«IlepBast Teopema I'énenst 0 HenmosiHOTE POpMAIBLHON AapHUPMETUKI
He SIBJISIeTCH J1asKe NMPaBA0NoA00H0 rMmoTe301

Jim. BaTosmun

['éneneBbl «TeOpeMbl O HEMOTHOTE (HOpMaABbHON apupMeTUKn» O6e310Ka3aTeIbHbI U MPO-
TUBOpeUuBbl. B HacTosmell paboTe g0Ka3aHO, YTO BBIBOJ HEIMPOTUBOPEUMBBIN «réneneBoit ¢op-
MYJIB» BO3MOXKEH JIMILb B TEOPUM, B KOTOPOMW 3aIIPEILIECHO ITOJHOLICHHO PacCyKJ1aTh O JOKa3a-
TeJIbCTBaX. I €1eneBsl TOMyIIEHUs HE BBITEKAIOT U3 O€3YCIIOBHBIX METAMAaTEMAaTUYECKUX aKCHOM.

«Teopema I'énens o HenmosHOTE (hopMaTBLHOU apU(PMETUKH» YTBEPKIAET,
YTO B apu(MeETHKE CYIIECTBYET HeloKazyemas réaeneBa Qopmyia Takas, uyTo e
OTpHUIIAHUE TaK K€ HE MOXKET ObITh JI0Ka3aHo. [1o réneneBbiM ke 1oBOAaM, JTr00as
JIOCTaTOYHO Oorartasi MaTeMaTUyeckas TeopHus JIOJDKHA COJEPKaTh MOJ00HYIO
dbopmyy. ['€neneBbl apryMeHThI 0€3/10Ka3aTeNIbHbI U IPOTUBOPEUUBHI.

§1

[Iycts B Teopuu apuMETHKH HCHOIB3YIOTCS TMOJCTAaHOBKU (opmMyn u
byHkTopoB B hopmyibl U GyHKTOpHL. UncnoBbie 3HaUeHHs] (YHKTOPOB M UCTUH-
HOCTHBIE 3HaYeHUsI (POpMyJ, MyCTh 3aBUCIT OT TAaKUX K€ 3HAYEHUM, UCIIOJIb3ye-
MBIX TIPU MOJCTAaHOBKaxX. B "yacTHOCTH, 3HaUY€HUS (PYHKTOPOB MOTYT 3aBHCEThH OT
MCTUHHOCTHBIX 3HAYCHUH (HOPMYIL.

I'énens [1] maér cnocod peKypCUBHOIO MEPEUHUCICHUSI Yepe3 HATypaJibHbIC
yucaa Bcex Gopmysl TEOpuH apuPMETUKU M BCEX JI0KA3aTENIbCTB apU(PMETUKU —
MOCJEAHUX, KaK HEKOTOPBIX YIOPSJOUYCHHBIX IeNMOYeK (OpMyJl, BHICTpAMBAEMbIX
0 MpaBuJiaM JIOTUYECKOTO BbiBoAa. Kax o popmyre u kaxaoi nenouke Gopmy
IIPUCBAaNBACTCs] HATypaJbHbIA HOMED, HA3bIBAEMBIA «TENEIEBBIM HOMEpOM». U3
1enovek (Gopmys BBIJACISIEMbl PEKYPCUBHBIM TEPEUYHUCICHUEM T€, KOTOPbIE CYTh
nokasarenbcTBa. [ éneneBsl HOMepa Gopmyn u 1enoyek Gopmys BEIOMPAIOTCS Tak,
YTO OHU HE PAaBHBI HYJIIO.

Crnenys uznoxenuto [3], onpenenum GyHKTOPHI T U @:

t(p) = rémeneBy HOMepY TOiH (OPMYJBI, TOKA3aTEILCTBO KOTOPOH HMMeEET
réaesieB Homep p.
t(p) = 0, eciu p HE SBISICTCS HOMEPOM KaKOT0-JIM0O JOKa3aTeIbCTBA.

¢(m, n) = réaeneBy HoMmepy (HOpMyIbI A, MOTYUYEHHOHN MOJACTAHOBKOM YuC-
Ja N BMECTO CBOOOJHOMW NMEepeMEHHON B Takyio (opmyiy 8, KoTopas 3aBUCHUT OT
OJIHOM CBOOOIHOM NIEPEMEHHON U UMEET T'¢/IeJIeB HOMEP M.

¢(m,n) = 0, B IpOTUBHOM ClTy4ae.

HoBogp! ['énenst cBogumel k crienyromuM: [Iycts dopmyna: — Ap(e(X, X) =
t(p)), o6o3nauennas kak ¥, umeet rénenes nomep M. Torna ¢popmyna I'énens @,
noJlydyeHHasi 1MoAcTaHoBKOM Homepa M B dopmyny W, takoBa: — Ip(e(M, M) =
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t(p)). @ umeer réneneB Homep (M, M), B CBS3U C yKa3aHHOW TOJICTaHOBKOM.
[Ipeanonoxum, ® nokasyema. Toraa, cymecTByeT HOMEP P Uil AOKa3aTeIbCTBA
®. Ilo onpeneneHuto GyHKIMK T Toirydaem, uto T(P) = réaeseBy Homepy @ =
¢(M,M). T.e. uctruano ¢(M,M) = 1(p), T.e. ©cTuHHO OTpunanue Gopmymsr D.
T.K. U3 JOKa3yeMOCTH ClIeZyeT UCTUHHOCTh D, TO mpeanoaoKeHue BeAET K IPOTH-
Bopeunto. [Ipenmonoxkum, mokazyema (ciaemoBaTelnbHO, UCTHHHA) (popmymna —.
Otpuiianrie @ roBoput B TOYHOCTU O TOM, UYTO CYILIECTBYET HOMEpP P TAKOM, UTO
¢(M,M) = 1(p). Tak kak réneneBsl HOMepa GOpMyS HE paBHBI HYJIIO, TO P HE
MOKET ObITh HOMEPOM, HE SIBIISIOIIMMCS HOMEPOM Jl0Ka3aTesbcTBa. T.e. p — HO-
Mep JokazaTenbcTBa. Torma, mockoibky @(M,M) = 1(p), 3TO I0Ka3aTeabCTBO
dbopmyisl ¢ réaeneBsiM HOMepoMm O(M, M). T.e. @ nokaszyema. 3Hauut, hopmyna
® KWCTUHHA OJHOBPEMEHHO € MCTUHHOCTHIO —®. [IpuBoAMM K TPOTUBOPEUHIO
MPEOJIOKEHNE O JoKazyeMocTH ¢popmyibl —D.

B réneneBoii apudmMervke MOXKHO TOBOPUTH O JOKAa3aTelbCTBaX Kak O
IpeIMeTax U O B3aMMOOTHOIIEHUAX MEXIY YHMCIIaMHU M Joka3areiabcTBamu. Co0-
cTBeHHO, (popmyna dp (f = ©(p)) cumraercs copepKaTeabHO TOBOPSIIEH O TOM,
yTo «dopMyJia, UMetolasi réaesneB HoMmep f, 1oka3dyema». CraenoBaTenbHO, 1O
MOBOJY THX B3aMMOOTHOIIIEHUH MOXHO pacCykKJIaTh BHYTpH T€eneBoil apudme-
TUKH, JJIS 4eT0 U co37aH e€ s3bIK. B yacTHOCTH MO3TOMY (Kak MOXHO XOTS Obl
O’KUJIATh 10 JIOTHKE BEIIEH ), N3JI0’KEHHOE BBIIIE PACCYKICHUE JOJIKHO OBITh pac-
Cy>KJIeHUuEeM TéneneBoi apuMeTHUKH.

Ecnu >xe BBIBOJ O HEJOKa3yeMOCTH TE€neneBoil (GopMysbl MOKHO CenaTh
BHYTpPHU TéfiesieBOi apu(METUKHU, TO COBMECTHOE OIpeiesieHne Takoni (OopMyIbl U
GbyHKTOpa, MEPEUUCIISIIONIETO JOKA3aTelIbCTBA, OKAa3bIBAETCS IMPOTHUBOPECUUBHIM.
JleicTBUTENBHO, TYCTh MPENONOKEHUE O nokazyemoctd D yxe MpuBEIEHO K
POTHBOPEUHIO OE3YCIOBHO, T.€. M3 aKCUOM TréieeBoi apudmetuku (Tak, Kak 3To
caelaHo Bblle). BeiBogum orcrona 0e3yciaoBHO, T.€. Kak (opMyiy réneneBoi
apupmetnku, yro «® HegoKazyema». Torma, KakoB Obl HU ObLT HOMEP P, OH HE
HOMED JIoKazaTenbcTBa s hopmynsl @. Torma, mo onpeneneHuto T, A Kaxa0ro
p BepHo, uto (M, M) # t(p). T.e. BepHa dpopmymna — Ip (¢(M,M) = t(p)), T.c.
BepHa @. D10 ecTh BBIBOJ hopmynsl @ U3 akCMOM réneneBoi Teopun apupmMeTu-
KH. BpiBog MMeeT KOHKpeTHBIN réneneB Homep. Haxonum, uto «® fokasyeman.

YtoOs! H30€KaTh IBHOTO MMPOTUBOPEYHS, MOKHO TIPEATIOI0KHUTh, YTO BBIBO/T
0 HenmokazyeMocTd @ MpoBOJMM TOJBKO B METATEOPUHU U HE MOXKET OBITh MPOBE-
néH B camoit Teopun. Ho mocnennee Bied€T, 4To BbIBOJ Henokazyemoctu O Bo3-
MOJKEH JIMIIb TOTJa, KOTJa B TEOPUH 3aIPEIIeHO MOJTHOLEHHO PacCyKaaTh O JOKa-
3aTeNIbCTBAX KakK O MPEIMETax, ONMUCHIBAEMBIX S3BIKOM TCOPHH, JUISI KOTOPHIX OH U
OBLT co3MaH. 3ampeT B MOJYHESIBHOM BHUE OEpETCS W3 HUOTKY/AA, TIPH MOJTHOM OT-
CYTCTBHHM O0OCHOBaHMs. B 4acTHOCTH, IMEHHO TOTJa, MO TE¢NEIEBON NETyKIIUH, B
HEMPOTUBOPEUYNBON TEOPUHU TOKA3yeMOCTh (POpMys HE BIEYET MX HMCTHUHHOCTH
(moka3zyeMocTh (hOopMyJIbI O3HaYaeT BHIBOJAUMOCTD U3 aKCHOM). BbIBOMIS TeopemMy B
METaTeOpUH, OTIMCHIBAIOIIEH «BCE MaTEMaTUYECKUE TEOPUM», HEOOXOIUMO UMETh
XO0Ts OBl Kakoe-HUOYb pa3yMHOE U JIOCTATOYHOE OCHOBAHHWE JJISi CTOJIb MATOJIO-
TUYHOM Jeaykunu: Hu B OTHOM MaTEMAaTUYECKOM MPAKTUKE HET JOKAa3aHHOM JIOXK-
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Hoi popmynsl. Eciiu Obl Takas hopMyia Obliia mosryueHa, TO MOTepsH ObLT ObI caM
CMBICJT JOKa3aTeabcTBa. He BBITEKAET M MPOTUBOPEUHUE C €CTECTBEHHOW JIOTUKOM
u3 nedexToB réaeneBpix onpenencHuii? CBoWcTBa réneneBor ACAYKIIMU 3aBUCAT
OT TIPOM3BOJIa OIpEJEICHNN B OTHOIICHUU MpaBui cOOpku ¢dopmyi. Uem 3amaHa
MPaBWIBHOCTh omnpeaesieHuii? JloBogamMu moriiv Obl ObITh METaMaTeMaTHYECKUE
akcuombl. Ho, oTky/na B34Thl Takue akcuombl? [ToueMy oHM HEOOXOIUMBI SIS BCEX
teopuit? ['€neneBsl NOMyIICHNS HaBsA3aHbl 0€3 MaJlelIlero BHATHOTO OOBSICHEHUS.

§2

YTOYHUM «HCXOAHBIC TaHHBIE». T — Teopus (MeTaTeopusi), B KOTOPOH Jat0T-
Csl BCE OMpeNeIeHUsl sl TEOpUH S, MHTEpPHpEeTUpyeMoi cpeacTtBamMu teopun T.
D10 03Hayaer, yTo B T: ONMpenesnsitoTcsl OTHOIICHUS U (PYHKTOPHI JUIsl TEOpHUH S;
JTIOKa3bIBAKOTCSI TEOPEMBI, KOTOPBIE CYTh — AKCUOMBI TEOPHH S.

B pesynbrare, cpeacrBamu Teopur T HAaETcs OmpenesieHue, YTO 3HAYUT
«popmMyJia € S». Teopus 31ech OTOKIECTBISAETCS ¢ MHOXKECTBOM (hopmyit, GyHK-
TOPOB U T.N., KOTOPbIE€ B HEH MOTYT ObITb CPOPMYIUPOBAHBI WM 3a/laHbl, U TEM
cambIM, coaepxkarca. Eciau y — ¢popmyna, To y € S= y € T, oOpaTHas UMILIUKa-
1usi, BooOuie roBopsi, HeBepHa. Eciiu M — teopus, y — ¢popmyiia, TO CUUTAEM, YTO
«y ecTb M-popMyJia» 03HA4YaeT TO Ke, UTO U «y € M».

B kauectBe Teopuu S hopmynupyem apudMeTuky, HazbBaeMyo 31ech GA —
«apupmerukoit ['€nens». B 0lHOM K3 BapUaHTOB TEOPUH S TaK WM MHAYE MOKHO
TOBOPUTH: O JI0Ka3yeMOCTH S-popMyll, O IéaeneBblXx HoMepax S-popmyi, o réue-
JEBBIX HOMEpax Lenouek S-popmyi, o réaeneBblx HOMepax JoKa3aTenabcTB. s
aToro, cpeactBamu T ompenenén omepatop Prf tak, uto ecom y ects S-popmyna,
to Prf(y) — S-popmyna, o3navaromnias «y gokasyema cpefctBamu S». [Ipu stom,
resi. HoM. (\y) o3Hadaer rémeneB HoMmep (opmynbl y. Ecmu W — memouka S-
dopmyn, To réxa.HoMm. (W) oznauaer rémeneB Homep mnemnouku W. DyHKTOP,
CTaBSIIMKA B COOTBETCTBUE KaxAoW S-popmyne e€ rémeneB HOMep, BXOIUT B S.
AHaNnoOruyHoO, NPUHAJIEKAT S PYHKTOPHI, IEPEUUCISAIOIINE LIETTOYKA (POPMYJI, BbI-
BOJIBI U Jl0Ka3aTenbcTBa. B apyrom Bapuanrte, pyHKUUS TéJ. HOM. HE HAXOAUTCS
Cpeau MPEeIMETOB TEOPUH S, HO €CTh ITPEIAMET TEOPUU T.

B kauectBe T BbiOepeM Teopuro kiaccuyeckoi apupmeruku CA. B CA knac-
CUYECKUM CIIOCOOOM OMpeAenstoTcss GopMysibl U (YHKTOPHI, KOTOPHIE MOXKHO
NOJACTABIIATH ApYyT B Apyra. Ilycte B CA HEBO3MOXKHO FOBOPUTH O JI0Ka3yeMOCTH
CA-dbopmyin, xoTst Takoe TpeOOBaHUE HE 00s13aTENIbHO, MPU COOTBETCTBYIOIINX aK-
cuomax. Apudmetuky Ileano o6o3nauum PA. D1y Teoputo MoXHO BbIOpaTh B Ka-
yecTBe T, mim MOXHO OTOXIAeCTBUTh ¢ GA. Ilocnegnee oToXAECTBICHUE HE CIIpa-
BEJIMBO, Tak Kak [leaHo paccMaTpuBai CBOIO apu(PMETHKY COBEPILIEHHO B IPYrOM
koHTekcTe. EcrecTBenHee cuntate PA = CA.

S-BbIBOJI (pOpMYIIBI \y — 3TO IeNoYKa S-(hopMyJi, SIBISIIOIIASICS BBHIBOJOM B
Teopun T QOpMyIbl ¥ U3 MOCBUIOK, KOTOPBIE CYTh S-(pOpMyJibl, POBOAUMBIA 0e3
pacmppOBKH aTOMapHBIX S-GpopmMynn. ATomapHbie (POpMyITbI TEOpUH S, TO TaKHe
e€ (hopMyIIbl, KOTOPbIE HE MOTYT OBITh Pa30UTHI HAa MOAPOPMYJIBI CpeACTBaMU S. S-
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TeopeMa — 3TO Takas (opMyJia, KOTOpasi CTOUT B KOHIIE XOTs Obl OHOTO S-BBIBOJA
U3 akcuoM Teopuu S (S-akcroM). S-10Ka3aTeNIbCTBO, UK 0€3yCIIOBHBIN S-BBIBOJ —
ATO S-BBIBOJI, MOCBUIKM KOTOPOTO CyTh S-akcuombl. Eciau S-BbIBOJ HE siBIIseTCA
0€3yCIOBHBIM, TO OH SIBJISIETCS] YCIIOBHBIM S-BBIBOJIOM.

Ananoruyno onpezaensercs T-BoiBoj, T-mokazarensctBo U T.1. Kaxawiid S-
BBIBOJI sBJsieTCA OoJfHOBpeMeHHO T-BeiBogoM. OOpatHoe He BepHo. Kaxmas S-
Teopema ecTh T-TeopeMa, HO He 00paTHOE.

B Teopuu S BBOIUTCA JI0OrHYecKOe MPABWJIO: €CITU BBIBOJ (DOPMYJIBI \J €CTh
S-10Ka3aTenbCTBO, TO MBI MOXKEM OTCIOJIA 3aKITIOYUTh, YTO BepHa popmyrna Pri(y).

CpenctBamu T B Teopuu S omnpezensieTcss MHOXKECTBO (POpMYIT «BEpHBIX B
S». Kaxnas uucnosas gopmyna u3z T cumtaerca nmubo «BepHoit B Ty, nmubo «He-
BepHOU B T» BHE 3aBHCHUMOCTH OT €€ noka3zyemoctu B T. IlompasymeBaercs, uTo
BO3MOXKHO BepU(DUIIMPOBATh Kaxayio (Gopmyiy. DTO MHTYUTHBHOE TpeOOBaHUE
(akcmoma) kiaccuueckoil soruku. Korna «BepHbIMH» ompezeneHbl TOJIbKO (op-
mynbl € T, koTOopble 0KazyeMsbl cpeAacTBamu T, HapylIarOTCsl TpaHULIbI JIBy3HAU-
HOM JIoruku. Ho Mo MHEHUIO KOHCTPYKTHUBUCTOB, KUCTUHHOCTBY» WIIH <JI0KHOCTHY
dbopMyI HEZJOKa3yeMbIX BMECTE C MX OTPUIIAHUEM HE MpOBepsieMa CPeICTBAMH J10-
Ka3bIBAIOILIEH TEOPUH, TTOITOMY, OECCOAEPKATEIBHO MOCTYIUPOBATh TOJBKO 3Ha-
YEHUSI «UCTUHBI» U «DKW» BHYTPH Takoi Teopun. Eciau yTBepkKaeHUE U €ro OTpH-
aHUE HE MMEIOT J0Ka3aTeNbCTB, TO YTBEPXKIECHUIO MOYKHO IMPHUMIHMCATH BMECTO
«UACTUHBDY UJIU DKW 3HAYEHHE «HE olpeneraeHo». Tak uiau nxnave, popmyina € S
3aBEIOMO «BEpHA B S», ecnu oHa Aokazyema B T. B wacTHOcTH, Kaxaas S-teopema
«BepHa B S». OTHOCUTENBHO QopMyn € S, HegoKa3yeMbIX B T, HE U3BECTHO IIPHU-
NUCBIBATD JIU UM «UCTUHHOCTBY» HIIN JIOKHOCTBY, U AK€ BO3MOXKHO HE U3BECTHO,
Kakue 370 ¢popmyinbl. Tem HE MEeHee, Janee MPEeAnoaaraeM KIacCU4ecKyl «UCTHH-
HOCTB» WIH <JIOKHOCTB» Takux (opmyi. OTcroga, «BepHOCTb B S» HEKOH (popmy-
JBI HE BIEUET, uyTO (hopMyIa ecTh S-Teopema, T.€. UTO OHA BBIBOJMMA U3 S-aKCHOM.

3ameuanue. Eciu dopmyna y nomydeHa B pe3ysbTaTe S-BbIBOJA, HO XOTS
OBl 0JIHA U3 TIOCHUIOK BBIBOJA M3BJICUCHA HE U3 S-aKCHOM, TO HEJb3s MPUMEHUTH K
dbopMyIie \y OTMEUYEHHOE BBIIIE MPABUIIO BBIBOJIA U 3aKIIOYUTH CPEACTBAMU TEOPUHU
S, utro dhopmyna Prf(y) BepHa.

§3

JIiist BBIBOJIa IPOTUBOPEYHSI B S HaM MOTPeOyIOTCA 1Ba YTBEPKICHUS

1. Jlns mro6oit S-hopMyIbl y CpeACTBaMH TEOPHHM S W3 JOKA3yEeMOCTH
MO>KHO M3BJIeUb, 4TO y BepHa. T.e., B S BepHa akcuoma: Prf(y) = v (cxema akcu-
OoM). DTy aKCHOMY MO>KHO 3aMEHUTh YKBUBAJICHTHBHIM IIPABHJIOM BBIBOJIA.

2. CymecTtByeT GopMynna ¢ TEOpUU S Takasi, 4TO CPEJCTBAMHU S JTIOKA3yeMo,
uro ¢ < = Prf(o).



[TycTh muist S, mpennoNOKUTENHHO 0€3 TOPOYHOTO KPYyTa, OMPEACIEH Mpe/Iu-
kat Pr(z), o3Hagarommii: «JokasyeMa popMy.Jia c régeseBbiM HOMepoM Z». Ec-
m y, — S-bopmyna, To hopmyna Prf(y) o3mawaer S-popmyny Pr(réa. Hom. (y)).
[Tycts sb(n, m) — réaeneB HOMep GOPMYIIBI, TTOJYICHHON MOJACTAHOBKOW HOMEpa
m BMECTO CBOOOJHOM MEPEeMEHHON B TaKylo (opMyiry ¢ OJHON CBOOOIHON mepe-
MEHHOM, Té€nesaeB HoMep KOTopor ecth n. JlomyctuM, QyHKIMU TéA. HOM. U Sb —
npeaMeTsl Teopuu S (MHOM cirydait paccmotpuM ganee). [lycts p — S-hopmyna, z —
eIMHCTBEHHAs CBOOOIHas mepeMeHHas »Toil Qopmynsl. Paccmorpum dopmymy
u(sb(t, t)), t — ceoboanas nepemennas. [lycts, réa. HoM. (u(sb(t,t))) = L. [lycts
yepe3 y obo3naueHa gopmyina pu(sb(L, L)). ITo onpenencuuto sb: réa. HoM. (y) =
réa. Hom. (u(sb(L,L))) = sb(L, L). 3naunt y < u(sb(L, L)) < pu(réa. Hom. (y)).
B kaudectBe (¢ BO3pMEM GopMyITy Y, Ui KOTOPOH L ecTh —Pr. OToT BBIBOA €CTh S-
JI0Ka3aTEIbCTBO.

BriBenem mpotuBopeune, mpeanosiaras, 4tTo akcuoma u3 1, ectb S-teopema.
JlelicTBUTENBHO, paccykaas B S, OPEANOI0KUM, YTO ( JOKa3zyema CpelICTBaMu S,
T.e. B S npenmnonoxum, yto BepHo Prf(¢). Ilo ykazanHoii akcuome moiay4yaem, 4To
B S BepHa ¢. Torna, uz yrBepxaeHus 2, (CpeacTBaMH S) U3BJIEKA€M BEPHOCTH
= Prf(¢). OTo npotuBopeune. CienoBaTelibHO, NPEANOIOKEHUE O T0KA3yEMOCTH
¢ HeBepHO. CrieoBaTeNbHO, (3TO BBIBOJ M3 akcuoMm S) BepHo —Prf(¢). Ho Torna,
10 YTBEPKJICHUIO, YKa3aHHOMY B 2, BepHa (. JTO S-710Ka3aTeabCTBO (POPMYIIBI (.
[Tpumensia npasuio BeiBoja §2, BeiBoauM Prf(¢). CHoBa nmpotuBopeune.

Ecmu akcuoma Prf(y) = y He sBaseTcs S-reopeMoii, TO OHa JTODKHA OBITH
x0Tl 0Bl TeopeMoil T (nMHaue, He BO3MOXKEH BBIBOJ B METATEOPUH HEJI0KA3yEMOCTH
(), IpUUEM 3Ta TeopeMa OJHOBPEMEHHO ecTh S-popmyna. Torma, B T MoxHO 1aTh
PUBEACHHBIA BBINIC BBHIBOJ] «O€3yCJIOBHOM HEJIOKA3yeMOCTH (p CPEJICTBAMU S»
— B KauecTBe T-TeopeMbl U S-hopMyiibl, HO He S-TeopeMbl. U3 Henoka3yeMocTH ¢
B S MOXHO W3BJI€Yb UCTUHHOCTH ¢ (B CHIY 2), U YCTAaHOBUTh UCTHHHOCTH (¢ S-
BBIBOZIOM. B cuity 3ameuanus §2, Toraa Henb3sl MEPEXOJUTh K YTBEPKICHUIO O
BepHOCTH Prf(¢). Takum cnoco6om B T MOXKHO yCTaHOBUTH UCTUHHOCTH () O€3 BU-
JIMMOTO MPOTHUBOPEYUSI.

N3 Takoro pona «HemokazyeMocTu» HopMysI @ U =@ B S MOKHO BBIBECTH,
4TO «S HEMPOTHBOPEUYHBA M HenoHa» (eciu HermpoTuBopeunBa T, T.K. I KaX 10
dbopMysIbl TIOJIHOM TEOPHH CYIIECTBYET J0KAa3aTeIhCTBO CaMOW 3TOW (hOpMYIIbI,
1100 e€ OTpULIaHus).

§4

He npusnasas ytBepxkaenue Vy € S (Prf(y) = y) B kadecTBe S-akcHOMBI,
HEJb3s TOBOPUTH O TOM, YTO JI0KAa3aHA KJIACCHUYECKAsl HEBBIBOJAUMOCTH (. B camom
Jiene, JOKa3aHa HEBBIBOJUMOCTh (0 B TEOPHH S, MOYEMY-TO OTOXAECTBISIEMON C
«apu(pMETHKOI», HO B KOTOPOM 3alpelieH0 U3BJIEKaTh U3 JOKa3yeMOCTH (opMy
UX UCTUHHOCTh. «HemokazyeMocTs» QOopMyIibl (@ HAXOIUTCS OTHOCUTEIBHO TaKOU
«HETOJIHOLIEHHOW oKazyeMocTw». U BeiBoAbI ['€nens, B mydiieM ciryyae, UMEIOT
CHJTY TOJIBKO ISl TOAOOHBIX MATOJOTMYHBIX TEOPHIA.
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Mexnay tem, popmyna Prf(y) = v mokasyema B S 1uisi K&KI0¥ JOKa3yeMO
B S popMyIBI Y, TOCKOJIBKY, U3 JI0Ka3aTenbcTBa ¥ BeIBOAUM Prf(y) xak Teopemy
S. Ummuukanus ke Pri(y) = v BepHa, ecniu Bepubl popmynst Pri(y) u y. B uro-
re, «AJs JoKa3yeMbIx GOpMyJI I0Ka3yeMOCTb BJI€YET UCTUHHOCTb» — TeOpeMa
€ S. Jlnsa nenokazyemsix \y gopmyna Prf(y) = y tem 6onee BeiBoguma B S. OT-
crofia, B S BRIBOOUMO «JJ1s1 Bcex popmy.a y € S BepHo Prf(y) = y». Ho moxer
ObITh B S Henb3sl Jenarh 0000IIAIONINE 3aKIIOUECHHS, JAKE €CIU KaKIbld KOH-
KpeTHbI ¢akT ycraHoBUM? I[logoOHbIe HesBHBIE 3ampeTbl Ha (HOPMUPOBAHHE
0000IIAIONINX MPEATIOKEHUIN — B BHJIE YMBIIUICHHOTO OTCYTCTBUSI KAKUX-TO JIOTH-
YeCKUX MpaBWJI — HE JIOMYyCKaroTcs B 0ObIYHON Marematuke. [loyemy Torma »Ttu
NATOJIOTUH JOJKHBI OBITH JOMYCTUMBI B réaeneBoil apudpmetnke? Buano, uto ec-
J¥ ¥ MOXHO TPHUIyMaTh MPUYHHEI, 0 KOTOpeIM Gopmyna Prf(y) = y He BbIBO-
nuMa B TéienieBoi apupMeTuKe, TO OHU Oy1yT BeCbMa HEJEIbIMHU.

OtmeTtuMm emié oauH (HaKT: HEJOKa3yeMOCTh (GOPMYJibl, B3SITOW B Kiaccuye-
ckol apugpmertuke, ['€neneM He 10Ka3aHa yXKe TOJIBKO MOTOMY, YTO opMmyna ¢ HE
COBIAJAECT HU C OJHUM M3 TaKUX YTBepxkAeHU apupmeruxku. Cpeau MmociaeaHux
HET YTBEP)KICHHUI O JI0Ka3yeMOCTH WM HeJokazyemocTu ¢opmyi. Tem cambim,
dopMyIly @ MOKHO BBECTU B apU(PMETHKY KaK CUMBOJ X, HUKAK HE CBA3aHHbIN aK-
CUOMaMHU apU(pMETHKU. X TPUBUAIBHO HEJAO0KAa3yeMO, IIO3TOMY, B TEOPUH, COIEP-
JKalleil akCMOMbI M3HAYAJbHOW apU(PMETUKH M, KaK DJIEMEHT CHHTAKCUCA, YTBEP-
xeHue X (He B Ka4eCTBE akCHOMBI). T.e. Teopus, «paclIupeHHas» 3a CYET BBeJIe-
Hus X, popMasibHO «HEMOJIHAY». DTO e HE 3HAYUT, YTO U3HAUYaIbHAs apudMeTuKa,
He ucnoib3ytomas X (WM (), HEMOJIHA WM HE JIOCTaTOYHO OoraTta. BumaHo, 4TO
HACTOSIIETO MCCIIEeIOBaHUS CTPYKTYpbl BbICKa3blBaHUN apudpmeTuku ['énenem He
npoBoaAuIoch. HeT HuKakoro oObsACHEHUS U B TOM, IO KaKOW MPUYUHE BBIBOJABI O
HETOJIHOTE MHTEPIIPETUpYeMOi Teopuu S (réaeneBoil apupMETHKH) TIEPEHECEHBI
Ha MHTEPIpETUpYIolyto Teopuro T (Ha Kiaccuueckyro apudmeTnky)? NMuTteprpe-
TUPYEMOW TEOpUel, MOJIHOTAa KOTOPOM HCCIEAYyeTCs, KaK pa3 JIOTHYHO OBLIO OBl
B3SITh KJIACCUYECKYIO apU(METHUKY .

§5

Hcxons u3 cBoux mpejacTaBieHuil o nmpaBuwiax cOopku Gopmyin, ['€xensd He-
SBHO 3QJI0KUJ B TEOPUIO MPOTUBOPEUYHMBBIE METAMAaTEMAaTUUECKUE OCHOBAHMS, 3a-
paHee 3aJyMaB pe3yJbTaT. JTU OCHOBAaHUSA HE W3BJIEKAIOTCS HU M3 Kakou 0Oe3-
YCJIOBHOM 3apaHee 3aroTOBJICHHOW METaTeopHH, KOTOPOM 00si3aHa ciaeAoBaTh JIO-
rUKa, U SBJISIOTCS IPEAMETOM OECKOMIIPOMUCCHOM OOpHOBI 0€3 paBul.

[TycTh GyHKIHS TE€J. HOM. WUIH Sb HE HAXOIUTCS CPEIU MPEAMETOB TCOPHH
S. Torma sb € S. Torna moACTaHOBKH, MPUBEAIITNE K BHIBOAY (POPMYIIBI (O, TTPOU3-
BEJICHBI HE 110 MpaBwiIaM noctpoenus hopmyin teopuu S. U torma ¢ € S, 4To J10Ka-
syemo B Teopun T. U cnenoBarensHO, B S He comepxkutcs Gopmyna ¢ <> —Pri(o).
OtcyrctBue B S dopmyinsl ¢ < —Prf(¢), ni1s koHkpeTHON (Qopmyssl ¢, Aenaer
«reopemy 1 €nens JI0KHOM.

[ToaTOoMy paccMOoTpuM BapuaHT S, rae GyHKIHUM '€ HOM. B Sb — mpeIMeTh

€ S. Toraa nojacraHoBku §3 — CyTh cpeicTBa Teopuu S, U popmyna ¢ < —Prf(p)
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JI0OKazyeMa cpencTBamu S, kak 31o caenaHo B §3. Torga uz yreepxaeHus 1 u3 §3
MOJIYYaeM YK€ OTMEUEHHOE ITPOTUBOPEUHE.

Kpome Toro, eciii BHyTpH TEOPUHU S €CTh COOTBETCTBUE MEXKY 10KA3aATEIIb-
CTBaMHU U YUCJIAaMH, TO HApPYyIIAE€TCAd OJHA U3 OCHOBHBIX TEOPEM TEOPUU AITOPHT-
MOB. [lockonbky, Kaxaoe «3(QQPEKTUBHOE BBHIYHCICHUE)» CBOJUMO K HEKOTOPOMY
JI0OKa3aTeabCTBY. JleMCTBUTENBHO, HA30BEM «3(D(PEKTUBHON BCIOAY BBIYHCIMMOIN)
pekypcuBHyto ¢yHkuuio F, obrmacTe ompeseneHuss KOTOpo BeCh HATypajbHBIM
pAl, U I KOTOPOM JOKA3yeMO, UTO «JJI8 KaXK/0ro HaTypPaJbHOT0 YMCJja h 3Ha-
yeHue F(n) BBIYUCIMMO 32 KOHEYHOE YMCJIO LIaroB» («Irary» ecTh Omeparius
teopun). Ilycts T(p) = f 0o3HauaeT, 4TO BBHIBOJ MO HOMEPOM P JI0Ka3biBaeT (op-
myny ¢ HomepoM f. @opmyna ¢ Homepom f UMeeT BU «JJIs KaXKJ,0r0 HaTypasib-
HOro n Bbiyucaumo F(n)» mis HekoTopoit pyukmuu F, onpenenénnoit Tobpko Ha
HaTypaJbHBIX YUCIaX, 1100 uMeeT apyrou Bua. Eciau BTOpoe, TO, MOJIB3YsICh HY-
Mepaluen J10Ka3aTenbCTB, epedupaeM J0Ka3aTeNnbCcTBa U COOTBETCTBYIOUINE UM
Homepa t(p) = f 1m0 Tex mop, moka He BCTpeTuM GopMyiy mepBoro Buaa. Korma
BCTpEeTUTCS mojxondmas (opmyia, npucBouM (pyHkuuu F nepbeiii Homep, 00o-
3HauuB €€ F;. «3ddexTrBHas BCIOY BRIUUCIUMOCTE» F; yTBepikmaercst HailneH-
HOU opMyIoi, TéaeneB HOMep KOTOpo# mycTh Oyaer f;, a Homep p; e€ mokasa-
TEJIbCTBA IYCTh OKAXETCSd MUHUMAIbHBIM U3 BCEX BO3MOXHBIX. 3aT€M, HaWJIEM
JI0Ka3aTeNbCTBO C HOMEPOM P, > p; il GyHkuuu F,, monpitoxenHoe Gpopmymoi
c HomepoM f,, u T.4. B mTore, cocraBuM MoOCIE0BaTEILHOCTh HOMEPOB TaKYIO,
gT0 (hopmyIa mog HoMepoM f,, ¢ HoMepoM e€ JoKa3aTeNbCTBA P, HAMMEHBIIIUM U3
T€X, 4TO > Py_q, JAOKazyema, U YTBepkJaeT «3(p(EKTUBHYIO BCIOJY BBIYHCIIU-
MocTh» (pyHkuuu F,. Takum cnocobom nepeuncium Bce 3(hPEKTUBHO BCIOY BbI-
yuciauMble GYHKIUU, HE TpormycTuB HU ojnHoi. dyukuus H Ttakas, yto H(n) =
Fo(n) + 1, adbdexTnBHO BCIOAY BBIUMCINMA, T.K. JOKa3yeMO, YTO ISl KaXKI0TO N
dbynkmus F,, HaxoauTcs 3a KOHEUHOE YMCIIO IaroB, u 3Hauenue F,, (n) Beraucianmo
Ha koHeuHoM miare. [Tockonbky H oTnmuaercst oT mepednciieHHbIX (QYHKIHM, TO
MOJIy4aeM eIlI€ OJHO MPOTUBOPEUHE.

OtMeTuM Kak QopMuUpyeTcsl MOPOUYHBIM KPYT B TENETIEBBIX ONpPEIETICHUSX.
YtoObI onpeaenuTh réaeneBy Gopmyiny, HEOOXOIUMO ONPeaeTUuTh GYHKIHUIO T, HO
qTOOBI ONIPEACITHUTH T, TPEOYETCS ONPEACIIUTh TéneneBy GopMmyiy, Tak KaKk OJHO U3
3HAYEHUM T ONPENeIMMO Yepe3 Takyto GpopMyity. B Takoro poja «HesiBHBIX» OIpe-
JEJIEHUSIX OIPEAEIISIEMOE, KOTOPOE TAK XKE €CTh HEU3BECTHOE (B I'€IEJIEBOM Cllydae
— napa U3 GYHKIUHU U GOPMYJIbI), CTPOUTCS Yepe3 MPEeIMEThI, 3aBUCSIINE OT OIpe-
JIESIEMOT0, U MOXKET HaXOJIUThCS B 00EMX YacTsIX pPaBEHCTBA WJIM 3HaKa PaBHO-
cubHOCTH. HesiBHBIE onpeiesieHus BIOJIHE JOMYCTUMBI U 4acTO IMOJIE3HBI, HO OHU
CYTh «JIOTHYECKHE YPaBHEHHUS», Ui KOTOPBIX €lé HeOOXOIUMO HaWTH XOTA Obl
OJIHO «pemieHuey. T.e. ompeneistonie GopmMyiabl HEJOCTATOUHO MAJIs HaIU4Us
OTIpEEIEMOro MpeaMeTa, He0OX0AUMO TaK K€ JT0Ka3aTeIbCTBO CYIIECTBOBAHUS
Takoro npeamera. HesBHoe onpenenenue, KOTOpoe BIEUET OTCYTCTBUE OMpPEEs-
€MOT0, Ha30BEM «IOPOYHBIM Kpyromy». [ockonbKy onpeneneHue napbl U3 réaeine-
BbIX (PYHKIMU U (POPMYJIbI BICYET MPOTUBOPEUHE, TO TAKOE ONpPENENIEHUE U BBO-
JIAT B IIOPOYHBIN KPYT.



['€neneBa KOHCTPYKLHMS OCHOBaHa Ha UJEE «IapaJoKca JDKELa», KOTOPbIA
MO>KHO €CTECTBEHHO HCTOJIKOBaTh KaK HESIBHOE orpejaesieHue. JleicTBUTENbHO,
bpa3y « Jry» MOXHO TOJIKOBATh: «HEUTO YTBEP>KIAEMOE MHOIO B TOYHOCTU B
ATOM (ppaze paBHOCHILHO OTpUIIAEMOMY MHOIO». T.€. BO (ppa3ze 3asBiseTCsl HEABHO
O CYIIECTBOBAHMU YTBepxaaemoro X, ompezensemMoro ycioBueM X <> HeX. Ecnu
CyILIECTBOBAaHHE X JOIYCTUTh TOJIBKO HA OCHOBAHHH TAKOTO 0COOOT0 ONpeeeHuUs
st X, TO HEMEJJICHHO HaXOoAWTcsl mpoTtuBopeure. [loxoxkue «mpu3HaKu HESIBHO-
CTH» UMEIOT JIpyTrue U3BECTHBIC Mapajokchl. Yucio, onpeaenseMoe B mapajaokce
Pumapa, x npumepy, JOJKHO HNOJYMHUTHCSA OIMpPEACNICHUIO (YCIOBHUIO), KOTOPOE
PaBHOCWJIBHO KOHBIOHKIIMH, COCTABJIEHHOW M3 OTPULIAHUN BCEX BO3MOKHBIX MOJ-
XOJSIINX onpeiesieHu (YCIOBHI) sl OMPEAEIISIEMOTO YHUCIIa U BKIIOYAOIIEH OT-
pULIAHUE PUILIAPOBA ONPEAECIICHHUS.

§6

['éneneB BBIBOJ B OTHOIICHMH (GopMaibHON apudmeTuku Hemern. J[oBoapl
['€nenst WUrHOPUPYIOT JEWCTBUTEIBHYIO pPa3pelialollyl0 CIIOCOOHOCTh aKCHOM
apudMeTHKH, 6€3 BCIKOTO pacCMOTPEHHMS, 0€3 BHUKAHUS BO B3aUMOCBSI3b aKCHOM,
HE MOTYT OBITh UCIIPABJICHBI IPOCTHIM MpuEMOM. M3 TeX cooOpakeHHU, 4TO B «I10-
CTATOYHO OOTraToi» TEOPHUH JOCTATOUYHO CPECTB JIJIS BhICTpauBaHUS (POPMYJIbI T¢-
neneBa Tuna, ['énenb M3BIEK el M «HEMOJHOTY JIFOOOM TEOpHH, COJepIKaIlleH
apudMeTHKy». Tak KaK 3TO 3aKIIOUYCHHE UCXOJUT U3 TeX e ero 3bI0KMX OCHOBa-
HHUI, TO OHO, [0 MEHBIIIEH MEpE, TaK KE HE IOKA3aHO.

[IpaBnonogoOHee BBHIMISIUT NPEANOI0KEeHUE 00paTHOE K «Te3ucy I'énernsi»:
JAOCTATOYHO Oorarasi Teopus 00/12aeT JOCTATOYHO OOraTbiM — JJIS1 MOJHOTHI
TeOPpUH — HA0OPOM paspemiawIuux cpeacts. Orcrona, «reopema I'énens» He sB-
JsieTcs Jaxe MpaBAONOAOOHON TMIOTE30M, HE TOBOPS YXKE O TOM, YTOOBI OBITH
«reopeMon». [IpuunHa, Mo KOTOPOU «rénenesa TeopemMa» 10 CUX NOP BBIAAETCA 32
«MaTeMaTUYECKOE JOCTIKCHHUEY», HAXOUTCSI BHE MaTEMATHUKH.

«IlepByro TeopeMy ['€nemnst 0 HEMOJIHOTE» B JIYUIIEM CJIy4ae MOKHO Ha3BaTh
«réneNeBor UJIC0JI0TeMOi», He 000CHOBAaHHOW BHE 3aBHCHMOCTH OT TOTO, IIPUBE-
JICHO JIM, 1 MOKET JIN OBITh BOOOIIE PHUBECHO, JOKA3aTeIBCTBO MPOTUBOIOJIOXK-
HOW TUIOTE3bI. [101b3ysICh HETOUYHOCTBIO MOHATHHI: «3a7a4a», «AUITOPUTM», «JI0Ka-
3aTeBHOE CPEJICTBO» U JIpP., GOPMATHUCTHI CIIECKYIUPYIOT HA TPYAHOCTSX IMO3HAHUS.
Bormpoc 0 mosHOTE Hallero MaTreMaTHYeCKOrO 3HAHUST OTHOCUTCS K BEYHBIM BO-
npocaMm. I HemonHOTa 3HAHMS, W3-3a HECOBEPUICHCTBA YEJIOBEKA, BCErJa MMEET
MecTo. Ho u3 He3aBepmEHHOCTH 3HAHKS HE BBITEKAET HEMOJHOTAa KOHKPETHOU J0-
CTATOYHO Pa3BUTOU TEOPHHU, €CJIM MOHATHUS MOCTABUTh Ha 0oJiee YETKYIO OCHOBY.
YTouHeHHEe TTOHATUM BCET/1a MOXKET ObITh MOABEPIHYTO KPUTHKE, U3-3a TOTO, UTO,
CKOpE€€ BCETO, MOBJICYET CYKEHUE Kjlacca 3a7a4 U aJITOPUTMOB IO OTHOILICHUIO K
€CTEeCTBEHHBIM, UHTYUTUBHBIM 3a/lauaM MU ajJropurMam apupMeTuxku. TpyaHocTu
HE BJIEKYT HEBO3MOYKHOCTbH MOJIHOW TEOPHUH, Pa3pelIarOlIed HACTOJBKO BayKHBIN
KJIACC 3aJ1a4, YTO OH BIIOJIHE yJIOBJIETBOPHUT HAIy MOTPEOHOCTh 3HATH apu(METH-
Ky. JlJ1st mpuMepa: B TEOPUHM OKaXyTCsl Pa3pelIMMbIMUA BCE TUO(PAHTOBBI YpaBHE-
HHS IOJIMHOMHOT'O BHJIA.
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