

..., 0} < S; P is a semigroup interval vector subspace of S over
the semigroup F.

If a semigroup interval vector space S over the semigroup S has
no proper semigroup interval vector subspace over F other than
P = {[0, 0]}, then we call S to be a simple semigroup interval
vector space over F.

We will illustrate this situation by some examples.

Example 2.2.7: Let S = {[0, 0], [0, 1], [0, 2], [0, 3], [0, 4]} be
the semigroup interval vector space over the semigroup F = Z;
under addition modulo 5. S is a simple semigroup interval
vector space over F.

Example 2.2.8: Let S = {[0, 0], [0,n] /n=1,2,...,22} < Zi,
be a semigroup interval vector space over the semigroup F = Z,;
under addition modulo 23. S is a simple semigroup interval
vector space over Zss.

In view of these examples we have the following theorem
which guarantees the existence of a class of simple semigroup
interval vector spaces.

THEOREM 2.2.1: Let S={[0,n] /n=20,1, 2, ..., p-1} Z;,p

a prime. F' = Z, a semigroup under addition modulo p. S is a
simple semigroup interval vector space over F.

Proof: Follows from the fact that no proper interval subset P of
S (P #[0, 0] or P # S) can be a semigroup interval vector spaces
over F. Hence the claim.

Thus we have a class of infinite number of simple semigroup
interval vector space over the semigroup F.

Example 2.2.9: Let S = {[0, 0], [0, n] | n € Z,; m a non prime
integer m < oo} be a semigroup interval vector space over the
semigroup Z,, = F. We see S is not a simple semigroup interval
vector space over Z, = F.
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In view of this we have the following theorem.

THEOREM 2.2.2: Let Z,, = {0, 1, 2, ..., m — 1}; m = p/..p/

where p, ..., p, are t distinct primes and o; > 1, 1 <i <t, be the
set of integers modulo m. S = {[0, n] | n € Z,} < Z'. Sis a
semigroup interval vector space over the semigroup F = Z,.
Infact S is not a simple semigroup interval vector space and P;
= {[0, np;] / p; a prime such that p*/m and p*"+/m; 1 < i<
t, n p; €2, S are semigroup interval vector subspaces of S
over F =2,

The proof is straight forward and left as an exercise for the
reader.

We will illustrate the above theorem by some examples.

Example 2.2.10: Let Z5o = {0, 1, 2, ..., 29} be the modulo
integer 30 and 30 =2.3.5.

S ={[0, n] | n € Z3p} be a semigroup interval vector space
over the semigroup F = Z3,. Take P, = {[0, 0] [0, 2], [0, 4], [O,
6], ...,10,28]} = {[0,2n] | 2, n € Z3y} < S.

It is easily verified P; is a semigroup interval vector
subspace of S over F.

Take P, = {[0,3n] |3, n € Z3} < S, P, is a semigroup
interval vector subspace of S over F.

P; = {[0, 5n] | 5, n € Z3} < S; P5 is a semigroup interval
vector subspace of S.

Example 2.2.11: Let Z3s= {0, 1, 2, ..., 35} modulo 36, integers.
36 =2% 3% Let S = {[0, n] | n € Zss} be a semigroup interval
vector space of S over the semigroup Z;s = F.

Choose Py = {[0, 2n] |n € Z35} = {[O0, 0], [0, 2], [0, 4], [0, 6],
..., [0, 34]} < Zi,; P, is a semigroup interval vector subspace
of S over the semigroup F = Zzs. P, = {[0, 4n] | n € Z35} = {[0,
01, [0, 4], [0, 8], [0, 12], [0, 16], [0, 20], [0, 24], [0, 28]} < S'is
a semigroup interval vector subspace of S over the semigroup F
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=73 P3={[0,3n] /n € Z35} < S is a semigroup interval vector
subspace of S over F = Zs.

P, = {[0, 0], [0, 9], [0, 18], [0, 27]} < S is a semigroup
interval vector subspace of S over F = Z3.

Now we will proceed onto define the notion of semigroup
linearly independent linearly dependent interval subset of a
semigroup interval vector space.

DEFINITION 2.2.3: Let S be a semigroup interval vector space
over the semigroup F. A set of interval elements B = {5}, s,, ...,
s,} of S'is a said to be a semigroup linearly independent interval
subset if s; #cs;; forall c € Fand s, s; e B, i #j; 1 <i,j <n.

If for some s; = cs;, ¢ € F; i#; s;, s; € B then we say the
semigroup interval subset is linearly dependent or not linearly
independent.

If B is a semigroup linearly independent interval subset of S
and B generates S, the semigroup interval vector space over F;
that is if every element s € B can be got as s = cs;, ¢ € F and s;
eS;1<i<n

We will illustrate this by some examples.

Example 2.2.12: Let S = {[0,n] | n=0,1, 2, ..., ©} be a
semigroup interval vector space over the semigroup F = Z* U
{0}. Take B = {[0, 1]} < S, B generates S as a semigroup
interval vector space over F.

Example 2.2.13: Let S = {[0, n] | n € Z,} be a semigroup
interval vector space over the semigroup F = {0, 6} < Z,
semigroup under addition modulo 12. Take B = {[0, 1], [0, 2],
[0, 3], [0, 4], [0, 5], [0, 7], [O, 8], [0, 9], [0, 10], [0, 11]} = S, B
generates S over F = {0, 6}.

Example 2.2.14: Let S = {[0, n] | n € Zy,} be a semigroup

interval vector space over the semigroup F = {0, 2, 4, 6, 8, 10,
eory 22} < Zy4, semigroup under addition modulo 24.
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Take B = {[0, 2], [0, 0], [0, 4], [0, 8]} < S; B is a linearly
dependent interval subset of S over F.

Example 2.2.15: Let S = {[0, n] | n =1, 2, ..., 11} be a
semigroup interval vector space over the semigroup F = {0, 2, 4,
..., 10} < Z,, semigroup under addition modulo 12. Take B =
{[0, 1], [O, 3], [0, 5], [0, 7]} < S, B is a linearly independent
interval subset of S over F but is not a generating interval subset
of S over F.

We will now proceed onto define the notion of semigroup
interval linear algebra.

DEFINITION 2.2.4: Let S be a semigroup interval vector space
over the semigroup F. If S is also an interval semigroup under
addition then we define S to be semigroup interval linear
algebra over the semigroup F if ¢ (s; + ;) =cs; +csy fors € S
and c;, ¢; € F.

We will illustrate this situation by some examples.

Example 2.2.16: Let S = {[0,n] |n € Z" U {0}} be a semigroup
interval linear algebra over the semigroup Z" U {0} = F. Take P
={[0,5n] |n e Z" U {0}} = S; P is a semigroup interval linear
subalgebra of S over the semigroup F =Z" U {0}.

Example 2.2.17: Let S = {[na, (n+5)a]|ae Q' ,ne Z U
{0}} be a semigroup interval linear algebra over F = Z" U {0}.
Take P {[na, (n + 5)a|a,n € Z" U {0}} = S; P is a semigroup
interval linear subalgebra of S over F.

Example 2.2.18: Let S= {[0,na] |ae€ R, n=0,1,2, ..., 0} be
a semigroup interval linear algebra over the semigroup F = Z" U
{0}. Consider P = {[0,na] |]a € Q;n=0,1,2,..,0} cS,Pisa
semigroup interval linear subalgebra of S over the set F = Z" U
{0}. If the semigroup interval linear algebra S over the set F has
no proper semigroup interval linear subalgebras then we define
S to be a simple semigroup interval linear algebra.
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We will give some examples of simple semigroup linear
algebras.

Example 2.2.19: Let S= {[0,n] |n € Z;} < Z’ be a semigroup

interval linear algebra over the semigroup F = Z;. Clearly S is a
simple semigroup interval linear algebra over F.

Example 2.2.20: Let S = {[0, n]/ n € Z,, p any prime} < Z; be

a semigroup interval linear algebra over the set F = Z,,.

It is easily verified S is a simple semigroup interval linear
algebra over the set F.

Now we define new concepts of substructures in these new
algebraic structures.

DEFINITION 2.2.5: Let S be a semigroup interval linear algebra
over the semigroup F. If P < S (P = {0} or P #S) be a proper
subsemigroup of S. If T be a proper subsemigroup of F' and P is
a semigroup interval linear algebra over the semigroup T then
we call P to be a subsemigroup interval linear subalgebra of S
over the subsemigroup T of F.

If S has no subsemigroup interval linear subalgebras then we
define S to be a pseudo simple semigroup interval linear
algebra over F.

We will first illustrate this situation by some simple
examples.

Example 2.2.21: Let S = {[0, n]| n € Z,y} be a semigroup
interval linear algebra over the semigroup F = Z. S is a pseudo
simple semigroup interval linear algebra over F.

Example 2.2.22: Let S = {[0, 3n]| n € Zw} = Z\; be a

semigroup interval linear algebra over the semigroup F = Z,. It
is easily verified that S is a pseudo simple interval linear algebra
over F.
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Now we define a semigroup interval linear algebra which is
both simple and pseudo simple as a doubly simple semigroup
interval linear algebra over F.

We will illustrate this situation by some simple examples.

Example 2.2.23: Let S = {[0,n] | n € Zs} < Z.be a semigroup

interval linear algebra over the semigroup F = Zs. S is a doubly
simple semigroup interval linear algebra of over F.

Example 2.2.24: Let S = {[0,n] | n € Z;,} < Z;, be a semigroup

interval linear algebra over the semigroup F = Z,;. S is a doubly
simple semigroup interval linear algebra over the semigroup F.

In view of this we give a class of semigroup interval linear
algebras which are doubly simple semigroup interval linear
algebras.

THEOREM 2.2.3: Let S = {[0, n] | n € Z,, p a prime} < ZII) be a

semigroup interval linear algebra over the semigroup Z,. S is a
doubly simple semigroup interval linear algebra over Z,.

The proof is left as an exercise to the reader.

THEOREM 2.2.4: Let S = {[0, n]| n € Z" U {0}} < Z; be a
semigroup interval linear algebra over the semigroup F = 7" U
{0}. S has both subsemigroup interval linear subalgebras and
semigroup interval linear subalgebras.

Proof: Al T, = {[0, np] | p € Z" U {0}} < S is an interval
semigroup under addition T, — S are semigroup interval linear
subalgebras of S over the semigroup F = Z" U {0}. Consider T,
c S, T, is also a subsemigroup interval linear subalgebra of S
over the subsemigroup T = pZ U{0} cF=Z"U {0}.

Hence the claim.
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DEFINITION 2.2.6: Let R and S be two semigroup interval linear
algebras defined over the same semigroup F. Let T be a
mapping from R to S such that T(ca + ) = cT(a) + T(P) for all
c e Fand a, B € R, then we define T to be a semigroup interval
linear transformation from R to S.

If R = S we define T to be a semigroup interval linear
operator on R.

We will illustrate this by some simple examples

Example 2.2.25: LetR = {[0,n] |n € Z" U {0}} and S = {0, n]
/n e Q" U {0}} be two semigroup interval linear algebras over
the semigroup F = Z" U {0}. The map T: R — S is defined by
T([0, n]) = [0, n], n € Z" U {0} is a semigroup interval linear
transformation.

Example 2.2.26: Let R = {[n, 5n] [n € Z" U {0}} and S = {[n,
5n] |n € R" U {0}} be two semigroup interval linear algebras
defined over the semigroup F =Z" U {0}. Define T: R—> S by T
{[n, 5n]} = [n, 5n], for all [n, 5n] € R.

It is easily verified T is a semigroup interval linear
transformation of R to S and infact T is an embedding.

We will give an example of a semigroup interval linear
operator.

Example 2.2.27: Let S = {[n, 2n] | n € Z" U {0}} be a
semigroup interval linear algebra on the semigroup F = Z" U
{0}. Define a interval map T: S — S by T{[n, 2n]} = [2n, 4n]
for all [n, 2n] € S. T is clearly a semigroup interval linear
operator on S.

Now we proceed on to define the notion of semigroup
interval linear projection of a semigroup interval linear algebra.

DEFINITION 2.2.7: Let S be a semigroup interval linear algebra
over the semigroup F. Let P < S be a proper semigroup interval
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linear subalgebra of S over the semigroup F. Let T from V to V
be a semigroup interval linear operator over F. T is said to be a
semigroup interval linear projection on P if T(v) = w, if ® € P
and T(au +v) = al(u) + T(v), T(u) and T(v) € P for all a € F
andu, v € 8S.

We will illustrate this situation by some examples.

Example 2.2.28: Let S = {[n, 5n]|n € Q"L {0} } be a semigroup
interval linear algebra over the semigroup F = Z" U {0}. Take P
= {[n,5n] |n e Z" U {0}} = S; P is a semigroup interval linear
algebra over F.

Define T: S —» S by

{[n,Sn] ifneZ”
T ([n, 5n]) =

[0,0] ifneZ'

We see T is a semigroup interval linear projection.

Example 2.2.29: Let S = {[0, n] | n € Z3y} be a semigroup
interval linear algebra over the semigroup F = Z3,. Take P = {[0,
n] | n e {0, 5, 10, 15, 20, 25} < Z30} < S. P is a semigroup
interval linear subalgebra of S over F.

Define n: S — S by n{[0, n]} = [0, 5n]; n is clearly a
semigroup interval projection of S on P.

Now we proceed on to define the notion of pseudo semigroup
interval linear operator on V.

DEFINITION 2.2.8: Let S be a semigroup interval linear algebra
over the semigroup F. Let P < S be a subsemigroup interval
linear subalgebra of S over a subsemigroup R of F. Let T: § —
P be a map such that T(av +u) = T(a) T(v) + T(u) for all u, v
eSandT(a) e Rand a € F.

We call T to be a pseudo semigroup interval linear algebra
operator on S.

Interested reader is expected to construct examples of pseudo
semigroup interval linear operator on S.
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DEFINITION 2.2.9: Let S be a semigroup interval vector space
over the semigroup F. Let W;, W, ..., W, be semigroup interval
vector subspaces of S over F.

IfS= UVK and W; " W; = ¢or {0}, ifi #] then we say S is

the direct union of the semigroup interval vector subspaces of
the semigroup interval vector space S over F.

We will illustrate this by some examples.

Example 2.2.30: Let S ={[0, n]| n € Z4} be a interval semigroup
linear algebra over the semigroup F = Z,. S cannot be written as
a union of semigroup interval sublinear algebras over F.

Example 2.2.31: Let S ={[0, n]| n € Z¢} be a interval semigroup
vector space over F = {0, 3}. Take W; = {[0, n] /n € {0, 1, 3,
5} cZ¢} and W,o = {[0,n] |n € {0, 2,4} < Z¢}; W, and W, are
interval semigroup vector subspace of V over F = {0, 3}.
Clearly V=W; U W, and W; n W, = {0}. Thus W is a direct
union of semigroup interval vector subspaces of S.

Example 2.2.32: Let G = {[0, n]|] n € Z;o} be a interval
semigroup vector space over the semigroup S = {0, 5}. Let W,
={[0,n] |n e {0,2,4,6,8}} = Gand W,= {[0,n] |n € {0, 1,
3,5,7,9}} < G be interval semigroup vector subspaces of V
over the semigroup S = {0, 5}. Clearly V=W, U W, and W; N
W, = {0}. Thus V is a direct sum of the interval semigroup
vector subspaces W, and W,.

DEFINITION 2.2.10: Let V = {[0, n]| ne Z, or Z" U {0} or R" U
{0} or Q" U {0}} be a interval semigroup linear algebra over
the semigroup S. Suppose Wi, W, ..., W, be semigroup interval
linear subalgebras of V such that V.= W; + ... + W,, and W; N
W, =1{0}or ¢ifi=j{l <i, j <m} then we say V is a direct sum
of interval semigroup linear subalgebras of V.

We will illustrate this situation by some examples.
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Example 2.2.33: Let
[0,a,] [0,a,]
V=400,a;] [0,a,]
[0,a5] [0,a]

a, eZ U{0}
1<i<6

be an interval semigroup linear algebra over F = 3Z" U {0}.
Let

[0a,] [0a,]
W, = 0 0 a,a, eZ U0}
0 0

0 O]
W,=4|[0a,] 0] |a,,a,eZ U{0}
[0a,] 0]
and
[0 0
W3=410 [0a,]||a,,a,eZ U{0}
10 [0a,]

be interval semigroup linear subalgebras of V over F = 32" U
{0} Clearly V= W1+W2+ W3 and Wif'\ Wj: (O), i ij 1< 1,_]
< 3. Thus V is the direct sum of interval linear semigroup
subalgebras.

Example 2.2.34: Let

aieZS,ISiS4}

be a semigroup interval linear algebra over F = Zs.
Let
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and

be semigroup interval linear subalgebras of V over Zg = F. We
see V=W, + W, + W3+ W,and W; " W;=(0); 1 <1i,j<4.
Thus V is a direct sum of semigroup interval linear subalgebras.

Now we proceed on to define Group interval linear algebras.

DEFINITION 2.2.11: Let V be a set of intervals with zero which
is non empty. Let G be a group under addition. We call V to be
a group interval vector space over G if the following conditions
are true,

(a) Forevery veVandg € VgvandvgareinV
(b) 0v =0 for every ve V and 0 is the additive identity of G.

We will illustrate this situation by some examples.

Example 2.2.35: Let V = {[0, a;] | a;e Zo} be a group interval a
vector space over the group Zy = G under addition modulo 9.

Example 2.2.36: Let V = {[0, a;] | aj€ Z,s} be a group interval
vector space over the additive group modulo 25.

We see Z" U {0} is not a group likewise Q" U {0}, R" U {0}
and C* U {0} are not groups under addition.
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Example 2.2.37: Let

10.2,]]

0,21 0,,] |

> 8, x> a; € Ly

o Lﬁaﬁ [QaJ}aQaJiQaﬂ%Egzﬂ 1<i<5
10,2,])

be a group interval vector space over the group Zg, = G , under
addition modulo 90.

Example 2.2.38: Let

[ [10,4,]
V—{LQ%J,HQ%LW&AWﬂJ)

a, €z,
1<i<3
be the group interval vector space over the group Z;4= G under

addition modulo 14.

Now we proceed on to define substructures of group interval
vector spaces.

DEFINITION 2.2.12: Let V be a group interval vector space over
the group G. Let P < V be a proper subset of V and is a group
interval vector space over G. We define P to be a group interval
vector subspace over G.

We will illustrate this situation by some examples.

Example 2.2.39: Let

wol[ 0 o]fo o ][l0.a][0.a] o
“1l10,a,7 0[]0 [0,2,1]l 0 0 [0,a,]

a, e’z
I<i<I5
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be a group interval vector space over the group G =Z;s. Let

P
[0, a1] 0

P is a group interval vector subspace of V over the group G =
le.

a, ele} c V.

Example 2.2.40: Let V = {[0, a;]| a; € Z4} be a group interval
vector space over the group G = Z4. Take P = {[0, aj]| a; € {0,
2,4,6, 8,10, .., 38}c Zy}c< V; P is a group interval vector
subspace of V over G.

Example 2.2.41: Let
0

be a group interval vector space over the additive group G = Z.
Let

aieZ7} cV

W= {i[o,ai]xi

i=0
be a group interval vector subspace of V over G = Z;.

Example 2.2.42: Let

[0.2,] [0.a,]
V= [O,aS] [O,a4] a,e€”Z,1<1<6

[0,a;] [0,a4]

be a group interval vector space over the group G = Zjg,

[0.a,]

W=<1[0,a,] 0||a,a,a,eZsr cV;

[O,as]
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is a group interval vector subspace of V over the group G = Z;.

DEFINITION 2.2.13: Let V be a group interval vector space over
a group G. We say a proper subset P of V to be a linearly
dependent subset of V if for any p;, p» € P (p; #p2) p1 = a p; or
p2=a’p; forsomea, a’ € G.

If for no distinct pair of elements p;, p, € P we have a, a; €
G such that p; = ap, or p, = a;p; then we say the set P is a
linearly independent set.

Example 2.2.43: Let
V{HS% o lfon] o

be a group interval vector space over the group G = Z,.
Consider

{[O, 1 o } {[o, 3] 0}
X = ,y:
[0,2] [0,4] [0,6] O

in V. Clearly x and y are linearly dependent as 3x =y for 3e G
= le.

a, ele;lsi£3}

Example 2.2.44: Let

_ J{[oa] [0.a,] [0.a]
% {{[0,34] [0,a,] [O,aé]}

be a group interval vector space over the group G = Z;s. Let

{[0,1] [0,2] [0,3]} [[0,4] [0,8] [0,12]}
X = andy =
[0,4] [0,1] [0,2] [0,1] [0,4] [0.8]

a, eZlS;ISiS6}

be elements of V.
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We see {x, y} forms a linearly dependent subset of V. For
we see Xx =4y where 4 € Z5=G.

Example 2.2.45: Let V be a group interval vector space over a
group G. Let H be a proper subgroup of G. If W < V is such
that W is a group interval vector space over the subgroup H of
G then we define W to be a subgroup interval vector subspace
of V over the subgroup H of G.

If W happens to be both a group interval vector subspace as
well a subgroup interval vector subspace then we define W to be
duo subgroup interval vector subspace. If V has no subgroup
interval vector subspace then we define V to be a simple group
interval vector space.

We will first illustrate this situation by some simple
examples.

Example 2.2.46: Let
[O,al]
V=11[0,a,]||a, €Z,;1<i<3
[O,a3]

be a group interval vector space over the group G = Zo,.
Consider

[0,a,]
W= [O,az] a,eZ,r V.
0

It is easy to verify W is a subgroup interval vector subspace of
V over the subgroup H = {0, 4, 8, 12, 16, 20} < G = Z,.

It is further verified W is also a group interval vector
subspace of V. Thus W is a duo subgroup interval subspace of
V.
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Example 2.2.47: Let V = {([0, a], [0, a,], [0, a3], [0, a4], [0, as],
[0, ag], [0, a7])| a; € Zy9, 1 <1 < 7} be a group interval vector
space over the group G = Zy. It is easy to verify that V has no
subgroup interval subspaces as G = Zjo has no subgroups.
However V has several group interval vector subspaces. For
take W, = {([0, a|], [0, a5], [0, 23], 0, 0, 0, 0) | a; € Zy9; 1 <1< 3}
c V is a group interval vector subspace of V over the group G.
W, = {([0, a], [0, a], ..., [0, a]) where a € Z;y} < V is a group
interval vector subspace of V over the group G. W3 = {([0, a],
..., 00, a7])| a;, a7 € Z19} < V is a group interval vector
subspace of V.

Example 2.2.48: Let
[0.a]]
[0,a]
V=4|[0,a]| |aeZ,
[0,a]
[0,a]]

be a group interval vector space over the group G = Z;;. It is
easily verified V has no proper group interval vector subspace
as well as subgroup interval vector subspace.

We cannot define the notion of pseudo semigroup interval
vector subspace. However we can define the notion of pseudo
set interval vector subspace of a group interval vector space.

DEFINITION 2.2.14: Let V be a group interval vector space over
the group G. S a proper subset of G. Let W < V; if W is a set
interval vector subspace of V over the set S < G then we define
W to be a pseudo set interval vector subspace of V over the set
S, ScG

We will illustrate this situation by some examples.
Example 2.2.49: Let V = {[0, n] | n € Z4} be a group interval
vector space over the group G = {Z4}. Consider W = {[0, 0],
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[0, 7], [0, 14], [0, 21], [0, 28], [0, 35], [0, 42]} < V; W is a
pseudo set interval vector subspace of V over the set S = {0, 1,
T} S Zso.

Example 2.2.50: Let V = {[0,n] / n € Z4} be a group interval
vector space over the group G = Z4. W = {[0, 0], [0, 10], [O,
20], [0, 30]} < V is pseudo set interval vector subspace of V
over the set S = {0, 1, 2, 3} < Zyo.

Now we proceed onto define group interval linear algebras.

DEFINITION 2.2.15: Let V be a group interval vector space over
the group G. If V is a group under addition then we call V to be
a group interval linear algebra.

We will illustrate this by some examples.

Example 2.2.51: Let V = {[0, n] | n € Zy5} be a group interval
linear algebra over the group G = Zys.

Example 2.2.52: Let V = {([0, a;], [0, a3], [0, a3]) / a1, a5, a3 €
Z13} be a group interval linear algebra over the group Z;5 = G.

Example 2.2.53: Let
[0,a,]

[0,a,]
= a,,a,,8;,8, €7,

[0.2,]
[0.a,]

be a group interval linear algebra over the group G = Z4;.

a, e’
0<1<27

be a group interval linear algebra over the group G = Z,.

Example 2.2.54: Let

V= {i[o,ai]xi
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Now having seen examples of group interval linear algebras
we now proceed onto define group interval linear subalgebras.

DEFINITION 2.2.16: Let V be a group interval linear algebra
over the group G. Let W < V (W a proper subset of V), if W
itself is a group interval linear algebra over the group G then
we define W to be a group interval linear subalgebra of V over
the group G.

We will illustrate this situation by some examples.

Example 2.2.55: Let V = {[0, a] | a € Zy44} be a group interval
linear algebra over the group G = Z44. Consider W = {[0, a] / a
€ {2Z14}} <V; W is a group interval linear subalgebra of V
over the group G = Z44.

Example 2.2.56: Let V = {([0, a,], [0, a,], [0, a3], [0, a4], [0, as])|
aj, a5, a3, 44, as € Zyg be a group interval linear algebra over the
group G = Zyg. Consider W = {([0, a;], 0, 0, 0, [0, as]) | a;, a5 €
Z4} < V; W is a group interval linear subalgebra of V over the
group G = Zgs.

Now we proceed onto define the notion of direct sum of
group interval linear algebras.

DEFINITION 2.2.17: Let V be a group interval linear algebra
over the group G. Let Wi, W,, ..., W, be a group interval linear
subalgebras of V over the group G. We say V is a direct sum of
the group interval linear subalgebras W;, W, ..., W, if

(@ V=W;+..+W,

(b)) WinW;={0}ifi#j;, 1<1ij<n.

We will illustrate this situation by some simple examples.
Example 2.2.57: Let V = {all 3 x 3 interval matrices with
entries from Z,3} be a group interval linear algebra over the

group G = Zys.

Let
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W,

Wz = [0,32]

W3:

and
0
W4 = 0

[0,a,] 0

0 [0,a;]||a,,a,,a; € Zy
0 0

0 [0,a]

0 0 a,,a,,a,€ Z,q
[0,a;] O
0 0 0
0 [0,a,] O]|a,eZ
0 0 0

0 0

0 0 a,,a,€Zy

[0,a,] 0 [0,a,]

be group interval linear subalgebras of V over the group G =

Z43.Clearly V=W, + W, + W3 + W, and

0 00

Wiij: 0 0 O

ifi#j;1<ij<n

Thus V is the direct sum of group interval linear

subalgebras W, W, W5 and W,.

Example 2.2.58: Let V = {Collection of all 4 x 2 interval
matrices with entries from Z,} be a group interval linear algebra

31,32627},

over the group G = Z;.
Choose

Wi - {{[O,al] 0
0 [0,a,]
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WZ:{O [0,a,] 0 [O,az]}

[0,a,] 0 0 0
{[0 0 [0,a,] 0 } }

W; = a,,a,e”Z,
00 0 [0,a,]

0 00 0
W, = a, e’z
0 0 [0,a] O

be group interval linear subalgebras of V over the group G. We
see V=W, +W,+ W;+ W, and

a,,a,€ 27}

and

0 00O

Wimwj:[o 0 0 0

] ;1<1,j<4,
Thus V is a direct sum of group interval linear subalgebras.

Let
P, = [O’al] 0 [O,az] 0 ai€Z7
Pllo [0 0 [0a,])| 1<i<4f’

a,e’Z,

1<i<4

{o 0 [0,a,] [O,az]}
P2:
0 [0,a,] 0 [0,a,]

P [10,a,] [0,a,] O 0 |la, ez,
>0 0 [0,a,] [0,a,]][1<i<4

and

P, = 0 0 [0,2,] [0,a,]]| a,€2,
' [0,a;] [0,a,] O 0 1<i<4

be group interval linear subalgebras of V over the group G = Z,.
WeseeP1+P2+P3+P4=Vbut
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ifi#j; 1<1;j<4. Thus any collection of group interval linear
subalgebras may not in general give a direct sum of V.
In view of this we have the following interesting definition.

DEFINITION 2.2.18: Let V be a group interval linear algebra
over the group G. Let W;, W, ..., W, be n distinct group
interval linear subalgebras of V over the group G.

We say V is a pseudo direct sum if

(@ V=W, + .. +W,

(b) WinW; {0} evenifi#j

(c) We need W;’s to be distinct that is W; N W; = W; or W; N
W, =W,;evenifizjie, WinW;,=W,thenp & {1, 2,
..., n} that is W, does not belong to the collection of
group interval linear subalgebras of V.

We will illustrate this situation by some examples.

Example 2.2.59: Let V = {Collection of all 5 x 2 interval
matrices with entries from Z;;} be the group interval linear
algebra over the group G = Z;.

Consider
[[0,a,] ©
0 0,
W, =4[ [0 | (?2] %€ Zu
1= [,33] ISISS s
0 [0,a,]
[0,a;] O

51



[10,a,] [0,a,]]
0, 0
W, = [o - o ||%€%
2= [ ,3.3] 1S1S6 s
[0,a,] O
[0,a;] O ]
T 0 [0,a,]]
0 o,
ws=14 o [0 - a,€Z,
3 [ 33'4] 1SIS6
0 [0,a4]
[0.a,] [0.a,]]
and
T 0 [0,a,]]
0, 0
W, = [ 32] 0 a,€ Zy
4 — [ ,.':13] ISISS
[0,a,] O
L0 [0a,])

be group interval linear subalgebras of V over G = Z;,. We see
V=W;+W,+W;+ W, and W;nN Wj #0.If1 ij. Further Wl,
W,, W3 and W, are all distinct. Thus V is a pseudo direct sum of
Wl, Wz, W3 and W4.
Example 2.2.60: Let

V = {all 4 x 4 interval matrices with entries from Z;}

be the group interval linear algebra over group G = Z,.
Consider
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[0.a,] [0,a,] 0 0
0 0 0 0

W, = a,,a,,...,a, €2, ¢,
[0,2,] [0,a,] [0,a,] 0

0 [0a] 0 [0,a,]]

0 [0,a,] 0 [0,a,]
0 [o, 0, 0 .
W, = 02,1 10.a,] a,eZ;1<1<7;,
0 0 [0a,] [0,a5]

0 0 0 [0.a,]

[0,a,] [0,a,] O O
0 0o o0 0 )
Wi = a,e€Z;;1<1<6
[0,a,] 0 0 [0,]

[0,a,] 0 0 [0,a,]

and
[0,a,] [0,a,] O 0
0,a 0 0,a 0, .
W, J[[02:] 0. 10l o
0 0 0 0

[0.a,] 0 [0,a5] [0,a,]

be group interval linear subalgebras of V over the group Z;.
Wesee Win W= (0)ifi#j1<1,j<4
(@ V=W, + W, + W3+ W,
(b) WinW;=(0)ifi=j; 1<i,j<4.
(c) Wi, W5, W3 and W, are all distinct group interval linear
subalgebras of V over G.

Thus V is a pseudo direct sum of group interval linear
subalgebras W, W,, W5 and W,.
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We now define linear independence in group interval linear
algebras.

DEFINITION 2.2.19: Let V be a group interval linear algebra
over the group G. Let X c V be a proper subset of V, we say X is
a linearly independent subset of V if X = {x,, ..., x,} (Where x; =
[0, a;], 1 <i <n) and for some n; € G; 1 <i <n; aix; + ax; +
... v aux,=0ifandonlyifeach o; = 0.

A linearly independent subset X of V' is said to generate V if
every element of v € V can be represented as

n
V= Zaixl.;ai eG;I<i<n.
i=1

We will illustrate this situation by some examples.

Example 2.2.61: Let V = {([0, a;], [0, a;], [0, as], [0, a4]) | a; €
Zs, 1 <1< 4} be a group interval linear algebra over the group G
=Zs. Consider X = {x; = ([0, 1], 0, 0, 0), x, = (0, [0, 1], 0, 0), x3
=(0,0, [0, 1], 0) and x4 = (0, 0, 0, [0, 1]) < V. X is a linearly
independent set and generates V over G so X is a basis of V
over G.

Example 2.2.62: Let V = {set all 4 x 2 interval matrices with
entries from Z;,} be a group interval linear algebra over the
group G.

Consider
[0,11 0|0 [0,1] 0 0
< - 0O 0|({0 O [0,1] ©
o ollo o |l 0o of
0O 0|[0 O 0 0
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0o 0o1[0 o0
0 [0 o o
0 0 [|[o,1] o}’
0 0| o o
0o 010 o]fo o
o ol o ofllo o
0 011’ 0 ollo <V;
0 0 |[{[0.1] ollo [0.1]

X is a linearly independent set and generates V; hence X is a
basis of V.

Here also we cannot define the notion of pseudo semigroup
interval linear subalgebras of a group interval linear algebra.

However we can define the notion of pseudo group interval
vector subspace of a group interval linear algebra.

DEFINITION 2.2.20: Let V be a group interval linear algebra
over the group G. If P is just a subset of V and is not a closed
structure but is a group interval vector space over the group G,

then we call P to be a pseudo group interval vector subspace of
V.

We will illustrate this situation by an example.

Example 2.2.63: Let
[0,a,] [0,a,]
V=1</[0,a,] [0,a,]||a,€Z,;1<i<6
[0,a5] [0,a4]

be a group interval linear algebra over the group Z.
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Consider

[0,a,] O 0 [0,a,]||[0,a,] [0,a,]
w={[0,a,] 0 |0 [0,a,]]] 0 0 |Lcv;
[0,a,] [0,a,]/[0 0 |[[0,a,] 0

W is a pseudo group interval vector subspace of V over the
group G.

Now we will define in the next chapter the notion of fuzzy
interval linear algebras.
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Chapter Three

SET Fuzzy INTERVAL LINEAR
ALGEBRAS AND THEIR PROPERTIES

In this chapter we introduce the notion of set fuzzy interval
linear algebras, semigroup fuzzy interval linear algebras and
group fuzzy interval linear algebras and study their properties.
This chapter has two sections. First section introduces set fuzzy
set vector spaces and discusses their properties. Section two
introduces the notion of set fuzzy interval vector spaces of type
II and analyses their properties.

3.1 Set Fuzzy Interval Vector Spaces and Their Properties

In this section we introduce the notion of set fuzzy interval
vector spaces and give a few properties associated with them.
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DEFINITION 3.1.1: A4 fuzzy vector space (V, n) or n Vor Vn is
an ordinary vector space V defined over the field F with a map
n: V= [0, 1] satisfying the following conditions.

(@) n(a+b)=> min{na), n(b)}
(b) n(-a) = n(a)

(o mn0)=1

(d) n(ra) = n(a)

foralla, b € Vandr € F, where F is the field. Vi or Vnor
nV will denote the fuzzy vector space.

For more about these notions refer [53].

DEFINITION 3.1.2: Let V be a set vector space over the set S.
We say V with the map 1 is a fuzzy set vector space or set fuzzy
vector space if n: V- — [0, 1] and n(ra) > n(a) for all a € V and
r €8. Wecall Vipor nVor Vn to be the fuzzy set vector space
over the set S.

For more about these notions please refer [52].

Likewise we define a set fuzzy linear algebra (or fuzzy set linear
algebra) (V, n) or Vn or nV to be an ordinary set linear algebra
V with a map n : V — [0, 1] such that n(a + b) > min (n(a),
n(b)) fora,b e V.

Notation: We say an interval [0, a] to be a fuzzy interval if 0 < a
< 1. [0, 0] = (0) and [0, 1] is the fuzzy set. We include both in

the fuzzy interval. [0, 2], [0, 0.3] [O, L], [0, 0.0031] etc are

2
fuzzy intervals.
We will denote the collection of all fuzzy intervals by I [0,
11={[0, a] | 0 < a < 1}. Clearly the cardinality of I [0, 1] is
infinite.

Now we proceed onto define fuzzy set interval vector space or
set fuzzy interval vector space over the set S.
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DEFINITION 3.1.3: Let V be a set interval vector space over the
set S. We say V with the map n is a fuzzy set interval set vector
space or set fuzzy interval vector space if I, : V =1 [0, 1] and
1, (r[0, a]) > 1,, ([0, a]) for all [0, a] € Vandr €S. We call VI,
or 1,V to be the fuzzy set interval vector space over the set S.

We will illustrate this situation by some examples.

Example 3.1.1: Let V = {[0, a], [0, ay], [0, as], [0, a4], [0, as)] |
a; € Zs, 1 <1< 5} be a set interval vector space over the set S =
{0, 1,2,3}. In: V> 1[0, 1] is defined as follows.

[O,L] ifa, #0
L, ([0, a;]) = a
[0,1] ifa, =0.

Vi, 1s a set fuzzy interval vector space.

Example 3.1.2: Let V = {[0, a;] | a; € Z" U {0} } be a set interval
vector space over the set S = {0, 1, 2, 3, 4, 5, 8}. Define I,, : V
— 1[0, 1] as follows:

[0,-if a, %0
L[0,al=1 a

[0,1] ifa, =0.

I,,v is a fuzzy set interval vector space.

Example 3.1.3: Let
[0,,]

(0,2, ]

V= a,€Z,;1<1<9

[0,a,]

be a set interval vector space over the set S = {0, 1, 3, 5, 7}
Zis. DefineIn : V> 1[0, 1] by
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[0, Jif a, %0
In [0, ai] = a ;

[0,1] ifa, =0.
InV is a set fuzzy interval vector space.
DEFINITION 3.1.4: Let V be a set interval linear algebra over
the set S. A set fuzzy interval linear algebra (or fuzzy set

interval linear algebra) (V, nl) or Vil is amap nl: V —> 1[0, 1]
such that nl(a + b) > min(nl(a), nl(b)) for every a, b € V.

We will illustrate this situation by some examples.

Example 3.1.4: Let

V= {i[o,ai]xi

i=0

a, el v {O}}

be a set interval linear algebra over the set S = {0, 1, 2, 5, 7, 13,
16}.
Definenl: V1[0, 1] as

n

nl (p(x) = > [0,a,]x")

i=0

O,;] if p(x) is not a constant

| degp(x)

[0,1] if p(x) isa constant

Vnl is a set fuzzy interval linear algebra.

Example 3.1.5: Let V = {([0, a], [0, a,], [0, a3], [0, a4]) | a; €
Zis; 1 <1< 4} be a set interval linear algebra over the set S =
{0,4,5,9} < Zi5. Definenl: V> 1[0, 1] by

[0,-] ifa, %0
nI([Oa ai]) = ai
[0,1] ifa =0.

V.1 is a set fuzzy interval linear algebra.
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Example 3.1.6: Let
Ve [[o,all [0,a3]j
[09 a3 ] [09 a4 ]
where a; € Z" U {0} } be a set interval linear algebra over the set

S={3Z",2Z",0} cZ" L {0}.
Definenl: V> 1[0, 1] by

[O,i] ifa, #0
a1
1. .

[0,—] ifa,#0 anda, =0
aZ

0, O, ]
nl [0.3,] [0.a,]} _ [O,L] ifa,#0 and a, =0=a,
[0,33] [0,34] 3'3

[O,L] ifa,#0anda, =a,=a,=0
a4

[0,1] ifa =a,=a,=a,=0

V.1 1s a fuzzy set interval linear algebra.
Now we proceed onto define set fuzzy interval substructures.

DEFINITION 3.1.5: Let V be a set interval vector space over the
set S. Let W be a set interval vector subspace of V over the set S.

The map In : W — 1 [0, 1] such that Wnl is a set fuzzy
interval vector space, is called the set fuzzy interval vector
subspace of 'V and is denoted by I,,,, or 1.

We will illustrate this situation by examples.
Example 3.1.7: Let V= {([O, al], [0, az], ceey [0, 312]) | a; € Zlg;

1 <1< 12} be a set interval vector space over the set S = {0, 2,
4,16} < Zis. Let W = {([0, a|], [0, ay], ..., [0, a;2]) ai € 2Zy3;
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{0,2,4,6,8,10,12, 14, 16} < Z;5; 1 <1< 12} be a set interval
vector subspace of V over S.

Definenl : W — 1[0, 1] by

1

[O,L] ifno a =0
12

Nl ([0, 1], [0, asl, -, [0, an]) = [0,%] if some a, =0
[0,1] ifall a =0

(W, nl) is the set fuzzy interval vector subsubspace of V.

Note: 1t is important and interesting to note that Wnl need not
be extendable to Vnl in general.

Example 3.1.8: Let V = {([0, a,], [0, a3], ..., [0, ag)] | a; € Z" U
{0}; 1 <1< 8} be a set interval vector space over the set S = {0,
5,12, 13, 90, 184, 249, 1000} < Z" U {0}. Choose W = {([0,
ai], [0, a2, ..., [0, as] | a; € 5Z" U {0}} < V be a set interval
vector subspace of V over the set S.

Definenl: W —>1]0, 1] by

1
[0,
=1 2
[0,1]  ifXa =0

]if Xa, #0

(W, nl) is a set fuzzy interval vector subspace.

Example 3.1.9: Let
[0,a, ]
V={[0,a], | [0,a,] |, ([0, a1], [0, a;], [0, a3], [0, a4])
[0,a,]

where a; € Z,4} be a set interval vector space over the set S =
{0,1,2,5,6,20,21} = Zr,. W={[0, a;] | a; € Zp4} = V be a set
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interval vector subspace of V over Z,4. Definenl : W — 1[0, 1]
as follows.

(0,7 if a #0
nl ([0, ai]) = a,
[0,1] ifa =0

(W, n)) is a set fuzzy interval subspace of V. Clearly nl cannot
be extended to whole of V.

Suppose
0,a
. [0 N ez
B I
[0,a;]

be a set interval vector subspace of V.
Definenl : T — 1[0, 1] by

0,17 ifa, #0,i=12,3
[0.a,] ;
nl | [0,a,]| = [0,5] if atleast oneof a, #0,1<1<3
0301 10,11 ifa, =0,1<i<3

(T, nD) is a fuzzy set interval vector subspace of V. Clearly nl
cannot be extended to whole of V.

DEFINITION 3.1.6: Let V be a set interval linear algebra over
the set S. Suppose W < V be a set interval linear algebra of 'V
over the set S. Suppose nl : W — 1 [0, 1] is such that (W, nl) or
nlW is a fuzzy set interval linear algebra then we define (W, nl)
to be a fuzzy set interval linear subalgebra of V.

We will illustrate this situation by some examples.
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Example 3.1.10: Let
Ve {[[o,all [o,ag]J
[0,a,] [0.a,]

where a; € Z" U {0}; 1 <i <4} be a set interval linear algebra
over the set S = {0, 2, 5,8, 11,16} = Z" U {0} .

Let
W {({o,al] [0,a3]]
0 [0,a,]

where a; € Z" U {0}; 1 <1< 3} < V be a set interval linear
subalgebra of V over the set S.

Define nl : W —> 1[0, 1] as follows.

1 .
I [O,al] [0,a3] _ [O,m] if a +a,+a;# 0
0 [0’a3] 1 2 3

[0,1] if0=a, =a,=a,

(W, nl) or nI W is a set fuzzy interval linear subalgebra of V.

Example 3.1.11: Let

10,a,] |
[0,a,]
0,

V= [0.a,] a,€Z,;1<1<6
[0,a,]
[0,a,]

[[0,a¢]]

be a set interval linear algebra over the set S={0,2, 1,3} c V.
Choose
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[0,2,]]
0

[0,a, ] :
W= 0 a,€”Z,;1<1<3;, cV
[0,a,]

0

be a set interval linear subalgebra of V.
Definenl: W —>1]0, 1] by

i i [O,ai] ifa, #0;a,=a,=0
[0,a,] :

0 [O,L] ifa,#0;a, =0=a,
R XS

" 0 [O,ai] ifa;#0;a,=0=a,
[0,a,] ?

| 0 | [O,%] if a, #0; 1<1<3 or any two nonzero
[0,1] ifa, =0;i=1,2,3

(W, nl) is a fuzzy set interval linear subalgebra of V.

Now we proceed onto define the notion of semigroup fuzzy
interval vector space.

DEFINITION 3.1.7: Let V be a semigroup interval vector space
defined over the semigroup S. (V, nl) or Vnl, the semigroup
fuzzy interval vector space is a map nl : V. — 1 [0, 1] satisfying
the following condition:

nl(ra) 2 nl(a)
foralla e Vandr € 8.

We will illustrate this situation by some simple examples.
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Example 3.1.12: Let V = {[0, a]| a € Z;,4} be a semigroup
interval vector space over the semigroup S = Z 4.
Definenl: V1[0, 1] as

1. .
([0, 3]} = [0, ] if a0
[0,1] ifa=0

(V, nl) is a fuzzy semigroup interval vector space or semigroup
fuzzy interval vector space.

i)
[0,a,]
([0, a1, [0, a2], [0, as], [0, a4]) | & € Z" U {0}; 1 <1< 4} bea

semigroup interval vector space over the semigroup S = Z" U
{0}. Definenl: V—>1[0, 1] as

[0,a,] 0, ! ifa, +a, #0
nl [Oal] = a +a, b

[0,1] ifa,=a,=0

Example 3.1.13: Let

and

nI([0, ai], [0, 2], [0, as], [0, as]) =

[o,i} ifa,#0; i=1,2,3,4

a,

[O,%} if atleast oneof a, #0; 1<i<4

[0,1] ifa =0; i=123,4

(V, mD or nIV is a fuzzy semigroup interval vector space or
semigroup fuzzy interval vector space.

66



Example 3.1.14: Let

[0,a,] [0,a,]

[0,a,]
v=|Oad 10ad) 6 0 L0a) 0.0, || 2 S22
[0,a,] [0,a,] : 1<i<s
[0,a,]

[0,a;] [0,a,]

be a semigroup interval vector space over the semigroup Zp;.
Definenl: V—> 1[0, 1] as follows:

[0,a,] [0,a,] .
I [0,a,] [0,a,] [O,E} if atleast one a, # 0
’r'l =
[0,a;,] [0,a.]

[0,1] ifalla,=0; 1<i<8
[0,a,] [0,a,]

O,L} ifa,#0anda, =0

L &
_Oi ifa,#0anda, =0
nL(([0, ai], [[0, a2]) = 1| “a,
Ol} ifa,#0anda, #0
10
[0,1] ifa =a,=0
and
[0,a,] 1] . .
0,—| if atleastone of a,#0 1<i<3
n||[0a,]]|= 9

[0,a,] [0,] if a,=0;i=1,23

(V, mD or nlV is a fuzzy semigroup interval linear algebra or
semigroup fuzzy interval linear algebra.
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Now we proceed onto illustrate only by examples fuzzy
semigroup interval linear algebras and leave the simple task of
defining semigroup fuzzy interval linear algebras to the reader.
Example 3.1.15: Let
[0,a,] [0,a,]
V ={1[0,a,] [0,a,]||a,e Z"U{0};1<i<6
[0,a5] [0,a4]

be a semigroup interval linear algebra over the semigroup S =
Z U {0}.
Define nl : V — 1[0, 1] as follows:

[0,a,] [0,a,]
nl={|[0,a;] [0,a,] =
[0,a5] [0,a ]

{0, ;} if atleastone of a,+a, +...+a, #0
6
[0,1] if a,=a,=...=a,=0

(V, mD) or nl V is a fuzzy semigroup interval linear algebra or
semigroup fuzzy interval linear algebra.

Example 3.1.16: Let

0, 0, .
V= [[ al 32]} a,eZ,,1<i<4
[0,33] [0334]
be a semigroup interval linear algebra over the semigroup Z;.
Definenl: V > 1[0, 1] as follows:
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{O,L} ifa, #0
a|

[O’al] [0,32]
nl = 1
[0,a,] [0.a,] {0,—} ifa =0

a,

[0,1] ifa, =0,i=1,2

Vnl is a semigroup fuzzy interval linear algebra.

Example 3.1.17: Let

V= {i[o,ai]xi

a eQ" U {0}}

be a semigroup interval linear algebra over the semigroup S =
Z U {0}.
Definenl: V > 1[0, 1] as follows:

nl [i[o,ai]xij -

i=0

0 1 | if the degree of the interval polynomial is
’8 | greater than or equal to three

[0,1] if the degree of the polynomial is less than

three this includes zero polynomial

(V, mD) is a semigroup fuzzy interval linear algebra.

As in case of semigroup interval vector spaces we can
define in case of semigroup interval linear algebras the concept
of fuzzy semigroup linear subalgebras.

We just illustrate this situation by examples.
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Example 3.1.18: Let

[0,a,] [0,a,] [0,a;]
V=141[0,a,] [0,a,] [0,a5]| |a, €Z;1<1<9
[0,a] [0,a,] [0,a]

be a semigroup interval linear algebra defined over the
semigroup S = {0, 2, 4, 6}, under addition modulo 8.
Consider

[0’ al] [O,az] [0,33]
W= 0 [0,a,] [0,a,]]||a, €Z;l<i<6; CV;
0 0 [0,a]

W is a semigroup interval linear subalgebra of V.
Definenl: W —> 110, 1]

[
O,—}ifali()
L al
F o1, :
0,— |ifa, #0ifa, =0
[0,2,] [0,a,] [0.a,] L %
I O Oaa O’a - I |
n [0.a,] [0.a] 0, ifa,#0if a, =a,=0
0 0 [O,a(,] L 3
F o1, :
0— lif a, #0if a, =a, =0
(- 4

[0,1] ifa =0,i=12,.,6

(W, nl) is a semigroup fuzzy interval linear subalgebra.

a, eZ40}

Example 3.1.19: Let

V= {i[o,ai Ix'

i=0
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be a semigroup interval linear algebra defined over the
semigroup S = {0, 10, 20, 30} < Z4.

W= {i[o,ai Ix'

i=0

a, eZ40} cV

be a semigroup interval linear subalgebra of V over S.
Definenl : W — 1[0, 1] as follows:

nl {p(X) = Z[O,ai ]xi} =

. [0,a,] corresponds to the coefficient interval
{0,—} of the highest degree of x in p(x)
a;

[0,1] ifp (x)is a constant polynomial

(W, nl) is a fuzzy semigroup interval linear subalgebra.

Example 3.1.20: Let V = {[0, a] | a, € Z" U {0}} be a
semigroup interval linear algebra over the semigroup S = {3Z"
U {0}}. Consider W = {[0, a]] | a; € 5Z" U {0}} c V,Wisa
semigroup interval linear subalgebra over the semigroup S =
{327 U {0}}.

Definenl : W — 1[0, 1] as follows:

{O,i} ifa,#0
nl ([0, a]) = 3
[0,1] ifa, =0

(W, nl) is a fuzzy semigroup interval linear subalgebra.
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Now we can define for group interval vector spaces the
notion of group fuzzy interval vector spaces or fuzzy group
interval vector spaces.

DEFINITION 3.1.8: Let V be a group interval linear algebra
defined over the group G.
Let nl : V. —>1]0, 1] such that
1 (a+b) 2min {n(a), n(b)}
n(-a) = n(a)
no) =1

n(ra) = n(a)

foralla, b € Vandr € G.

We call Vnl or (V, nl) to be the group fuzzy interval linear
algebra.

We will illustrate this situation by some examples.

Example 3.1.21: Let V = {([0, a,], [0, a,], [0, a3], [0, a4]) | a; €
Z4; 1 £1 <4} be a group interval linear algebra over the group
G =0, 10, 20, 30} < Z4.

Definen 1: V —>1]0, 1] as follows:

{o,i} ifa, #0
T]I ([09 al]’ [09 aZ]’ [0, a3]’ [0’ a4]) = a,
[0,1] ifa =0

(V, nl) is a group fuzzy interval vector space.

aieZ“}

be a group interval linear algebra over the G = Z;,. Define nI :
V —> 1[0, 1] as follows:

Example 3.1.22: Let

V= { [0,a,]x’
i=0
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o)
nl (p(x)) = {|  deg(p(x))
[0,1] if degp(x)=0

(V, nl) is a fuzzy group interval vector space; or group fuzzy
interval vector space.

Example 3.1.23: Let

[0,a,]
(0,2, ]

a. €
[0,a,] ||
[0,a,]

531154

be a group interval linear algebra over the group G = Z,s. Define
nl:V —1][0, 1] as follows:

0,L ifa, #0
L &
[0,a,] O,i ifa,#0ifa, =0
a
[0,a,] -
nl = 1
[0,a,] 0,—|ifa,#0ifa, =a,=0
a
[0.a,] .
O,i ifa,#0ifa, =a,=a,=0
L 2]
[0,1]if a, =0,1<1<4

(V, nD) is a group fuzzy interval linear algebra.
The concept of group fuzzy interval linear subalgebra and group

fuzzy interval vector subspaces is left for the reader to define in
an analogous way. However we give examples of them.
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Example 3.1.24: Let

[0,a,] [0.a,]
V=1 1[0,a;] [0,a,]||a; €Z,,1<i<6
[0,a5] [0,a]

be group interval vector space.
Definenl: V—> 1[0, 1] as follows:

[0,a,] [0,a,] [0’ 1 }1356
nl [0533] [0,a,]|| = max{ai}
[0,a,] [0.a,1]) |[0,1]ifa, =0,i=1,2,...,6
That is if
[0,8] [0,17]
x=1[0,4] [0,1] | eV
[.2] [0,19]
then

nl (x) = {O,%} .

Thus (V, nl) is a group fuzzy interval vector space.
Take

[0,a,] O
w=1{{[0,a,] 0fla e€Z,,1<i<3! cV.
[0,a;] 0

W is a group interval vector subspace of V over the group G =
ZZI-
nl: W —>1]0, 1] is defined as follows:

74



nl|[0,a,] O a,
[0,a5] 0 [0,1] ifa, =0

0,a,] 0
O.2,] 0\ [O,L}ifaz;éo

Clearly (W, nl) is a fuzzy group interval vector subspace of V.

Example 3.1.25: Let V = {Collection of all 10 x 12 interval
matrices; ([0, a;]) with entries from Z;6 that a; € Z36; 1 <1 <20}
be a group interval vector space over the group G = Zsg.

W = {([0, a;]) demotes all matrices with entries from 2735} .
Define

0.1
nI ([0, a;])= 4| ~max{a,}
[0,1]if a,=0,i=1,2,...,36

}1Si£36; a, €27

(W, nl) is a group fuzzy interval vector subspace.

Example 3.1.26: Let V = {All upper triangular 4 x 4 interval
matrices constructed using Z;3} be the group interval vector
space over the group G = Z3.

Let W = {all 4 x 4 diagonal interval matrices with entries
from Z;3} < V; W is a group interval vector subspace of V over
the group G = Z3.

Define nl : W —> 1[0, 1] as follows.

[0,a,] 0 0 0 |
0 [0,a,] 0 0 0,———
nl = max{a,}
0 0 [0,a,] 0 o '
. =0,1<i<
0 0 0 [0,a,] [0,1]if a, =0,1<1<4

(W, nl) is a group fuzzy interval vector subspace. Suppose
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[0,3] © 0 0

0 [0,7] 0 0
X = eW
0 0 [0,11] O

0 0 0 [0,1]

_ oL
nl (x) = {0,11]

We see in case of group interval linear algebras or group
interval vector spaces we cannot use groups other than Z,, under
addition modulo n. As Z or Q or R cannot be used since all the
intervals we use are of the form [0, a;]. 0 < a;.

Now having seen fuzzy set interval vector spaces, fuzzy
semigroup interval vector spaces and group fuzzy interval
vector spaces we proceed onto define another type of fuzzy set
interval vector spaces, fuzzy semigroup interval vector spaces
and fuzzy group interval vector spaces by constructing directly
and not using set interval vector spaces, semigroup interval
vector spaces or group interval vector spaces. These we call as
type Il set fuzzy interval vector spaces and so on. Those fuzzy
interval vector spaces constructed in section 3.1 will be known
as type I spaces.

then

In the following section we define type Il fuzzy interval spaces.

3.2 Set Fuzzy Interval Vector Spaces of Type Il and Their
Properties

In this section we proceed on to define set fuzzy interval vector
spaces of type II, semigroup fuzzy interval vector spaces of type
IT and group fuzzy interval vector spaces of type Il using fuzzy
intervals recall I [0, 1] = {all intervals of the form [0, a;]; 0 < a; <
1}; known as fuzzy intervals.

DEFINITION 3.2.1: Let V ={[0, a;]| 0 <a; <1; [0, a;)] €1 [0, 1]}.
Let S be a set such that for each s € S andv €V, sv and vs are
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in V. We then call V to be a set fuzzy interval vector space of
type II.

We will illustrate this by some examples.
Example 3.2.1: Let V = {[0, a]| 0 < a; < 1} be a set fuzzy
interval vector space over the set S = {0, 1, %, 1/2%, ..., 1/2".

1
Here for any v =[0, a;] and s = o (r <n) we have

and sv € V. Thus V is a fuzzy set interval vector space of type
II over the set S.

Example 3.2.2: Let

[0,a,]

[0,a,] (

V= [0,a,] [0,a,] [0,a,])|0<a, <L;1<i<5

[0,a]

be a fuzzy set interval vector space of type Il over the set S =
{0, 1, 1/5, 1/10, 1/121, 1/142}.

Example 3.2.3: Let

[[0,a,] [0,a,]]
[0,a;] [0,a,]
V=:1[0,a,] [0,a.]|,([0,a,] [0,a,] [0,a;] [0,a,] [0,a5])
[0,a,] [0,a,]
[0,2,] [0,a,,]]

77



[0,2,] [0,a,]
[0,a,] [0,a,]

OSaiSl;lSiSIO}

be a set fuzzy interval vector space over the set

- {L
3“

Example 3.2.4: Let

V= { [0,a,]x'
i=0

n=0,l,...,27}.

OSaiS1}

be a set fuzzy interval vector space over the set S = {0, 1, 1/3,
1/7, 1/5, 1/11, 1/13, 1/19, 1/17, 1/23} of type I1.

Now we define substructures of set fuzzy interval vector space.

DEFINITION 3.2.2: Let V be a set fuzzy interval vector space
over the set S of type 1.

Let W cV; if Wis a set fuzzy interval vector space over the
set S of type II, then we define W to be a set fuzzy interval vector
subspace of 'V over the set S of type I1.

We will illustrate this situation by examples.

Example 3.2.5: Let
[0,a,]
{[O,al] [O,az]} [0,a,]
V= , <a,
[0,a;] [0,a,]][0,a,]
[0,a,]

be a set fuzzy interval vector space of type I over the set

S = {i,o
2“

n=0,1,2,...,41}.

Let
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W {{[o,al] [o,az]}
[0,a,] [0,a,]

W is a set fuzzy interval vector subspace of type Il over the set

S = {O,L
Zn

Example 3.2.6: Let

OSaiSl;lSiS4} cV;

n=0,1,2,...,41}.

10,a,]]
[0,a,]
V=21[0,a,]||0<a, <];1<i<5
[0,a,]
[0,a,] ]

be a set fuzzy interval vector space of type Il over the set S =
{0, 1/3, 1/3%, ..., 1/373.

0
[0,a,]
W= 0 a,a, €[0,1]y cV;
[0,a,]

0

W is a set fuzzy interval vector subspace of type Il of V over the
set S.

We give the definition of yet another substructure.

DEFINITION 3.2.3: Let V be a set fuzzy interval vector space
over the set S of type II. Let W < V be a proper subset of V and
P < S be a set fuzzy subset S. W be a set fuzzy interval vector
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space of type Il over the set P, we call W to be a subset fuzzy
interval vector subspace of V of type Il over the subset P of S.

We will illustrate this situation by some simple examples.

Example 3.2.7: Let

{[[o,al] [o,azlﬂ . }
V= a, €[0,1],1<1<4
[0,a,] [0,a,]

be a set fuzzy interval vector space over the set S = {0, 1, 1/2",
1/3% n=1,2,..., 12} of type II. Let

W: [O,al] [O’az]

0 [0,a,]
andP={0,1,12"|n=1,2, ..., 12} < S. W is a subset fuzzy
interval vector subspace of V of type two over the subset P of S.

0<a, <1;
i=L...,6

be a set fuzzy interval vector space of type II over the set

0<a,,a,,a, Sl} cV

Example 3.2.8: Let

V— [O,al] 0 0 0 O 0 0
= [0,32] a([ :3-1][ ,3-2][ ,3-3][ ,3.4][ ’as][ :a(,])

S=1{0,1/2" 1, 1/3", 1/5™, 1/7" | 1 <m <8, 1 <n<12}.
Choose

W= H[O’oal]}’ (10,2, 0 [0,a,] 0[0,a,] 0)

0<a. <I;
a, <l cv
1<i<3

and P=1{0, 1, 1/7" |1 <n <12} < S. W is a subset fuzzy interval
vector subspace of V of type II over the subset P of S.
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Example 3.2.9: Let
[0,a,] [0,a,]
[0,a,] [0,a,]||[0,a,] [0,a,] [0,a,] [0,a,]||0<a,<1;
[0,a;] [0,a,]]’|[0,a5] [0,a,] [0,a,] [0,a,]|[1<i<8
[0,a,] [0,a]

be a set fuzzy interval vector space of type I over the set

S= {0,1 neZ*}.
n
Choose

W:ﬂ[o,al] [0,a,] [0,a,] [0,a4]}

[0,a5] [0,a5] [0,a,] [0,a]

OSai£1;ISi£8} cV

is a subset fuzzy interval vector space of type Il over the subset
p- {o,i
4n
Example 3.2.10: Let
V — |:[Oaal] [O’az]:|
[0,a;] [0.a,]
be a set fuzzy interval linear algebra over the set

S= {L,O
2“

(the operation on V is max, i.e., if

X:[[O,al] [O,az]} andy:{[o’bl] [O’bz]:|
[0,a,] [0,a,] [0,b,] [0,b,]

neZ+} cSofV.

OSaisl;ISi£4}

n=0,1,2,...,oo}
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are in V then
_ | [0,max(a,,b;)] [0,max(a,,b,)]
Y [0,max(a;,b,)] [0,max(a,,b,)]|

Thus max (x, y) denoted by x + y is an associate closed
commutative operation on V).
Choose

W ﬂ[o,al] [O,az]}
0 [0,a,]

W is a subset fuzzy interval vector subspace of V defined over
the subset

1£i£3;0£aisl} cV;

Now we proceed onto define set fuzzy interval linear algebra
formally.

DEFINITION 3.2.4: Let V be a set fuzzy interval vector space
over a set S. If on V is defined a closed associative binary
operation denoted by ‘+’ such that s (a + b) = sa + sb; for all s
e Sand a, b € V. Then we define V to be a set fuzzy interval
linear algebra of type I1.

We will illustrate this by some simple examples.

Example 3.2.11: Let V = {[0, a;] | 0 < a; < 1} be a set fuzzy
interval linear algebra over the set
ne Z*} :

S= L,O,l
21’1

V is closed under max operation that is for [0, a] and [0, b] in V
we have [0, a] + [0, b] = [0, max {a, b}].
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Example 3.2.12: Let V = {collection of all 3 x 5 interval fuzzy
matrices with entries from I [0, 1]} be a set fuzzy interval linear

algebra over the set
{1,0 n= 1,2,3,..} .
n
Example 3.2.13: Let
V= {Z[O,ai]xi

i=0

S

OSaisl}

be a set fuzzy interval linear algebra over the set

S= {0,i n=1,2,..}.
21’1

We will define set fuzzy interval linear subalgebra.

DEFINITION 3.2.5: Let V be a set fuzzy interval linear algebra

over the set
S= {10 n=],2,..}.
n

Choose W < V; suppose W be a set fuzzy interval linear algebra
over the set S; we define W to be set fuzzy interval linear
subalgebra of V over S of type 1.

We will illustrate this situation by some examples.

Example 3.2.14: Let
Ve {[O,al] [O,az]}
[07 a} ] [O’ a4 ]
be a set fuzzy interval linear algebra with max operation defined

over the set
S= 1 ,0n=12,...;.
2n+1
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Choose
W {[o,al] [o,az]}
0 [0,a,]

W is a set fuzzy interval linear subalgebra of V over the set S.

1£i£3;0£ai£1} cV;

Example 3.2.15: Let

_[O,al]_
[0,a,]
[0,a;]
[0,a,]|| '
[0,a5]
10,241}

be a set fuzzy interval linear algebra over the set

S= ! ,0
3n+1

10,2,]]
0
[0,a,]
0
[0.a,]
0

n=0,1,2,...}.

Let

be the set fuzzy interval linear subalgebra over the set

S= ! ,0
3n+1

n= 0,1,2,..} of V.
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DEFINITION 3.2.6: Let V be a set fuzzy interval linear algebra
over the set S. Suppose W < V; if W is a set fuzzy interval linear
algebra over the subset P of S, then we define W to be subset
fuzzy interval linear subalgebra of V of type Il over the subset P

of S.
We will illustrate this situation by an example.

Example 3.2.16: Let

{[O,ai]} 0<a, < 1}
V=
[0,b,]]l0<b, <1

be a set fuzzy interval linear algebra over the set

S= {0,1 n= 1,2,..}
n

with min operation on V. That is min {[0, a], [0, b;]} = [0, min
{a;, b;}]. Choose

w4

is a subset fuzzy interval linear subalgebra over the subset

ol
4n

We as in case of usual set vector spaces and set interval vector
spaces define set fuzzy interval vector space linear
transformation.

OSaiSI} cV

n= 1,2,...,00} c S of S.

We will illustrate this by some examples.

85



Example 3.2.17: Let
V= {[O’al] [O’az]} 0<a <LI<i<4
[0,a;] [0,a,]

[0,a,]
(0,2, ]

sa,
[0,a,] 1
[0,a,]

and

be set fuzzy interval linear algebras defined over the set

S= ! ,00n=12,...¢.
2n -1

Define T¢: V > W as
[0,a,]

[0,a,] [0,a,] () _ [0,a,]
[0,a;] [0,a,] [0, a}]
[0,a,]

Te(A) =T = ﬂ

for every A in V. T is a set linear transformation of V into W.

Note as in case of vector spaces we see in case of set fuzzy
interval vector spaces define linear transformation over the
same set.

Example 3.2.18: Let

[0,a,]
Vv=1[0,a,]||0<a, <L;1<i<3
[0,a,]

and
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W: |:[0,al] [O,az] [0,33]:|
[0,a,] [0,a5] [0,a4]
be set fuzzy interval linear algebra defined over the same set

S= {O,i n =1,2,..}.
2“

Define Tr: V—> W by

OSaiSl;lSiS6}

[0,a,] . . .
Te=||[0,a,] :{[ ] [0,a,] [,a3]}
[O’al] [O’az] [0733]

[0,a5]

Tk is a linear transformation of V into W.

We define a special fuzzy semigroup S as follows:

Let S=11[0,1]= {[0, a] | 0 < a; <1}. On S define an
associative closed binary operation * so that S is a semigroup.
We call (S, *) a special fuzzy semigroup.

Throughout this chapter by a fuzzy interval semigroup we
mean a semigroup constructed using fuzzy intervals.

DEFINITION 3.2.7: Let V be a set whose elements are
constructed using fuzzy intervals from 1 [0, 1]. S any additive
semigroup with 1. We call V to be a fuzzy interval semigroup
vector space of level two or type Il if the following conditions
hold good.

(a) sv eVforalls eSandv V.

(b) 0.v=0 eV forallv e Vand0 €S, 0 is the zero vector

(c) (s;+s)v=syv+syforalls;, s, eSandv eV.

We illustrate this by the following examples. The terms type 11
and level two are used as synonym.

Example 3.2.19: Let V = {[0, a;] | 0 < a; < 1} be a semigroup
fuzzy interval vector space of level two over the semigroup
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S

{O,i n =1,2,..}
21’1

under multiplication.
Let

[0,a,]
V= [Oaaz] a([oaal] [Oaaz] [0533] [0534] [0,35])
[0,a,]

be a semigroup fuzzy interval vector space of level two over the
semigroup

11
S,0)=140,1, —,—
(S, 0) { S gm

m,ne Z*}

under ‘o’ the max operation that is

1 1 1 1 1 ..1 1 1 .. 1 _ 1
—o0 max i —,— = —if—>—; — if —>—
2m 2" 2" 3" 2 2™ 3 o3 3 m

Example 3.2.20: Let

[0.a,] ([O,al] [0,a,] [0,a,] [o,a4]j 1<i<8
W= [0,32] s
[Oa] [0,8.5] [0536] [0,3.7] [Oaas] Osa'iSl

be a semigroup fuzzy interval vector space of level two over the
semigroup

s=J01,4+ L
5" 78"

m,n € Z*} under min operation.

88



Example 3.2.21: Let V =

[0,a,] [0,a,]
[0,a;] [0,a,]| ([0,a,] [0,a,] [0,a,] [0,a,] [0,a,])0<a, <1
[0,35] [0336] ’ [Oaaé] [0’37] [0,38] [Oaaf;] [O’alo] 1<i<10

[0,a,] [0,a4]

be a semigroup fuzzy interval vector space of level two over the
semigroup (S, o).

Now we proceed onto define semigroup fuzzy interval linear
algebra V over the semigroup (S, o).

DEFINITION 3.2.8: Let V be a fuzzy semigroup interval vector
space over the semigroup (S, o) of type II. If V itself is a special
fuzzy semigroup under some operation say ‘+’ and so (a + b) =
sob+sobforalls € Sanda, b € V then we call V to be a
fuzzy semigroup interval linear algebra over S of type I1.

We will illustrate this situation by some examples.

Example 3.2.22: Let

[0.a,] [0.a,]
<a; <
V=10 ] {000 L
[0,a;] [0.a]

be a semigroup interval fuzzy linear algebra of type II over the

semigroup
n= 1,2,...,00}

and ‘0’ is the min operation. On V we have min operation so
that V is a semigroup.

1
S,0)=+<—,0,1
(S,0) {2n
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Example 3.2.23: Let
Ve [0,a,] OS.aiSI
[0,a,]||1<1<2

be a fuzzy semigroup interval linear algebra of type II over the
semigroup

—,—,0,lm,neZ*
2" 12"

and ‘o’ is the max operation in S}.

(S,0)={1 Lo

Now having seen examples of fuzzy semigroup interval linear
algebras over a semigroup of type II we describe an interesting
property related with them.

THEOREM 3.2.1: Every fuzzy semigroup interval linear algebra
is a fuzzy semigroup interval vector space over the semigroup.

The proof is simple as one part follows immediately from
the definition and other part is obvious by some examples given
on fuzzy semigroup interval vector spaces.

DEFINITION 3.2.9: Let V be a semigroup fuzzy interval linear
algebra over the semigroup S. Let W < V; if W is a semigroup
fuzzy interval linear algebra over S then we define W to be a
semigroup fuzzy interval linear subalgebra of V over the
semigroup S.

We will illustrate this by some examples.
Example 3.2.24: Let V = {All 5 x 5 fuzzy interval matrices with

entries from I [0, 1]} with min operation be a fuzzy semigroup
interval linear algebra of type II over the semigroup

S = {0,1,i n :1,2,..}
21’1

with max operation.
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Thus if v=[0,a] € Vand S =% € S then

SV=vs= L [0, a;] = 0,i .
2 2

Consider M = {all upper triangular fuzzy interval 5 x 5 matrices
with entries from I [0, 1]} < V; M is a fuzzy semigroup interval
linear subalgebra of V over S of type II.

Example 3.2.25: Let

V= {i[O,ai]xi

i=0

OSaiSI}

be a fuzzy semigroup interval linear algebra of type II with min
operation (i.e., if

10,81 =px)
and -

400 = [0.b; I
are in V then -

p(x) +q(x) = S [0,minfa, b} ]x’

i=0
1

S = {0,1,— n=1,2,..}
Sn

sv=sp(x)(s= % p(x) = i[O,ai]xi )

over the semigroup

and
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W= { [0,a,]x*
i=0

OSaiS1} cV;

W is a semigroup fuzzy interval linear subalgebra of V over the
semigroup S of type II.

Now we proceed onto define the notion of fuzzy subsemigroup
interval sublinear algebra of V over the subsemigroup P of S.

DEFINITION 3.2.10: Let V be a fuzzy semigroup interval linear
algebra of type Il over the semigroup S. Let W <V and P < S
where W and P are proper subsets of V and S respectively. If W
is a fuzzy semigroup interval linear algebra of type Il over the
semigroup P then we define W to be a fuzzy subsemigroup
interval linear subalgebra of type Il over the subsemigroup P of
the semigroup S.

We illustrate this situation by some examples.

Example 3.2.26: Let

[10,a,] [0,a,]]
[0,a;,] [0,a,]
V=11[0,a;,] [0,a,]||0<a <1;1<i<10
[0,a,] [0,a;]
1[0,a,] [0,a,]]

be a fuzzy semigroup interval linear algebra of type II over the

semigroup
1
S= {1,0,—n n =1,2,...} .
2

Let
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[10,a,] 0
0 [0,a,]
W=.10,a,] 0 0<a <L;1<i<5; CV;
0 [0,a,]
_[O,as] 0
and
P= {1,0,% n=1,2,..} cS.
>

W is a fuzzy subsemigroup interval linear subalgebra of type II
over the subsemigroup P — S.

Example 3.2.27: Let

[0,a,] [O,a,]

[0,a,] [0,a,]|0<a, <1
[0,a;] [0,a,]| 1<i<8
[0,a,] [0,a,]

be a special fuzzy semigroup interval linear algebra over the
semigroup

S=10,1, ! , mneZ’
20 5™
Choose
[0,a,] O
[0,a,] 0| 0<a, <4
W= ) cV,

[0,a,] O 1<i<4
[0,a,] ©

W is a fuzzy subsemigroup interval linear subalgebra of V over
the subsemigroup
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P ={0,1,i
5n

Now if V has no fuzzy semigroup interval linear subalgebra
over F then we define V to be a simple fuzzy semigroup interval
linear algebra of type II. We say V is said to be a pseudo simple
fuzzy semigroup interval linear algebra over S of type II if V
has no fuzzy subsemigroup interval linear algebra over S. We
say V is doubly simple if V has no fuzzy semigroup interval
linear subalgebras and fuzzy subsemigroup interval linear
subalgebras.

neZ+} cS

of type Il of V.

We will illustrate this situation by examples.

Example 3.2.28: Let

P
0 [0,a,]

be a semigroup fuzzy linear algebra over the semigroup S = {0,
1} with min operation. It is easily verified V is a doubly simple
semigroup fuzzy interval linear algebra of type II over S.

Example 3.2.29: Let

[0,1/2] | [[0,1/4]] | [0,1] | | [O]
[0,1/2]1,| [0,1/4] [,| [0,1] [,| [O] |; =V
[0,1/2] | [[0,1/4]] | [0,1] | | [O]

be a fuzzy semigroup interval linear algebra over the semigroup
S = {0, 1}. V is a pseudo simple fuzzy semigroup interval linear
algebra as V has no proper fuzzy subsemigroup interval linear
subalgebra of type I1.

However V has fuzzy semigroup interval linear subalgebra
of type two over S.
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DEFINITION 3.2.11: Let V be a fuzzy semigroup interval linear
algebra of type Il over the semigroup S. Let W < V be a fuzzy
semigroup interval linear subalgebra of V of type I1.

Let T : V — W be such that T(v) = w for every v € V and w
e W. T is a fuzzy semigroup interval projection of V into W.

We will illustrate this by some examples.

Example 3.2.30: Let

V:{mm]mmq
[0,a,] [0,a,]

be a fuzzy semigroup interval linear algebra over a semigroup

OSaiSI;ISiS4}

Choose

W= [0.3,] 10.,] 0<a <1;1<i<3} cV;
0 [0,a;] '
W is a semigroup fuzzy interval linear subalgebra interval linear

subalgebra of V over S.
Define T: V—> W by

_[10.2,] [0.a,]] _[[0.2,] [0.a,]
[0,a,] [0,a,] 0 [0.a,]

T is a projection of V into W. Infact T is a linear operator on V.

Example 3.2.31: Let

V= {i[O,ai]xi

Oéaiél}
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be a semigroup fuzzy interval linear algebra over a semigroup S
of type II.
Let

W= {i[O,aJxZi

i=0

OSaiSI} cV

be a semigroup fuzzy interval linear subalgebra of type Il over a
semigroup S of V.
Define T: V— W as

T (i[o,ai]xij =

* .
[0,2,]x*
i=0 =0

T is a linear operator on V which is a projection of V onto W.

We can as in case of linear transformation of vector spaces
(linear algebras) define linear transformations of fuzzy
semigroup interval linear algebras V (vector spaces) of type 11
to fuzzy semigroup interval linear algebras W (vector spaces) of
type 1l provided V and W are defined over the same semigroup.

We will illustrate this situation by some examples.

Example 3.2.32: Let

[0,a,]

[0,a,]| [0<a, <1
[0,a;]| | I<i<4
[0,a,]

W= [Oaal] [0,32] [0533] OSaiSI
|[10,2,] [0,a,] [0,a,]] 1<i<6

be fuzzy semigroup interval linear algebras defined over the
semigroup

and
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Define T : V — W as follows:

[0,a, ]
[0,a,]| [[0,a,] 0 [0,a,]
[0,a,] _{ 0 [0a,] [o,aj‘
[0,a,]

It is easily verified that T is a linear transformation of V into W.

Example 3.2.33: Let

{[O’al]} (0.0,) O] (0.1
V= 5 [0534] [Oaas] [0536] .
[0,a,] 1
[0,a,] [0,ay] [0,a,]]
and
[10,a,] [0,a,]]
[0,a;] [0,a,]
[0,a;] [0,a4]
W = [0,a,] [0,a,]|]|[0,a,] [0,a,]||0<a, <
[0,a,] [0,a,]|| [0,a,] [0,a,]|/1<i<16

[0,a,,] [0,a,]
[0>a|3] [0,a,,]
1[0,a5] [0,a,]]

be fuzzy semigroup interval vector spaces defined over the
semigroup
S= {L,O,l
2H
of type 1L

Define T: V — W as follows

ne 32Z+}
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B
[0.2,] 0 [0a,]
and
[[0,a,] O
0 [0,a,]
[0.2] [0.a,] [0,a,]]) [l O
T||[0.2,] [0.2,] [0.a,]]|=] O [0l
[0.2,] [0a,] [0,a,]]) |%%] O
0 [0,a,]
[0,a,] 0
0 [0,a4] |

It is easily verified that T is a linear transformation of V to W.

Now we proceed onto define some more properties of
semigroup fuzzy interval vector spaces and linear algebras of
type II.

DEFINITION 3.2.12: Let V be a fuzzy semigroup interval vector
space of type Il defined over the semigroup S. Let W;, W5, W3,
.o, W, be a semigroup interval subvector spaces of V over the

semigroup S. If V = UVK but Wi " W; # ¢or {0} ifi #j then we
i=1

call V to be the pseudo direct union of fuzzy semigroup vector

spaces of 'V over semigroup S of type I1.

The reader is expected to give some examples of these vector
spaces.

DEFINITION 3.2.13: Let V be a fuzzy semigroup interval vector
space of type Il over the semigroup S. Let W;, W,, ..., W, be
fuzzy semigroup interval vector subspaces of V of type Il. We
say W, W, ..., W, is a direct union of semigroup fuzzy interval
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vector subspaces of V. if V = UVK and W; N W; = ¢or {0} if i
i=1
=j;1<i,j<n

The reader is expected to give examples of direct union of
semigroup fuzzy interval vector subspaces of type II.

Now we proceed onto define direct sum of fuzzy semigroup
interval linear subalgebras of a fuzzy interval semigroup of type
IL

DEFINITION 3.2.14: Let V be a fuzzy semigroup interval linear
algebra over a semigroup S of type Il. We say V is a direct sum
of semigroup fuzzy interval linear subalgebras W;, W, ..., W, of

vif
(@ V=W, + .. +W,
(b) WinW;,={0}or gifi#zj; 1<j,j=<n

We will illustrate this situation by an example.

Example 3.2.34: Let

Ve {[O,al] [O,az]}

[0,a;] [0,a,]

be a fuzzy semigroup interval linear algebra of type Il defined
over the semigroup

OSaiSI;ISiS4}

Choose

99



W3={ 0 O} Oﬁaisl}

[0,a;] O

W4:{[O 0 } OSaiSl}
0 [0,a]

to be fuzzy semigroup interval linear subalgebras of V of type II
over the semigroup S.
V:W1 +W2+W3+W4

00
WiﬁWj: 0 0

and

and

ifi#jand 1 <1,j<n.

If in the definition we have W;’s to be such that W; N W; #
(0) or ¢ and W; < Wj; 1 <1, j < n then we define V to be a
pseudo direct sum of fuzzy semigroup interval linear algebras.

We will illustrate this by an example.

Example 3.2.35: Let

[10,a,] [0,a,]]
[0,a;,] [0,a,]
V=1110,a,] [0,a,]||0<a, <1;1<i<10
[0,a,] [0,a,]
1[0,a,] [0,a,]]

be fuzzy semigroup interval linear algebra of type Il over the

semigroup
1 +
S= {0,1,—neZ }
2]1
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WZZ

W4:

and

[0,a,] 0
0 [0,a,]
0 0
0 0

| 0 [0,
[0,a, 0
0 0
0 0

[0,a,] [0,a,]

[[0,a,] 0
0 [0,a]]
0 [0,a,]

[0,a,] O
0 [0,a,]

| 0 0

[[0,a,] 0
[0,a,] [0,a,]
[0,a,] [0,a]
0 0

1[0,a5] [0,a,]]

0 0
[0,a,] 0

0 [0,a,]
[0,a5] [0,a,]
1[0,a5] [0,a,]]

0<a, <L1<i<3

0<a <Ll<i<4

0<a <L;1<i<4

0<a <1;1<i<7

0<a, <L1<i<6

WCSCCV:W1+W2+W3+W4+W5
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But

Wif'\Wji

oS O o o O
oS O o o O

ifi#j. 1<1,j<5. Thus V is a pseudo direct sum Wy, ..., Ws.

As it is not an easy task to define group fuzzy interval vector
spaces, we proceed to work in different direction.
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Chapter Four

SET INTERVAL BIVECTOR SPACES AND
THEIR GENERALIZATION

In this chapter we for the first time introduce the notion of set
interval bivector spaces and generalize them to set interval n-
vector spaces, n > 3. We also define semigroup interval bivector
spaces and group interval bivector spaces and generalize both
these concepts to bisemigroup interval bivector spaces, bigroup
interval bivector spaces, set group interval bivector spaces and
so on. This chapter has four sections.

4.1 Set Interval Bivector Spaces and Their Properties

In this section we introduce the new notion of set interval
bivector spaces and enumerate a few of their properties.
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DEFINITION 4.1.1: Let V = V; UV, where V; and V, are two
distinct set interval vector spaces defined over the same set S.
Thatis V; ¢V, and V, ¢ V; we may have V; NV, = ¢ or non
empty. We define V to be a set interval bivector space over the
set S.

We will illustrate this situation by some examples.

Example 4.1.1: Let V=V, U V,

[0,a,] .
— ([0, a] | € Z' U {01} L 4| [0,a,]] [M €2 VIO
[0.2,] 1<i1<3

be set interval bivector space over the set S = {2, 4, 3, 5, 10, 12,
124, 149, 5021}.

Example 4.1.2: Let

[0.a,] [0,a,] [0,a;]
VivVa=1110,a,] [0,a;] [0,a5]},[0,ai], [0, a]
[0.2,] [0,a5] [0,a,]

where a; € Z1; 1 <1<9}

10,2,

[0,a,]

[0,a,] [0,a,] :
Y o1 [0,a,] | |2, €Z,;1<i<5
[0,a;] [0,a,]

[0,a,]

1[0,a,] |

be a set interval bivector space over the set S = {0, 2, 6, 5, 8,
1 1} C Z12.
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Example 4.1.3: Let

V=V, uV,=
10,a,]]
[0,a,] .
{[0,31] [0,a,] [0,a] [0384]} 0.2, |[0.a,] aie.Q U {0};
[0,35] [0936] [0,37] [Oaag] [ ] 1<1<8
[0,a,] |

[0,a,] [0,a,] [0,a,] [0,a,]

[0,a;] [0.ac] [0,a;] [0,a] |]a; €Q"U{0};
[0,a,] [0,a,] [0,a,,] [0,a,]][1<i<16
[0.a;;] [0.a,] [0,a;] [0.2]

be a set interval bivector space defined over the set S = {0, 15,
3/17,25/4,2,4, 6,21, 49}.

Example 4.1.4: Let V =V, U V, = {All 10 x 10 interval
matrices with intervals of the from [0, a;] with a; € Z;} U

aieZ7}

be a set interval bivector space over the set S = {0, 3, 5, 1} <
7.

{i[O,ai]xi

i=0

We see examples 4.1.1, 4.1.3 and 4.1.4 give set interval bivector
spaces of infinite order where as example 4.1.2 is of finite order.

Now we can define substructure in them.

DEFINITION 4.1.2: Let V = V; UV, be a set interval bivector
space over the set S. Suppose W = W, oW, cV;, UV, be a
proper biset of V and if W = W, o W, < V is a set interval
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bivector space over the set S then we define W to be a set
interval bivector subspace of V over the set S.

We will illustrate this situation by some examples.

Example 4.1.5: Let V=V, UV, =

0,a
[0,a,] ez

0 i 19;
[0.2,] 1<i<6 ~
[0,a,]

a, € Zlg}

be a set interval bivector space over the set S = {0, 2, 5,7, 9, 12,
17} < Zyo.

[0,a,] [0,a,] [0,a,]
[0,2,] [0,a5] [0,a,]

{f“[O,ai ]xi

Choose
0,a
W= [0 X a; €Zy; io 2i 7
[0,a,] 1<i<3 N i:0[ ]x" la, eZ
[0,a,]

=W, uW,cV,uV,=V
is a set interval bivector subspace of V over the set S.

Example 4.1.6: Let V=V, U V,={[0,a] | ay € Z" U {0}} U

[0,a,] [0,a,] [0,a;]
[0,a,] [0,a5] [0,a,]||a,€Z" U{0};1<i<9

[0,a,] [0,a,] [0,a,]
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be a set interval bivector space over the set S = 2Z" U 52" U
{0}. Take

W=W,UW,={[0,a]|a €7Z" U {0}} U

[0,a,] [0,a,] [0,a,]
0 [0,a,] [0,a,]||a, €3Z" U{0}
0 0 [0,a,]

cViuV,; W=W,; U W, is a set interval bivector subspace of
V over the set S.

Example 4.1.7: Let V=V, U V, = {All 7 x 7 interval matrices
with interval of the form [0, a;] a; € Z;5 U {All 1 x 9 interval
row matrices with intervals of the form with a; € Z;5 be a set
interval bivector space over the set S = {0, 1, 2,4, 5, 7} < Zis.
We see W =W, U W, = {All 7 x 7 diagonal interval matrices
with intervals of the form [0, a;] with a; from Z;5} U {([0, a,], 0,
[0, 5], 0, [0, a3], 0, [0, a4], 0, [0, as]) / a; € Zi3; 1 <1<5} <V,
U V, =V is a set interval bivector subspace of V over the set S.

Now having see examples of subspaces we now proceed on to
define subset interval bivector subspaces.

DEFINITION 4.1.3: Let V = V; UV, be a set interval bivector
space over the set S. Let W =W, oW, cV, vV, =V be a
proper bisubset of V and P < S be a proper subset of S. If W is a
set interval bivector space over the set P then we define W to be
a subset interval bivector subspace of V over the subset P of S.

We will illustrate this by some simple examples.

Example 4.1.8: LetV =V, UV, =

[0,a,]
0.a,1|.([0.2,] [0.a,] [0.a,] [Oa])aiez”;
0.2, ]1.(10.,] {02, ] 108, ] 102, 0) v
[0,a,]
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{All 5 x 5 interval matrices with entries from Z,,} be a set
interval bivector space over the set S = {0, 2, 3, 5, 6, &, 9, 10,
14,22} < Z,4. Choose

[0.a,] |
W=W,UW, = 1|[0,a,7] % €4
P 2 1<i<3

[0,a,]

{All 5 x 5 interval upper triangular matrices with entries from
Zy} < ViUV, =V. Choose P = {0, 2, 5, 10, 14, 22} < S
Z,s. W = W; U W, is a subset interval bivector subspace of V
over the subset P of S.

Now we proceed onto define the notion of set interval linear
bialgebra.

DEFINITION 4.1.4: Let V = V; UV, be a set interval bivector
space over the set S.

Suppose V is closed under addition and if's (a + b) = sa +
sb foralls € S and a, b € V then we call V to be a set interval
bilinear algebra over S.

We will illustrate this situation by some examples.

Example 4.1.9: Let V = V; U V, be a set interval bilinear
algebra over the set S; where
a, € Z4O}

|10,2,1 [0.a,]
|L10.2,1 [0,a,]

and

V:V1 UVz

a,e€”l,; i .
' U 0,a.]x'
1Si£4} {Z(;[ 2

i=

S=1{0,2,5,7,10, 14,32} < Z4.

Example 4.1.10: Let
V=V,uV,
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10,a,]]
[0,a,] . ‘
- [0.a,] aieZ.u{O}, 0
1<i1<5
[0,a,]
[0,a5] |

[0,a,] [0,a,] [0,a,]
[0,a,] [0,a5] [0,a4]
[0,a,] [0,a;] [0,a,]

a, e Z" U{0};
<i<9

be a set interval bilinear algebra over the set S = {0, 3, 14, 27,
52,775,130} < Z" U {0}.

Example 4.1.11:Let V=V, UV,

[0,a5] [0,a,] [0,a5] [0,a,] [0,a,]]] 1<i<10

:{[[o,all [0.a,] [0,a,] [0.a,] [o,as]}

a, eR” U{O}} O

{All 12 x 11 interval matrices with intervals from Q" U {0} of
the form [0, a;]; a; € Q" U {0}} be a set interval bilinear algebra

over the set S = {0, 12, /3, /41, v/5/12, 412, _\1/5573 L

Now we see all the set interval bilinear algebras given in the
examples 4.1.9, 4.1.10 and 4.1.11 are of infinite order.

We will give one example of a finite set interval bilinear
algebra.

Example 4.1.12: Let

V={[0,a]]|a € Zg} U {{[0’31] [O,az]}

[0,a,] [0,a,]

a, el
1<i<4
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be a set interval linear bialgebra over the set S = {0, 1, 2, 3, 4}
c Zs. V is a finite order set interval linear bialgebra or finite
order set interval bilinear algebra over the set S.

Now we proceed onto define the notion of set interval bilinear
subalgebra of a set interval bilinear algebra over the set S.

DEFINITION 4.1.5: Let V =V, U V, be a set interval linear
bialgebra over the set S. Choose W =W, UW, cV, oV, =V;
suppose W is a set interval linear bialgebra over the set S then
we call W to be a set interval linear sub bialgebra of V over the
set S.

We will illustrate this situation by some examples.

Example 4.1.13: Let

[0,a,] [0,a,] [O,a,] ,

a,e€’l;

V:VIUVZZ [0,34] [0735] [Oaa6] 1S1S9
[0,a,] [0,a,] [0,a,]

[Oaal] [O,az]

[0.a,] [0,a,] ,
0.a.] [0.a]]]% <5
10.a; O1<i<10

[0,a,] [0,a]
[0,a,] [0,a,]]

be a set interval linear bialgebra over the set S = {0, 3, 5, 8, 7,
10} < Z16. Choose W =W, U W,

[0,a,] [0,a,] [0,a,]
= 0 0 0

[0,a,] [0,a,] [0,a,]

a, el
i=1,2,3,7,8,9
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[10,a,] 0
0 0,
0 [(?2] a, €”Z;
V|10l 1<i<5
0 [0,a,]
1[0,a;] 0

c V1 UV, =V; Wis a set interval linear subbialgebra of V over
the set S.

Example 4.1.14: Let

27
V=V,uV,= {Z[O,ai]xi

i=0

a, eQ’ U{O}} )

{All 10 x 10 interval matrices with entries from Q" U {0}} be a
set interval linear bialgebra over the set S = {3Z', 0, 7Z"}.
Choose

20

W=W,UW,= {Z[o,ai]xi

i=0

a, ez U{O}} )

{all 10 x 10 upper triangular interval matrices with entries from
Q" U {0}} € V, UV,=V; W is a set interval linear bisubalgebra
of V over the set S.

Now we proceed onto define other special type of
substructures.

DEFINITION 4.1.6: Let V = V; UV, be a set interval bilinear
algebra over the set S.

Choose W =W, oUW, cV; UV, and P a proper subset of S
such that W= W; U W, is a set interval bilinear algebra over P.
W is defined as a subset interval linear subbialgebra of V over
the subset P of S. If 'V has no subset interval linear subalgebra
then we define V to be a pseudo simple set linear bialgebra.
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First we will illustrate this by some simple examples.

Example 4.1.15: Let
V= V1 U V2

[0,a,] [0,a,]
= { ‘ ? U {[0, ai] | a; € Zy7}
[0,a,] [0,a,]
be a set interval linear bialgebra over the set S = Z,;. Let
a,e’ly; 0
1<1<2

{[09 ai] | a € {03 3’ 63 99 125 155 185 215 24} - 227} - Vl o V2 =
V be a subset interval linear subbialgebra of V over subset P =
{0,9, 18} = S.

a,e€”Z,;
1<i<4

{[[O,al] 0}
W=W,uW,=

[0,a,] O

Example 4.1.16: Let V=V, U V, = {All 5 x 5 interval matrices
with entries from Q" U {0}} U

{f“[O,ai Ix'

a, €Q U0}
0<1<30

be a set interval linear bialgebra over the set S = {0, 3Z", 11Z°,
17Z"}. Choose W = W; U W, = {all 5 x 5 interval upper
matrices with entries from Q" U {0}} U

0<i<20

i=0

{i[O,ai]xi

a,eQ’ u{O};}

c VU V, =V, W is a subset interval linear subbialgebra over
the subset P = {0, 3Z", 172"} < S.

Now will give some examples of a pseudo simple set interval
linear bialgebra.
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Example 4.1.17: Let V=V, U V, = {[0, a], [0, a], [0, a], [0, a])
| ae Zs} |\

[0,a]

0,

[0.a] aeZ,

[0,a]

[0,a]

be a set linear bialgebra of the set S = {0, 1}.
Clearly V is a pseudo simple set linear bialgebra over S.

Example 4.1.18: Let

V=V,uV,
[0,a] [0,a] [0,a] [0,a]
=4/[0,a] [0,a] [0,a]||laeZ,; U q|[0,a]||acZ,
[0,a] [0,a] [O,a] [0,a]

be a set interval linear bialgebra over the set S = {0, 1}. Clearly
V is a pseudo simple set interval linear bialgebra over the set S.

We define pseudo set interval bivector space of a set interval
linear bialgebra.

Example 4.1.19:Let V=V, UV, =

[0,a,] [0,a,] [0,a,]]]a eZ,;
[0,a,] [0,a,] [0,a,]]|0<i<6[ ~
0.0 [0a] .

[0,a;] [0,a,]|| '

0<i<6
[0,a5] [0,a]

be a set interval linear bialgebra of V over the set S = {0, 1, 2,
3}. Choose

113



W:W1UW2

_J[10,21 0 [02,]][[0,a] 0 0
0 [0,a,] [0,a,]]|[0,a,] O O ~

[0,a,] O 0 [0,a]
0 [0,a,]],[0,a,] ©
[0,a,] O 0 [0,a,]

c ViUV, =V, Wis a pseudo set interval bivector subspace of
V over the set S.

Example 4.1.20: Let V=V, UV,

={([0, a;], [0, a2], [0, as], [0, a4], [0, as]) | aj € Z7; 1 <1< 5} U

[0,a] [0.a]
aeZ,
[0,a] [0.a]
be a set interval bilinear algebra over the set S = {0, 1}.

Choose W=W, U W, =

{([0, a], 0, [0, a], 0, [0, a]), ([0, a], [0, a], 0, [0, a], 0) |a € Z7} L

[0,a] 0]|0 [0,a]
, aeZ,
[0,a] 0] (0 [0,a]
c VUV, =YV, Wis a pseudo set interval vector bisubspace of
V over the set S.
As in case of usual set bivector spaces we define the

bigenerations of set interval bivector spaces.

We will illustrate this by an simple example.
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Example 4.1.21: Let V=V, U V, = {{[0, aj] | a; € Z7} L

{[[o,al]} ‘ai _ 27}
[0.2,]

be a set interval bivector space over the set S = Z;. The
bigenerator of V is
[0,1]
X={[0, 1]} v .
[0,1]

Clearly the bidimension of V is finite and is (0, 1).

Interested reader is expected to derive more properties.
However the concept of bilinearly independent set and bibasis
can also be defined in an analogous way. We see the basis of the
set interval bivector space given in example 4.1.21 is

{[0, 1]} U {[O’”]
[0,1]

The bidimension is {1, 1}.
We will illustrate this by another example.

Example 4.1.22: Let
V=V,uV,

[0,a,] [0,a,]
=4/[0,a,] [0,a,]]||a, €Z" L{0}
[0,a;] [0,a,]

v {zé“[o,ai Ix'

a, el v {0}}

be a set interval bilinear algebra over the set S=Z" U {0}.
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0

0 0
0 [01],, 0 o0 0
0 0 [|[01] 0 [0,1]

u{l,x,x,x,x,x,x}=X1uX2

[0,1] o]0 [01]
Xx=1 0 [01] 0|,
0
10
0

is a bilinearly independent bisubset of V and X = X; U X,
bigenerates V thus X is a bibasis of V.

We define yet another set of interval bivector spaces called biset
interval bivector spaces.

DEFINITION 4.1.7: Let V = V; UV, where V; is a set interval
vector space over the set S; and V, is another set interval vector
space over the set S; where V; and V, are distinct that is V; & V,
and Vy; ¢ V; and S; and S, are distinct that is S; ¢ S, and S; &
S;.

Then we define V =V, U V; to be a biset interval vector
bispace over the biset S = S; U S, or V is a biset interval
bivector space over the biset S = S; U S..

We will illustrate this situation by some simple examples.

Example 4.1.23: Let V=V, UV,

B [0,a,] [0,a,] [0,a;]]||[0,a,]
|L10,2,] [0,a5] [0,2,]][[0,a,]
[0,a,]
[0,a,]||a, €Z,,;

[0,a,] | [|1<1<4
[0,a,]

a, e”Z,;
1<i<6
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be a biset interval bivector space over the biset S =S, U S, =
213U Zy.

Example 4.1.24: Let V=V, UV,

[0,a,]
_ ] [[0,a,]| |a,eZ" {0} .
Vloag|| 1<ica [0z
[0,a,]

be a biset interval bivector space over the biset S =S, U S; =
(Z"u {0}) U Z,.

Example 4.1.25: Let V=V, UV,

24 )
= {Z[O,ai]x‘ a, €2, Y

i=0

{all 10 x 10 interval matrices with entries from Z" U {0}} be a
biset interval bivector space over the biset S =S, U S, = Z4s U
327U {0}.

Now we proceed onto define substructure in this bispace.
DEFINITION 4.1.8: Let V =V; UV, be a biset interval bivector
space over the biset S =8, US,. Let W=W, UW,cV, UV, =
V be a proper subset of V.

If W= W; UW,is a biset interval bivector space over the
biset S = §; U S, then we define W to be a biset interval
bivector sub bispace of V over the biset S.

We will first illustrate this situation by some examples.

Example 4.1.26: Let V=V, U V, =
{WJJ[Q%T
[0,33] [0,34]
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{All 17 x 17 upper triangular interval matrices with entries from
Z1,} be a biset interval bivector space over biset the S = (Q" U
{0}) UZp= S] ) Sz.

Take W=W, U W, =

[0,a,] [0.a,]
0 [0,a;]
{All 17 x 17 diagonal interval matrices with entries from Z;,} <

ViU V, =V, W is a biset interval bivector subspace of V over
the biset S= S, U S..

1<i<3

2,eQ’ u{O};} g

Example 4.1.27-Let V=V, U V, =
[0,a,] [0,a,] [0,a;]|| a,€Z, 0
[0,a,] [0,a;] [0,a,]|| 1<i<6
25 ) . Z .
Z[O’ai]xl al E. 25
1<i<6

i=0
be a biset interval bivector space over the biset S =S, U S, =
Z42 U 225. Choose

WZWlUWz
_J|[0,a,] [0,a,] [0,a5]}|a; €Z,; ,
“loa] [0,8,] [0,a,] U )

1<i<3
c Vi U V, =V; W is a biset interval bivector subspace of V
over S.
Now we proceed onto define the notion of quasi set interval
bivector spaces and quasi biset interval bivector spaces.

DEFINITION 4.1.9: Let V = V; UV, be such that V, is a set
vector space over the set S and V, a set interval vector space
over the same set S then we define V=1V, UV, to be a quasi set
interval bivector space over the set S.
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We will first illustrate this situation by some examples.

Example 4.1.28:Let V=V, UV,

aieQ+U{0};
= a, a5 4 .
1<1<9
a, ay a,
[0,a,] [0,a,] [0,a;,] [0,a,]||a, €eQ" L{0};
[0,a;] [0,as] [0,a,] [0,a] 1<i<38

be a quasi set interval bivector space over the set S =Z" U {0}.

Example 4.1.29: Let V=V, UV,

[0’31] [0;35]
_ [0,32] [0,36] aiezs; 26 :
- [0,a,] [0,a,]|[1<i<8 U{E[O,ai]x
[O’a4] [Oaag]

aieZS}

be a quasi set interval bivector space over the set S = Zs.

Example 4.1.30: Let V=V, U V,

= {i[O,ai]xi

i=0

a, el U{O}} U

{All 8 x 8 interval matrices with entries from Z" U {0}} be a
quasi set interval bivector space over the set S =3Z" U {0}.

Now we define quasi set interval bivector subspace in an
analogous way.

DEFINITION 4.1.10: Let V = V; U V, be a quasi set interval

bivector space over the set S. Let W =W, oW, cV, uV,; W
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is a quasi set interval bivector subspace of V over the set S, if W
is a quasi set interval bivector spaces over the sets.

For instance if V=V, U V,

[O,al] [0,32] .
acz b Ull0.a] [0.a,] "%
P 3 T 1<i<6

[0,a5] [0,a,]

= {f“[o,ai]xi

be a quasi set interval bivector space over the set S = Zyg.
Let W=W, UW,
[0,a,] 0

ae”Z U 0 0,
i € 28} [0,a,] 1<i<3
[0,a;] O

20 .
= {Zaix‘

i=0

c V; U V,; W is a quasi set interval bivector subspace of V

over the set S.

Example 4.1.31: Let V=V, UV,

a, € Z" U{0};
V)
1<i<10

_ {[O,al] [0,a,] [0,a5] [0,a,] [0,35]}
[0,as] [0,a;] [0,a5] [0,a,] [0,a]

{10 x 10 upper triangular matrices with entries from Z" U {0}}

be a quasi set interval bivector space over the set S =3Z" U {0}.

Choose W=W, U W,

1<i<5

a, el u{O};} 9

_|[0a] 0 [0,a,] 0 [0,a,]
0 [0a] 0 [0a] O

{All 10 x 10 diagonal matrices with entries from 13Z" U {0}}
c VU V,=V; W is a quasi set interval bivector subspace of V

over the set S.
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Now we proceed onto define the new notion of quasi biset
interval bivector space.

DEFINITION 4.1.11: Let V = V; U V, where V; is a set vector
space over the set S; and V, is a set interval vector space over
the set S;. We call V =V, UV, to be a quasi biset interval
bivector space over the biset S =S; US,.

We will illustrate this situation by some examples.

Example 4.1.32: Let V=V, UV,

4 o a [0,a,] [0,a,]

R a, €Z; [0,a,] [0,a,]||a, €Z,;
= a a a U

119 [0,a5] [0,a,]||1<i<8

a7 ag a9

[0,a;] [0,a4]

be a quasi biset interval vector bispace over the biset S = S; U
Sy =73V Zy.

Example 4.1.33: Let V=V, U V, = {all 12 x 12 matrices with
entries from Z" U {0}} U
a;, € Z29}

be a quasi biset interval bivector space over the biset S = S; U
Sz = (132+ Y {O}) |\ 229.

{i[o, a, Jx'

Example 4.1.34: Let V=V, UV, =

i=0

a,e3Z" v {O}} U
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[0,a,] [0,a,] [0,a,] ) |
[0,a,] [0,a;] [0,a,] a; €52" U{0};

0.a] [0.a,] [0.a,] ==

be a quasi biset interval bivector space over the biset S = S; U
S,=(13Z" U {0}) U {15Z" U {0}).

Now we give examples of quasi biset interval bivector spaces
their substructures.

Example 4.1.35: Let V=V, U V, = {All 6 x 6 interval matrices
with entries from Z;} U

X .
2ax
i=0

a eQ' U {0}}

be a quasi biset interval bivector space over the biset S = Z; U
Q" U {0}. Choose W = W, U W, = {all 6 x 6 upper triangular
interval matrices with entries from Z;} U

g .
2 ax”
i=0

a,eQ U {0}}
c V1 U V, =V be a quasi biset interval bivector subspace of V
over the biset Z; U Q" U {0}.

Example 4.1.36: Let V=V, U V, =

a, € Z49}

w {All 16 x 16 matrices with entries from Zg,} be a quasi biset
interval bivector space over the biset S = S| U S, = Zyy U Zg;.
Choose W=W, U W,

{i[o,ai Ix'

i=0
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={i[o,ai Ix*

i=0

a. €{0,7,14,21,28,35,42} z49}

w {all 16 x 16 diagonal matrices with entries from Zg;} < V; U
V, =V. W is a quasi biset interval bivector subspace of V over
the biset S=S, U S,.

Example 4.1.37: Let V=V, U V,={[0, a;] | a; € {0, 1, 2, 3, 4}

=Zs} U
(& k-2
aeZ,
a a

be a quasi biset interval bivector space over the biset S = S; U
S, =7Zs U Z,;. 1t is easy to verify V has no quasi biset interval
bivector subspace over S.

We define those quasi biset interval bivector spaces which
has no subspace to be a simple quasi biset interval bivector
space.

Vector space given an example 4.1.37 is a simple quasi
biset interval bivector space.

Now we proceed onto define the notion of quasi subbiset
interval bivector space.

DEFINITION 4.1.12: Let V = V; U V; be a quasi biset interval
bivector space over the biset S = S; U S,. Let W =W, W, <
Vi U Vo where W =W, U W, is a quasi biset interval bivector
space over the biset P = P; UP, cS; S, =S (Where P is a
proper subbiset of S) then we call W to be a quasi subbiset
interval bivector subspace of V over the subbiset P of S.

We will illustrate this situation by some examples. If V has no
proper quasi subbiset interval bivector subspace then we call V
to be a pseudo simple quasi biset interval bivector space. If V is
both simple and pseudo simple then we call V to be a doubly
simple interval space.
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We will illustrate this by some examples.

Example 4.1.38: Let V=V, U V,={[0,a]|a e Z;} U

a
a|laeZ

a

be a quasi biset interval bivector space over the biset S = {0, 1}
UZs=S;US,.V is a doubly simple quasi biset interval
bivector space over the biset S.

Example 4.1.39: Let V=V, U V,={(a,a,a,a,a,a,a,a)|ace
V23RV,

[0,a] [0,a]

[0,a] [0,a]||aeZ,

[0,a] [0,a]

be a quasi biset interval bivector space over the biset S = Z, U
Z;. Clearly V is a quasi doubly simple interval bivector space
over the biset S =7, U Zs.

Now we proceed onto define the notion of quasi set interval
linear algebra semiquasi set interval linear algebra.

DEFINITION 4.1.13: Let V = V; U V, be a quasi set interval
bivector space over the set S. Suppose each V; is closed under
the operation, addition for i=1, 2, then we define V=1V, UV, to
be a quasi set interval linear bialgebra over the set S.

We will illustrate this situation by some examples.

Example 4.1.40: Let V=V, UV,

- {Z“aixi lae Z"U {0}} U {i[o,ai]xi

i=0

a, ezl v {O}}
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be a quasi set interval linear bialgebra over the set S = 3Z" U

{0}

Example 4.1.41: Let V=V, UV,

[0,a,] [0,a,]

S0.a1x |2 SO 0,a,] [0,]| % 5%

= ’aX . ja' 7a .

&7 10<i<9 ’ “ll1<i<6
[0,a,] [0.a,]

be a quasi set interval linear bialgebra over the set S = Z;.
Clearly V is of finite order where as V given in example 4.1.40
of infinite order.

Example 4.1.42: Let V=V, U V, = {All 5 x 5 interval matrices
with entries from Q" U {0}} U {all 3 x 7 matrices with entries
from Q" U {0}} be a quasi set interval bilinear algebra over the
set S=13Z" U {0}.

Now we proceed onto define semi quasi interval bilinear algebra
(linear bialgebra) over the set S.

DEFINITION 4.1.14: Let V = V; UV, where V; is a set interval
linear algebra over the set S and V, is a set vector space over
the same set S (or V; is a set interval vector space over the set S
and V, is a set linear algebra over the set S). We define V to be
a semi quasi set interval bilinear algebra over the set S.

We will illustrate this situation by some examples.

Example 4.1.43: Let V=V, UV,

:%QM{WJJ mmﬂ}
[0.a,] [0.a,]

ai,a.eZ“; g
1<1<4
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{All 9 x 3 matrices with entries from Z4s} be a semi quasi set
interval bilinear algebra over the set S = {0, 1, 5, 7, 14, 27, 35,
42} Zss.

Example 4.1.44: Let V=V, UV,

[0,a,] [0,a,] [0,a,] [0,a,] [O,a]

a.eR"U{0
=i 0] ©a] 04,1 0|75 2
[O’a“] [O’alz] [0,313] [0,&14] [09a|5] -
a
U <|bl,[a,b,c,d,e,f]]a,b,c,d,e,f eR" U {0}
c

be a semi quasi set interval bilinear algebra over the set S = {0,

1,2, 7/5, @ J43,52,75, 1031} cR* U {0}.
J19
Example 4.1.45: Let V=V, 0 V,={[0,a]|a € Z;} U

| rab.c.d
b ,[a,b,c,d]

be a semi quasi set interval bilinear algebra over the set S = {0,
1,2} =7Zs.

a,b,c,deZS}

Now we proceed onto define quasi biset interval bilinear algebra
defined over the biset S=S; U S,.

DEFINITION 4.1.15:Let V = V; U V, where V; is a set linear
algebra over the set S; and V, is a set interval vector space over
the set S, we define V to be a quasi biset interval bilinear

algebra over the biset S = S; US>

We will illustrate this situation by some examples.
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Example 4.1.46: Let V=V, UV,

a b c
- {2 ﬂ, d e fllabedef,ghicZ,t U
g h i
19,2,] a,e’l;
[0.3,] 1<i<3
[0,a,]

be a quasi biset interval bilinear algebra over the biset S =Z;9 U
Z.

Example 4.1.47:Let V=V, UV,

[0,a,] Z U0
ai S |\ 5
- {ga:-zgll 5([0,31]5[053'2]) 1§ 1 < 3

{all 3 x 5 matrices with entries from Z,} be a quasi biset
interval bilinear algebra over the biset S = 5Z" U {0} U Zyo.

We see the quasi biset interval bilinear algebra given in example
4.1.46 is of finite order where as the quasi biset interval bilinear

algebra given in example 4.1.47 is of infinite order.

Example 4.1.48: Let V=V, UV, =

aieZS}

a,b,c,d,e,f,g,heZ’ U{O}}

{i[o,ai]xi

a b
U{{ }’[(a, ba Ca d, e) f7 g’ h)]
c d
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be a quasi biset interval bilinear algebra over the biset S = S; U
S;={0,1} U {1,2,5,0,7}.

Clearly the quasi biset interval bilinear algebra given in
example 4.1.48 is of infinite order.

Now we will proceed onto give examples of substructures and
the reader is given the simple task of defining these
substructures.

Example 4.1.49:Let V=V, UV, =
[0,a,]
{[0,31] [0,a,] [O’as]:| [0,a,]] |a; € Zy;
[0,a,] [0,a,] [0,a,]1||[0,a,]]|1<i<6
[0,a,]

a, e Zzg}

be a quasi set interval bilinear algebra over the set S = Z,.
Choose W=W; U W,
a;, € 229}

c VU V, =V; W is a quasi set interval bilinear subalgebra of
V over the set S = Z.

25 .
2ax

i=0

[0,a,]

0,a,1| |a. €7, s
_ [ 2] a’l E. 29 U Zaixl

[0,a,]| [1<1<4 =

[0,a,]

Example 4.1.50: lLetV=V,UV,=

a b
(a,b,c),| ¢ d||a,b,c,d,e,feZ" U{0}} U
e f
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{[0,a] |a € Z" U {0}} be a quasi set interval bilinear algebra
over the set 5Z" U {0} =S. Take W =W, U W, = {(a, b, ¢) | a,
b,ceZ ' U{0}}U{[0,a]l|laecl5Z U {0}}cV,UV,=V;
W is a quasi set interval bilinear subalgebra of V over the set S
=5Z" U {0}.

Example 4.1.51: Let V=V, U V, =

a b e
c d [
R

[0,a,] [0,a,] [0,a,]

a4 475
[0,a,] [0,a;] [0,a.] 1<i<9
[0,a,] [0,as] [0,a,]

a,b,C,d,e,f,g,h,i,jeZW o

LB o a o

-0 0o O o

be a quasi biset interval bilinear algebra over the biset S =Z;; U
Z47. Choose W =W, U W, =

a b e
c d f
[0,a,] [0,a,] [0,a,]

0 [0.a,] [0.a.]]% A
[0,a,] [0,a,] L<i<6
0 0 [0a,]

a,b,c,d,e,f EZW} )

c VU V, =V, W is a quasi biset interval bilinear subalgebra
of V over the biset S =77 U Z47.

Example 4.1.52: Let V =V, U V, = {All 7 x 7 matrices with
entries from Z4} U
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[0,a,][0,a,][0,a;]
[0,a,][0,a,][0,a,]

be a quasi biset interval linear bialgebra over the biset S = S; U
S, =Z4pUZ U {0}. Choose W=W, UW, = {all 7 x 7 upper
triangular matrices with entries from Z4,} U {([0, a;], [0, a;], [0,
a3], [0, a4])| a; € VARG {0}; 1 <i<4} <V, UV, be a quasi biset
interval bilinear subalgebra of V over the biset S =S, U S, =Z4,
uZ" U {0}.

1<i<6

{([O,al],[O,az],[O,a3],[0,a4]),{ a,eZ U {0};}

Now as in case of set interval bivector spaces we can define the
notion of quasi subset interval bilinear subalgebras. As the
definition is a matter of routine the reader is given that task.
However we illustrate this situation by some examples.

Example 4.1.53: Let V=V, U V, =

a b ¢
{(ala ay, as, a4, as, ag, a7)a d € f | a;, 4, b) c, d) c,
g h i
[O,al] [O’az] a e
f,g,h,ieZy;1<i<6} U <([0,a,] [0,a,]|] " .
1<i<
[0,a5] [0,a]

9

be a quasi set interval bilinear algebra over the set S = Z.
Choose W=W, U W, =
{(a1, a, a3, a4, as, a6, a7) | @ € Zo; 1 <1<T} U

0,a 0

[ Ol] 0 a, e’y
0.2, ] 1<i<3

[0,a,] 0

gVIVlquandP={0,3,6}g29=S.

W is a quasi subset interval linear subalgebra of V over the
subset P = {0, 3, 6} of S.
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Example 4.1.54: Let V=V, U V, = {all 5 x 5 matrices with
entries from Z" U {0}} U

[0,a,]
(0.2,] [0,a,] [0,a,] [0,a,]
a
200 [0,a,] [0,a5]||a, €3Z7 U{0};1<i<6
[0,a,]
0 [0,a,]
[0,a,]

be a quasi set interval bilinear algebra over the set S = 32" U
{0}. Choose W = W; U W, = {all 5 x 5 upper triangular
matrices with entries from Z" U {0}} U

[0,a] [0,a] [0,a]
0 [0,a] [0,a]|a, €3Z"U{0} cViUV,=V
0 0 [0a]

and P=33Z"U {0} =« S=3Z" U {0}. Clearly W = W, U W, is
a quasi subset interval bilinear subalgebra of V over the subset P
c S. However it is possible that V has no quasi subset interval
bilinear subalgebra in such cases we call V to be a pseudo
simple quasi set interval bilinear algebra.

We will illustrate this situation by some examples.

Example 4.1.55: Let V=V, U V,={[0,a]|a € Z;} U

be a quasi set interval bilinear algebra over the set S = {0, 1} <
Z3. Clearly V has no quasi subset interval bilinear algebra as
well as V has no quasi set interval bilinear subalgebra. Thus V
is a pseudo simple quasi set interval bilinear algebra as well as
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simple quasi set interval bilinear algebra which we choose to
call as doubly simple quasi set bilinear algebra.

Example 4.1.56: Let

V=V,uV,
_ 10,21 [0.b)
[0,c] [0,d]

{Z:aixi ,(a,b,c,d)
i=0

a,b,c,de 27} U

ai,a,b,c,deZ7}

be a quasi set interval bilinear algebra over the set S = {0, 1}.
Since S cannot have proper subsets of order greater than or

equal two we see V is a pseudo simple quasi set interval bilinear

algebra. However V is not a simple quasi set interval bilinear

algebras as
a, e Z7}

_|{[0,a] [0,a] I
W= {[O,a] [O,a]}lea} U {gaix

c V, U V, =V is a quasi set interval bilinear subalgebra of V
over the set S = {0, 1}.

Thus V is not a doubly simple quasi set interval linear
algebra over the set S.

Now we will give yet another example to show the different
possibilities.

Example 4.1.57: Let V=V, UV, =

a a
{ },(a,a)
a a

[0.a]
ae Zlg} U <|[0,a]||aeZ,
[0,a]
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be a quasi set interval bilinear algebra over the set S = Z.
Clearly V has no quasi set interval bilinear subalgebra over S =
Zlg.

However we see S can have several subsets but V cannot
have any proper pseudo quasi subset interval bilinear
subalgebras.

Hence V is a doubly simple quasi set interval bilinear
algebra over Zj9=S.

Now we proceed onto define the notion of quasi subbiset
interval bilinear subalgebras.

DEFINITION 4.1.16: Let V = V; UV, be a quasi biset interval
bilinear algebra over the biset S = S; U S, Let W=W; UW, <
Vi vV,and P=P; VP, cS; VS, both W and P are proper
bisubsets of V and S respectively. Suppose W is a quasi biset
interval bilinear algebra over the biset P = P; U P, then we call
W to be a quasi bisubset interval bilinear subalgebra of V over
the bisubset P of S.

We will say V is pseudo simple quasi biset interval bilinear
algebra over the bisubset interval bilinear subalgebra over a
bisubset P =P; UPyo0f S=8; US..

We will illustrate these situations by some simple examples.

Example 4.1.58: Let V=V, U V, =

a blla b a b a b
c d|l/b a b a b a

[0,a,] [0,a,]
[0,a,] [0,a,]]|a; € Z;
[0,a5] [0,a,]||1<i<8
[0,a;] [0,a4]

a,b,c,deZG} U

be a quasi biset interval bilinear algebra over the biset S = Z¢ U
Zs.
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Choose W=W; U W,

1Y

< V1 U V, =V such that W is a quasi bisubset interval bilinear
algebra over the subbiset P = {0, 3} U {0,2,4,6} = S, U S,.

[0,a,] 0
0 [0,a,] | |a, € Z;
[0,a,] 0 1<i<8
0 [0,a,]

a,b,c,dez6} U

Example 4.1.59: Let V=V, U V, =

[0,a,]

[0,a,] [0,a,] [0O,a;] [O,a,] [0,a,] | |a, € Z;;
[0,a,] [0,a,] [0,a,] [0,a,]]" |[0,a,]|[1<i<8

[0,a,]
a b
c d

be a quasi biset interval bilinear algebra over the biset S = Z; U
{0, 1}.

We see V has no quasi subbiset interval bilinear subalgebra
over S as S does not contain any proper subbiset.

Thus V is a pseudo simple quasi biset interval bilinear
algebra over the set S=7; U {0, 1}.

a,b,c,dezz}

Example 4.1.60: Let V=V, UV,

a a a
=4la a allaeZ,; U

a a a
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[0,a,]

0 0 0 0 [0,a,]] |a; € Z,;
([0,a,] [0,a,] [0,a;] [0,a,]), 0.0,]|[1<i<4
[0,a,]

be a quasi biset interval bilinear algebra over the biset S = Zs U
Z,. Clearly V has no quasi biset interval bilinear subalgebras.
Also V does not contain any quasi subbiset interval bilinear
subalgebras. Thus V is both a pseudo simple quasi biset bilinear
algebra as well as simple quasi biset interval bilinear algebra.
We call a quasi biset interval bilinear algebra which is both a
simple quasi biset interval bilinear algebra as well as pseudo
simple quasi biset interval bilinear algebra as doubly simple
quasi biset interval bilinear algebra.

We have given examples of all types of quasi biset interval
bilinear algebras. Now we proceed onto give some properties
and the reader is expected to prove them.

THEOREM 4.1.1: Every quasi set interval bilinear algebra over
a set S is a quasi set interval bivector space and the converse in
general is not true.

THEOREM 4.1.2: Every set interval bilinear algebra is a set
interval bivector space and not conversely.

THEOREM 4.1.3: Every set interval bilinear algebra is a quasi
set interval bilinear algebra and not conversely.

THEOREM 4.1.4: Every doubly simple quasi interval bilinear
algebra is a simple quasi interval bilinear algebra.

THEOREM 4.1.5: Every doubly simple quasi set interval
bilinear algebra is a pseudo simple quasi set interval bilinear

algebra.

In the next section we proceed onto define semigroup interval
bivector spaces and bilinear algebras.
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4.2 Semigroup Interval Bilinear Algebras and Their
Properties

In this section we define semigroup interval bilinear algebras
and several related structures and substructures associated with
them. Main properties about them are discussed in this section.

DEFINITION 4.2.1: Let V = V; v V, be such that V; is
semigroup interval vector space over the semigroup S and V, is
also a semigroup interval vector space over the same semigroup
S; where V; and V, are distinct with V, ¢ Vyor V, & V.

We define V=1V, UV, to be a semigroup interval bivector
space over the semigroup S.

We will illustrate this situation by some examples.

Example 4.2.1: Let V=V, UV, =

{[o,al] [0,2,] [o,aS]} }
a, €2y

[0,a,] [0,a;] [0,ac]

be a semigroup interval bivector space over the semigroup S =

Zyo.

a, e’y i ,
' U 0,a ]x'
1sig6} {Z(;[ I

Example 4.2.2: LetV=V, UV, =

[[0.a,] [0,a,]]
[0,a,] [0,a,]
[0,a5] [0,a.]||a, €eZ" {0} L
[0,a,] [0,a4]
[0,a,] [0,a,]

{(10, ai], [0, a2, ..., [0, a]) | i € 3Z" U {0}} be a semigroup
interval bivector space over the semigroup S =Z" U {0}.
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Example 4.2.3: LetV=V, UV, =

[0,a,] 0 [0,a;] O
0 [0,a,] 0 [0,a,]
[0,a5] 0  [0,a,]

a,e”Z,;
1<1<6

[0,a,] [0,a,] [0,a,]
0.a,] [0.a.] [0.a]]|% €%
(0.3, e O 1<i<9
[0,a,] [0,a;] [0,a,]

be a semigroup interval bivector space over the semigroup S =
{05 35 6’ 9}'
Now we define two substructures in them.

DEFINITION 4.2.2: Let V = V; v V, be a semigroup interval
bivector space over the semigroup S. Choose W =W; oW, <
Vi, oV, =V, W a proper subset of V; if W itself a semigroup
interval bivector space over the semigroup S then we define W
to be a semigroup interval bivector subspace of V over the
semigroup S. If V has no proper semigroup interval bivector
subspace then we call V to be a simple semigroup interval
bivector space.

We will illustrate this situation by some examples.

Example 4.2.4: LetV=V, UV, =

[0,a,] [0,a,]
{|:[Oaa3] [0,34]}’([0’31] [0,a,] [0,a;])

a, e’
. U
1<1<4

[0,a, ]
[0,a,]| |a, €Z;
[0,a,]] [1<i<4
[0,a,]
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be a semigroup interval bivector space over the semigroup S =
Zs. Choose W=W, U W, =

[0,2,] [0.a,]
[0,a,] [0,a,]

c VUV, =V; W is a semigroup interval bivector subspace of
V over the semigroup Zs.

[0,a,]
a, e’ 0 a, e’
U
1<i<4 [0,a,]|[1<1<2
0

Example 4.2.5: LetV=V, UV, =
0,
{[o,a],ﬁo’zﬂ aeZ' U {0}} v

;
,» [0,a,]x" | a,a, €3Z" U {0}
O,a] i=0

be a semigroup interval bivector space over the semigroup S =
477U {0}. Take W =W, U W, =

,
{[o,a] lae3z v {0}} U {Z[O,ai X' |a, €32° u{O}}
i=0

c VUV, =V; W is a semigroup interval bivector subspace of
V over the semigroup 4Z" U {0} = S.

We see the semigroup interval bivector space can be of
finite order or infinite order. Clearly the semigroup interval
bivector space given in example 4.2.4 is of finite order where as
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the semigroup interval bivector space given in example 4.2.5 is
of infinite order.

Example 4.2.6: Let V=V, UV, =

0]
{[0,a] |a € Zy}u {|[0,a] ||ae Z,
[0.a]

be a semigroup interval bivector space over the semigroup S =
Zy9. V is a simple semigroup interval bivector space as V has no
semigroup interval bivector subspaces.

Example 4.2.7: Let V=V, UV,

[O,a] [O,a] [O,a]
= [O,a] [O,a] [O,a] ael,; Y
[0.a] [0.0] [0.0]

{([0, a], [0, a], [0, a], [0, a], [0, a]) | a € Z;3} be a semigroup
interval bivector space over the semigroup S = Z;3. V is a
simple semigroup interval bivector space over S = Z3.

DEFINITION 4.2.3: Let V = V; UV, be a semigroup interval
bivector space over the semigroup S. Let W =W, UW, cV; U
V, =V and P < S (W and P are proper bisubset and
subsemigroup of V and S respectively).

If W =W, UW,is a semigroup interval bivector space over
the semigroup P then we define W to be a subsemigroup
interval bivector subspace of V. If V has no subsemigroup
interval bivector subspaces then we call V to be a pseudo simple
semigroup interval bivector space over the semigroup S.

We will illustrate this situation by some examples.
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Example 4.2.8: LetV =V, UV, =

{[[O’al] [O’azq’ﬁo,al] 02

[0,a;] [0,a,]

a,e’l,;
)
1<i<4

[0,a,] [0,a,]
[0,a,] [0,a,]
[0,a,] [0.a.]|| "
[0,a,] [0,a,]

be a semigroup interval bivector space defined over the
semigroup S = Z;,. Choose

a,e’l,; 0

1<i<4

(10,21 [0,a,]]
[[0.a,] [0.a,]]

[0,a,] [0,a,]
0 0 a,e’l,;
[0,a,] [0,a,]]|[1<1<4
0 0

QV1UV2:V1 and P = {0,4, 8} ngz.W=W1uW2isa
subsemigroup interval bivector subspace of V over the
subsemigroup P of S =Z,.

Example 4.2.9: LetV=V, UV, =

[0.a,] a. eZ U0}
[0,a,1(| " .

1<1<3
[0’3'3]
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[0,a,][0,a,] ©
([0.a,][0.a,][0,a;][0,a,]).| O [0,a;][0.a,]
[0,a,] 0 [0,a,]

a, €327 U {0};
1<i<6

be a semigroup interval bivector space over the semigroup S =
52" U {0}.
Choose W=W,; U W, =

[0,a,]

0 a,a,eZ {0} U

[0,a,]
0 [0a] O
0 0 [0,a,]|l|a.a,a,arein Z" U {0}
[0,a,] © 0

cVi,uV,=V;andP= {125Z2" U {0}} cS. W=W, U W,isa
subsemigroup interval bivector subspace of V over the
subsemigroup P of S.

Example 4.2.10: Let V=V, UV,

0,a
o], ez
= [0a.] 1<i<3

[0,a,]

{10, ai] [0, a1] [0, a1] [0, ai]]|ai € Zs; 1 <i1<4}

be a semigroup interval bivector space over the semigroup S =
Zs. Clearly V has no subsemigroup interval bivector subspace as
S has no subsemigroups. Thus V is a pseudo simple semigroup
interval bivector space over the semigroup S = Zs.
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Example 4.2.11: Let V=V, UV, =

[0,a] [0,a]
aeZ,, U
[0,a] [0,a]
{([09 a]: [Oa a]a [Oa a]a [0’ a]s [Oa a]’ [05 a]) | a e Z7} be a
semigroup interval bivector space over the semigroup S = Z,.

Clearly V is a doubly simple semigroup interval bivector
space over the semigroup S = Z,.

Example 4.2.12: Let V=V, UV, =

[0,a] [0,a] [0,a] [0,a] [O,a]
[0,a] [0,a] [0,a] [0,a] [0,a]||aecZ
[0,a] [0,a] [O0,a] [0,a] [O,a]

aieZ5}

be a semigroup interval bivector space over the semigroup S =
Zs. Clearly V is a doubly simple semigroup interval bivector
space over the semigroup S = Zs.

u{ [0,a,]x'
=0

n

We see there is difference between the semigroup interval
bivector space described in example 4.2.11 and 4.2.12 for we
see in example 4.2.11 both V; and V, are doubly simple where
as we see in example 4.2.12 only V, is doubly simple and V,
infact has a semigroup interval bivector subspace viz.,

W, = {i[o,ai]x2i

i=0

a, 625} c Vo

so in view of this we are forced to define yet another new
notion.

DEFINITION 4.2.4: Let V =V, UV, be a semigroup interval

bivector space over the semigroup S. If only one of V; or V, is
doubly simple and one of V; is not simple or pseudo simple (or
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not used in the mutually exclusive sense) then we call V to be a
semi simple semigroup interval bivector space.

Example 4.2.13: Let V=V, UV, =

[0,a] [0,a]
a, €l Y ae’Z,
[0,a] [0,a]
be a semigroup interval bivector space over the semigroup S =

Zyo. Clearly V is a semi simple semigroup interval bivector
space.

i=0

THEOREM 4.2.1: Let V = V; U V, be a semigroup interval
bivector space defined over the semigroup S = Z,; p a prime. V
can be either a doubly simple semigroup bviector space or a
semi simple semigroup bivector space.

Proof is left as an exercise to the reader.

Now we proceed onto define the notion of semigroup interval
bilinear algebra.

DEFINITION 4.2.5: Let V = V; UV, be a semigroup interval
bivector space over the semigroup S. If both V; and V; are
closed under addition that is they are semigroups under
addition then we call V to be a semigroup interval bilinear
algebra over the semigroup S.

We will illustrate this situation by some examples.

Example 4.2.14: Let V=V, UV,
_ [O:al] [0,8,2] [033'3] ai € le; U
[0,a,] [0,a,] [0,a,]||1<i<6

{All 10 x 10 interval matrices with entries from Z;,} be a
semigroup interval bilinear algebra over the semigroup S = Z,.
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Example 4.2.15: Let V=V, UV,

= {i[o,ai]xi

a,eZ" U {O}} )
i=0
{{([0, a] [0, a;] [0, a])}| a; € SZ" U {0}} be a semigroup
interval bilinear algebra over the semigroup 3Z" U {0} =S.

We have an interesting related result.

THEOREM 4.2.2: Let V = V; U V, be a semigroup interval
bilinear algebra over the semigroup S then V is a semigroup
interval bivector space over the semigroup S but the converse
however is not true.

The proof is left as an exercise to the reader.
Now we proceed onto define substructures of these structures.

DEFINITION 4.2.6: Let V=V, U V, be a semigroup interval
bilinear algebra over the semigroup S. Let W =W; UW, cV;
UV, =V; suppose W is a semigroup interval bilinear algebra
over the semigroup S then we call W to be a semigroup interval
bilinear subalgebra of V over the semigroup S. If V has no
semigroup interval bilinear subalgebra then we define V to be a

simple semigroup interval bilinear algebra over the semigroup
S.

We will illustrate this situation by some examples.

Example 4.2.16: Let V =
[0,a,] [0.a,] [0,a;] [0,a,] [0,a]
[0,36] [0937] [0,38] [0,39] [Oaalo]

a, eZn;lSiSIO}

be a semigroup interval bilinear algebra over the semigroup
S:Zn. Choose W= W1 U Wz
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[ o [0a] 0 [0a] O
“l10,a,] 0 [0,a,] 0 [0a,]
U {i“[o,ai]x2i a. € le}

i=0
c Vi U V,=V; W is a semigroup interval bilinear subalgebra
over the semigroup S = Z1,.

a, eZmlSiSS}

Example 4.2.17:Let V=V, UV, =

[0,a,] [0,a,] [0,a,]
[0,a,] [0,as] [0,a.]|la,eZ" U{0};1<i<9;: U
[0,a,] [0,a,] [0,a,]

[0,a,]]
[0,a,]
[0,a;]|| a,€Z" U{0};1<i<5
[0,a,]

1[0,a5] |

be a semigroup interval bilinear algebra over the semigroup S =
3Z" U {0}. Take W =W, U W, =

[O’al] [Oaaz] [0,33]
0 [0,a,] [0,a,]||a, €3Z" U{0};1<i<6;, U
0 0 [0,a,]

0.4
[0,a]
[0,a]||a, €3Z" U {0}
[0,a]

[0,a]]
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c Vi, U V,=V; W is a semigroup interval bilinear subalgebra
of V over the semigroup S =3Z" U {0}.

Example 4.2.18. Let V=V, UV, =

{[[O,a] [O,a]}
ae
[0,a] [0,a]

(0.4

[0,a]
27} U <|[0,a] |aeZ,
[0,a]
[0.a]]

be a semigroup interval bilinear algebra over the semigroup S =
Z;. We see V has no semigroup interval bilinear subalgebra;
hence V is a simple semigroup interval bilinear algebra over the
semigroup S = Z;.

Example 4.2.19.LetV=V, UV, =

[10,a] [0,a] ]
[0,a] [0,a]
[0,a] [0,a]||aeZ, | U
[0,a] [0,a]
| [0,a] [0,a]

{([0, a], [O, a], [0, a], [0, a], [0, a])la € Z;;} be a semigroup
interval bilinear algebra over the semigroup S = Z;;. V is a
simple semigroup interval bilinear algebra over the semigroup S
= Z]].

DEFINITION 4.2.7: Let V = V; UV, be a semigroup interval
bilinear algebra over the semigroup S. Let W =W, oW, cV;
UV, =V, be such that W is a semigroup interval bilinear
algebra over a subsemigroup P of S. We define W = W; U W, to
be a subsemigroup interval bilinear subalgebra of V over the
subsemigroup P of S. If 'V has no subsemigroup interval bilinear
subalgebra then we define V to be a pseudo simple semigroup
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interval bilinear algebra over the semigroup S. If V=V, UV, is
both a simple semigroup interval bilinear algebra as well as
pseudo simple semigroup interval bilinear algebra over the
semigroup S then we call V to be a doubly simple semigroup
interval bilinear algebra over the semigroup S.

Example 4.2.20: Let V=V, U V, =

[0,a,] [0,a,] . ; |
[0,a,] [0,a,] a,eZ,;1<i<4 U .:O[O’ai]x a7,

be a semigroup interval bilinear algebra over the semigroup S =
71> under addition modulo 12.
Choose W =W, U W, =

[0,a,] [0,a,] | wherea, € Z,,
v
0 [0,a,] | 1<i<3

{i[o,ai]xﬁ

i=0

a e {0,2,4,6,8,10}}

c Vi U V;, =V be a subsemigroup interval bilinear subalgebra
of V over the subsemigroup P = {0, 6} c Z;,=S.

Example 4.2.21: Let V=V, UV, =

[0,a,] [0,a,] [0,a;] [0,a,] .

{|:[0’a5] 0.2, [0.a] [O’ag]Haiezs;KlSS}u
[[0,a,] [0,a,] [0,a,]]
[0,a,] [0,a5] [0,a,]
[0,a,] [0,aq] [O.,a,] ||a;€Zs;1<1<15
[0,a,] [0,a,] [0,a},]
[[0,a;] [0,a,] [0,35]]
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be a semigroup interval bilinear algebra over the semigroup S =
Zs. Clearly S has no proper subsemigroups.
TakeW=W1uW2=

[0,a] 0 [0a,] O
0 [0,a] O [0,a,]

[(0,a,] 0 [0,a,]

aieZS;ISiS4} )

0 [0,a,] O
[0,a,] 0 [0,a5]||a, €Z;1<i<8
0 [0,a,] O

[[0,a,] 0 [0,a5]]

c V; U V, be a semigroup interval bilinear subalgebra of V
over the semigroup S = Zs.

However V has no proper subsemigroup interval bilinear
subalgebra as S has no proper subsemigroups in S = Zs under
addition modulo 5.

Example 4.2.22: Let V=V, U V,=

[10,a] [0,a]]

[0,a] [0,a]
[0,a] [0,a] [0,a]
aeZ, r U 14([0,a] [0,a] ||aeZ,
[0,a] [0,a] [0,a]
[0,a] [0,a]

[0,a] [0,a]]

be a semigroup interval bilinear algebra over the semigroup S =
Z17. Clearly V has no semigroup interval bilinear subalgebra as
well as V has no subsemigroup interval bilinear subalgebra.
Thus V is a pseudo simple semigroup interval bilinear algebra
over S.
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Now having seen some of the substructures of the
semigroup interval bilinear algebra we now proceed on to define
more properties about them.

DEFINITION 4.2.8: Let V = V; U V, be such that V; is a
semigroup interval linear algebra over the semigroup S and V,
is only a semigroup interval vector space over the same
semigroup S and V, is not a linear algebra then we define V =
Vi, UV, to be a quasi semigroup interval bilinear algebra over

S.

We will first illustrate this situation by some simple examples.

Example 4.2.23: Let V=V, UV, =

[0,a,] [0,a,] [0,a;]
[0,a,] [0,a,] [0,a.]||a,€eZ" W{0};1<i<9; L

[0,a;] [0,a,] [0,a,]

[0,a,] ) |
[0,a,] |,[[0.a,], [0,a,], [0,a,], [0,a,], [0,a;]] a, e'ZZ w{0};
[0,a,] 1<i<5

be a quasi semigroup interval linear bialgebra over the
semigroup S = 6Z" U {0}.

Example 4.2.24:1Let V=V, UV, =

{i[o,ai X'

i=0

a, eZ47} v/

{([07 al], 07 [0, aZ], 07 [07 33]), (0: [0, al]) 07 [0, aZ]) 0) | ai € Z47a 1
<1< 3} be a quasi semigroup interval bilinear algebra over the
semigroup S = Z47.
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We can as in case of semigroup interval bilinear algebras
define substructures. The definition is a matter of routine and is
left as an exercise for the reader.

How ever we will illustrate this situation by some examples.

Example 4.2.25: Let V=V, UV, =

{[O’a] [O’a]},[[O,a] [0.a] [0.a] [0.a] [0.a]] aiezm}

[0,a] [0,a]
a; € Z421}

c V=V, UV, Wis a quasi semigroup interval bilinear
subalgebra of V over the semigroup S = Z,;.
Example 4.2.26: Let V=V, U V,=
0,a 0,a] [0,a] [O0,a
[0.a] J0,a] laeZ, » U [0.a] [0.a] "{0.a] a,beZ,
[0,a] [0,b] [0,b] [0,b]
be the quasi semigroup interval bilinear algebra over the

semigroup S = Z.
Consider W =W, U W, =

{[0,a] | a €Z5} U{[[O’a] [0.a] [O,a]} ‘ae&}

i=0

U {i[o,ai]x2i

0 0 0

< Vi1 U Vy; Wiis a quasi semigroup interval bilinear subalgebra
of V over Zs.

If the quasi semigroup interval bilinear algebra V has no
quasi semigroup interval bilinear subalgebras then we call V to
be a simple quasi semigroup interval bilinear algebra.
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We will first illustrate this situation by some examples.

Example 4.2.27:Let V=V, U V,=
[0,a] [0,a]]][[0,a]

[0,b] [0,b]]’|[0,b]

[0,a] [0,a] [0,a] [0,a] [0,a]

[0,a] [0,a] [O0,a] [0,a] [0,a]||aeZ
[0,a] [0,a] [0,a] [0,a] [0,a]

a,beZS} )

5

be a quasi semigroup interval bilinear algebra over the
semigroup S = Zs. Clearly V has no quasi semigroup interval
bilinear subalgebras. Hence V is a simple quasi semigroup
interval bilinear algebra over S = Zs.

We will now proceed on to give examples of quasi
subsemigroup interval bilinear algebras. If the quasi semigroup
interval bilinear algebra V has no quasi subsemigroup interval
bilinear subalgebra then we call V to be a pseudo simple quasi
semigroup interval bilinear algebra. If V is both a simple and a
pseudo simple quasi semigroup interval bilinear algebra then we
define V to be a doubly simple quasi semigroup interval bilinear
algebra.

Example 4.2.28: Let V=V, U V,=

[0,a,] [0,a,]] |[0,a;]
[0,a,] [0,a5]|’|[0,a]

a,€”Z;
) )
I<i<6

[0,a,]
[0,a,] a,€”Zy;
[0.2.] J[[0.a,] [0,a,] [0,a,]] L<i<4
[0,a,]
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be a quasi semigroup interval bilinear algebra over the
semigroup S =Z;s.
Take W=W,uW,=

[0,a] [0,a]][[0,a]
[0,b] [0,b]]’|[0,b]

U {[[O,al] [0.2,] [0.a,]]a, eZlS;ISiSS}

a,be{0,2,4,6,8,10,12,14,16} < Zlg}

cViuV,=Vand P=P{0, 9} < Z;5 (P is a subsemigroup
under addition modulo 18 of the semigroup Z;s).

W is a subsemigroup interval bilinear subalgebra of V over
the subsemigroup P < S =Zs.

Example 4.2.29: Let V=V, U V, = {All 5 x 5 interval matrices
with intervals of the form [0, a;] where a; € Z" U {0}} U

[0.a,]]
[0,a,]
[0,a,] [0,a,]| |[0,a;]
[[O,a3] [o,aj’ [0,a,]
[0,a5]
[0,a4] |

a, eZ U{0};1<i<6

be a quasi semigroup interval bilinear algebra over the
semigroup S=Z" U {0}. Let W =W, U W, = {all 5 x 5 interval

upper triangular matrices with intervals of the form [0, a;] where
aeZ U {0}

[0
[0,a]

{[0,31] [0,33]} 0
[0,a,] [0,2,] ]| [0,a]

0

0

a,a;,a, € Z {0}
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c V; U V,. W is a quasi subsemigroup interval bilinear

subalgebra of V over the subsemigroup P =3Z" U {0} < Z" U
{0} =S.

Example 4.2.30: Let V=V, UV, =

{[O,a] [O,a]} [[O,a]} ‘ }
, aeZ,, U

[0,a] [0,a]]|]|[0,a]

{([0, a], [0, a], [0, a], [0, a], [0, a])] a € Z;} be a quasi
semigroup interval bilinear algebra over the semigroup S = Z;.
Since S has no proper subsemigroups we see V is a pseudo
simple quasi semigroup interval bilinear algebra over S = Z;.
Further as V has no proper semigroup interval bilinear algebras
we see V is a simple quasi semigroup interval bilinear algebra.

Thus V is a doubly simple quasi semigroup interval bilinear
algebra over the semigroup S = Z,.

Now we can define bilinear transformation of quasi semigroup
interval bilinear algebras V to W also the notion of bilinear
operator of a quasi semigroup interval bilinear algebra V.

This task is left as an exercise for the reader.

4.3 Group Interval Bilinear Algebras and their Properties

In this section we proceed on to define the notion of group
interval bivector spaces and describe a few of their properties
associated with them.

DEFINITION 4.3.1: Let V = V; U V, be such that each V; is a
group interval vector space over the additive group G for i = 1,
2; such that
() VigVyandV, ¢V,
Vi N V,= ¢ornon empty
(2) Foreveryv=v, Uv, eV, UV,=Vandg € G gv =
gv; Ugvy and vg = vig Uvyg belongto V="V, UV,
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(3) 0.v = 0v;, U0,
= 0u0eV,ul,=V
0 is the additive identity of G.
We call V to be a group interval bivector space over the group
G.

We will illustrate this situation by some examples.

Example 4.3.1: Let V=V, U V,=

0.
[0,b]
[0,a] [0,a]
{ },[O,b], [0,c] ] |a,b,c,d,ecZ,,
[0,b] [0,b]
[0,d]
[0,e] ]

N {([05 al]a [Oa aZ]a [05 33], [05 a4]5 [05 35]) | a; € Zl9; 1: 15 27 33 45
5} be a group interval bivector space over the group G = Z;y (G
is a group under addition modulo 19).

Example 4.3.2: Let V=V, U V,=
10,a,]
[0,a,]
[0,a;] .
a,eZ, Y a,€Z,;1<1<6
[0,a,]

[0,a;]
[0,a,] ]

{i[o,ai]xi

be a group interval bivector space over the group G = Z;, under
addition modulo 12. We see both the group interval bivector
spaces are of finite order. Further it is important at this juncture
to state that we cannot built in this manner group interval
bivector spaces using Z" U {0} or R" U {0} or Q" U {0} or C"
U {0}; as they are not groups under addition.

Thus we have our own limitations in dealing with them.
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However we have infinite group interval bivector spaces
using Z,,.

Example 4.3.3: Let V=V, U V,=

{i[o,a]x2i

i=0

a, eZ42} U { [0,a,]x", > [0,a,]x"
i=0

i=0

a,a, eZ42}

be a group interval bivector space over the group G = Zj,.
Clearly V is of infinite order.

We now proceed onto define substructures related with these
structures.

DEFINITION 4.3.2: Let V =V; U V; be a group interval bivector
space over the group G. Let W =W; oW, cV; UV, such that
W is a group interval bivector space over the group G, then we
define W to be a group interval bivector subspace of V over the
group G.

We say V is a simple group interval bivector space if V has
no proper group interval bivector subspace.

We will illustrate this situation by some examples.

Example 4.3.4: LetV=V, UV, =

[0’31] [0,32]
{{[O’as] [0334]}’([0’a1] [0.2,] [0.2,])

aieZIS;lsiS4} )

[10,3,] [0,a,]]
[0,a,] [O,a,]
[0,a,] [0,a,] | [a,€Z,5;1<1<10
[0,a,] [0,a,]

1[0,a;] [0,a,,]]
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be a group interval bivector space over the group G = Zs.
TakeW=W1 UWzZ

{([O,al] [0,a,] [0,a3])|aieZIS;1£i£3} U

[10,a] [0,a]]
0 0
[0,a] [0,a]||aeZ;
0 0

[[0,a] [0,a]]

c Vi U V, =V; Wis a group interval bivector subspace of V
over the group G.

Example 4.3.5: LetV=V, UV, =

a;, € 2248}

v {all 10 x 10 square interval matrices with entries from I
(Z243)} be a group interval bivector space over the group G =
Zoss.

Choose W=W, U W, =

{i[o,ai Ix*

i=0

i=0

{i[O,ai]xi

ai € ZZ48 }

w {All 10 x 10 upper triangular matrices with entries from I
(Zoag) = {[0, ai] | & € Zysg} < V1 U Vp; W is a group interval
bivector subspace of V over the group G = Zys.

le} U

Example 4.3.6: Let V=V, UV, =
[0,a] [0.a]

ae
[0,a] [0.a]
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[10,a] [0,a] [0,a] [0,a]]
[0,a] [0,a] [0,a] [0,a]
[0,a] [0,a] [0,a] [0,a]||laeZ,
[0,a] [0,a] [0,a] [0,a]
[[0,a] [0,a] [0,a] [0,a]]

be a group interval bivector space over the group G = Z.
Clearly V is a simple group interval bivector space over G.

Example 4.3.7: LetV=V, UV, =

[0,a] [0,a] [0,a] [O,a]
[0,a] [0,a] [0,a] [O,a]|laeZ,; U
[0,a] [0,a] [0,a] [O,a]

[0,a] [0,a]
[0,a] [O,a]
aeZs
[0,a] [O,a]
[0,a] [0,a]

be a group interval bivector space over the group G = Zs. It is
easily verified V = V; U V, simple group interval bivector
space over the group G = Zs.

Now we proceed onto define the notion of subgroup interval
bivector subspace of a group interval bivector space.

DEFINITION 4.3.3: Let V = V; UV, be a group interval bivector
space over the group G. Let W =W, UW, cV;, UV, and (e) #
H < G be a subgroup of G. If W = W; U W, is a group interval
bivector space over the group H then we define W to be a
subgroup interval bivector subspace of V over the subgroup H
of G. If V has no subgroup interval bivector subspace then we
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define V to be a pseudo simple group interval bivector space. If
V is both a simple and pseudo simple group interval bivector
space then we define V to be a doubly simple group interval
bivector space over the group G.

We will illustrate this situation by some examples.

Example 4.3.8: Let V =V, U V, = {([0, a,], [0, a,], [0, as], [O,
a4])|ai € Z4g; 1 S1S4} U
a, € Z4g}

be a group interval bivector space over the group G = Z,5. Take
W=W,uW,= {([0, 31], 0, [0, az], O) | a; € Zug; 1<i 32} )

{Zgl[o,ai]xi

i=0

{i[o,ai]xi

a 6{0,2,4,6,8,...,44,46}}

cViuV,and H= {0, 4,8, 12, 16, 20, 24, 28, 32, 36, 40, 44}
< G a subgroup of Z4g under addition modulo 48.

W is a subgroup interval bivector subspace of V over H the
subgroup G.

Example 4.3.9: LetV=V, UV, =

a, EZIS}

w {All 6 x 6 interval matrices with entries from I(Z5)} be a
group interval bivector space over the group G = Zis.
TakeW=W1 UWzZ
a, e Zlg}

{i[o,ai Ix'

{i [0,a, ]x*

i=0
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U {6 x 6 upper triangular interval matrices with entries from I
(Z13)} < V1 U V,; W is a subgroup interval bivector subspace of
V over the subgroup H = {0, 9} < Zs.

Example 4.3.10: Let V=V, UV, =

{i“[o,ai]xi a, e Zn}

i=0

U {set of all 11 x 15 interval matrices with entries from I (Z;)
={[0, aj] | a; € Zy1}} be a group interval bivector space over the
group G =Z;,. We see G = Z; is a simple group under addition
modulo 11. Hence V is a pseudo simple group interval bivector
space over G.

However V has group interval bivector subspace so V is not
a simple group interval bivector space over G.

Example 4.3.11: Let V =V, U Vs = {([0, ar], [0, a], [0, as], [0,
a)) | ai € Zas} v

[10,a] [0,b]]
[0,a] [0,b]
[0,a] [0,b]
[0,a] [0,b]
[0,a] [0,b]
|[0,a] [0,b]]

a,beZ,

be a group interval bivector space over the group G = Z43. G has
no proper subgroups hence V is a pseudo simple group interval
bivector space over the group G = Zg;.

In view of this we have the following theorems.
THEOREM 4.3.1: Let V = V; UV, be a group interval bivector

space over the group G = Z,; p a prime then V is a pseudo
simple group interval bivector space over the group G = Z,.
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The proofis left as an exercise to the reader.

THEOREM 4.3.2: Let V = V; UV, be a group interval bivector
space over the group G = Z,, n not a prime,
1. 'V in general is not a pseudo simple group interval
bivector space over the group G
2. Vs not a simple group interval bivector space over G
=27,

This proof is also straight forward and hence left as an exercise
for the reader to prove.

Now one can as in case of set interval bivector spaces define the
notion of bilinear transformation of group interval bivector
spaces. This task is also left as an exercise for the reader. Now
we proceed onto define the notion of group interval bilinear
algebras.

DEFINITION 4.3.4: Let V =V; UV, be a group interval bivector
space over the group G. We say V is a group interval bilinear
algebra over the group G that is if both V; and V, are groups
under addition.

We will illustrate this situation by some examples.

Example 4.3.12: Let V=V, UV, =

{[o,all [0.2,] [0.a,] [0"“4]”mzn;1gigs}u
[0.] [0.a,] [0.a,] [0.a,]]]"

a, ele}

be a group interval bilinear algebra over the group G =Zy,. V is
of infinite order.

{i:[O,ai]xi
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Example 4.3.13: Let V=V, UV, =

[0,a,] [0,a,]
[0,a,] [0,a,]
[0,a5] [0,a,]
[0,a;] [0,a,]

H[O’al] [0:a,] 10.2,] 10.2,] [O’as]Ha.eZ'ISiSIO}

a,€Z,;1<i<7, v

[0,a,] [0,a;] [0,a5] [0,a,] [0,a,,]

be a group interval bilinear algebra over the group G = Z,.
This V is of finite order.

Now we proceed onto give some properties enjoyed by them
and define some substructures associated with them.

THEOREM 4.3.3: Let V = V; UV, be a group interval bivector
space over the group G; then in general V need not be a group
interval bilinear algebra over the group G.

The proof can be given by an appropriate example.

THEOREM 4.3.4: Let V =V, UV, be a group interval bilinear
algebra over a group G then V is a group interval bivector
space over the group G.

The proof directly follows from the definition of group interval
bilinear algebras.

DEFINITION 4.3.5: Let V =V; U V; be a group interval bilinear
algebra over a group G. Let W =W, UW,cV, UV, =V, if W
itself'is a group interval bilinear algebra over the same group G
then we define W to be a group interval bilinear subalgebra of
V over G.

If'V has no proper group interval bilinear subalgebra then
we call V to be a simple group interval bilinear algebra.
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We will illustrate this situation by some examples.

Example 4.3.14: Let V=V, UV, =

[0,a,] [0,a,] [0,a;] [0,a,]
[0,a;] [0,a,] [0,a,] [0,a.] || a,€Z,;1<1<12

[0,a,] [0,a,] [O,a,,] [0,a,]

aiezll}

be a group interval bilinear algebra over the group G = Z;;.
Take W=W, U W, =

u{i[o,ai]xi

[0,a,] 0 [0,a;] 0
0 [0,a,] 0 [0,a,]| |a,€Z;;1<i<6: U
[O’as] 0 [Oaa(,] 0

a, e”Z, }

c ViU V, =V, W is a group interval bilinear subalgebra of V
over the group G = Z,,.

{i:[o,ai Ix*

i=0

Example 4.3.15: Let V=V, U V, = {Collection of all 10 x 10
interval matrices with intervals of the form [0, a;] with a; € Z,¢}
U {set of all 5 x 5 interval matrices with intervals of the form
[0, a;] where a; € Zy} be a group interval bilinear algebra over
the group G = Zyp. Choose W = W; U W, = {all 10 x 10
diagonal interval matrices with entries from Z,, where intervals
are of the form [0, a;]} w {all 5 x 5 upper triangular interval
matrices with intervals of the form [0, a;]; a; € Zy} < Vi U Vy;
W is a group interval bilinear subalgebra of V over the group G.
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Example 4.3.16: Let V=V, UV, =

[0,a] [0,a]
[0,a] [0,a] [O,a] [0,a] [0,a]
[0,a] [0,a] [0,a]||aeZ;; U <[[0,a] [0,a]||aecZ,
[0,a] [0,a] [O,a] [0,a] [0,a]
1[0,a] [0,a]]

be a group interval bilinear algebra over the group G = Z;5. We
see V has no proper group interval bilinear subalgebras hence V
is a simple group interval bilinear algebra over the group G =
7.

Example 4.3.17:Let V=V, UV, =
[0,a] [0,a]
{[O,a] [O,a]} ‘a _ Zs} J0a] ar) | z
[0,a] [0,a] [0,a] [0,a]
[0,a] [0,a]

be a group interval bilinear algebra over the group G =Z;. V is
a simple group interval bilinear algebra over the group G = Z;.

DEFINITION 4.3.6: Let V = V; UV, be a group interval bilinear
algebra over a group G. Let W = W, oW, cV;, UV, be a
proper bisubset of V and H a proper subgroup of G. If W is a
group interval bilinear algebra over the group H then we define

W to be a subgroup interval bilinear subalgebra of V over the
subgroup H of G.

We will illustrate this situation by some examples.

Example 4.3.18: Let V=V, UV, =

{[o,a.] [0,2,] [0,a,] [0,a,] [O’aS]HaieZM;lsiglo}
[0,a,] [0,a,] [0,a,] [O,a,] [O,a,,]
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[0,a,]
[0,a,]
[0,a;]
[0,a,]
[0,a,]

1[0,a,,]

[0,a,]
[0,a,]
[0,a4]
[0,a4]
[0,a,,]
[0,a,,]

a,e”Z,;1<i<12

be a group interval bilinear algebra over the group G = Zy,.

Choose W=W, U W, =

{[o,a] 0 [0,a] 0 [o,a]H }
a,el,
[0,a] 0 [0,a] 0 [0.a]

[0,2]
0
[0,a]
0
[0,a]

0

0
[0,a]
0
[0,a]
0

[0,a] |

cViuVyand H= {0, 3,6,9,12, 15, 18,21} c Zu=G a
proper subgroup of G under addition modulo 24. W is a

subgroup interval bilinear subalgebra of V over the subgroup H
of G.

Example 4.3.19: Let V=V, UV, =

[0.a,] [0,a,] [0,a;]
[0,a,] [0,a5] [0,a,]
[0,a;] [0,a;] [0,a,]

1<1<9+ U

a,e’l;

164



[0,a,] [0,a,] [0,a;] [0,a,]
[0,a5] [0,a,] [0,a,] [0,a4]

a, €’
[0,a,] [0,a,,] [0,a,,] [0,a,,]}| "
[0,a;5] [0,a,] [0,a;5] [0,a4]

1<i<l16

be a group interval bilinear algebra over the group G = Z;s.
TakeW=W1uW2=

[0,a] [0,a] [0,a]
0 [0,a] [0,a] || a,eZyp L
0 0 [0,a]

[0,a,] [0,a,] [0,a;] [0,a,]
[0,a5] [0,a,] [0,a,] [0,a]
[0,ay] [0,a,] [0,a,,] [0,a,,]
[0,a;5] [0,a,,] [0,a,5] [0,a,]

a, €10,5,10,15,20,25,30} < Z,,

cViuV,=Vand H={0, 7, 14, 21, 28} < Z35 a proper
subgroup of Z;s under addition modulo 35. W =W, U W, is a

subgroup interval bilinear subalgebra of V over the subgroup H
of G.

Example 4.3.20: Let V=V, UV, =

{{[O,al] [O,az]} ‘aieZ5;1SiS4}
[0,a;] [0,a,]

u {([0, a{], [0, a,], [0, a3], [0, a4], [0, as]) | a; € Z5; 1 <1< 5} be
a group interval bilinear algebra over the group G = Z;. As G
has no proper subgroups we see V is a pseudo simple group
interval bilinear algebra over the group G = Zs. We see V has
proper group interval bilinear subalgebras over G.
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For take W=W, U W, =

[0,a] [0,a]
ae’Z,; U
[0,a] [0,a]
{([09 a]a [0, a]a [07 a]) [07 a], [09 a]) | ae ZS} - Vl U V2 = V) 4
is a group interval bilinear subalgebra of V over the group G =
Zs. So V is not a simple group interval bilinear algebra. Thus V

is not a doubly simple group interval bilinear algebra over the
group G.

Example 4.3.21: Let V=V, UV, =

{[O,a] [0,a] [0,a] [o,a]H }
aely, U
[0,a] [0,a] [0,a] [0O,a]
_[O,a] [0,a] [O,a] [O,a]_
[0,a] [0,a] [0,a] [0,a]
[0,a] [0,a] [0,a] [O,a]| |aeZ,
[0,a] [0,a] [0,a] [0,a]
1[0,a] [0,a] [0,a] [0,a]]

be a group interval bilinear algebra over the group G = Z,;. V is
a simple group interval bilinear algebra over the group G = Zy3,
as V has no group interval bilinear subalgebras. Further V is a
pseudo simple group interval bilinear algebra as V has no
subgroup interval bilinear subalgebra. Thus V is a doubly
simple group bilinear algebra over G = Z,;.

Now we can as in case of set interval bilinear algebras and
semigroup interval bilinear algebras develop several properties
about group interval bilinear algebras.

We just show the existence of a class of pseudo simple
group interval bilinear algebras.
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THEOREM 4.3.5: Let V =V, UV, be a group interval bilinear
algebra over the group G = Z,; p a prime. V' is a pseudo simple
group interval bilinear algebra over the group G.

Proof: Follows from the fact that G is a group which has no
proper subgroups.

THEOREM 4.3.6: Let V =V, UV, be a group interval linear
algebra over the group G = Z,, n not a prime and V; and V,
take entries from Z, Then G is not a simple group interval
bilinear algebra as well as G is not a pseudo simple group
interval bilinear algebra.

The proof is obvious from the fact that Z, has subgroups when n
is not a prime and V; and V, constructed over Z, will certainly
yield sub bispaces or sub bilinear algebras.

Example 4.3.22: Let V=V, UV, =

[[0,a] [0,a] [o,a]} }
ac’l, r Y
[0.a] [0,a] [0,a]

—

[0,a] [0,a] [0,a]]
[0,a] [0,a] [0,a]
[0,a] [0,a] [0,a]
[0,a] [0,a] [0,a]]

20

be a group interval bilinear algebra over the group G = Zy.
TakeW=W1uW2=

{[O,a] [0,a] [0,a]

”ae{O,S,lO,lS}gZzo} ]
[0,a] [0,a] [O,a]
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[0,a] [0,a] [0,a]
[0,a] [0,a] [0,a]
[0,a] [0,a] [0,a]
[0,a] [0,a] [0,a]

ae{0,5,10,15} c Z,,

c Vi U V,; W is a subgroup interval bilinear subalgebra over
the subgroup H = {0, 5, 10, 15} < Zy.

Now having seen some of the basic properties of group
interval bilinear algebras, we can as in case of other bilinear
algebras define bilinear transformation and bilinear operator.

We can define some more properties like quasi group bilinear
algebra.

DEFINITION 4.3.7: Let V =V; UV, be a group interval bivector
space over the group G, if one of V; or V, (or in the mutually
exclusive sense) is a group interval linear algebra then we
define V to be a quasi group interval bilinear algebra over the
group G.

We will illustrate this situation by some examples.

Example 4.3.23: Let V=V, UV, =

[10,a] [0,b]]
[0,b] [0.a]
[0,a] [0,b]

{[O,al] 0,2, ] [O,aS]} [0.6] [0,a] aabeZ,;

0,a,] [0.a,] [0a] |0 O e (Y

[0,b] [0,a]
[0,a] [0,b]
[0,b] [0,a]
1[0,a] [0,b]]
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{ [0,a,]x' aieZ4S}
i=0

be a quasi group interval bilinear algebra over the group G =
Zys.

Example 4.3.24: Let V=V, U V, =

[0,a] [0,b]
[0,c] [0,d]]| |a,b,c,d,e.fe€Z,,, U
[0,e] [O,f]

{i[o,ai]xi,([o,al] [0,2,] -~ [0,a,])

a,,a,,...,8, ezm}

be a quasi group interval bilinear algebra over the group G =
Z40.

Now we can as in case of group interval bilinear algebras
define two types of substructures. We will however illustrate
this situation by some examples.

Example 4.3.25: Let V=V, UV, =

{i[O,ai Ix'

a, eZM} =/

[[0.a,] [0,a,]]
[0,a,] [0,a,]

[0,a;] [0,a,] ,|:
[0,a;] [0,a4]
1[0,a,] [0,a,]

;1<1<10

a,e”Z,;

[0,a,] [0,a,]
[0,a,] [0,a,]

be a quasi group interval bilinear algebra over the group G =
Zi4. Take W = W, uW,=
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i=0

{i[O,ai]x2i

a, eZH} v/

[10,a] [0,a]]
[0,a] [0,a]

[0,a] [0,a]

[Oaa] [Oaa] s a; EZM
[0,a] [0,a]

[0,a] [0,a]

[0,a] [0,a]

< V; U V; be a quasi group interval bilinear subalgebra of V
over the group G = Z,.

Example 4.3.26: Let V=V, U V, =

[0,a,] [0,a,] [0,a;] [O,a,]
04 O] 102 ||, ]
[0,a,] [0,a,,] [0,a,,] [0,a,] l

[0.a;] [0,a,] [0.a;] [0,a,]

[0,a,]
[0,a,]
[0,a5]
[0,a,]

([0,a,1,[0,a,1,[0,a,]) |a; € Z;;1<i<4

be a quasi group interval bilinear algebra over the group G =
Zis. Take W = W, uW,=

[0,a,] [0,a,] [0,a;] [0,a,]
[0,a,] [0,a,] [0,a;] [0,a,]
[0,a,] [0,a,] [0,a;] [0,a,]
[0,a,] [0,a,] [0,a,] [0,a,]

a,eZ;l<i<4;: v

170



[0,a]
[0,a]
[0,a]
[0,a]

7([oaa]a[0,a]7[0’a]) ai € ZIS

< Vi, U V; be a quasi group interval bilinear subalgebra of V
over the group G = Zy;.

Example 4.3.27:Let V=V, UV, =

[0,a] [0,a] [0,a]
[0,a] [0,a] [0,a]||aeZ,, v
[0,a] [0,a] [O,a]
[0,a] [O,a]_
[0,a3,| 121 02l 7
[0,a] [0,a]
[0,a] [0,a]]

is a quasi group interval bilinear algebra over the group G. We
see V is a simple quasi group interval bilinear algebra as V has
no quasi group interval bilinear subalgebras.

Example 4.3.28: LetV=V,uUV,=

[0,a] [0,a] [0,a] [O,a]
[0,a] [0,a] [0,a] [O,a]||laeZ,,; U
[0,a] [0,a] [0,a] [O,a]
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[0,a]
[0,a]
[0,a]
[0,a]
[0,a]
[0,a]

1[0,a]

,(10,a] [0,a])

ae’Z,

be a quasi group interval bilinear algebra over the group G =
Z4;. Clearly V is a simple quasi group interval bilinear algebra
over the group G = Zy4;.

Next as in case of group interval bilinear algebras define the
same notion in case of quasi group interval bilinear algebras.
We will only illustrate this situation by some examples and the
task of giving the definition is left as an exercise to the reader.

Example 4.3.29: Let V=V, UV, =

[0,a,] [0,a,]
[0,a;] [0,a.]
[10,a,1]
[0,a,]

[0,a,]
[0,a;]
[[0,a¢]]

[0,2,] [o,aﬂ ‘a

[0,a,] [0,a,]

0

0, |
021 S 00150 |a ez

i=0

eZmlSiSS} )

;1<1<6

480t =

be a quasi group interval bilinear algebra over the group G =
Z45. Take H = {0, 2, 4, 6, 8, 10, 12, ..., 46} < Z45 to be a proper
subgroup of G = Z5. Choose W =W, U W, =
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[0,a;] [0,a,] [0,a,] [O,a,]

a, eZ48}

c V, U V,, W is a quasi subgroup interval bilinear subalgebra
of V over the subgroup H < Zs.

{|:[0,al] [O’az] [0,33] [O’a“]”a.eH’léiSS}U

{ i[o,ai X

i=0

We call a quasi group interval bilinear algebra which has no
quasi subgroup bilinear subalgebra to be pseudo quasi simple
group interval bilinear algebra.

Example 4.3.30: Let V=V, U V, =

[0,a,] [0,a,]
[0,a,] [0,a,]],([0,a,] [0,a,] [0,a,])|a;€Z,;1<i<6} U

[0,a,] [0,a,]
a, eZB}

be a quasi group interval bilinear algebra over the group G =
Z13. G has no proper subgroups, hence V is a pseudo simple
quasi group interval bilinear algebra over the group G = Z;.
However V is not a simple quasi group interval bilinear algebra
over the group G = Z,3. For take W =

{i“[O,ai ]xi

[0,a] [0,a]
[0,a] [0,a][,([0,a] [0,a] [0,a])|ae€Z, U

[0,a] [0,a]
{i[O,ai]x2i a, eZB}

i=0
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c V, U V, is a quasi subgroup interval bilinear subalgebra of V
over the group G = Zs.

Thus V is not a doubly simple quasi group interval bilinear
algebra over the group G = Z3.

Example 4.3.31: Let V=V, U V,={[0,a] |a € Zs3} U

[0,a]
([0, 2], [0, a]), | [0,a] | [a € Zy3}
[0,a]

be a quasi group interval bilinear algebra over the group G =
Z43. V is a doubly simple quasi group interval bilinear algebra
over the group G = Zg3.

Example 4.3.32: Let V=V, U V, = {([0, a], [0, a], [0, a], [O, a],
[0,a]) | a € Zg7} U

[0,a] [0,a] oalio ,
(0.a] [0.a) (O3 [0-aDlaeZa}

be a quasi group interval bilinear algebra over the group G =
Z4;. V is a doubly simple quasi group interval bilinear algebra
over the group G = Zy.

THEOREM 4.3.7: Let V =V, U V; be a quasi group interval
bilinear algebra over the group G = Z,; p a prime. Then V' is a
pseudo simple quasi group interval bilinear algebra over the
group G = Z,.

Proof is straight forward and hence left as an exercise for the
reader.

We see in general all quasi group interval bilinear algebra
over Z,, p a prime need not be a simple quasi group interval
bilinear algebra over Z,,.
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Example 4.3.33: Let V=V, U V, = {([0, a], [0, a>], [0, as], [0,
a], [0, a5]) |ai € Z7, 1 <i<5} U

10.2,]]
[0,a,] [O,a,] [0,2,]
{[O,a;] [0,34]:|’ [0,a;5]||a; € Z;51<i<5
[0,a,]
[0.a,]

be a quasi group interval bilinear algebra over the group G = Z,.
Take W = {([0, a;], [0, a2], 0, 0, [0, a3]) |ai € Z7; 1 £1<3} L

[0.a]
0 0 0
[[ al ,a]} [0,a] | laeZ,
0 [0,a]
0
[0,a]]

=W, U W, c VUV, Wis a quasi group interval bilinear
subalgebra of V over the group G = Z;. Thus V is not a simple
quasi group interval bilinear algebra over the group G = Z,.
Infact V has several such quasi group interval bilinear
subalgebras.

Now we have a class of quasi group interval bilinear algebras
which are not simple or pseudo simple. We illustrate this by the
following theorem.

THEOREM 4.3.8: Let V =V, UV, be a quasi group interval
bilinear algebra over the group G = Z,; n not a prime. V in
general is not a doubly simple quasi group interval bilinear
algebra over Z, = G.

Proof is straight forward and is left as an exercise for the reader.
Now we proceed onto define yet another new structure.
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4.4 Bisemigroup Interval Bilinear Algebras and Their
Generalization

In this section we define the notion of bisemigroup interval
bilinear algebras, bigroup interval bilinear algebras, set-
semigroup interval bilinear algebras set group interval bilinear
algebras and semigroup group interval bilinear algebras and
describe some of their properties.

DEFINITION 4.4.1: Let V = V; U V, where V; is a semigroup
interval vector space over the semigroup S, i = 1, 2, such that
V, ng, VggV] Cli’ldS] EAYINYEY: Cli’lng gS; We deﬁne V=
V, U V5 to be a bisemigroup interval bivector space over the
bisemigroup S =S; US,.

We will illustrate this by some examples.

Example 4.4.1: LetV=V, UV, =

[0,3,]
FQaJ (0,2, ] [Qaﬁ} [0,a,]

aeZ U0} U
[0,a,] [0,a;] [0,ac]

10,87 |
(0,2, ]

0.2,1 0,1 0.2,
(10,1 [0.2,] [0.:,] [0.2,).| [0:2,] [0.2,] [0.a,] || " =7

1<i<9
[0,a,] [0,2,] [0,a,]

be a bisemigroup interval bivector space over the bisemigroup S
:Sl USZZZ+U {0} UZ]Q.
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Example 4.4.2: LetV=V, U V,=

[0,a,] [0,a,]
[0,a,] [0,a,][,([0,a,] [0,a,])|a,€Z,;1<i<6 | U
[0,a,] [0,a,]

[0,a,]

[0,a,] a, €”Z,;
: .([0,a,] [0,a,] [0.a,] [0’a4])1sis7

[0,a,]

be a bisemigroup interval bivector space over the bisemigroup S
=S USZZZ7U292.

Now if in the definition 4.4.1 each V; is a semigroup
interval linear algebra over S;, i = 1, 2 then we call V to be a
bisemigroup interval bilinear algebra over the bisemigroup S =
Sl |\ Sz.

We will illustrate this situation by some examples.

Example 4.4.3: LetV=V, UV, =

[0,a,] [0,a,] [0,a,] [O,a,]
[0.a;] [0,a,] [0,a;] [0.a5] ||a;€Q" {0} L
[0.a,] [0,a,0] [0,a,] [0,a}]

ai € Z243}

be a semigroup interval bilinear algebra over the bisemigroup S
=5,US;= (Q+ U {0}) U Zoss.

{i“[O,ai ]Xi

i=0
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Example 4.4.4: Let V = V; U V, = {all 10 x 10 interval
matrices with intervals of the form [0, a;] with a; e R" U {0}} U

0, 0,
(0.0 [0.])[
[0,b] [0,b]
be a bisemigroup interval bilinear algebra with the bisemigroup
S=R"U {0} U Zs.

Both the bisemigroup interval bilinear algebras in example 4.4.3
and 4.4.4 are of infinite cardinality.

Example 4.4.5: Let V=V, U V,=
[0,a,] [0,a,]
[0,a,] [0,a,]||a,€Z;;1<1<6, L
[0,a5] [0,a]

[0,a,] [0,a,] [0,a;] [0,a,] [0O,a,]
[0,a,] [0,a,] [0,a;] [0,a,] [0,a,]

a; €Zyp;
1<i<10

be a bisemigroup interval bilinear algebra over the bisemigroup
S =77V Z,0n. We see the bisemigroup interval bilinear algebra
given in example 4.4.5 is of finite order.

We have as in case of other bilinear algebras the following
theorem to be true.

THEOREM 4.4.1: Let V = V; UV, be a bisemigroup interval
bilinear algebra over the bisemigroup S = S; U S,. V' is clearly
a bisemigroup interval bivector space over the bisemigroup S =
S; U S, however if V is a bisemigroup interval bivector space
over the bisemigroup S = S; U Sy, V need not in general be a
bisemigroup interval bilinear algebra over the bisemigroup S =
S] USQ.
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The proof is simple and straight forward so left as an

exercise to the reader.
Now as in case of other bisemigroup linear algebras and
bisemigroup vector spaces we can define substructures.

Here we only illustrate these situations by some examples.

Example 4.4.6: Let V=V, UV, =

[0,,]
[0,a,] [0,a,] [0,a,]
Lo,aﬂ [o,aj’ [0,a,7] | °

[0,a,]

1<i<4r U

[0,a,][0,a,][0,a,]
([0,a,1[0.a,][0,a,] [0.a,]),| [0,a,] [0,a5] [0,a,]
[0,a,][0,a,] [0,a,]

a, €”Z;
1<i<9

be a bisemigroup interval bivector space over the bisemigroup S
= Sl ) Sz = 213 ) Zlg.
TakeW=W1 UW2:

[0.a,]
[0,a] [0,a] 0 ,
[0,a] [0,a]] |[0,a,] a,a, el Y
0

[0,a] [0,a] 0
([0,a,] [0,a,] 0 0),] 0 0 [0,a]||a,a,,a,€Z,
0 0 0

c V=V, U V,is abisemigroup interval bivector subspace of V
over the bisemigroup S=S; U S; =73 U Zys.
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Example 4.4.7: LetV=V, UV, =

[0,a,] [0,a,]
[0,a;] [0,a,] 0] ai,éjez+ 'u'{O};
[0,a,] [0,a,] 1<j<8;, i,jeZ" u{0}

[0,a;] [0,a]

[0,a, ]
0,a
. i [ 2] a"aoezll;
D> [0,a,1x;([0,a5] | | )
= 1<5<5
[0,a,]
[0,a5] |

be a bisemigroup interval bivector space over the bisemigroup S
= Sl ) Sz = (ZJr U {O}) ) {le}.
Let W= W1 U W2 =

[0,a] [O,a]

0 0
J[0,a] laeZ" U {0} U
[0,a] [0,a] 0l o
0 0
[10,a,]]
} 0
Z[O,ai]Xﬁ; [0,a,]|]|a;,a,,a,,8a; €7,
i0
0
1[0,a,] |

< V, U V, is a bisemigroup interval bivector subspace of V
over the bisemigroup S=(Z" U {0}) U Z;,.

180



Example 4.4.8: LetV=V, U V,=

[0,a,] [0,a,] [0,a;]
[0,a,] [0,a,] [0,a.]||a,€Z;1<1<9; U

[0,a;] [0,a5] [0,a,]

0,a,]]
[0,a,]
[0,a5]
[0,a,]
[0,a;]

1[0,a5]]

a,€Z,;1<1<6

be a bisemigroup interval bilinear algebra over the bisemigroup
S:SI USZ=leuZm.

TakeW=W1uW2=

[0,a,] O 0
0 [0,a,] 0 a,eZ;1<1<3, U
0 0 [0,a,]

10,2,
0
[0,2,]
0
[0.a,]
0

a,e”Z;1<1<3

c Vi UV, =V, W is a bisemigroup interval bilinear subalgebra
of V over the bisemigroup S=S, U S, =75 U Zis.
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Example 4.4.9: Let V = V; U V, = {All 12 x 12 interval
matrices with intervals of the form [0, a;]; a; € Z4g} U

a, eZ40}

be a bisemigroup interval bilinear algebra over the bisemigroup
S= Sl |\ Szz Zag U Zy. Choose W = W, uW,= {All 12 x 12
upper triangular interval matrices with intervals of the form [0,
ai]; a; € Z4g} U

{i“[O,ai Ix*

i=0

i=0

{i[o,ai X

a, eZ4O} c ViUV

W is a bisemigroup interval bilinear subalgebra of V over the
bisemigroup S.
Now one can define bisubsemigroup interval bivector
subspaces and bisubsemigroup interval bilinear subalgebras.
The task of defining these notions are left as an exercise to
the reader.

We will however illustrate these situations by some examples.

Example 4.4.10: Let V=V, U V,=

[10,a,]]
[0,a,]
[0,a,] [0,a,] [0,a;] [0,a,] 0.a.] a,e’l,;
[0,a;] [0,a,] [0,a,] [O,a,] (103 1<1<8
[0,a,]
1[0,a,]
e
0 . ,a, ,a, )
2 I2M0AI 0] [0y || S
1<5<8

[0,a,] [0,a,]
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be a bisemigroup interval bivector space over the bisemigroup S
= Sl |\ Sz = 224 Y 2150.
TakeW=W1 uW,=

[10,a,]]
0
[0,a] O [0,a] O
.| [0,a,]||a,a,,a,,a,€Z,, t U
[0,a] O [0,a] O 0
[0,a;]
[0,a] O
. 2i 0 [0,a] .
Z[O,ai]x l10.a] 0 a,ae€”’;1<1<o
i=0 ,ad
0 [0,a]

cViuV,=VandT=T, U T,=1{0,3,6,9, 12, 15, 18,21} U
{0, 10,20, ..., 140} = S, U S,.

It is easily verified W is a bisubsemigroup interval bivector

subspace of V over the bisubsemigroup T=T; U T, of S=S;, U
Ss.

Example 4.4.11: Let V=V, U V,= {All 9 x 9 interval matrices
with intervals of the form [0, a;]; a; € Z" U {0}} U {All 4x 5
interval matrices with intervals of the form [0, a;]; a; € Z14} be a
bisemigroup interval bilinear algebra over the bisemigroup S =
Sl U Sz = Z+ Y {0} o Zl4.

Take T=T, U T, = {3Z" U {0}} U {0,2,4,6,8,10, 12} c
SlkJSZZZJr u{O}uZl4andW=W1uW2={All9><9
interval matrices with intervals of the form [0, a;] with a; A
v {0}} v
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[0,a] 0 [0,a] O [0,a]
0 [0a] O [0a] O
a Zl4
[0,a] 0 [0,a] O [O,a]
0 [0a] O [0a] O

cV,uV,

Clearly W is a bisubsemigroup interval bilinear subalgebra
of V over the bisubsemigroup T =T, U T, =3Z" U {0} U 2Z,
c ViUV,

If V has no proper bisubsemigroup interval bilinear
subalgebras we call V to be a simple bisemigroup interval
bilinear algebra. If V has no proper bisubsemigroup interval
bilinear subalgebras we call V to be a pseudo simple
bisemigroup interval bilinear algebra. If V is both simple and
pseudo simple then we call V to be a doubly simple
bisemigroup interval bilinear algebra.

We will illustrate all these three situations by examples.

Example 4.4.12: Let V=V, U V, = {All 8 x 8 upper triangular
interval matrices with entries from [0, a;] with a; € Z;} U

a, e Zlg}

be a bisemigroup interval bilinear algebra over the bisemigroup
S=S,0US;,=27Z; U Zpy Vis a pseudo simple bisemigroup
interval bilinear algebra but is not a simple bisemigroup interval
bilinear algebra as W = W; U W, = {all diagonal interval
matrices with intervals of the form [0, a;] | a; € Z7} U

{ [0,a,]x*| a, eZlg}
i-0

{i[o,ai Ix'
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c V; U V; is bisemigroup interval bilinear algebra over the
bisemigroup S=7; U Z;9 so V is not simple. As S =7, U Zjy
has no proper subsemigroups V is pseudo simple. Thus V is not
Example 4.4.13: Let V=V, UV, =

doubly simple.
[0,a] [0,a]
aeZ, U
[0,a] [0,a]
[0,a] [0,a] [0,a] [0,a]
[0,a] [0,a] [0,a] [0,a]||aeZ,,
[0,a] [0,a] [0,a] [0,a]
be a bisemigroup interval bilinear algebra over the bisemigroup
S=S uUS,={Z;} U {Z}. We see V is a doubly simple

bisemigroup interval bilinear algebra over the bisemigroup S =
Sl |\ SZZZ7 UZ“.

We have a class of pseudo simple bisemigroup interval bilinear
algebras over a bisemigroup S =S, U S,.

THEOREM 4.4.2: Let V = V; UV, be a bisemigroup interval
bilinear algebra over the bisemigroup S = §; U S, = Z, U Z,
where p and q two distinct primes. Then V is a pseudo simple
bisemigroup interval bilinear algebra over S. V need not in
general be simple.

The proof is left as an exercise to the reader.

THEOREM 4.4.3: Let V =V, UV, be a bisemigroup interval
bilinear algebra over the bisemigroup S = S; v S, = Z,, U Z,
where m #n and m and n are not primes. Then V not in general
a doubly simple semigroup interval bilinear algebra over the
bisemigroup S =S8, S, =27, UZ,.

The proof is left as an exercise for the reader.
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THEOREM 4.4.4: Let V = V; U V; be a bisemigroup interval
bilinear algebra over the bisemigroup S = S, v S, where
oneof S;is Z- U {0} or Q" U {0} or R* U {0} and other S, is Z,
or some subsemigroup of Z* U {0} or Q" U {0} or R* U {0}
such that S; ¢ S; and S, ¢ S; then V is not a doubly simple
bisemigroup interval bilinear algebra over the bisemigroup.

This proof is also left for the reader.
We will give some illustrative examples.

Example 4.4.14:Let V=V, U V,=

[0,a] [0,a] [0,a]
[0,a] [0,a] [0,a]||laeZ" U{0}; L
[0,a] [0,a] [0,a]

[0.a]]
[0,a]
[0,a]
[0,a]|laeZ,
[0,a]
[0,a]

[0.a]]

be a bisemigroup interval bilinear algebra over the bisemigroup
S= S] ) 82:Z+U {0} UZ45.
Take W = W, u W,

[0,a] [0,a] [0,a]
= <{|[0,a] [0,a] [0,a]||ae3Z" U{0}; U
[0,a] [0,a] [O,a]
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(0.4
[0,a]
[0,a]
[0,a]| |a€{0,5,10,15,20,25,30,35,40} < Z,q
[0,a]
[0,a]

[0,a]

c V; U V, is bisubsemigroup interval bilinear subalgebra of V
over the bisubsemigroup T =T, U T, =3Z" U {0} U {0, 5, 10,
15,20, 25,30,35,40} =S, U S, =Z" U {0} U Zys. Thus V is
not a pseudo simple bisemigroup interval bilinear subalgebra of
V over the bisubsemigroup T=T,; U T, S; U S,.

Also W is a bisemigroup interval bilinear subalgebra of V
over the bisemigroup S = S; U S, so, V is not a simple
bisemigroup interval bilinear algebra over the bisemigroup S =
Sl U 82: Z+U {0} U Z45.

Example 4.4.15: Let V=V, UV, =

[0,a,] [O,a,]
[0,a,] [0,a,]||a, €3Z" W{0} L
[0,a5] [0,a,]

{([0, a1, [0, a], ..., [0, ajo]) | a; € 7Z" U {0} } be a bisemigroup
interval bilinear algebra over the bisemigroup S = S, U S, =
{3270 {0}} U {7Z" U {0}}. It is easy to verify V is not a
doubly simple bisemigroup interval bilinear algebra over the
bisemigroup S.

Now we define set- semigroup interval bivector space over the

biset S = S; U S, where one of S;is a semigroup and other is a
set,1=1, 2.
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DEFINITION 4.4.2: Let V = V; UV, be such that V; is a set
interval vector space over the set S; and V, is a semigroup
interval vector space over the semigroup S,. Then we define V =
Vi UV, to be a set- semigroup interval bivector space over the
set- semigroup S = S; U S, .

We will illustrate this situation by some examples.

Example 4.4.16: Let V=V, UV, =

[0,a,] [0,a,]
[0,a,] [0,a,]|,([0,a,] [0,a,] [0,a,])| a; €{0,1,2,4,8,12,15}

[0,25] [0,a]

[0,a,]] | [0,a,] [0,a,] [0,a,]
[0,a,]||[0,a,] [0,a;] [0,a,]| |a, €Z" U{0},
[0,a,]]'| [0,2,] [0,a,] [0.a,] | [1<i<I2
[0,a,]] |[0.a,,] [0,a,] [0,a,]

be a set-semigroup interval bivector space over the set-
semigroup S=S; U S, = {0, 1} U {3Z" U {0}}.

Example 4.4.17: Let V=V, U V, =

[0,a,]
[0,a,][,([0,a,] [0,a,] .. [0,a,])|a; €{0,1,2,...,00} ¢ Y
[0,a,]

(240 840} 0

a,a,,a,,a,,a, €{,1+1,1,0,2,4
[0,33] [0,34] : ? ’ ! { }

be a semigroup- set interval bivector space over the semigroup
setS=S,US,=3Z"U {0} U {1, 0}.
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We can as in case of other interval algebraic structures
define substructures. We will leave the task of giving formal
definitions to the reader but, however we will give some
illustrative examples.

Example 4.4.18: Let V=V, U V,=

{[o,al] [o,az]} 0,015

[0,33] [0,34] i=0 B €Q+ U{O}} U

[0,a,]
[0,a,]

[0,a,], [0.2.] a;,a; e{\B,\B,\/E,T w{0}}
[0,a,]

be a semigroup-set interval bivector space over the semigroup

setS=8S,US,=Q" U {0} U {o,ﬁ,l,\/E,JE} .
TakeW=W1 UWzZ

{[o,oal] [o,azl} {i[o,ai]x“”

[0.2,] 2 a,eZ" v {0}} ),

[0,a]
[0,a,], 8 a,a, €{0,7/3,7/5,4/15,4Z° U {0}}

[0,a]

c V=V, U V,y; W is semigroup set interval bivector subspace
of V over the semigroup-set S =S; U S,.
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Example 4.4.19:Let V=V, U V,=

[0,a,]

[0,3,] [0,a,] [0,a,] [0,a,]] | [0,a,]

|:[0’a5] [O’aé] [0737] [0,38]:|’ [O,as] 4 6{0’1’2’\/§’m=7’9}
[0,a,]

_[O’al] [0,32]
[0’33] [0,34]
[O’as] [0,3-6]
~ [0,a,] [0,a,] ([0,a,] [0,a,] [0,a,])
[0539] [O’alo]

[[0.a,,] [0.a,,]]

a,€”Z;
1<i<12

be a set-semigroup interval bivector space over the set-
semigroup S=S;, U S; = {0, 1} U {Z4s}.
Take W = W1 U W2:

[0,a]
[0,a] [0,b] [0,a] [0,b]]| ©
{[O,b] [0,a] [0,b] [O,a]}’ 0.a1||*° €{0.1.2:/3./41.7.9)
0
[[0,a] 0 |
0 [0,b]
[0,a] 0
v, 0 [0.b] ,([0,a] [0,b] 0)|a,beZ,
[0,a] 0
L0 [0,b]

c V, U V,. W is a set-semigroup interval bivector subspace of
V over the set-semigroup S =S, U S,.
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Example 4.4.20: Let V = V; U V, = {All 10 x 10 interval
matrices with entries of the form [0, a;] with a; € Q" U {0}} U

iaxi' [0531] [0,32] [0,33] ai,aje{SZ+u{0},\/E,\/5,\/§};
<" 'L0,a,] [0,a,] [0,a,]

1<j<6
be a semigroup —set interval bivector space over the semigroup-
setS=8;US,=Q U {0} U {5Z" U {0}, V19,4/2,4/5 }.
Take W = W; U W, = {All 10 x 10 upper triangular interval
matrices with entries of the form [0, a;] with a; € Q" U {0}} U

{iaixi;[[o,a] [0,2] [o,a]} ‘ae{wu 0O, @}

i [0,a] [0,a] [0,a]

cViuV,and T=T, U T, = (72" v {0}) U {10Z" U {0},
V218108 =Q U {0} U {5Z7 U {0}, V19,V2,V5 1 W=
W, U W, is a subsemigroup-subset interval bivector subspace
of V over the subsemigroup-subset T=T, U T, of S=S, U S,.

Example 4.4.21: Let V = V; U V, = {collection of all 5 x 5
interval matrices with entries of the form [0, a;]; and 1 x 8
interval matrices of the form [0, b;] with b, a; € {11Z" U {0},

V3 AN7N19,4/41,4/23,4/43,4/101 } = S} U {Collection of all

16 x 16 interval matrices with intervals of the form [0, a;] and
all 7 x 1 interval matrices with intervals of the form [0, b;]; aj, b;
€ 7Z° U {0} = S,} be a set-semigroup interval bivector space
defined over the set-semigroup S =S; U S,.

Take W = W; U W, = {Collection of all 5 x 5 diagonal
interval matrices with intervals of the form [0, a;], ([0, a], 0, [0,
al, 0, [0, a], 0, [0, a], 0) / a;, a € S;} W {Collection of all 16 x 16
upper triangular interval matrices with intervals of the form [0,
a;] and
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10,a,]]
0
0.2, ]

0 a;,a; € 72" U{0};1<j< 4}
[0,a,]
0
[0.a,]

cViuV,and T=T, UT, = {33Z" U {0}, V/3,19,4/101} U
{21Z" U {0}} = S; U S,. W is a subset-subsemigroup interval
bivector subspace of V over the subset-subsemigroup T = T; U
T2 c Sl U 82: S.

If in the definition of the set-semigroup (semigroup-set)
interval bivector space V=V, U V,over S=S, U S, if Vi isa
set interval linear algebra and V, is a semigroup interval linear
algebra then we define V to be a set-semigroup interval bilinear
algebra over S=S; U S,.

We will illustrate this situation by some examples.

Example 4.4.22: Let V=V, UV, =

i=0

{i“[O,ai ]xi

a,b, e {13Z" U{0},a, + b,/13,
a, + bi\/i,ai + bi\/g} =S,

w {All 5 x 5 interval matrices with intervals of the form [0, a;]
and a; € Zys} be a set-semigroup interval bilinear algebra over

the set- semigroup, S=1S; U Z;s=S; U S,.

Example 4.4.23: Let V=V, U V,=

{[[O,al] [0,a,] [0,a,] [0,a,] [O’as]”aieQw{O}}
[0,a,] [0,a,] [0,a5] [0,a,] [0,a]
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w {All 3 x 3 interval matrices with intervals of the form [0, a;] /
a; € Z7} be a semigroup-set interval bilinear algebra over the
semigroup set S=S, U S, =Z" U {0} U {{0, 1, 2, 3,9, 14, 20}
< Zo7}.

Now we give examples of substructures.

Example 4.4.24: Let V=V, U V,= {all 9 x 9 interval matrices
with intervals of the form [0, a;] with a; € Zy40} U

i=0

{i[o, a Jx'

a, ezl v {0}}

be a semigroup set interval bilinear algebra over the semigroup-
set S=S, U S, =7y {8ZJr & {0}, 527U {O}}

Take W = W; U W, = {All 9 x 9 interval upper triangular
matrices with entries from Zy4} U

{i[O,ai ]x2i

i=0

a, el U{O}} c ViU Vy
W is a semigroup set interval bilinear subalgebra of V over the
semigroup-set S=S; U S,.

Example 4.4.25: Let V=V, UV, =

[0,a,] [0,a,] [0,a,] [O,a,]

[0,a,] [0.,a,] [0,a,] [0,a,] a, €52" U{0};

[0,a,] [0,a,] [0,a,] [0,a,,] 1<i<12
_[O’al] [O,az]_
[8,33] [8,34] 2 e le;
[ ,8.5] [ ,aé] L<i<10
[0,a,] [0,a,]
_[0739] [O,am]_
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be a set-semigroup interval bilinear algebra over the set
semigroup S =S, U S,= {15Z" U {0}, 40Z" U {0}} U Z)5.
Take W = W, uW,=

[0,3,] 0 [0,a,]

0 [0,a,] O [0a,] i‘ji 105
[0a] 0 [0a] 0 || "7
[[0,a,]7 0
[0,a,] 0
0 [0,a,]]|a,,a,€Z,
0 [0,a,]
1 [0,a,] [0,a,]]

c V1 U V,; W is a set- semigroup interval bilinear subalgebra of
V over the set-semigroup S =S; U S,.

Example 4.4.26: Let V = V; U V, = {Collection of all 6 x 6
interval matrices with intervals of the form [0, a;], a; € VARG

03} v
a,e’Zy }

be a semigroup-set interval bilinear algebra over the semigroup-
setS=S,US,=3Z"U {0} U {{0,2,5,1,6,7,9, 14, 32, 30,
35} < Zss}. Choose W = W; U W, = {Collection of all 6 x 6
interval upper triangular matrices with intervals of the form [0,

a] witha; e Z" U {0}} U
a; € Z36}

{Z[O,ai]x2i

i=0

cViuVoand T=T,UT,={15Z2"U {0}} U {{0,1,2,5,30,
35} c Sz c Z36} C Sl |\ Sz.

i=0

{i[O,ai]xi
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Clearly W is a subsemigroup-subset interval bilinear
subalgebra of V over the subsemigroup-subset T = T; UT; of S,
o Sz.

Example 4.4.27: Let V=V, U V, =

{i“[o,ai Ix'

i=0

a, el U{O}} v

[0,a,] [0,a,] [0,a;] [0,a,] [0,a]
[Oaaé] [0,37] [Oaag] [0,39] [O’alo]

a, €Z,,;
1<1<10

be a set-semigroup interval bilinear algebra over the set-
semigroup S= S, U S, = {2Z" U {0}, 5Z" U {0},3Z" U {0}} U
Z415. Choose W=W, U W, =

{i[o,ai x*

i=0

a,€30Z" v {O}} U

[0,a] [0,a] [0,a] [0,a] [O,a]
[0,b] [0,b] [0,b] [0,b] [O,b]

a,b eZm} ;

T=T,UT,={4Z" U {0}, 15Z" U {0}} U {2Z41,= {0,2,4, ...,
410} c Z412} c Sl U Sz.

W is a subset-subsemigroup interval bilinear subalgebra of
V over the subset-subsemigroup T=T; U T, c S; U S,.

Now having seen examples of substructure we can define
set- semigroup (semigroup-set) interval bilinear transformation
provided the spaces are defined on the same set-semigroup
(semigroup-set).

Let V=V, U V,and P =P, U P, be any two set-semigroup
interval bivector space over the set-semigroup S = S; U S,; that
is Vi and P, are set interval vector spaces over the same set S,
and V, and P, are semigroup interval vector spaces over the
same semigroup S,. The bimap T=T, U T,:V,uU V,—> P, U
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P, where T, : V; > P, and T, : V, — P, are such that T is a set
linear interval vector space transformation and T, is a
semigroup linear interval vector space transformation, then the
bimap T = T, U T, is defined as the set-semigroup interval
linear bitransformation of V in to P.

Interested reader can define properties analogous to usual
linear transformations.

If V=P that is V,; = P, and V, = P, then we define T to be a
set-semigroup interval linear bioperator. The transformations for
set-semigroup interval bilinear algebra can be defined using,
some simple and appropriate modifications.

Now we can derive almost all properties of these algebraic
structures in an analogous way.

Now we can also define quasi set-semigroup interval linear
algebras and their substructures in an analogous way.

Now we proceed on to define bigroup interval bivector spaces,
set group (group-set) interval bivector spaces and semigroup-
group (group-semigroup) interval bivector spaces and derive a
few properties associated with them.

DEFINITION 4.4.3: Let V = V; UV, be such that V; is a group
interval vector space over the group G;; i =1, 2and V; cV, V;
eViififi#zjand G, 2 G, G; =G, ifi #j;, 1 <i,j<2

Then we define V =V, U V, to be a bigroup interval
bivector space over the bigroup G = G; U G>.

Example 4.4.28: Let V=V, UV, =

[0,a,]
[0,a,]

[0,a,]
[[O,al] [0,a,] [O,a3]} a.eZ,;

(0.a,] [0.0.] [0.a.]] % 1<ic7 [
>4 ™5 s%6 [O,as] - =

[0,2,]
1[0,a,]
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[[0,a,] [0,a,]]
[0,a,] [0,a,]
[0,a,] [0,a.] [,([0,a,] [0,a,] ... [0,a,])
[0,a,] [0,a,]
1[0,a,] [0,a,]]

a,e€”Zy;
1<1<10

be a bigroup interval bivector space over the bigroup G = G; U
G2 = Z42 U Z30.

Example 4.4.29:1Let V=V, UV, =

{([O,al] [0,a,] .. [O,als]),i[o,ai]xi

a, EZIZ} v

[0,a, ]

[0,a,] | ([0,a,] [0,a,] ... [0,a,])|a €Z,;
: ’{[O,am] [0,a,] .. [O,alg]JISislii

[0.,4]

be a bigroup interval bivector space over the bigroup G = G; U
G2 = le Y 229.

Now we will give examples of their substructure and the
task of giving definition is left as an exercise for the reader.

Example 4.4.30: Let V=V, U V,= {all 5 x 5 interval matrices
with intervals of the form [0,a,];a, € Z,,,} L

[0,a,]

[0,a,]

[0,a,]

[0.a,]

a,,8,,8;5,8, €2y, Y
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0

>'10,a,1x',([0,a,] [0,a,] ... [0,a17])|ai,ajeZ46;1SjSl7}

i=0

be a bigroup interval bivector space over the bigroup G = G; U
Gy =Z310 Y Zye.

Take W = W; U W, = {all 5 x 5 upper triangular interval
matrices with intervals of the form [0, a;]; a; € Z310} U

[0,a]
[0,a]
[0,a]
[0,a]

|an310 -/

M8

[0,2,]x*,([0,a] [0,a] ... [0,a])

{ ai,an%}

< V1 U V, is a bigroup interval bivector subspace of V over the
bigI'Ollp G= G1 o G2 = Z310 o Z46.

Il
o

Example 4.4.31: Let V=V, U V,=

[10,a,] [0,a,] [0,a,,]]
[0,a,] [0,a;] [0,a,]
[0,a;],| [0,a,] [0,a3] [0,a;]||a;,a;€Z,;1<j<5; U
[0,a,] [0,a,] [O,a,]
[[0,a5] [0,a,0] [0,a;]]

[0,a,] [0,a;] [0,a,]

~ 4 [[0:a,] [0,a5] [0,a,]

;[Oaai]x s [0,3.3] [0,8.7] [O,a”] ai’aj EZ249
[0,a,] [0,a,] [O,a,,]

1<j<12
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be a bigroup interval bivector space over the bigroup G = Z;9 U

Loy = G] U Gz.

Take W=W, U W,=

[0,a],

[0,a]
0
[0,a]
0

1[0,a]

0
[0,a]
0
[0,a]
0

[0,a] [0,a] [0,a]

i[o,ai]x‘“ 0

i=0

0

0

0

0

"1 10,a] [0,a] [0,a]

0

[0,a]
0
[0,a]
0

[0,a] |

a,,ae{22,,=1{0,2,...,22} c Z,,

ae”/Z

19

c V1 U V,; W is a bigroup interval bivector subspace of V over
the bigroup G =Z 9 U Zy,.

Example 4.4.32: LetV=V,UV,=

0.a] [0.a,7]] %

00, 0,0, | 12| [ % %

[0.2,] [0.a,] : 1<i1<16
[0,a,4]

a,,a, ezm;}

{([O,al] [0,a,] .. [O,alo]),g[O,ai]x‘ 1<i<10

be a bigroup interval bivector space over the bigroup G = G; U
Gy =Z4s U Zoss.
Take W = W1 o sz
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[0,a,]

[0,2,]

(e}

[0,a] [0,a]
0 0 |,
[0,b] [0,b]

a,b,a,,a,,a;,a, €Z,

S
S pw ©O O O O O O O

0
1[0,a,]]

v {(10,a,] 0 [0,a,] 0 [0,a,] 0 [0,a,] O [0,a,] 0),

i [O a. ]XZi ai > a'j € ZZ48;
i 1<j<5

c V| U V,; be a bigroup interval bivector subspace of V over
the bigroup G.

Example 4.4.33: Let V=V, UV, =

[0,a, ]

[0,a,] | & i o
: , Z[O,ai]x a;,a;€Z;1< <12+ U
. i=0

[0,a,, ]
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{All 8 x 8 interval matrices with interval entries of the form [0,
ai]; ai € Zis, ([0, a1, [0, a], [0, a3], [0, a4] ) [, a5 € Zy5; 1 <j <
4} be a bigroup interval bivector space over the bigroup G = G,
) G2 = Zg U Zl5.

Take W =W, U W,=

[0,a]
0,a]| & .
[ :a] > Z[O’aj ]X21 a, ai € ZS
. i=0
[0,a]

v {All 8 x 8 upper triangular interval matrices with intervals of
the form [0, a;]; ([0, a,], 0, [0, a,], 0) | a;, a1, a2 € Z15} = Vi UV,
be a subbigroup interval bivector subspace of V over the
SUbbigI'Ollp T= T1 o T2 = {0, 2, 4, 6} U {O, 5, 10} c Zg U Zl5 =
G1 U Gz.

If a bigroup interval bivector space V over the bigroup G =
G; U G, has no subbigroup interval bivector subspace over the
bigroup G = G; U G; then we say V to be a pseudo simple
bigroup interval bivector subspace over the bigroup G. If V has
no bigroup interval bivector subspace then we call V to be a
simple bigroup interval bivector space. If V is both simple and
pseudo simple then we call V to be a doubly simple bigroup
interval bivector space.

We will give some illustrative examples of them.

Example 4.4.34: Let V=V, U V,=

a;,a;,a,,a, 627} v/

{i[o,ai]xi;([o,all [0.0,] [0.a,])

[0,2,]
[0,a,]
[0,a,]]
[0,a,]
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all 10 x 10 interval matrices with intervals of the form [0, a;]; a;
€ Zs} be a bigroup interval bivector space over the bigroup G =
G, U G, = Z; U Zs. We see the bigroup G = Z; U Zs is
bisimple as it has no subgroups. Thus V is a pseudo simple
bigroup interval bivector space over G.

However V is not doubly simple for take W =W, U W, =

[0,a]
{i[o,ai]xzi;([o,a] [0.a] [0,a]) ai’aez’}u [Oéa]’
0

all 10 x 10 upper triangular interval matrices with entries from
Zs with intervals of the form [0, a;]} < V, U V, ; W is a bigroup
interval bivector subspace of V over the bigroup G. Thus V is
not doubly simple.

Example 4.4.35: Let V=V, U V,=

{ [[O,a] [O’a]},[o,a]
[0,a] [0,a]

be a bigroup interval bivector space over bigroup G = G, U G, =
Z3; U Zs. We see V is a doubly simple bigroup interval bivector
space over the bigroup G.

[0,a]
} [0,a]
aeZ, U aeZ
[0,a]
[0,a]

In view of this we have the following theorem.

THEOREM 4.4.5: Let V = V; UV, be a bigroup interval bivector
space over the bigroup G =7, U Z, p and q are two distinct
primes. Then
1. Vs a pseudo simple bigroup interval bivector space
over the bigroup G.
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2. Vs not a doubly simple bigroup interval bivector space
over the bigroup in general.

The proofis left as an exercise for the reader to prove.

THEOREM 4.4.6: Let V =V; UV, be a bigroup interval bivector
space over the bigroup G = Z, U Z,, where m and n are non
primes; V is not simple or pseudo simple.

This proof'is also left as an exercise to the reader.
We see bigroup interval bivector spaces can be built only on
finite bigroups of the form G = Z,, U Z,,, we cannot use Z" or R

or Q" or C.

Now we can define bigroup interval bilinear algebras. We give
only examples of them.

Example 4.4.36: Let V=V, U V,=

[0.a,] [0,a,] [0,a;] [0,a,] [0,as]
[0,a5] [0,a;] [0,a5] [0,a,] [0,a,,]

a; €2y,

1<i<10 }
[[0,a,]]
[0,a,]
U : a,€Z;,;1<i<15
[0,a,,]
1[0,a,5] |

be a bigroup interval bilinear algebra over the bigroup G = G, U
Gr=7Z04 U Zs.

Example 4.4.37: Let V=V, U V,= {All 9 x 9 interval matrices
with intervals of the form [0, a;], a; € Z35} U
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a, eZ”}

be a bigroup interval bilinear algebra over the bigroup G = G; U
G2 = Z38 Y Z]7.

{i[o, a]x'

i=0

We will illustrate the substructures by some examples.

Example 4.4.38: Let V=V, U V,= {([0, a], [0, a3], . . ., [O,
39])|ai6228;13is9}u

[0,a,]]
[0,a,]

: a,€Z,;1<1<12
[0,a,,]
1[0,a,,]]

be a bigroup interval bilinear algebra over the bigroup G = G
|\ Gz = Zzg |\ ZIS-
Take W = Wl (% W2: {([0, a], [09 a]: (RS} [05 a]) ‘ ae ZZS} o

[0,a,]]
[0,a,]
: a, €{0,3,6,9,12} c Z,;
[0,a,,]
1[0,a,,]]

c V; U V, ; W is a bigroup interval bilinear subalgebra of V
over the bigroup G = Z,3 U Z;s.

Example 4.4.39: Let V=V, U V,=
{[O,al] [O,az]}
[0,33] [0,34]
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U {([0, ai], [0, a;], ..., [0, a7]) ai € Zy1; 1 <i <7} be a bigroup
interval bilinear algebra over the bigroup G = Z5 U Z;.

Take W =W, UW,=
[0,a,] [0,a,]||a, €Z,; 9
0 [0,a,]||1<i<3
{([0, a], [0, a], ...., [0, a]) | a € Z;;} < V| U V, is a bigroup
interval bilinear subalgebra of V over the bigroup G =Z; U Z;.

Example 4.4.40: Let V=V, U V,=

[0,a,] [0,a,] [0,a;]||a, €Z;
[0,a,] [0,a,] [0,a,]||1<i<6 ~
[0,a,] [0,a,]

[0,a;] [0,a,]| |2, €Z,;
[0,a;] [0,a,]||1<i<8
[0,a,] [0,a4]

be a bigroup interval bilinear algebra over the bigroup G = G,
UG = Zyg \U ZLy. Take H = H, UH,= {0, 6, 12} ) {0, 10,
20, 30} gGl UG2:Z18UZ4oandW:W1 U W, =

[0,a,] 0 [0,a,]
0 [0,a] O

[0,a,] 0
0 [0,a,]| |a,€Zy;

[0,a,] O 1<i<4
0 [0,a,]

a,,a,,a, eZlS} -/

c Vi U V, is a bisubgroup interval bilinear subalgebra of V
over the bisubgroup H=H; U H, of G = G, U Go.
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DEFINITION 4.4.4: Let V = V; U V, be where V; is a group
interval vector space over the group G; and V, is a semigroup
interval vector space over the semigroup S,. V is a group
semigroup interval bivector space over the group-semigroup G
USQ.

We will illustrate this situation by some examples.

Example 4.4.41: Let V=V, U V,=

[0.,a5] [0,a5] [0,a,] [0,a]

[0,a,] [0,a,] [0,a;] [0,a,]
[0,a,])
1<j<8

a,a,eZ" U{O};}

[0,a,] [0,a,]
[0,a;] [0,a,]
[0,a;] [0,a]
[0,a;] [0,a]

a;,a; €Z,;;
1<j<8

, i[o, a, I

i=0

be a semigroup-group interval bivector space over the
semigroup-group G = (Z" U {0}) U Z,5.

Example 4.4.42: LetV=V, U V,=

[Oaal] [0,32] [0,33] [0734] [0,35] 0 aiez48;
[0,a,] [0,a,] [0,a,] [0,a,] [0,a,,] 0.2, 1<i<10

[[0,a,] [0,a,]]

[0,a,] [0,a,]

[0,a5] [0,a,] QL)

= i 3,2, €Q w0}

o [0,8.7] [Oaas] ,;[O,ai]x 1<i<li4

[0,a,] [0,a,]

[0,a;,] [0,a,]

1[0,a,;] [0,a,]]
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be a group-semigroup interval bivector space over the group-
semigroup G = Z45 U Q" U {0}.

We can define substructures in a analogous way. We give
only examples of them.

Example 4.4.43: Let V=V, U V,=

[0,a, ]
N i |[0,a,]] Ja;,a;€Q" U {0};
21080 1<j<4
[0,a,]

[0,a,] [0,a,]
([0, a]] [09 a2] [Oaall])a [05 a3] [0,34] a e
[0,a] [0,a,]]| " "
be a semigroup-group interval bivector space over the
semigroup-group G = Q" U {0} U Zys.
Take W=W, U W,=

[0,a]

o0 . O
[Oaaj ]XZIJ ai:a EQ+ o {0} o
Zo [0,a]

0

{([0,8,1,0,[0,a,],0,[0,a,],0,0,a,1,0,[0,a,1,0,[0,2,]),

[0,a,] 0 .
0 [0.a.] 1<1L6
,a
: a,e’,
[0,a;] 0

c V1 U V,; W is a semigroup-group interval bivector subspace
of V over the semigroup-group Q" U {0} U Zj,.
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Example 4.4.44: Let V=V, U V, =

a, e Zm} -/

{Z[o, a, x> [0,a, ]x"
i=0 i=0
{All 5 x 5 interval matrices with intervals of the form [0, a;]; a;
€ 32" U {0}, ([0, a,], [0, as], [0, as], [0, a4], [0, as]) | aj € 4Z" U
{0}} be a group-semigroup interval bivector space over the
group-semigroup Zsy U 12Z° U {0}.

TakeW=W1 uW,=

{i[o,ai]x‘“,i[o,ai]x%
i=0 i=0

ai € Z320}

w {All 5 x 5 interval upper triangular matrices with intervals of
the form [0, a;], a; € 3Z" U {0}, ([0, a,] [0, a,] [0, as]) | a1, a,, as
€ 47" U {0}} < V| U V,; W is a group-semigroup interval
bivector subspace of V over the group-semigroup, Zs, U 12Z"
v {0}.

Example 4.4.45: Let V=V, U V, =

{Z[Oaai]XZi’Z[Oaai]XSi a; ezl%} Y

i=0 i=0

0,a 0,a

[0,a,] [0,a,] 2 7" U0}

[0,a;] [0,a,]1,([0,3,] [0,a,] ... [0,a,])
[0,a;] [0,a,]

be a group-semigroup interval bivector space over the group
semigroup Zos U Z" U {0}. Choose W =W, U W, =

1<i<18

{ [0,a,]x", > [0,a,]x""
i=0 =0

1

a, e Z,%} )
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[0,a] [0,a]
[0,b] [0,b]|, ([0,a] [0,a] ... [0,a])|a,b,ceZ" U{0}
[0,c] [O,c]

c V; U Vy; W is a subgroup-subsemigroup interval bivector
subspace over the subgroup-subsemigroup {0, 2, 4, 6, 8, ...,
194} U3Z U {0} = Zios U Z" U {0}.

Example 4.4.46: Let V=V, U V, = {all 8 x 8 interval matrices
with intervals of the form [0, a;] ; a € Q" U {0}, all 3 x 2
interval matrices with intervals of the form [0, a;] with a; € Z" U

0} v

{i[o,ai]xi,([o,al] [0,a,] .. [O,ag])

i=0

a;,a; €”ZLy;
1<;<8

be a semigroup-group interval bivector space over the
semigroup-group Z" U {0} U Zys.

Let W = W; U W, = {all 8§ x 8 interval upper triangular
matrices with intervals of the form [0, a;], a; € Q" U {0},

[0,a] [O0,a]
[0,a] [0,a]]aeZ U {0}} U
[0,a] [O0,a]

{ 5 [0.a,]x",([0.2,] 0[0.2,] 0[0.2,]0[0.a,] 0)

1

a;,a; € Zy;
1<j<4

cV,uV,and T=T,UT,={4Z" U {0}} U {0,2,4,6,8, ...,
46} < Z" U {0} U Z4. W is a subsemigroup-subgroup interval
bivector subspace of V over the subsemigroup-subgroup T = T}
|\ Tz.
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Now we can in an analogous way define group-semigroup
(semigroup group) interval bilinear algebra and their
substructures.

We will illustrate these situations only by examples.

Example 4.4.47: LetV=V, UV, =

[Oaal] [0,32] [0,33]
0.a,] [0.a.] [0.a]] | €%
[0.a, s T 1<i<9
[0,a,] [0,a;4] [0,a,]

[10,a,] [0,a,]]
[0,a;] [0,a,]
[0,a5] [0,a4]||a, €Z" U{0};
[0,a,] [0,a,] | [1<i<12

[0,a,] [0,a,]
1[0,a;] [0,a;,]]

be a group-semigroup interval bilinear algebra over the group-
semigroup Zs U Z" U {0}.

Example 4.4.48: Let V=V, UV, =

{i“[O,ai]xi

a,eQ U {O}}

v {all 7 x 7 interval matrices with intervals of the form [0, a;],
a; € Z41p} be a semigroup-group interval bilinear algebra over
the semigroup-group Q" U {0} U Zy».

Example 4.4.49: Let V=V, U V, = {all 8 x 8 interval matrices
with intervals of the form [0, a;]; a; € Zygo}
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a 37" U {0}}

{ 3 [0,a,]x'

be a group-semigroup interval bilinear algebra over the group-
semigroup S = Zug U 3Z" U {0}. Choose W = W, U W, = {all
8 x 8 interval upper triangular matrices with intervals [0, a;]; a;
€ Zygo} Y

{i [0,a, ]x™

i=0

a e3Z" U {0}}

c Vi U V, be a group-semigroup interval bilinear subalgebra
of V over the group-semigroup S.

Example 4.4.50: Let V=V, UV, =
[0,a,] [0,a;] [0,as]
[0,a,] [0,a,] [0,a,]

a, eZIS}

be a semigroup group interval bilinear algebra over the
semigroup-group Z" U {0} U Z;s.
TakeW=W1 uW,=

[0,a,] 0 [0,a,]
0 [0,a,] O

a; € le}

< V; U V,, W is a semigroup-group interval bilinear subalgebra
over the semigroup-group.

1<i<6

a, el u{O};} 0

{i [0,a, ]x'

i=0

a, e Z" U{0};
) U
1<i1<3

{i[o, a, |x*

i=0
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Example 4.4.51: Let V=V, UV, =

i=0

{i[O, a, Ix'

a,eQ U {O}} )

[0,a,] [0,a,] [0,a;] [0,a,] [0,a;]
[0736] [0737] [0,38] [0,39] [Oaalo]
[0,a,] [0,a,] [0,a,] [0,a,] [0,a;]

a, €”Z,;
1<i<15

be a semigroup-group interval bilinear algebra over the
semigroup group, G =Q" U {0} U Zs.
TakeW=W1 UW2:

i=0

{i[o, a, x*

a, eQ’ u{O}} U

[0,a,] 0 [0,a,] 0 [0,a,]
0 [0,a,] 0 [0,a,] 0
[0,a,] 0 [0,a,] 0 [0,a,]

a,e”y;
1<i<8

cViuV,andH=3Z"U {0} U {0, 5, 10, 15,20,25} c Q" U
{0} U Z3. W is a subsemigroup-subgroup interval bilinear
subalgebra of V over the subsemigroup-subgroup H of G.

Example 4.4.52: Let V =V, U V, = {all 16 x 16 interval
matrices with intervals of the form [0, a;] | a; € Zj»} U

{i[o,ai]xi

a, ezl v {O}}

be a group-semigroup interval bilinear algebra over the group-
semigroup S=Z;, U Z" U {0}. Choose W =W, U W, = {all 16
x 16 upper triangular interval of the form [0, a;] | a; € Z1p} U
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{ i[O, a, |x*

a eZ U {0}}

andT=T,UT,=1{0,2,4,6,8100 U5Z" U {0} cZ,UZ U
{0}. W is a subgroup-subsemigroup interval bilinear subalgebra
of V over the subgroup-subsemigroup T of S.

We say a group-semigroup (semigroup-group) interval
bilinear algebra V (bivector space) is pseudo simple if V has no
subgroup subsemigroup (subsemigroup-subgroup) interval
bilinear subalgebras (or bivector subspaces). A group-
semigroup (semigroup-group) interval bilinear algebra (bivector
space) is simple if V has no group-semigroup (semigroup-
group) interval bilinear subalgebra (bivector subspace).

We will illustrate this situation by some examples.

Example 4.4.53: Let V=V, UV, =

[0,a]

[0,a] [0,a]
aeZ,y U4|[0,a]|]| aeZ U{0}
[0,a] [0,a]
[0,a]

be a group-semigroup bilinear algebra over the group-
semigroup Z3 U Z" U {0}. Clearly V is pseudo simple as well
simple. Hence V is a doubly simple group-semigroup bilinear
algebra over the group semigroup.

THEOREM 4.4.7: Let V = V; U V, be a group-semigroup
(semigroup-group) interval bilinear algebra over the group -
semigroup Z, U Z" U {0} (semigroup-group Z'~ U {0} U Z,).
Then V is not simple or pseudo simple provided n is a
compositive number.

The proof is left as an exercise to the reader.
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THEOREM 4.4.8: Let V = V; U V, be a group semigroup
(semigroup-group) bilinear algebra (bivector space) over the
group-semigroup (Z,— Z' U {0}) p a prime. Then V is pseudo
simple and need not in general be doubly simple.

This proof'is also left as an exercise for the reader.
Now we proceed onto define set-group (group-set) interval
bilinear algebra (bivector space) over the set-group (group-set).

DEFINITION 4.4.5: Let V = V; UV, be such that V; is a set
interval vector space over the set S; and V; is a group interval
vector space over the group G,. We define V=1V, UV, to be a
set-group interval bivector space over the set-group.

We will illustrate this situation by some examples.

Example 4.4.54: Let V=V, UV, =

a, ez’ u{O}} )

1

>[0,a,1x%, > [0,a, ]x”
i=0 =0
[0,2, ]

[0,a,

W (0.2, 100,0,7,[0,a,7)| ¥ €%
[0,33] a([ 5a1]7[ 332]7[ 333]) 1S1S4
[0,a,]

be a set group interval bivector space over the set- group, {0, 2,
17,41, 142,250} U Z.

Example 4.4.55: Let V=V, UV, =

[0,2,]
[0, 2, ]
[0,a,] |
[0,2,]

([0,a,],....[0,a,])| &, € Zy;1<i<12p U
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{i[o, a.]x',[0,a,]

i=0

a, e52" v {0}}
be a group-set interval bivector space over the group set Zss U
{0,1,2,7,15Z"}.

Example 4.4.56: Let V=V, UV, =

{i[o,ai]xﬂ,i[o,ai]fi
i=0 i=0

a, €47’ u{O}} )

[0.2,]
[0.,]
A

[0,a,1,[0,a,])| a, €Z,;1<i<8
[0,a4]
be a set-group interval bivector space over the set-group S U G

= {16 Z+U {O}, 4, 8} U Zyo.
TakeW:W1 uW,=

{i[o, a, ]x‘“,i[o, a, |x"
i=0 i=0

a, €l6Z" v {0}} )

[0,a, ]
0
[0,a, ]
0
[0,a,]
0
[0,a,]
0

,([0,a],[0,a])| a,,a € Z,
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c Vi U V,; W is a set - group interval bivector subspace of V
over the set-group S U G.

Example 4.4.57: LetV=V,UV,=

[0,a,]
[0,a,1],([0,a,1,[0,a,]...,[0,a,]) a, € Z" U{0} } U
[0,a,]

[0,a,] [0,a,]] [[0.a,]
[0,a,] [0.2,]] |[0,2,] ||, €2,
[0,a5] [0,a]["| 1<i<11
[0,a,] [0,a4]] |[0,a,]

be a set-group interval bivector space over the set-group {3Z",
47", 17Z°,13Z",0} U Zyy =S, U G,.
Choose W=W, U W, =

{([0, al],...,[O’ a, ])| a,a; 632+ U {0}’} g

1<1<7

[0,a,] O [0,a,]
0 [o, 0,
[0.2.] : [0.2,] a €27, =10,..,22}c Z,,
[0733] 0 :

0 [0,a,]]|[[0,a,]

cViuV,and T=T, UT,={3Z",13Z",4Z", 0} U {0, 4, 8,
12, 16, 20} = S; U G,. W is a subset-subgroup interval bivector
subspace of V over the subset-subgroup T of S; U G,.

a;, € Z48}

0

Example 4.4.58: Let V=V, UV, = {Z[O,ai Ix'

i=0

216



w {All 6 x 6 interval matrices with intervals of the form [0, a;];
a; € Z" U {0}} be a group-set interval bilinear algebra over the
group-set G =G| U Sy =Zyg U {30Z" U {0}, ZZ+}.

Example 4.4.59: Let V=V, U V, = {set of all 9 x 5 interval
matrices with intervals of the form [0, a;]; a; € Q" U {0}} U {all
3 x 8 interval matrices with intervals of the form [0, a;]; a; €
Z4} be a set - group interval bilinear algebra over the set -
group S; U Gy = {227, 5Z",7Z", 0} U Zy,.

We now state the theorem the proof of which is direct.
THEOREM 4.4.9: Every set-group (group-set) interval bilinear
algebra over a set-group (group-set) is a set-group (group-set)
interval bivector space but not conversely.

Example 4.4.60: Let V=V, UV, =

{ i[o, a]x'

i=0

a eZ" U {0}}

v {all 4 x 4 interval matrices with interval entries of the form
[0, ai]; a; € Z43} be a set - group interval bilinear algebra over
the set-group S; U G, = {32%,27",7Z2",0} U {Z43}.

Choose W=W, U W, =

{ i[o, a, |x”

i=0

a,eZ" v {O}}

U {All 4 x 4 upper triangular interval matrices of intervals of
the form [0, a;]; a; € Z43} < V; U V, ; W is a set-group interval
bilinear subalgebra of V over S; U G,.

Example 4.4.61: LetV=V, U V,=
{ D [0,a,]x'| a, €Q" U {0}}
i=0
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w {all 5 x 2 interval matrices with intervals of the form [0, a;];
a; € Z4g} be a set-group interval bilinear algebra over the set -
group S; U Gy = {7Z" U {0},3Z7 U {0}, 47"} U Zys.

Choose W=W, U W, =

{ [0,a,]x"
i=0

[0,a,] 0 [0,a,] 0 [0,a,]
0 [0a] O [0a,] O

cViuVyand P, UP,={3Z",4Z",0} U {0, 12, 24,36} = S,
U G,. W is a subset - subgroup interval bilinear subalgebra of V
over the subset - subgroup P; U H; of S; U G.

a,eZ’ u{O}} )

a,,a,,a, EZ}

48

Example 4.4.62: Let V=V, UV, =

{i [0,a, ]x'

i=0

a, ez u{O}} U

[0,a] [0,a] [0,a] [O,a]
[0,b] [0,b] [0,b] [0,b]|a,b,ceZ,
[0,c¢] [0,c] [0,c] [O,c]

be a set - group interval bilinear algebra over the set-group S =
S1UG,=1{2Z",5Z",0} U Z;. Clearly V is a pseudo simple set -
group interval bilinear algebra over S.

We can derive several interesting properties related with them
as in case of usual bigroup-linear algebras.
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Chapter Five

APPLICATIONS OF THE SPECIAL CLASSES
OF INTERVAL LINEAR ALGEBRAS

These new classes of interval linear algebras find their
applications in fields, which demand the solution to be in
intervals and in finite element methods. The present day trend is
scientists, technologists and medical experts seek interval
solutions to single valued solutions. For interval solutions give
them more freedom to work and also one can choose the best-
suited solution from that interval.

These structures can be best utilized in the study of finite
element analysis. These structures are well suited for the
analysis of stiffness matrices when interval solutions are in
demand. These new structures have several limitations for they
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cannot be built using intervals of the form [-a, b] where a and b
are in Z.

These structures can be used in all mathematical models and
fuzzy models, which demand interval solutions. For more about
interval algebraic structures refer [52].
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Chapter Six

SUGGESTED PROBLEMS

In this chapter we propose over 100 problems, which will be a
challenge to the reader.

Find some interesting properties about set complex interval
vector spaces.

Give an example of a order 21 set modulo integer vector
space built using Zy.

Does their exists a set modulo integer vector space of
cardinality 12 built using Z,? Justify your claim.

Obtain some interesting properties enjoyed by the set real
interval spaces.

Does there exists a set modulo integer interval vector space of
order 149? Justify your claim.
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10.

11.

12.

13.

14.

15.

16.

[0,a,] [0,a,]
Let V = <|[0,a,] [0,a,]| |a,€Z,,, be a set modulo
[Oaas] [Oaaé]

integer linear algebra over the set S = {0, 1, 2, 5} < Z,;. Find
set modulo integer interval linear subalgebras of V.

Obtain some interesting properties about set rational interval
vector spaces.

Let S = {[a,b] | a, b e Q U {0}; a<b} be a set rational
interval vector space over the set S = {0, 1}. Find set rational
interval vector subspaces of V. Can S be generated finitely?
Justify your claim.

Obtain some interesting properties about set complex interval
linear algebras.

Give an example of a doubly simple set interval integer linear
algebra.

Give an example of a semigroup interval vector space which
is not a semigroup interval linear algebra.

Give some interesting properties of semigroup interval vector
spaces.

Give an example of a finitely generated semigroup interval
linear algebra.

Give an example of a simple semigroup interval vector space.

Give an example of a pseudo simple semigroup interval
vector space which is not simple.

Give an example of a doubly simple semigroup interval vector
space.
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Give an example of a pseudo semigroup interval linear
algebra.

Does there exists a semigroup interval linear algebra which
cannot be written as a direct sum? Justify your claim!

Obtain some interesting properties about group interval linear
algebras.

Does there exists an infinite group interval linear algebra?
Does their exists a group interval linear algebra of order 43?

Give an example of a group linear algebra of order 25.

Let X = { i“[O,ai]xi

a, 627}. Is X a group interval linear
i=0

algebra over the group Z,? Is X finite or infinite?
Give an example of a set fuzzy interval vector space.

Obtain some interesting properties about set fuzzy interval
linear algebras.

Give an example of a semigroup fuzzy interval linear algebra.

Let V = {All 5 x 5 interval matrices with intervals of the form
[0,a,]

[0,a,]

{[0, aj], |a; € Z" U {0}; 1 <i< 25} be a semigroup

[0,a,]
interval vector space over the semigroup S =Z" U {0}. Obtain
atleast 5 fuzzy semigroup interval vector spaces or semigroup
fuzzy interval vector spaces.

Obtain some interesting properties about group interval vector
spaces.

223



29.

30.

31.

32.

33.

34.

35.

Let V = {all 6 x 6 interval matrices with intervals of the form
[0, a;]; a; € Z;s} be a group interval linear algebra over the
group G = Zs.
i.  Obtain group fuzzy interval linear algebras.
ii.  Does V have subgroup interval linear subalgebras?
iii.  Find at least 3 group interval linear subalgebras.
iv.  Define a linear operator on V with non trivial kernel.

Bring out the difference between type I and type II semigroup
fuzzy interval linear algebras.

Obtain some interesting properties enjoyed by type II group
fuzzy interval linear algebras?

i=0 i=0

Let V=V,UV,= {Z[O,ai x> [0,a,]x "2, € Z° u{O}}

[0,a,]

U [O’f‘z] (10,a,] - [0,a,])]a,€3Z"U{0}| be a set

[0,a,]

interval bivector space over the set S = {2Z", 3Z", 0}.
i.  Find set interval bivector subspaces of V.

ii.  Find subset interval bivector subspace of V.

iii.  Define a bilinear operator on V.

iv.  Find a generating set of V.

Give an example of a set interval bivector space which is not
a set interval linear algebra of finite dimension.

Give an example of a pseudo simple set interval linear
algebra.

Let V=V, U V, = {all 7 x 7 interval matrices with intervals

of the form [0, a;]| a; € Z;} U {[0, a;]| a; € Z;} be a set interval
bilinear algebra over the set S = Z;.
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36.

37.

38.

39.

40.

41.

42.

i. Find a linear bioperator on V which has a non trivial
bikernel.
ii. Is V simple?
iii. Can V have subset interval bilinear algebras?

Give an example of a pseudo simple set interval linear
bialgebra which is not simple.

Obtain some important properties about set interval linear
bialgebras.

Give an example of a set interval linear bialgebra of
bidimension (5, 9).

What is the difference between a set interval bilinear algebra
and a biset interval bilinear algebra?

Let V=V, U V, = {all 10 x 10 interval matrices with
intervals of the form [0, a], a € 5 Z" U {0}} U {3 x 7
interval matrices with intervals of the form [0, a] € 3Z" U
{0}} be a biset interval bivector space of V over the biset S =
102" U {0} U6Z U {0} =S, US,.
i. Find a bigenerating bisubset of V.

ii. IsV finite bidimensional?

iii. Find biset interval bivector subspaces of V.

iv. Is V pseudo simple? Justify your answer.

v. Define a nontrivial one to one bilinear operator on V.

Give an example of a quasi biset interval bivector space.

Let
V=ViuVa= {([0.a] - [0,a])a eZ,| L

a, a, a

a, as; a |la eZ,

1

a a a

7 8 9

be a quasi biset interval bivector space over the biset S=Z; U
Z1,. Is V bisimple? What is the bigenerating subbiset of V?
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43.

44,

45.

46.

47.

48.

49.

Give an example of a doubly simple quasi biset interval
bivector space over the biset S.

Let V=V, UV,-= {Z[O,ai]xi

aieZB} v {All 3 x 8

interval matrices with intervals of the form [0, a;] / a; € Zi3}
be a quasi set interval linear bialgebra over the set S = Z;;. Is
V simple? Justify!

Give an example of a semi quasi set interval bilinear algebra.

Determine some special properties enjoyed by semigroup
interval bilinear algebras.

Let
V= V1 Y V2

[0,a,] [0,a,] [0,a;] [O,a,] a, eZ;1<i<8} U
[0.a,] [0.a,] [0.a,] [0.a,] T

a; € Z17}

be a semigroup interval bilinear algebra over the semigroup
Z17.
i. Is V pseudo simple?
ii. Is V simple? Justify
iii. Find a generating bisubset of V.

{ i[O,ai]xi

Prove there exists an infinite class of semigroup interval
bilinear algebras which are pseudo simple.

Give an example of a simple semigroup interval bivector
space.
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50.

S1.

52.

53.

54.

55.

56.

Give an example of a double simple semigroup interval
bivector space.

Give some interesting applications of semigroup interval
bilinear algebras.

Let
V:V1UV2
[0,a,]
[0,a,] a, eZ U{0};
= ) ,([0,a,] - [0,a i
: ([0.a,] [0,a,,]) l<i<ld
[0,a,]

{All 7 x 7 interval matrices with intervals of the form [0, a;] /
a; € 32" U {0}} be a quasi semigroup interval bilinear algebra
over the semigroup S =2Z" U {0}.
i. Find substructures of V.
ii. Find a bilinear operator on V
iii. Can V be a made into a quasi fuzzy semigroup interval
bilinear algebra?
iv. Is V pseudo simple?
v. Is 'V doubly simple?

Give an example of a doubly simple quasi semigroup interval
bilinear algebra.

Describe some important properties enjoyed by group interval
bivector space.

Give an example of a simple group interval bivector space.

[0,a,]

[0,a,] (

LetV=V,UV,= [0,a][0,b])| a,b,a, € Z,, tU

[0,a,]
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57.

58.

59.

60.

61.

[0,a,] [0,a,] [0,a;] [0,a,]

[0,a;] [0,a,] [0,a,] [0,a4] ,i[O,ai]xi
[0,a,] [0,a,] [0.a,] [0,a,]| "

be a group interval bivector space over the group G = Z,s.
i. What is the bidimension of V?
ii. Find group interval bivector subspaces of V.
iii. Is V pseudo simple? Justify.
iv. Find all generating bisubset of V.

a;,a, e’
1<j<12

23’

i=0

7
Let V.=V, U V, = {Z[O,ai]xl aieZ40;OSiS7} ~

[0,a,]
[0,a,] | |a, € Z,; . .
be a group interval bivector space over
1<i<10
[0,a,,]

the group G = Zyj.
i. Find at least two group interval bivector subspaces of
V.
ii. Is V simple?
iii. Prove V is not pseudo simple.
iv. Find a bibasis of V.
v. Find the bidimension of V.

Give an example of a simple group interval bivector space.

Give an example of a doubly simple group interval bivector
space.

Give an example of a pseudo simple group interval bivector
space which is not simple.

Let V=V, U V, = {all 10 x 10 intervals matrices with
intervals of the form [0, a;]; a; € Zs3} U {All 5 x 8 interval
matrices with intervals of the form [0, a;]; a; € Z43} be a group
interval bilinear algebra over the group G = Z3.
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i. Prove V is pseudo simple.
ii. Prove V is not simple
iii. Find atleast 3 group interval bilinear subalgebras of V.
iv. What is the bidimension of V?
v. Find a bigenerating bisubset of V.
vi. Find a bilinear operator on V.

62. Give an example of a quasi group interval bilinear algebra
over the group Z,.

[0,a]
63. IsV=V,uV,=1{l[0,a]| lacZ,} U {([0, a] [0, a] [0, a]) /
[0,a]

a € Z3} a doubly simple group interval bilinear algebra over
the group G = Z5? Justify your claim.

7
64. Let V = V, U V, = {Z[O,ai]xi
i=0

aieZS} U

[0,a] [0,a]
[0,a] [0,a]||laeZs; be a quasi group interval bilinear
[0,a] [0,a]

algebra over the group G = Zs.
i. Is V simple?

ii. Is V doubly simple?

iii. Is V pseudo simple?

65. Give some interesting properties about bigroup interval
bilinear algebra.

66. Give an example of a simple bigroup interval bilinear algebra.

67. Prove all bigroup interval algebras built using the bigroups Z,
U Z, ( p and q two distinct primes) are always pseudo simple.

68. Can one have bigroup interval bivector spaces using positive
reals or positive rationals? Substantiate your answer.
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69. Let

V=V,uV,
[0,a,]
_ ]| [0,a,] a; € Zy,;
: 1<i<12
[0,a,,]
[0,a,] [0,a,] .. [O,a,] ‘
a, €”Zy;
[0,a,,] [0,a,] .. [0,a,] <i<30

[0,a,,] [0,a,] .. [0,a5]

be a bigroup interval bilinear algebra over the bigroup G = G;
\ G2 =Zso U Zog.

i. Find atleast two subbigroup interval bilinear subalgebras.
ii. Find atleast three bigroup interval bilinear subalgebras.
iii. Find a generating biset of V.
iv. Find a bilinear operator on V.

70. Let
V= V1 o V2

[0,a,]

. 0,a ae’l,;

= [0,a]x' |a,€Z, f U 03,11 1o, o

1<i<19

[0,a,]
be a bigroup interval bilinear algebra over the bigroup G = G,

o G2 = Z7 U le.
i. Prove V is pseudo simple.
ii. Find bigroup interval bilinear subalgebras of V.
iii. Prove V is not doubly simple.
iv. Define a bilinear operator T=T, U T,: VU V, > V, U
V, such that biker T = {0} U {0}.
v. Find a generating biset of V.
vi. Is bidimension of V finite?
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71.

72.

73.

74.

75.

LetV=V,UV,= {Z[O,ai]xi

aieZ+u{0}} U {All6 x 6

interval matrices with intervals of the form [0, a;] where a; €

Z42} be a semigroup - group interval bilinear algebra over the

semigroup - group Z" U {0} U Zyy.

i. Find substructures of V.

ii. Prove V is not a doubly simple space.

m. FindaT:T,uT,:V,uUV,— V,uUV,such that bikerT
= {0} U {0}.

1v. Fll’ldTTl uT,: V=V, uV,> V=YV, qusuchthat
biker T= {0} U {S}.S#0.

[0,a,] [0,a,]
Let V=V, UV, = [0,8.3] [0’34]
[0,a;] [0,a4]

7" u{0};
<i<6

{i[O,ai Ix'

algebra over the set - semigroup 3Z" U {0} U Z4.
i. Find a set - semigroup interval bilinear subalgebras.
ii. Find a subset - subsemigroup interval bilinear
subalgebras.
iii. Find a bilinear bioperator on V which is one to one.

a, eZM} be a set semigroup interval bilinear

Give some interesting results about biset interval bilinear
algebras.

Give examples of infinite biset interval bilinear algebra which
is
i. simple biset interval bilinear algebra.
ii. Pseudo simple biset interval bilinear algebra.
iii. Doubly simple biset interval bilinear algebra.

Let V=V, U V, be a set - semigroup interval bilinear
algebra. Define a bilinear operator on V, which is one to one;
where V = {all 3 x 3 interval matrices with intervals of the
form [0, a;]; a; € Z17} U {2 [0, 8] X' |a; € Z17)} =V, U V,is
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76.

T7.

78.

79.

80.

81.

82.

a set-semigroup interval bilinear algebra over the set-
semigroup S = {3Z", {0},5Z"} UZ;;=S,US,.

i. Is V pseudo simple?

ii. Does V have set semigroup interval bilinear subalgebra?
iii. Is V doubly simple? Justify.

Give an example of a set-semigroup interval bivector space
which is not a set-semigroup interval bilinear algebra of finite
over which is doubly simple!

Let V=V, U V, = {Collection of 2 x 10 interval matrices
with entries form Z;s} U {3 x 5 interval matrices with entries
from Z;,} be a bisemigroup interval bilinear algebra over the
bisemigroup S=S; U S, =75 U Zy».

i. Is V simple?

ii. Is V pseudo simple?
iii. Is V doubly simple?
iv. IsV finite?

v. Determine a bilinear operator which is not one to one.
vi. What is the bidimension of V?

Determine some interesting properties about group-semigroup
interval bivector spaces of finite dimension?

Is it possible to have a bigroup interval bilinear algebra of
infinite dimension?

Is it possible to have a bigroup interval bivector space of finite
dimension?

Give an example of a set - group interval bilinear algebra of
bidimension (9, 8).

Let V=V, U V,={all 5 x 6 interval matrices of the form [0,
a;]; a; € Z7} L {all 6 x 5 interval matrices over the set Z; with
intervals of the form [0, a;]} be a group interval bilinear
algebra over the group Z;.

i. Is V simple?

ii. Prove V is pseudo simple.
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83.

&4.

85.

86.

87.

88.

iii. Prove V is not doubly simple.
iv. What is the biorder of V?
v. Define a one to one bilinear operator on V.

Prove if V=V =V, U V, is a group interval bilinear algebra
over a group G; then the set of all bioperators on V is again a
group interval bilinear algebra over the group G.

Obtain some interesting properties about Dbilinear
transformations on group interval bivector spaces V = V| U
V, and W = W; U W, defined over the group G.

Let V=V, U V,={all 3 x 1 be a set of all interval matrices
with intervals of the form [0, a;]; a; € Z;,} W {1 x 7 be a set of
all interval matrices with intervals of the form [0, a;]; a; € Z;9}
be a bisemigroup interval bilinear algebra over the
bisemigroup S=S; U S, =Z, U Zy,.

i. Find all bisemigroup interval bilinear subalgebras of V

over S.

ii. Is V pseudo simple?
iii. Find a bigenerating subset of V.
iv. Find all bilinear operators on V.

Let V=V, U V, be as in problem 77.
i. Find a bigenerating subset of V.
ii. What is the bidimension of V over S?

Obtain some interesting properties on set - group interval
bivector spaces of finite order.

0

LetV=V,UV,= {Z[O,ai]xi

i=0

a, € 23} v {All 8 x interval
matrices with intervals of the form [0, a;] where a; € Zg} U
{ Z[O,ai]xi

algebra defined over the group-semigroup S =S, U S; = Zy,
w3Z" U {0}.

a, e’z U{O}} be a group-semigroup bilinear
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9.

90.

91.

92.

93.

94.

95.

96.

i. Find atleast 3 group-semigroup interval bilinear
subalgebras of V over S.
ii. Find atleast 3 pseudo subgroup-subsemigroup interval

Give an example of a doubly simple set - group interval
bivector space.

Give an example of a pseudo simple bigroup interval bivector
space which is not simple.

[0,a]

[0,a]
LetV=V,UV,= a,eZs v {([0, a], [0, a], [0,
[0,a]

[0,a]

aj, [0, a], [0, a], [0, a]) / a € Z;,} be a bigroup interval algebra
over the bigroup G=G; U Gy, =Zs5 U Zy;.
i. IsV simple?
ii. Is V doubly simple?
iii. Is V pseudo simple? Justify your claim.

Prove there exists an infinite class of doubly simple bigroup
interval bilinear algebras!

Prove their exists an infinite class of bigroup interval bilinear
algebras which are not pseudo simple!

Does there exists an infinite classes of set-group interval
bilinear algebras? Justify your claim.

Does there exist a bigroup interval bilinear algebras built over
the bigroup G = G; U G, where both G, and G, are of infinite

order?

Give some innovative results on biset interval bivector spaces
of infinite order.
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97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

Let V = {1 x 9 interval matrices using Z;} U {9 x 1 interval

matrices using Z,;} be a group interval bilinear algebra over

the group Z,.

i. Prove V is not doubly simple!

ii. Find all bilinear operators on V and show it is a group
interval bilinear algebra over Z;.

Let V=V, U V, = {all 2 x 2 interval matrices using 3Z" U
{0} and 5Z" U {0}} U {3 x 3 interval matrices using 7Z" U
{0}, 3Z" U {0}} be a bisemigroup interval bilinear algebra
over the bisemigroup S=S, U S, =5Z"U {0} U7Z" U {0}.
i. Is V simple?

ii. Find subbisemigroup interval bilinear subalgebras of V.

Show V in problem (98) is not doubly simple.

For V in problem (98) prove set of all bilinear operators on V
is again a bisemigroup bilinear algebra over S.

Give an example of set-semigroup interval bilinear algebra
which is not a set-group interval bilinear algebra.

Is every set-group interval bilinear algebra a set - semigroup
interval bilinear algebra?

Show a biset interval bilinear vector space in general not a
bigroup or bisemigroup interval bivector space.

Obtain conditions on a bigroup interval bilinear algebra V =
Vi U V; so that V is never a nontrivial bisemigroup interval

bilinear algebra.

Derive some important and interesting properties related with
bisemigroup interval bivector spaces.

Give an example of a bisemigroup interval bivector space
which is not a bisemigroup interval bilinear algebra.
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107.

108.

1009.

110.

111.

112.

113.

Let V=V, UV, = { [0,a,]x'
=0

a, e3zZ' u{O}} U{Z [0, aj]

x'|a; € 5Z° U {0}} be a bisemigroup interval bilinear algebra

defined over the bisemigroup S= S, U S, =3Z" U {0} U 5Z°

v {0}.

i. Find a bigenerating subset of V.

ii. Find atleast two bisemigroup interval bilinear
subalgebras.

iii. Find atleast two subbisemigroup interval bilinear
subalgebras.

Give an example of a pseudo simple bisemigroup interval
bilinear algebra.

Give an example of a simple bisemigroup interval bilinear
algebra.

Give an example of a doubly simple bisemigroup interval
bilinear algebra of finite order.

Give an example of a group - set interval bilinear algebra of
infinite order.

Give an example of a group semigroup interval bilinear-
algebra of finite order.

Prove a set-group interval bivector space in general is not a
semigroup-group interval bivector space.
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Set fuzzy interval vector subspace of type II, 78-9
Set fuzzy interval vector subspace, 61-2
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