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PREFACE

The systematic study of supermatrices and super linear
algebra has been carried out in 2008. These new algebraic
structures find their applications in fuzzy models, Leontief
economic models and data-storage in computers.

In this book the authors introduce the new notion
of superbimatrices and generalize it to super trimatrices
and super n-matrices. Study of these structures is not only
interesting and innovative but is also best suited for the
computerized world.

The main difference between simple bimatrices
and super bimatrices is that in case of simple bimatrices
we have only one type of product defined on them,
whereas in case of superbimatrices we have different types
products called minor and major defined using them.

This book has four chapters. Chapter one describes
the basics concepts to make this book a self contained one.
Superbimatrices, semi  superbimatrices, symmetric
superbimatrices are introduced in chapter two. Chapter
three introduces the notion of super trimatrices and the
products defined using them. Chapter four gives the most
generalized form of superbimatrix, viz. super n-matrix.

This book has given several examples so as to
make the reader understand this new concept. Further
minor and major by product defined using these new
concepts are illustrated by examples. These algebraic
structures are best suited in data storage in computers.



They are also useful in constructing multi expert super
models

Finally it is an immense pleasure to thank
Dr.K.Kandasamy for proof-reading and Kama, Meena and
Rahul without whose help the book would have been an
impossibility.

We dedicate this book to the millions of Tamil
children in Sri Lanka who have died or become disabled
and displaced due to the recent Sri Lankan war.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

BAsIC CONCEPTS

In this chapter we just recall the definition of supermatrix and
some of its basic properties which comprises the section 1. In
section two bimatrices and their generalizations are introduced.

1.1 Supermatrices
The general rectangular or square array of numbers such as
1 2 3

2 31 4
A= ,B=1-4 5 6|,
-5 0 7 -8
7 =8 11

C=[3,1,0,-1,-2]landD=| /2

are known as matrices.



We shall call them as simple matrices [19]. By a simple
matrix we mean a matrix each of whose elements are just an
ordinary number or a letter that stands for a number. In other
words, the elements of a simple matrix are scalars or scalar
quantities.

A supermatrix on the other hand is one whose elements are
themselves matrices with elements that can be either scalars or
other matrices. In general the kind of supermatrices we shall
deal with in this book, the matrix elements which have any
scalar for their elements. Suppose we have the four matrices;

2 -4 0 40
a = ’a =
"o 17" |21 -12

3 -1 4 12
Ay = 5 7 and Ay = -17 6
-2 9 3 11

One can observe the change in notation a;; denotes a matrix and
not a scalar of a matrix (1 <1i,j<?2).

Let
|:a11 a12 :|
a= ;
a21 aZZ
we can write out the matrix a in terms of the original matrix
elements i.e.,

2 4] 0 40]
0 1|21 -12
a=|3 -1| 4 12
5 7|-17 6
-2 9| 3 11|

Here the elements are divided vertically and horizontally by thin
lines. If the lines were not used the matrix a would be read as a
simple matrix.



Thus far we have referred to the elements in a supermatrix
as matrices as elements. It is perhaps more usual to call the
elements of a supermatrix as submatrices. We speak of the
submatrices within a supermatrix. Now we proceed on to define
the order of a supermatrix.

The order of a supermatrix is defined in the same way as
that of a simple matrix. The height of a supermatrix is the
number of rows of submatrices in it. The width of a supermatrix
is the number of columns of submatrices in it.

All submatrices with in a given row must have the same
number of rows. Likewise all submatrices with in a given
column must have the same number of columns.

A diagrammatic representation is given by the following
figure.

1 I 1 I T T ]

In the first row of rectangles we have one row of a square
for each rectangle; in the second row of rectangles we have four
rows of squares for each rectangle and in the third row of
rectangles we have two rows of squares for each rectangle.
Similarly for the first column of rectangles three columns of
squares for each rectangle. For the second column of rectangles
we have two column of squares for each rectangle, and for the
third column of rectangles we have five columns of squares for
each rectangle.

Thus we have for this supermatrix 3 rows and 3 columns.

One thing should now be clear from the definition of a
supermatrix. The super order of a supermatrix tells us nothing
about the simple order of the matrix from which it was obtained



by partitioning. Furthermore, the order of supermatrix tells us
nothing about the orders of the submatrices within that
supermatrix.

Now we illustrate the number of rows and columns of a
supermatrix.

Example 1.1.1: Let

(313 0 1 4]
-1/2 1 -1 6
a=|0|3 4 5 6
17 8 9 0
121 2 3 4]

a is a supermatrix with two rows and two columns.

Now we proceed on to define the notion of partitioned matrices.
It is always possible to construct a supermatrix from any simple
matrix that is not a scalar quantity.

The supermatrix can be constructed from a simple matrix
this process of constructing supermatrix is called the
partitioning.

A simple matrix can be partitioned by dividing or separating
the matrix between certain specified rows, or the procedure may
be reversed. The division may be made first between rows and
then between columns.

We illustrate this by a simple example.

Example 1.1.2: Let

30 112 0
1 0 035 2
5 -1 678 4

A=
09 120 -l
2 5 234 6
1 6 1 23 9]

is a 6 x 6 simple matrix with real numbers as elements.
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Now let us draw a thin line between the 2™ and 3™ columns.
This gives us the matrix A;. Actually A; may be regarded as
a supermatrix with two matrix elements forming one row and
two columns.
Now consider

3 0 1 1 2 0]

1 0 0 3 5 2

5 -1 6 7 8 4
A2:

0 1 2 0 -1

2 2 3 4

1 1 23 9]

Draw a thin line between the rows 4 and 5 which gives us the
new matrix A,. A, is a supermatrix with two rows and one
column.

Now consider the matrix

3 011 1 2 0
1 0(0 3 5 2
5 =116 7 8 4
A3: )
0 1 2 0 -1
2 2 3 4
B 123 9|

A; is now a second order supermatrix with two rows and two
columns. We can simply write A; as

11



where
3
1
an = s 1l
0 9
1 1 2
10 35
Te 78 4
1 2 0 -1

28] 2 3 4 6
Ay = anda a,, = .
e 271123 9

The elements now are the submatrices defined as a,;, a;», ay; and
ay, and therefore Aj is in terms of letters.

According to the methods we have illustrated a simple
matrix can be partitioned to obtain a supermatrix in any way
that happens to suit our purposes.

The natural order of a supermatrix is usually determined by
the natural order of the corresponding simple matrix. Further
more we are not usually concerned with natural order of the
submatrices within a supermatrix.

Now we proceed on to recall the notion of symmetric
partition, for more information about these concepts please refer
[19]. By a symmetric partitioning of a matrix we mean that the
rows and columns are partitioned in exactly the same way. If the
matrix is partitioned between the first and second column and
between the third and fourth column, then to be symmetrically
partitioning, it must also be partitioned between the first and
second rows and third and fourth rows. According to this rule of
symmetric partitioning only square simple matrix can be

12



symmetrically partitioned. We give an example of a
symmetrically partitioned matrix as,

Example 1.1.3: Let

N o »n| N
— | | W
—|—_ O|
wlo ol ~—

Here we see that the matrix has been partitioned between
columns one and two and three and four. It has also been
partitioned between rows one and two and rows three and four.

Now we just recall from [19] the method of symmetric
partitioning of a symmetric simple matrix.

Example 1.1.4: Let us take a fourth order symmetric matrix and
partition it between the second and third rows and also between
the second and third columns.

4
3
2
7

We can represent this matrix as a supermatrix with letter

elements.
4 3 2 7
a; = ,ap =
S Y A B T

21 5 2
a) = and ay, = ,
7 4 2702 7

so that

13



The diagonal elements of the supermatrix a are a;; and ay. We
also observe the matrices a;; and ay are also symmetric
matrices.

The non diagonal elements of this supermatrix a are the
matrices aj; and a,,. Clearly ay; is the transpose of a;,.

The simple rule about the matrix element of a
symmetrically partitioned symmetric simple matrix are (1) The
diagonal submatrices of the supermatrix are all symmetric
matrices. (2) The matrix elements below the diagonal are the
transposes of the corresponding elements above the diagonal.

The forth order supermatrix obtained from a symmetric
partitioning of a symmetric simple matrix a is as follows.

a
a12 a22 aZ3 aZ4

'
a'23 33

' '
aI4 a24 a34 a44

How to express that a symmetric matrix has been symmetrically
partitioned (i) a;; and a'y, are equal. (ii) atij a=j) afj = a; and

t

a; = aj Thus the general expression for a symmetrically

partitioned symmetric matrix;

4, 3y ay,
1
a= |12 2 Ao
a' a' a
In 2n nn

If we want to indicate a symmetrically partitioned simple
diagonal matrix we would write

14



D, 0 0
0 D, 0
D:
o o D

0" only represents the order is reversed or transformed. We
denote ai‘j = a'j just the ' means the transpose.

D will be referred to as the super diagonal matrix. The
identity matrix

I 0 0
I1=(0 I, 0
0 0 L

s, t and r denote the number of rows and columns of the first
second and third identity matrices respectively (zeros denote
matrices with zero as all entries).

Example 1.1.5: We just illustrate a general super diagonal
matrix d;

(31 210 0]
56 0/0 0
d=[0 0 0|2 5
00 0[-1 3
100 0]9 10

a7 ]
1e., d= .
0 m,

An example of a super diagonal matrix with vector elements is
given, which can be useful in experimental designs.

15



Example 1.1.6: Let

O O OO O OO o= = o=
S O OO0 O o= —lOo O O
S O O OVl = RO OO0 O O
— = R, OO O Ol ol o O

00

Here the diagonal elements are only column unit vectors. In
case of supermatrix [19] has defined the notion of partial
triangular matrix as a supermatrix.

1

Example 1.1.7: Let

=

Il
(= I )
N =N

1 1|3
5 21
0 110
u is a partial upper triangular supermatrix.

Example 1.1.8: Let

50000
7200 0
12300
L=[4 56 7 0f;
1 2526
1 23 45
010 1 0]

16



L is partial upper triangular matrix partitioned as a supermatrix.

T . . o
Thus T = [—l where T is the lower triangular submatrix, with
a

1 2 3 4 5
and a'= .
01 010

!
Il
— A = 9 W
STV I SR S I
wn N W O O
NN O o o
N © © © o

We proceed on to define the notion of supervectors i.e., Type |
column supervector. A simple vector is a vector each of whose
elements is a scalar. It is nice to see the number of different
types of supervectors given by [19].

Example 1.1.9: Let

<
Il
N R W=

This is a type I i.e., type one column supervector.

where each v; is a column subvectors of the column vector v.

17



Type I row supervector is given by the following example.
Example 1.1.10: v' = [2 3 1|57 8 4] is a type I row
supervector. i.e., V' = [V', V', ..., V\y] where each V'; is a row
subvector; 1 <1<n.

Next we recall the definition of type Il supervectors.

Type II column supervectors.

DEFINITION 1.1.1: Let

a, dap a,,
| b Ap D
a=
anl an2 anm
I _
6111 = [aj ... am/
a; = [az ... amm]
.
a, = [anl anm]
1
aq
1
. a
ie., a = ;
1
a, |
is defined to be the type Il column supervector.
Similarly if
a ap a,,
1 _ |9 2 _ |9 m Ay
a = , a - . » , a -
anl an2 anm

Hence now a = [a' a ... a"], is defined to be the type II row
Ssupervector.

18



Clearly

a
a=| 2| =[dd .. d,

the equality of supermatrices.

Example 1.1.11: Let

36 0 4 5]
216 30
A=|1 11 21
01010
201 2 1]

be a simple matrix. Let a and b the supermatrix made from A.

o)
I
N O = N W
© == = o
—_ o= o ©
N W N
=Y

where

[e)
N
)

—_
\S)
—_

19



3 6 0 4]5]
21 6 30
b=11121=[b“ blz}
010 10 ba b
20 1 2[1
where i i
36 0 4 5
b11:2163,b1220,
1 11 2 1
010 1 0
by =[2012]andby=[1].
(3 6 04 5]
21 6(3 0
a=[1 1 1]2 1
0101 0
2 0 1[2 1]
and
3 6 0 4]5]
21 6 30
b=[1 11 2|1
010 10
201 2]1

We see that the corresponding scalar elements for matrix a and
matrix b are identical. Thus two supermatrices are equal if and
only if their corresponding simple forms are equal.

Now we give examples of type III supervector for more
refer [19].

20



Example 1.1.12:

32 1|7 8
a=|0 2 1[6 9|=[T]a]
0 0 5|1 2
and
(2 0 0]
9 4 0
b=836—[1}
529 b
14 7 3]

are type III supervectors.

One interesting and common example of a type III supervector
is a prediction data matrix having both predictor and criterion
attributes.

The next interesting notion about supermatrix is its
transpose. First we illustrate this by an example before we give
the general case.

Example 1.1.13: Let

2 1 3|5 6
0 2 01 1
1 1 1(]0 2
a=|2 2 0[1 1
5 6 1[0 1
20 0[0 4
10 1]1 5]

a;, ap

T |8y Ap

a3 Ay

21



where

[\
—
w
W

—
—
—
(e}

oo
=
I
1
(S I )
NN
- O
| I
oo
N
[}
Il
1
o -
—_ =
| I

The transpose of a

2 0 1|2 5(2 1
1 2 1|2 6[0 0
al=a'=|3 0 1|0 1|0 1
51 0[1 00 1
6 1 2|1 1[4 5

Let us consider the transposes of a;1, a;2, 251, a2, a3 and as.

2 01
311_3:12 21
3 0 1]
1 t _5 1 |
N P

22



_ t
a3l = a3 =

— 1
S O N
—_— O

1 ]

—
(e

— t
a'yn= ay =|:

. Jo
A

i ’ i
[ a11 a'21 aSl
a ’ ’ ’ :
alZ a22 a32

Now we describe the general case. Let

—_—

a1I a12 alm

aZl a22 a2m
a = .

anl a'n2 anm

be a n X m supermatrix. The transpose of the supermatrix a
denoted by

’
ay a o ay
’ ! ’
Q= T S
! ’ i
a'lm a2m o a'nm

a' is a m by n supermatrix obtained by taking the transpose of
each element i.e., the submatrices of a.

23



Now we will find the transpose of a symmetrically partitioned

symmetric simple matrix. Let a be the symmetrically partitioned
symmetric simple matrix.

Let a be a m X m symmetric supermatrix i.e.,

ay L E -

Ayt Ay
a= . .

aIm a2m amm

the transpose of the supermatrix is given by a'

a;l (aiz), (a;m)’
al = a;, a'y o (a),)

' ’ ’
Im a a

2m mm

a

The diagonal matrix a;; are symmetric matrices so are unaltered
by transposition. Hence

[ [ ' —
a1 =ay, a2 = a2, -.., Amm = dmm-

Recall also the transpose of a transpose is the original matrix.
Therefore

(3'12)' = aj, (3'13)' =a13, ..., (a'ij)' = ajj.

Thus the transpose of supermatrix constructed by
symmetrically partitioned symmetric simple matrix a of a' is
given by

all a12 Im
i
v_ |8 8 o Ay,
a = . . .
! ! “oe
alm a2m amm

24



Thusa=a'
Similarly transpose of a symmetrically partitioned diagonal
matrix is simply the original diagonal supermatrix itself;

e, if

d'l = dl, d'z = d2 etc. ThusD=D".
Now we see the transpose of a type I supervector.

Example 1.1.14: Let

AN B LV, T N B N R U]

The transpose of V denoted by V' or V' is

V'=[312]457|51].

25



If

Vv
where
3
Vi 1 , Vo =
2
Thus if
Vv
then

Example 1.1.15: Let

=|T | a]. The transpose of t

ie.,t'=

=)

N W

- O

— O N A

W W

26
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O\ =

|
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The addition of supermatrices may not be always be defined.

Example 1.1.16: For instance let

_ a11 a12
a =
_a2l a22
and
b _ bll b12
_b21 b22 _
where

30 1
aj = , ap=
11 | 9 27,

ay =[4 3], axp = [6].

b =[2], b, =[1 3]

5 4 1
b21: ) andb22= 0 2 .

It is clear both a and b are second order square supermatrices
but here we cannot add together the corresponding matrix
elements of a and b because the submatrices do not have the

same order.

Now we proceed onto recall the definition of minor product

of two supervectors.

Suppose
Va, Vb,
Vo= V?Z and vy = Vf’z
V. 8

27



The minor product of these two supervectors v, and vy, is given
by

— ! ! r
=V, Vp, tV, VetV VL

We illustrate this by the following example.

Example 1.1.17: Let V, and V, be two type I supervectors
where

V,
V.= Va,
V.,
with
4
0
0 1
v, =[1],v, = and v, =| _|.
: 1 ]2
2
-1
Let
0
Vb_ vy
Vi,
where
—4
1
1 U and -
v, = , = and v, =
b, Vb 2 bs 1
0
0

28



VIV, =[V' ViV ] Vi,

3 .
= V;lVbl +V;2 vy, + V;3 Vi,
4
! 1 -1
= [0 1 2]-1f+[4 01 1)) el ﬂ{1}
0
0

= 1+ (-16+2) + (-1+2)
1-16+2-1+2
= 14,

It is easily proved V', V, = V', V..

Now we proceed on to recall the definition of major product
of type I supervectors.

Suppose

as

29



! ! 1
VaVe Vo Vh, VoV

as

' ' ’
Va2 Vb1 \'% Vb2 e Vaz me

’ ’ '
\% Vb] \'% Vb2 e Van me

a“ an

Now we illustrate this by the following example.

Example 1.1.18: Let

Vb
v 1
a; Vb
V,=|v, | and V,= :
Vi,
Va,
3 Vi,
where
. 1
v, =[2], v, ={ J and v, =|2
0
and
3
3
1 4
Vo, =[ 1|5 vy, = 5 , V= » and v, =[5]
2
0

2
1

V.V, = _Tl [3 1 2]1 2|3 4 -1 0]5]
2
0

30



1 1 1 1
203 1 2] | 2]t 2] ||2|[3 4 -1 o] ||2|[5]
0 0 0 0
6 2 4]2 4]6 4 2 0]|10]

301 2 213 4 -1 0[5

|3 -1 21 2|3 4 1 0|5

131 21 23 4 105
6 2 4|2 46 8 -2 0]10

(00 0[O0 0|0 0 0 0O

We leave it for the reader to verify that (V, V'y)' =V, V%..

Example 1.1.19: We just recall if
3
v=|4
7

is a column vector and V' the transpose of v is a row vector then
we have

3
vw=[3 4 7|4
7
=3 +4+ 7 =74,
Thus if

Vi =[X1 X3 ... Xp]

31



Vi Vi=[xi X2 oo Xa] |

— 2 2 2
= X; +X, +...+X..

Also
Xl
X2
[IT...1]) J|=[xi1+X+... +X4]
X, |
and
.
1
[XiX2...Xp] | .| =[X1 X+ ... +X];
1_
ie., I'vy=vil = in
where
Xl
X,
Vx=1 .
Xn
and

in=x1+x2+...+xn.

We have the following types of products defined.

32



Example 1.1.20: We have

0
1
[0100] 0
K
(1
[0100] 0
0
_O_
T
[0100] !
1
_1_
and
0 0
: [100]= !
0 0
0 10
Recall
a11 alZ
a=1ay; ayp
anl an2
we have
a
a= a'lz
a‘; .
and
a=[a'a’...a"],

33
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Now transpose of

is given by the equation

a'=[(a)) (a})-(a,) |

(a')
2N\!
e | @
@],
The matrix
b11 blz bls
b= b, b, b,
btl btz bts

row supervector of b is

b=[byb,... b, =[b' b*... b%;.

Column supervector of b is

Transpose of b;

34



by

L
b, |,
b'=[b; b, ... bl

The product of two matrices as a minor product of type II
supervector.

by

1
ab=1[a'a’...a"], b

— 1 1 1
= [albl +a,b, +...+ambt] .

ns
How ever to make this point clear we give an example.

Example 1.1.21: Let

and

2 1
ab=|3[1 2]+|5|[3 1]
6 1

35



2 4 3 1
=13 6 |+|1I5 5
6 12 3 1
5
=118 11
9 13

It is easily verified that if the major product of the type II
supervector is computed between a and b, then the major
product coincides with the minor product. From the above

example.
_ =R 1]
21 21
[2 1] 5 [2 1] n
o ]
ab=|[3 5] 5 [3 5] |
o ]
6 1 6 1
_[ ] 5 [6 1] 1]
2x1+1x3 2x2+1x1
=|3x1+5x%x3 3x2+5x1
6x1+1x3 6x2+1x1
5 5
=18 11
9 13

We can find the minor and major product of supervectors by
reversing the order of the factors. Since the theory of
multiplication of supermatrices involves lots of notations we
have resolved to explain these concepts by working out these
concepts with numerical illustrations, which we feel is easy for

36



the grasp of the reader. Now we give the numerical illustration
of the minor product of Type III vectors.

Example 1.1.22: Let

2 3|42 2 2
X=|-1 1|1|1 0 1
0 0(2|-4 0 0
and
5 0]
1 1
e
5 3
1 -1
_02_

be two type III supervectors. To find the product XY.

0
11
2 342 2 2]|———
2 1
XY=|-1 1[1]1 0 I||—
5 3
0 0[2|-4 0 0
1 -1
_02_
2 3 4 2 2 2[5 3
2.0
=—11LJ+1[21]+1011—1
0 0 2 -4 0 0]|0 2

7 3 8 4 12 8
=|-1 1{+{2 1|+ 5 5
0 0 4 2 -20 -12

37



27 15

=| 6 7
-16 -10
(2 -1 0]
31 0
vixio|2 T[2]s 1 oo)4 1 2
O 1{1{3 -1 2{(2 1 -4
2 0
_ 2 1 -4
2 1112 -1 0] (2 5 1 0
= + |[4 1 2]+ 0
0 1|3 1 0] [I 3 -1 2

7 -1 0| [8 2 4] [12 5 =20
= + +
31 0] |41 2 8 5 -12
27 6 -16
15 7 -10|

From this example it is very clear.
(XY) =Y'X.

Now we illustrate the minor product moment of type III row
supervector by an example.

Example 1.1.23: Let

2 31413 4 5 0
X=|1 4j1|1 1 -1 6
2 11210 2 1 1

38



Consider

2 1 2
3 4 1
2 3]4]3 4 5 0]|4 1 2
XX°=|1 41|11 -1 6|3 1 0
2 1(2]0 2 1 1]|4 1 2
5 -1 1
0 6 1]
2 3
2.1 2
=14{ }+1[412]+
3 41
2 1
310
34 50
4 1 2
11 -16
5 -1 1
02 1 1
0 6 1

13 14 7 16 4 8 50 2 13
=114 17 6(+|4 1 2|+ 2 39 7
7 6 5 8 2 4 13 7 6

79 20 28
=120 57 15].
28 15 15

Minor product of Type III column supervector is illustrated by
the following example.

Example 1.1.24: Let
. 123 1|01 21 51
Y=
0 1 5|2(0 3 01 0

39



where Y is the column supervector

—_— W N
whn = O

‘o‘
\S)

. 2 3 1|01 21 51
YY=
015(2/0 3 01O

—_— N = N
S = O W O

2 0
2 3 1 0 1 21 5 1
= 3 10+ ([0 2]+
015152 03 010

14 8 0 0 32 11 46 19
= + + = :
8 26 0 4 11 10 19 40
Next we proceed on to illustrate the major product of Type III
vectors.

Y S
S = O W O

Example 1.1.25: Let

31 6
2 0 -1
12 3
X =

6 3 0
4 2 1
5 1 1]

and

40



N AN

oca Jloa Yo aq
NN~ NN =N —
513_513__513_
[ =
1
© 7 = o~ 7 - Ple o <
— O N on AN — <t 0 on —
— 9111
[SeBe\ Rani O <t n
I | | <t O (e v on
on — |len AN A
I 1T 1
o S |en o |en o
Tem TS T2 2 elnlg X8
L
© e e =
= N N o —
[SeBe\ Rl O <t n
L 1 |

Now minor product of type IV vector is illustrated by the

following example.
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Example 1.1.26: Let

1

215

3

0 2)2

1

4

-1]0

and

1

2 0]0

1

1

1

1

0 213 0

1

215

3

0 2)2

1

2 0]0

1

1

4

-1]0

XY =

0 213 0

1
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1
2

1
=4 1101|312]12]+
3

— < O
S — AN
S - =
AN O —
— N AN
S AN —
—_ O
S — O

4]t 2]

[4][3 1 2]

[4]1 1 o 1]
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1

3 2|13 5

10 11 23 9

4 2|4

4

1

1

213 4

5
11
516

7 4|7 6

1

4

5

507 11

1

3 2

214 5

1

5 4110 8 3|5 7

1
2 3|6
6 3

1
1

9

4
12

4 0 3 2|5

1 2 2|5

5

55
1

8

11

2 4 0 2(2 0 2|2 4

1

4 2

213

1

+2 5

14 |.

S on|n v o~
N | — — —
on

oo d e |2
(e} on
lgsuoo —
[} N
S vl o0~
AN T |0 © © L
—_— = [— O — (@\
[e) [e]
= | 0 O =
O (o <t on O
on

—_ o o > 0
Ue) (e} on
18M19 —

We now illustrate minor product moment of type IV row vector

Example 1.1.27: Let

2

3

5 0]2

212

2

02

5

1
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5

2

2 3 442

1

210

2
2|3

2

3

5 02

212

2

012

5

1

XX'=

—

—

—

[12]1234]2]

— AN |—= AN N <IN

5
+
O}

31 21
1 312

2
1

:

I
S —|—= 0 — A |O

— N |cn — AN — |\
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3 5122 6 2|4
5 903 4 11 3|7
2 3121 1 1|2
= (2 4|1 2 5 1|3+
6 11|1 5 26 611
2 311 6 2|3
4 2 3 11 3|6
1 2 1 2 1|5] [1 2|1 2 3 4]2]
2 5 5 5 4/10 2 412 4 6 8|4
3 71010 6 7 5|15] |1 2|1 2 3 4|2
1 5(6 10 5 7|5|+]2 4(2 4 6 8|4
2 517 5 5 4|10 3 6/3 6 9 1216
1 4|5 4 5|5 4 8|4 8 12 168
5 10|15 10 5|25 2 412 4 6 8|4
(5 916 5 11 7 |11]
9 18(12 13 22 15]21
6 12|13 9 11 1019
=[5 13]9 16 16 16|12,
11 22|11 16 40 22|27
7 15(10 16 22 23|16
11 21(19 12 27 16|35

The minor product moment of type IV column
vector is illustrated for the same X just given in case of row
product.
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Example 1.1.28: Let

2

3

5 012

2

3

5 012

2|2

2

02

5

|

212

2

02

5

1

5

2 3 4|2

1

210

2

1
2

0
1

1
2

1

1

1
21 2

[211]50]2]

T
_2 — = ln O

1
2
3
4

5
1
0
2
1
2 3 4

0
1
1
3
1
1
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Now we proceed on to illustrate the major product of type IV

vectors

Example 1.1.29: Let

2 0

0
0

1

0

1

2|3

3

3

314 210

412 4
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and

M1 1 2 172173 1 0

1 0 2 4] (3 1| |4 1 1

01 0 3|11 0] |1 2 1
Y:

1 1.0 0| (2 1] |1 2 1

1 01 1] 1]1 2] |2 1 2

o1 0o 1] |1 1) [1 -10

Now we find the major product of XY. The product of the first

row of X with first column of Y gives

11 2 1
1 0 2 4
12 1|1 2 301 0 3
311 203 1 1|11 00
1 01 1
01 0 1
1 2 1][1 0 2 4
=012 1]+
3 1 200 1 0 3
1 100
[123}
1 01 1
31 1
01 0 1
1 1 2 1] [2 1 4 11] [3 4 2 5
= + +
336 3] (1 2210] (4412
6 6 17]
K 15
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Now

2 1

31

12 11 2 3]1 0

301 2(3 1 121

12

_1 1_
- - 21

1 2 13 1] [1 23

=12 1]+ + 1 2
3 2 U B R |

2 1] [7 2] [7 8
= + +

6 3] |5 1] [8 6
[1e 11

19 10]°

Consider the product of first row with the 3™ column.

{2 1|1 2 3
311 213 1 1

—_— N == B W
—_— NN = =

0
1
1
1
2
0

—_— N =

31 0 9 4 3 8 1 5
= + +
9 30 6 5 3 6 6 5

53
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20 6 8
21 14 8|

The product of 2™ row of X with first column of Y gives

0 2 4

0

0

0

3 20

2

314 2|10 1

412 4

00

1

i

SIS
AN O oo <
N — A <
— N <t A
+
— N on <
AN T O o
— AN N <
— AN N <

5 16
7 6 10 18
8 5 15 26|
7 9 12 24

The product of 3™ row of X with the 3™ column of Y.

54



310
4 1 1
1 2 1
1111
2 1 2
|1 -1 0]
12 1
411
= [5][3 1 o]+[0 1]{121}[111]2 1 2
1 -1 0

[1550]+[121]+[423]
[20 9 4].

The product of second row of X with second column of Y.

S
1)1 3|1 1 1]3 1
213 112 0 11 0
314 2/0 1 0f|2 1
412 411 0 0f1 2
_11_
1 1 3] 1 11
2 1
2 3 13 1] |2 0 1
=2 1]+ + 1 2
3 4 21 0 01011
4 2 4] 1 00
2 1] [6 1] [4 4
4 21 |10 3| [5 3
= + +
6 3| |14 4| |1 2
8 4] |10 2] [2 1

55



12 6
19 8
21 9|
20 7

The product of the 2™ row with the last column of Y.

— O O

—

N — |

-_— O -

1
3

1
2

—_—_ O O

—_ O - O

-— N O -

~ n o 2
0 o
7111
e — |
+
1

14 10 7
22 10 6
29 12 8|
25 16 17
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The product of 3™ row of X with 1* column of Y

11 2 1]
1 0 2 4
[5|01|111]0103=
1 10 0
1 01 1
01 0 1]
1 0 2 4 b 100
[5][t 1 2 1]+[0 1][0103}[111]1011
01 01

=[55105]+[0103]+[2212]
=78 11 10].

The product of 3 row of X with 2™ column of Y.

\9]
—_

—_ W
o =

[510 1]1 1 1] =

—_— = N
—_— N =

3 2 1
512 11+011| 11t 2
11

[10 5]+ 1 0]+[4 4]
[15 9].
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6 6 8 17|16 11|20 6 8

g8 8 15119 10|21 14 8

4 6 16 |12 6|14 10 7
Xy=|7 6 10 18|19 8 |22 10 6

&8 5 15 26|21 9|29 12 8

7 9 12 24120 7 |25 16 7

7 8 11 10|15 9 (20 9 4 o

On similar lines we can find the transpose of major product of
Type IV vectors.

Now we proceed on to just show the major product moment
of a type IV vector.

Example 1.1.30: Suppose

112 1|3 2 1
213 112 1 2
114 2|3 2 2
X=14|1 32 1 1
213 213 2 3
314 1|1 4 2
211 212 1 3
and
(1 21 4 2 3]|2]
2 3141 3 4|1
Xt=1123212.
3 213 2 3 1|2
2 112 1 2 4|1
|1 2|2 1 3 23]
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2

4 2 3|2
1

1

3 4

1
1

2 4

2 3 2

2

3 213

1

2 3|4

1
3 213 2 3

212

— (@] on on
N N — A —
on cn AN on [\l
— AN N A N
@\l <t — o —
— — < A (@l

Product of 1* row of X' with 1* column of X

— AN |~ < AN N

1 2]1 4 2 3]2]

5+30+4
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Product of 1% row of X' with 2™ column of X.

[1 2]1 4 2 3|2]

4 2
21 1 3
= (1 2 1 4 2 3
[ ][3 l}r[ ] 3 2
4 1

[8 3]+[26 21]+[2 4]
[36 28].

-hw»—-b‘ww

p—

—_—

[\

— N W N

+[2][1 2]

The product of 1% row of X' with 3" column of X.

321
2 1 2

322

[1 2]1 4 2 3[2]|2 1 1

323

1 4 2

213

322

3 1 21 1
=[1 2]{212}[1423]323{2]
1 42
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[745]+[20 22 18]+[4 2 6]

[31 28 29].

The product of 2™ row of X' with 1*' column of X.

2 341 3 4]1
1 112 3 2 1]|2

NIW N B~ =N =

8 26 2 36
= + + = .
3 21 4 28
The product of 2™ row of X' with 2" column of X.

W N
[ ——

2 341 3 4|1
1 112 3 2 1|2

S I N
— N W N

[
[\
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4 2
2 32 1] [4 1 3 471 3| [1
= + + I 2]
1 1|3 1] 12 3 2 13 2| |2
4 1
(13 5] [42 21 1 2
= + +
|5 2] [21 18] [2 4

_ [56 28
28 24|

The product of 2™ row of X' with 3™ column of X.

N W
— N
N =

2 3141 3 41
1 112 3 2 1|2

—_— W N W
N S )
D W = N

3
_23321+41342
1 12 1 2012 3 2 1}3
1
(12 7 8] [27 31 26] [2 1 3
= + +
5 3 3119 15 15] |4 2 6
(41 39 37
28 20 24|

+M[z 13

N S
N W~ N
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The product of 3 row of X' with 1¥ column of X.

|
2
3203 23 121
2 102 1 2 4|14
1202 1 3 2]3]2
3
2

77 [20] [4] [31
= 4|+ 22]+|2]=]28].
51 (18] |6] |29

The product of 3™ row of X' with 2™ column of X.

.
301
3203 2 3 1[2]/4 2
2 12 1 2 411 3
1 2]2 1 3 2(3]3 2
4 1
1 2

(12 5] [27 19] [2 4
= |7 3[+[31 15[+|1 2
8 3| [26 15| |3 6

(41 28
= |39 20].
37 24
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The product 3" row of X' with 3™ column of X.

(3 2 1]
21 2
3 213 2 3 1]2]|3 2 2
2 1021 2 4|1]|2 11
1 212 1 3 2(3(|3 23
1 4 2
2 1 3

(13 8 7] [23 18 19] [4 2 6
= |8 5 4|+[18 25 19|+|2 1 3
|7 4 5] [19 19 18] [6 3 9

(40 28 32
= |28 31 26/|.
132 26 32
(39|36 28|31 28 29]
36|56 28|41 39 37
X 28 |28 24 (28 20 24

31141 28|40 28 32|
28139 20(28 31 26
2937 2432 26 32

On similar lines interested reader can find the major product
moment of type IV column vector.

1.2 Bimatrices and their Generalizations

In this section we recall some of the basic properties of
bimatrices and their generalizations which will be useful for us
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in the definition of linear bicodes and linear n-codes
respectively.

In this section we recall the notion of bimatrix and illustrate
them with examples and define some of basic operations on
them.

DEFINITION 1.2.1: 4 bimatrix Ag is defined as the union of two
rectangular array of numbers A; and A, arranged into rows and
columns. It is written as follows Ag = A; U A; where A; # A,
with

! 1 1]
al 1 a|2 aln
1 1 1
ay a4y a,
A; =
1 1 1
_aml am2 amn
and
2 2 2
a, 4a; a,
2 2 2
ay A4y p
A, =
2 2 2
_aml am2 amn_

‘U’ is just the notational convenience (symbol) only.

The above array is called a m by n bimatrix (written as
B(m x n) since each of A; (i =1, 2) has m rows and n columns).
It is to be noted a bimatrix has no numerical value associated
with it. It is only a convenient way of representing a pair of
array of numbers.

Note: If A, = A, then Ag = A; U A, is not a bimatrix. A
bimatrix Ag is denoted by (ailj) U (afj) .Ifboth A, and A, are m

x n matrices then the bimatrix Ag is called the m x n rectangular
bimatrix.
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But we make an assumption the zero bimatrix is a union of
two zero matrices even if A; and A, are one and the same; i.e.,
A1 = A2 = (0)

Example 1.2.1: The following are bimatrices
. 3 01 0 2 -1
1. AB = U
-1 2 1 1 1 0
is a rectangular 2 x 3 bimatrix.

3 0
ii. Ay =l1lu -1
2 0
1s a column bimatrix.
iii. A"'s=(3,-2,0,1,1)u(1,1,-1,1,2)
1S a row bimatrix.

In a bimatrix Ag = A; UA, if both A; and A, are m x n
rectangular matrices then the bimatrix Ag is called the
rectangular m x n bimatrix.

DEFINITION 1.2.2: Let Ag = A; U A, be a bimatrix. If both A,
and A, are square matrices then Agp is called the square
bimatrix.

If one of the matrices in the bimatrix A = A; U A, is a
square matrix and other is a rectangular matrix or if both A,;
and A; are rectangular matrices say m; x n; and m, x ny with m
Zm;y or n; #ny then we say Ag is a mixed bimatrix.

The following are examples of a square bimatrix and the mixed
bimatrix.
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Example 1.2.2: Given

3 01 4 1 1
Ag=|2 1 1|lu|2 1 0
-1 10 0 0 1
is a 3 x 3 square bimatrix.
1 100 2 0 0 -1
2 0 01 -1 0 1 0
A'B = |\
0 0 0 3 0 -1 0 3
1 01 2 -3 -2 0
is a 4 x 4 square bimatrix.
Example 1.2.3: Let
301 2
11 2
0 0 1 1
A= ulo 2 1
21 00
0 0 4
1 010

then Ap is a mixed square bimatrix.
Let

S = O
N O =

A'g 1s a mixed bimatrix.

Now we proceed on to give the operations on bimatrices.

67



Let Ag = A, U A, and Cg = C; U C, be two bimatrices we
say Ag and Cp are equal written as Ag = Cp if and only if A, and
C, are identical and A, and C, are identical i.e., A; = C; and A,
= Cz.

If Ag=A; U A, and Cg = C; U C,, we say Ag is not equal
to Cg, we write Ag # Cg if and only if A; # C; or A, # C,.

Example 1.2.4: Let

and

clearly Ag # Cg. Let

0 0 1 0 4 2
AB = )
1 1 2 -3 0 0
0 0 1 0 00
CB = |\
1 1 2 1 01

clearly Ag # Csg.
If Ag = Cg then we have Cg = Ag.

We now proceed on to define multiplication by a scalar.
Given a bimatrix Ag = A; U B, and a scalar A, the product of A
and Ag written A Ag is defined to be

In

Aa, - Aa, Ab, - Ab

}\.AB = U
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each element of A; and B are multiplied by A. The product A
Ag is then another bimatrix having m rows and n columns if Ag
has m rows and n columns.

We write
rAs = [hay [ by ]
= [ar]u[bp]
= AB }\.

Example 1.2.5: Let
5 0 _ _
AB = |\
3 3 -1 21 0
and A = 3 then

(6 0 3] (0 3 -3
3AB: U 3 .

IfA=-2 for
Ag = [312-4]U[01-10],
Mg [6-2-48]uU0-220].

Let Ag = A; U By and Cg = A, U B, be any two m x n
bimatrices. The sum Dg of the bimatrices Ag and Cg is defined
asDg=Ap +Cpg=[A; UB|] +[Ay UB)] = (A1 + Ay)) U [By +
B,]; where A; + A, and B, + B, are the usual addition of
matrices i.e., if

Ap = (a}j)u(b}j)

o= (5)0 )

and

then
Ag+Cpg=Dg= (aij +ai2j) U (bij +b12j) (Vij).

If we write in detail
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.1 1 IER! 1
an a, b11 bln
Ap=| o :
1 1 1 1
_aml a'mn_ bml bmn
.2 2 7] [ 1.2 2
a an b11 bln
CB = |\ :
2 2 2 2
_aml amn_ bml bmn_
AB + CB =
1 2 1 2 1 2 1 2
a, +a,, ... a, +a, b, +b;, ... b, +bj
: : ) : :
1 2 1 2 1 2 1 2
a_,+a;, ... a, +a. b, ,+b, ... b +b

The expression is abbreviated to

Dg = Ag + Cp
(A1 o Bl) + (A2 o Bz)
(A1 +Ay) U (B +By).

Thus two bimatrices are added by adding the corresponding
elements only when compatibility of usual matrix addition
exists.

Note: If Ag = A' U A? be a bimatrix we call A' and A? as the
components of Ag or component matrices of the bimatrix Ag.

Example 1.2.6:
(i) Let
3 11 4 0 -1
AB: o
5ot 3l
and
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-1 0 1 3 3 1
CB: o 5
R
then,
DB_AB+CB
(3 1 1] [-1 0 1
= + )
-1 0 2 2 2 -1
(4 0 =11 [3 3 1
+
01 2| [0 2 -1
21 2 7 3 0
= |\
1 21 0 3 -3
(ii) Let

Ag=(32-101)u0110-1)

and

Ce=(11111)U((5-1203),

Ag+Cs=(43012)U(50302).

Example 1.2.7: Let

AB:

and

CB:
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12 2 6 2
Ag+tAg=|4 4|0 |0 4|=2A

2 2 -2 6
4 -8 2 8
Cg+Cpg=|8 2|uU |4 2|=2Cp.
6 0 6 2
Similarly we can add
18 -3 9 3
AB+AB+AB:3AB: 6 6 |lul0 6].
-3 -39

Note: Addition of bimatrices are defined if and only if both the
bimatrices are m x n bimatrices.

Let
301 1 1 1
AB: U
L 2 0} [0 2 —J
and
31 1 1
Cg=12 1|lul|2 -1|.
0 0 3 0

The addition of Ag with Cg is not defined for Ag is a 2 x 3
bimatrix where as Cg is a 3 x 2 bimatrix.

Clearly Ag + Cg = Cg + Ag when both Ag and Cg are m x n
matrices.

Also if Ag, Cg, Dp be any three m x n bimatrices then Ag +
(CB + DB) = (AB + CB) + DB.
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Subtraction is defined in terms of operations already considered
for if

AB = Al |\ A2
and
Bs=B;uUB,
then
AB — BB = AB + ( —BB)
= (A1UA2)+(*B1U*B2)
= (A1 -B1)U (A —-By)
= [A1 +(-B)] U [Ay + (-By)].
Example 1.2.8:
1. Let
3 1 5 =2
Ag=|-1 2|lu |l 1
0 3 3 2
and

8 -1 9 2
Bg=|4 2|u|2 9
-1 3 -1 1

AB —BB = AB +(—BB).

31 5 2 8 -1 9 2
=4/-1 2ju|l 1 +5—9/14 2 |v|2 9
0 3 3 2 -1 3 -1 1

3 1 8 -1 5 2 9 2
=4/-1 2|—-14 2|rus|l 1|12 9
0 3 -1 3 3 2] (-1 1
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5 2] [4 -4
=|=5 olu|-1 -8].
1 o] |4 -3

ii. Let
AB = (1:23 35_1525 1)U(3,—1,2, 05 35 1)

and
Bg = (L LLL1,0)uw(0,-20,3,0)

then
Ag+(-Bp) = (2,1,2,-2,1,1)u(1,-1,4,0,0, 1).

Now we have defined addition and subtraction of bimatrices.
Unlike in matrices we cannot say if we add two bimatrices the
sum will be a bimatrix.

Now we proceed onto define the notion of n-matrices.
DEFINITION 1.2.3: 4 n matrix A is defined to be the union of n

rectangular array of numbers A, ..., A, arranged into rows and
columns. It is written as A= A; U ... A, where A; # A; with

i i
ay, 4, ...
a a a
21 2 e 2
A= . . ’
i i i
< P ¢ .

i=12 .. n

"U' is just the notional convenience (symbol) only (n > 3).

Note: If n = 2 we get the bimatrix.
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Example 1.2.9: Let

[

31 0 1] [2 11 0]
A= U U
{0011}{011

[

1001U51 0 2]
01 01 7 -1 0

A 1s a 4-matrix.

W

Example 1.2.10: Let

A:A1UA2UA3UA4UA5

2 301 2
= [ooju |[-1f u [0 1 1
0 9 7 -8

_0_
7 9 8 11
2135 1 20 9
{0102}U057—1
4 =6 6 0

A is a 5-matrix. Infact A is a mixed 5-matrix.

Example 1.2.11: Consider the 7-matrix

—_ 00 N O

S O T P R P S
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0 N N W
\S)

UB7810]uU |-1

\S Il
—_ = O =

D W

=AUA,U ... UA; Aisamixed 7-matrix.
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Chapter Two

SUPERBIMATRICES AND THEIR
PROPERTIES

In this chapter we introduce the notion of superbimatrices and
explain some of its properties. We also give the type of products
defined on them. Also the notion of semi superbimatrices and
symmetric semi superbimatrices are introduced.

DEFINITION 2.1: Let A; and A, be any two supermatrices, we
call A = A; UAj; to be a superbimatrix; ‘U’ is just the symbol.

Note: Further if A| = A,, as non partitioned matrices then they
must have distinct partitions. If A; = A, and they have the same
set of partitions then we don’t call A = A; U A, to be a
superbimatrix.

We first illustrate this by the following examples.

Example 2.1: Let
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and

Ay

Il
—_ N =
—_ o =
S =N O
—_ olo =
N | — O

be any two supermatrices A = A| U A, is a superbimatrix.

1 1010
3 1(0 2
2 0 2 01
A=|1 1|6 0|uv
52105
0 1/0 -1
1 101 2

is a superbimatrix.

Example 2.2: Let

and

be two supermatrices. A = A; U A, is a superbimatrix. We see
clearly A, and A, are identical but only the partition on A; and
A, is different. Hence A is a superbimatrix.

Example 2.3: Let

A1:

DN W
N = O
O = =
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and

A2:

D W
N = O

Clearly A = A U A, is not a superbimatrix.
Example 2.4: Let A = A, U A, be a superbimatrix where

A=[3012]112]15]
and

S N
(O T

A2:

—_— W O
S N = =

Example 2.5: Let A=A, UA,where Ay=[3101|50231]
and A,=[301]220531|01 1]. Ais a superbimatrix in
which we see both A; and A, are row supermatrices.

Example 2.6: Let A = A U A, where

3 _
1
0
2
2
T 3
A1: andA2= 4
10
5
-1 —
6
5
7
4 (. .

are two super column matrices. Then A is a superbimatrix.
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Example 2.7: Let A=A; U Ay, where Ay =[31]205]and

—

1
A2: 0
5

-1

be two supermatrices. Clearly A = A; U A, is not a super
column bimatrix or a super row bimatrix.

Now we have seen several examples of superbimatrices and we
see each of them is of a specific type, so now we proceed on to
define them.

DEFINITION 2.2: Let A = A; UA; where A; = [a;; | aiz ... | am]
and Ay = [ay; az ax | azy ... ai,] ave both distinct super row
matrices. Then we define A = A; U A, to be a super row
bimatrix.

The superbimatrix given in example 2.5 is a super row bimatrix.
Now we proceed onto define the notion of super column
bimatrix.

DEFINITION 2.3: Let A = A; U A, where both A; and A, distinct
column supermatrices,

A

I
)
IS

and
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Agz a,

A is a superbimatrix which we define as the super column
bimatrix or a column superbimatrix.

The superbimatrix given in example 2.6 is a super column
bimatrix.
Now we proceed onto define square superbimatrix.

DEFINITION 2.4: Let A = A; U A, be a superbimatrix. If both A,
and A; are distinct m x m square supermatrices then we call A
=A; UA, to be a square superbimatrix.

The superbimatrix given in example 2.2 is a square
superbimatrix or to be more specific A is a 4 x 4 is square
superbimatrix.

Note: If in the square supermatrix A = A; U A, if we have A to
be a m x m square supermatrix and A, to be a n x n square
supermatrix (m # n) then we call A = A; U A, to be a mixed
square superbimatrix.

We now illustrate this by a simple example.

Example 2.8: Let A = A U A, where

1 0 1|1 01

2111010

1 0 1(2 0 3
A]Z

3 511051

1 11010

7 2 13 1 0
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and

both A| and A, are square supermatrices of different order. Thus
A=A, U A, is a mixed square superbimatrix.

Now we proceed onto define rectangular superbimatrix and
mixed rectangular superbimatrix.

DEFINITION 2.5: Let A = A; U A, if both A; and A, are distinct
m x n rectangular superbimatrices then we define A = A; U A,
to be a rectangular superbimatrix. If A; is a m; x n; rectangular
supermatrix and Ay is a m, x ny rectangular supermatrix with
my #my (or n; #ny) then we call A = A; U A; to be a mixed
rectangular superbimatrix.

The example 2.1 is a superbimatrix which is a mixed
rectangular superbimatrix.

Now we proceed onto give an example of a rectangular
superbimatrix.

Example 2.9: Let A=A, U A, where

312 3[50
A1_1021‘21
101 0|1 0
_2111‘01_
and
1 1|1 0 0 0]
1 0/0 1 01
A=y slo 01 0
3 1(2 21 0
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be any two rectangular supermatrices of same order i.e., both A,
and A, are 4 x 6 supermatrices. We define A =A; U A, tobe a
rectangular superbimatrix of 4 x 6 order.

Now lastly we proceed onto define the notion of mixed
superbimatrix.

DEFINITION 2.6: Let A = A; U A, where A; and A, are
supermatrices if A; is a square supermatrix and A, is a
rectangular supermatrix then we define A = A; U A; to be a
mixed superbimatrix.

The superbimatrix given in all the examples is not a mixed

superbimatrix. So now we proceed onto give an example of the
same.

Example 2.10: Let A=A, U A, where

3110 25
1 o1 1 2
A=12 1]0 5 1
5 103 21
3 2|0 0 3

and
4 0[1 112
2 100 21 5
A=ls 13 01 0
1 2]5 210

are two supermatrices where A; is a 5 x 5 square supermatrix
and A, is a 4 x 6 rectangular supermatrix. Then A = A; U A; is
a mixed superbimatrix.

Now having seen examples and definitions of several types of

superbimatrices now we proceed onto define operations on them
and the conditions under which operations are defined on them.
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We first illustrate by some examples before we abstractly
define those concepts.

Example 2.11: Let A = A; U A; and B = B, U B, be two
superbimatrices. Suppose

3 01
A:AluA2=[312|0151]u{2 IH

and

0 01
B=B,UB,=[0-10|10-15]uU .
2 0]5

Then we can define biaddition of the superbimatrices A and B.

A+B = (A]UA2)+(B1UB2)
(A +B) U (A, +By)
= [312[0151]+[0-10|10-15]

3 0|1 0 01
) + .
HHREY

302
= [302]1146] U .
0 1

6

We see both A and B are mixed superbimatrices and A + B is
also a mixed superbimatrix of the same type.

Now we give yet another example.

Example 2.12: Let A and B be any two superbimatrices where

0 1
A=A TUA=[311]|2]u {i}
and

0]1
B=B1uB2=[3|112]u{5‘2]
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Clearly A + B cannot be defined for A; and B, though are
the supermatrices they enjoy different partitions. Similarly we
see B, and A, are supermatrices yet on them are defined
different partitions so addition of them cannot be defined. Thus
we see unlike matrices of same order can be added; in case of
supermatrices for addition to be compatible we need the
matrices should be of same order and also they should have the
same partition defined on them.

Now we proceed on to define addition of superbimatrices.

DEFINITION 2.7: Let A = A; U A, and B = B; U B; be any two
superbimatrices. For their addition A + B to be defined we
demand the following conditions to be satisfied.

1. A; and B; should be supermatrices of same order and
the partition on A; and B; must be the same or identical
then alone A; + B, is defined.

2. A and B, should be supermatrices of the same order
and the partitions on A, and B, must be identical then
alone the sum of A; and B, can be defined.

Thus when A = A; U A, and B = B; U B; the sum of A and B is
defined to be
A+B = (4, vA4y) + (B UBy)
= (A] ‘|‘B]) U(A2+B2).

Thus only when all the above condition are satisfied we have
the sum or addition of two superbimatrices to be defined and
existing.

Note: If A = A, U A, is a superbimatrix then we have
A+A = (AJUA)+T(ATUA))
= (AitA)U AL+ AY)
is always defined and
A+A = (A|TA)U A+ A
= 2A,U2A,.
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Thus A+...+ A =nA =nA; UnA,.
%,—/

n-—times

Example 2.13: Let

32 1 1|3 0 2
A=[1]0]Ul|3 0[5 2 —1|=A,UA,
015 11\32—5

be a mixed rectangular superbimatrix.

A+ A = (A1UA2)+(A1UA2)
AT+ AU A+ Ay

312 312
= |(1]0]+]|1]0

05 0]5

1 1|13 0 2 1 1|3 0 2
ul3 0|5 2 -1|+|3 0|5 2 -1

—

1\32—5 11\32—5

6| 4 22‘604

= |2]0]ul6 0l10 4 -2
ol10| |2 2‘6 4 -10
= 2A1U2A2
Thus SA = 8A, U 8A,
24 | 16 8 8|24 0 16
= | 8(0|u|24 040 16 -8
0 | 40 8 8|24 16 —40
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Now addition of mixed square superbimatrices, mixed
column superbimatrices etc., can be defined in a similar way,
provided they enjoy the same order and identical partition.

Example 2.14: Let

A= A1 |\ A2

0 5

= 1 2

1 0

and

1 2

= 0 3

0 1

be two mixed superbimatrices.
A+B:(A1UA2)+(B1UB2)

=(A1+B) U (A +By)

3 | 51 2 5 | 3 -1 2
0(0 5 -1 I 1 1
= - )

2(0 1 2 010 5 -1
0|1 0 1 -112 0 3

3 1/]0 0 5 0 1|11 =2

1 01 1 2(+(1 1|1 0 3

3 01 10 2 01 0 1
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3 2111 3
ul2 112 1 5].
501211

Now we have to define the transpose of a superbimatrix A =
Al o Az.

DEFINITION 2.8: Let A = A; U A, be any superbimatrix. The
transpose of the superbimatrix A denoted by A" is defined to be
AT = A, v 4 = Al O AL, Clearly the transpose of a
superbimatrix is again a superbimatrix. If A is a mixed
rectangular superbimatrix then its transpose, A" will also be a
mixed rectangular superbimatrix.

It has become pertinent to mention here that however a
column superbimatrix transpose would be a row superbimatrix
and a row superbimatrix transpose would be a column
superbimatrix.

Now we proceed onto illustrate them with examples.

Example 2.15: Let A=A UA,=[3011]-15231]U[101
520|111 0 2] be arow superbimatrix. The transpose of A
denoted by

3
0
1
1

= Al UA].

»—wt\)m_
C
N O = = =IO N = O ~=
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Clearly A" is a column superbimatrix.

Example 2.16: Let

|
21 |5
1 -1
1 0
1 1

B=B,UB,=|2| U] 1
2 |3
1 5
1 1
0 2
e

be a column superbimatrix. The transpose of B which is B" = [3
111)22(11]0]u1|2-1011]35126] =B UB].
Clearly B" is a row superbimatrix.

Example 2.17: Let C = C, U C, be any superbimatrix where

3 110 2 1
C=16 21 0 5
—10|1—16

and

o
O = = =
— WL O O

C2:

—_
S W
(V2 S
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C is a mixed rectangular superbimatrix.

C'=(C,uCy)'=Ccluc]

3 6|-1
1 2]0 312 -1)2
=10 1[1|ult 1 1 0
2 0(-1] |0 65
1 5] 6]

T - . . .
C’ is also a mixed rectangular superbimatrix.

Example 2.18: Let D = D; U D, where D is a mixed square
superbimatrix with

and

Now

T . . . .
We see D' is also a square mixed superbimatrix.
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Now we are interested to know what to define or call the
following type of bimatrices.

Example 2.19: Let A=A, U A, where

31 2 5 6
A={0 2 01 O
115 3 -1

and

where A, is just a 3 x 5 matrix and A, is a square supermatrix.
Since A, is not a supermatrix we cannot define A to be a
superbimatrix since A, is a supermatrix we cannot define A to

be a bimatrix.

So we define a new notion called semi superbimatrix in

such cases.

DEFINITION 2.9: Let A = A; U A, where A; is just a simple
matrix and A, is a supermatrix then we define A = A; U A; to be

a semi superbimatrix.

Example 2.20: Let

311 2
A:A1UA2: U
0510

where A, is just a 2 x 4 matrix and A, is a square supermatrix,

A is defined as the semi superbimatrix.
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Example 2.21: Let A=A, U A, where A;=[323|1005]and
A,=[110111]. Wesee A is a semi superbimatrix called as a
row semi superbimatrix.

Example 2.22: Let A=A, U A, where

1
0
1
A=]2
2
-1
_6_
and
3
A= 1.
4
5

A is a semi superbimatrix which we define as a column semi
superbimatrix.

Example 2.23: Let A=A, U A, where

321 3 53
A1 =
1 00 -1 21

and
12|3537|0 1
A,=|7 6|3 5 21-1 1.
10‘1015‘2 3

A is a mixed rectangular semi superbimatrix.
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Example 2.24: Let A=A, U A, where

3120
A = 1 010
31 21
5011
and
3 112
Ay=10 01
1 01

A is a mixed square semi superbimatrix.

Example 2.25: Let A=A, U A, where

30 1 O
A= 1 1 -1 1
2 1 0 1
5 -1 -1 0
and
8 1 2]
01 1
1 0 1
A,=|1 10
1 00
010
2 1 8

A is a mixed semi superbimatrix for A, is just a square matrix
and A, is a super rectangular 7 x 3 matrix. Thus we can define 7
types of semi superbimatrices viz. row semi superbimatrix,
column semi superbimatrix, n x n square semi superbimatrix, m
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x n rectangular semi superbimatrix, mixed square semi
superbimatrix, mixed rectangular semi superbimatrix and mixed
semi superbimatrix.
Example 2.26: Let

311 0 1]2

A= )
1 01 3 4|5
= A] Y Az.

A is a 2 x 3 rectangular semi superbimatrix.

Example 2.27: Let

1 0 3 -1
1 01 1
A= U
1 0 5 2
1 20
:A1 UAz.

A is a 4 x 4 square semi superbimatrix.

We see as in case of superbimatrices the transpose of a semi
superbimatrix is also a semi superbimatrix. The transpose of a
row semi superbimatrix is a column semi superbimatrix and the
transpose of a column semi superbimatrix is a row semi
superbimatrix.

Example 2.28: Let

A = A1UA2
[3100035]U[1123[554]412]

be a row semi superbimatrix.
A" = (A JUAY'
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Al UA] =

T I = R
C

N — B A 0 W D = —

is a column semi superbimatrix.

Example 2.29: Let A=A, U A, where

1
|

and A, =

N O = = = W

~N O L RW N~

AT

(ATUAY)" = AT UA]
[311102]U[123]4567].

A is clearly a column semi superbimatrix but A" is a row semi
superbimatrix.

Example 2.30: Let A = A; U A, be a mixed square semi
superbimatrix where

A1:

S = W
—_— = O
O = =
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and

A;

AT=(A UA) = Al UA]

—_— = =
oS = O
C

Clearly A" is also a mixed square semi superbimatrix.

Example 2.31: Let A = A U A, be a mixed rectangular semi
superbimatrix where

—_— NN = O W
O = N = = =
w O O O = N

1 3 5(8 1 30
Az = .
21 619 211
The transpose of A
AT=(AUA) = Al UA]

and

where

3
AT =11
2

=)
O = =
S N
S = N

1
0
3
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whn W =
AN = N

S W = 0
— = N \O

A" is also a mixed rectangular semi superbimatrix.

Example 2.32: Let A = A; U A, be a 7 x 3 rectangular semi
superbimatrix where

1 0 1]

0 1 1

1 00

A={0 0 1

010

111

5 7 8]

and

2 1 2

1 0 1

-110

A=]1 1 5/

2 35

1 23

1 0 0]
1010015
AT=ATUA]=|0 1 0 0 1 1 7|uU
1101018
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is also a 3 x 7 rectangular semi superbimatrix.

As in case of superbimatrices the sum of two semi
superbimatrices can be added i.e., A=A; UA,and B=B, UB;
can be added if and only if both A; and B, and same order
matrices and A, and B, are same order supermatrices with same
or identical partition on it.

Example 2.33: Let A= A; U A; and B = B; U B, be any two
semi superbimatrices. Here

01 2
Ai=|3 4 5
6 7 8
and
3 1|10 2 1
Ay=|1 1|5 0 2
-1 3[1 0 1
and
010
B, = 1
210
and

B,

A+B = (A]UA2)+(B1UB2)
(A] + B]) U (A2 + Bz)

98



0127010

= |3 4 5(+1 1 1|u
6 7 8] [210

3 110 2 1] [1 1

1 1|5 0 2/+]0

—13|1 1 67| 1
02 2 4 210 3 1

= |4 5 6|lull 217 3 7
8 8 8 510|992

A+B is also a semi superbimatrix of the same type.

Suppose we have

0 1|2 31 <1]1 1 0
A=A, UA=]0 1|=1lul4 2 0|1 0 -1
1 10 101|0—12

to be a mixed superbimatrix then we have always A + A is
defined and i1s 2A. In fact A + A + ... + A, n-times in nA. We
see

01‘2 01‘2

A+A=1]0 1|=1]+]0 1|-1|lu
11|0 11|0

31 -1]1 1 0 31 -1]1 1 0

4 2 0|1 0 —1|+ 2 01 0 -1

101|0—12 101|0—12
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0 2| 4 6 2 212 2 0
=0 2|=2|uUl8 4 0|2 0 —2|=2A,U2A,.
22|0 202|0—24

Now nA =nA; U nA, for any n > 1. Also

A-A = (A]UAz)—(A1UA2)
A1-A) U (A - Ay)

0 0]0 00 0[O0 0 0O
= |0 ololul0O 0 0|0 O O
0 00 000|ooo

Thus we get the difference of A — A to be a zero superbimatrix.
Now if
A=AUA,

{32105231}
|\

1 23
=10 110
1201 -1311

1 0|1

be a mixed semi superbimatrix. Then

A+A = (A] |\ Az) + (A1 U Az)
AT+ AU A+ Ay

= |0 1]0[+0 1]0]|uU
_10|1 10|1

1 2‘3 1 2‘3

1201 -13 11

‘32105231}
+
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—

(3 2 0 5 2 31
1 201 -13 11

2 416
6 4 2 0 10 4 6 2
= |0 2|0|uv
2 402 26 2 2
20
= 2A,U2A;,=2A.

Thus we see sum of a semi superbimatrix A with itself is 2A.
On similar lines we can say if A is a semi superbimatrix then A
+ A+ ...+ A, n-times is nA = nA; U nA..

Having defined transpose and sum of semi superbimatrix
whenever it is defined we proceed onto define some product of
these superbimatrices and semi superbimatrices.

As in case of supermatrices we in case of superbimatrices
and semi superbimatrices first define the notion of the product
of a superbimatrix with its transpose. We also for this need the
simple definition of symmetric superbimatrices, symmetric semi
superbimatrices, quasi symmetric superbimatrices and quasi
symmetric semi superbimatrices.

DEFINITION 2.10: Let A = A; U A, be a superbimatrix. We
call A to be a symmetric superbimatrix if both A; and A; are
symmetric supermatrices.

Example 2.34: Let A = A U A, be a superbimatrix where

0 1 2]3 4]
1 2 1|2 3
A=|2 1 4|2 5
32 2(3 1
14 3 5[1 1]

and
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A,

since both A; and A, are symmetric supermatrices we see A =
A U A, is a symmetric superbimatrix.

DEFINITION 2.11: Let A = A; U A, be a superbimatrix, A is said
to be quasi symmetric superbimatrix if and only if one of A; or
A, is a symmetric supermatrix.

The following result is obvious every symmetric superbimatrix

is trivially a quasi symmetric superbimatrix. However a quasi
symmetric superbimatrix is never a symmetric superbimatrix.

Example 2.35: Let A = A, U A, where

32 1]|0 5
21 3(2 1
A=l1 3 5|1 2
0 2 1|4 3
51 2|3 2]

and

A,

be a superbimatrix. Clearly A; is a symmetric supermatrix
where as A, is only a square supermatrix. Hence A is only a
quasi symmetric superbimatrix.

DEFINITION 2.12: Let A = A; U A, be a semi superbimatrix. If
both A; and A, are symmetric matrices and A; or A, is a super
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symmetric matrix then we all A to be a symmetric semi
superbimatrix ‘or’ used in the mutually exclusive sense.

Example 2.36: Let A=A, U A, where

5 41 2 3
4 12 3 4
A=1l1 2[4 1 2
2 31 3 1
13 4|2 1 2]
and
0101
A2:1431‘
03 2 1
1115

A is a symmetric semi superbimatrix as A; is a symmetric
supermatrix and A, is a symmetric matrix.

DEFINITION 2.13: Let A = A; U A, be a semi superbimatrix. If
only one of A; or A, is a symmetric matrix (or a symmetric
supermatrix) then we call A to be a quasi symmetric semi
superbimatrix.

Example 2.37: Let A=A, U A, be a semi superbimatrix where

A]Z

hn O W = N
N N — D =
N = Q9 = W
—_— W = N O
EE e SR SR

and
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31 2|5 6 7

1 2 3[4 5 6

2 3 4|5 6 1
A2:

3 4 5|16 1 2

4 5 6|1 2 3

5 6 1]2 3 4

is a quasi symmetric semi superbimatrix.

Example 2.38: Let A=A, U A, where

01 01
Al:1234
1 010
4 3 2 1
and
(1 2 3 4]5]
25 4 3|2
A=|3 4 2 4|3]
4 3 4 3|1
523 1|6

A is a semi superbimatrix which is also a quasi symmetric semi
superbimatrix.

We show later the byproduct which we define on
superbimatrices we get a class of symmetric bimatrices.

We first illustrate the product of two superbimatrices.

Example 2.39: Let A=A, U A, and B = B; U B, be any two
superbimatrices. Here
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2 0|3 0 1|4
A=|1 1|1 1 01
1 210 1 1|0
and
31 0|3 3 01
A2=4511011
34 1|01 01
1 2 214 2 5 6
0 1
30
10
Bzl
20
0 1
and
1 0 3]
311
51 2
B,={1 1 0].
0 1 1
1 00
10 1 0]

A and B are row superbimatrix and column superbimatrix
respectively.

AB = [A1UA;][B v B;]
AlBl |\ AQBQ

where the product AB is defined as the minor product (refer 37-
40 of chapter one).
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—_— e O e

1
S —~ O O

-_— O - O
]

0330}

1

3

1
0
2 214 2 5 6

1

{

< — O
L_l

S — O

— —

S = =

S — O O

—_— e OO -

— o — O U
_1116_ _410_
S —~ O n (e e N )
I — |
N O — +
1
S = -
on — O <
e — |
+ v AN on
1
N = +
1
AN —
S = -
S on O
— N n | —
J|\
- 1

S — — A

— N < A

N <t N o—
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6 1 10 3 3 5 6 9 8 13
24 6 19 2 0 26 8 19
+ =15 3|uv .
20 5 15 0 2 1 o 2 20 7 16
17 4 9 9 12 2 26 16 11

is a bimatrix and is clearly not a superbimatrix. Thus this sort of
product leads only to a bimatrix.

We give yet another example of the same type before we
proceed onto define more complicated products.

Example 2.40: Let A = A, U A, and B = B; U B, be any two
superbimatrices where

{6 1 0 3‘2 0 1‘—1 5}
A1:

1 11 0/0 0 1[0 2
and
3 1(1 1 1 0 1]1
A,=16 2|0 1 0 1 0]1].
1 0/0 0 1 1 1]/0
3 1 0 1]
1 010
-1 1 0 1
2 0 0 0
B;={0 0 1 1
1 0 0 1
0 01 0
2 1 2 0
|1 0 1 1]
and

107



I
O | O o = |

— O IN = O o~ O |

Bzz

A is a row superbimatrix and B is a column superbimatrix. Now

(A1 VU Ay . (B UBy)
A1 B1 ) A2 Bz

U

1
1

2 000
1
0

-1 5
0 2

2 01
0 01

0

6 1 0 3
11

|

1
1

1
6 210

0/0 0 1

1
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301
B 6 1 0 3|1 0
1 11 0f-11
2 0
0 0 1
[201}
1 00
0 0 1
0 0 1
-1 521 2 0
0 211 0 1
1 1 11 01
1 0
2{ }01010
0 1
0 001 1 1
3

\S]
(%]
(o)
—
o)
 E—|
+
1
oS O
oS O

S O = O

5
31+ 1
3 0
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We see the product of two superbimatrices is only a
bimatrix.

To this end we define two new notions.

DEFINITION 2.14: Let A = A; U A, be a mixed rectangular m x
n superbimatrix with m < n. If in both A; and A, partition is
only between the columns i.e., only vertical partition then we
call A to be a row superbivector.

Example 2.41: Let A = A; U A, be a mixed rectangular
superbimatrix where

30112 13 3 21

Ar=(1 1 1|3 1{0 1 1 0

2 1 1[4 1]0 0 1 0

and
3 1(5 1 011 1 10
A, = 1 1|7 2 1(2({0 0 1 1 :

0 0|8 3 2|32 5 7 8
2 119 4 3|41 2 3 4

We call A to be a row superbivector. It is clear the partition of
the matrices are only by the vertical lines i.e., between the
columns and no partition is carried out between the rows.

DEFINITION 2.15: Let A = A; U A; be a mixed rectangular m x
n superbimatrix with m > n. If we have on both A; and A; only
horizontal partitions then we call A to be a column
superbivector. When we say horizontal partitions it takes place
only between the rows.

Example 2.42: Let A = A} U A, a rectangular superbimatrix,
where
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1 01 1
2120
01 0 1
3125
A=|1 2 3 4
56 7 8
01 2 3
1105
12 5 7 1]
and
1 1 0]
111
01 2
3 45
6 7 8
Ay=19 0 1
0 1 1
1 01
1 10
1 2 3
4 5 6

is a column superbivector.
Now we proceed onto define the notion of product of these
type of superbivectors.

DEFINITION 2.16: Let A = A; U A, a column superbivector and
B = B, U B; be a row superbivector. Now how to define the
product BA. BA is defined if the following conditions are
satisfied.

IfA =A4; UA; where
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A
A] = :
A_l
and
4
Ag =
A_z
and in B = B; U B, we have B; = [Bll | | B,In]] and B, =
[Blz | | Biz] then first
B.A = (B] UBZ) (A] UAZ)
= B]A] UBZAZ,

BiA; and B»A; is the super vector product defined only if the
number of columns in each of B!, 1 <i <my, is equal to the

. 1. .
number of rows in each of A; ; 1 <j <m; and the number of

columns in each of B}, 1<i <my; is equal to the number of rows
. 2 .
in each of A;, 1 <j <m. Now

BA = B;jA; UB A,
Al A
= [B ]| ] | F | v[B]||B]]
4, 4,
= {BI'A1'+ +B;1A,‘n} u{BfAf+...+BizA;Z}

Il
a
C
S

we see C and D are not super vectors they are only just
matrices. Thus C D is only a bimatrix and not a
superbimatrix.
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We have illustrated this type of product in example 2.39 and
2.40. The product defined using row superbivectors and column
superbivectors results only in bivectors and this product will be
known as the minor product of superbivectors.

Now we proceed onto define the notion of major product of
these superbivectors. Before we define them abstractly we give
some examples of them.

Example 2.43: Let A = A; U A, and B= B; U B, be two
superbivectors where A = A; U A, with

1 2
0 1
A =13
1
5

(e}
—_— O = = W

and

ie., A=A; U A, is a column superbivector. Given B =B, U B,
where

1{2 5 13 1
B,=|0{0 1 0|-1 O
1j1 2 01 1

and
2 1 3|1 1|51 31
Bzz
1 1 1]2 1]01 01
is the row superbivector. The major byproduct
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1
0
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415 13 1|4 4
11 3 0][0 1
= [4]7 17 3|10 4|uU
12 4 1[4 1
6[11 27 5|16 6]
5 7 3|4 3[10 3 6 3
6 9 3|3 3[153 9 3
3 4 2[3 2[5 232
6 7 5|9 5[5 535
9 11 7|12 7|10 7 6 7
6 9 3|3 3[15 3 9 3

= C U D where both C and D are superbimatrices and not

superbivectors.

We illustrate the same with one more example.

Example 2.44: Let A = A; U A; and B = B; U B, be two
superbivectors where A = A; U A, is a column superbivector

and B = B; U B, is a row superbivector with

and

A

2
1

W N = W

S = O =
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[, TS I
[N N \S)

O =
"—‘ O‘

—_—
—_— O

T
L

is a column superbivector. Now B = B; U B, where

1 01 1|05 1 2
B={2 1 0 110 1 1
311 0]1]0 1 2

and
1 oj1 1 1 1|1 111
Bz =
1 10 0 1 1101 0 1
is the row superbivector. Now the major byproduct of AB is
defined as AB = (A1 o Az) (B1 o Bz) = A1 B1 Y Az B2

(2 0 1]
1 11
370
1 10
1 01 1/0]5 1 2
2 0 1
= 21 0 1|1]0 1 1|u
3 51
311 0101 2
111
01 0
1 0 1
10 0 1]
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5 1 3 2110 3 6]
6 22 2|25 3 5
17 7 3 10[7[15 10 13
311 2015 2 3
|5 13 2(1{10 3 6
"6 6 4 8]6l15 9 13]°
6 22 225 3 5
2 10 1[1]0 1 1
4 1 2 115 2 4
13 11 01|00 1 2]
(3 2111 3 3]1 3 1 3]
7 4133 7 7|3 7 3 7
11 65 5 11 11[5 11 5 11
1L o1 1 1 11 1 1 1
1 1100 1 1[0 1 0 1
2 111 2 21 21 2
1L of1 1 1 1)1 1 11
2 1|11 2 201 2 1 2]

= C; U C,. Thus the resultant of a column superbivector with a
row superbivector is a superbimatrix.

Now we proceed on to define the major byproduct of
superbivectors.

DEFINITION 2.17: Let A = A; U A, be a column superbivector
and B = B; U B; be a row superbivector. The major byproduct
of these two superbivectors is defined to be AB where AB = (4,
UAy) (B UBy) = A; By UA; By is compatible if and only if the
number of columns in A; must be equal to the number of rows in
B, and the number of columns in A, must be equal to the
number of rows in B, respectively. Then the resultant bimatrix is
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always a superbimatrix. Thus the major byproduct yields a
superbimatrix which is neither a row superbivector nor a
column superbivector.

Now the immediate application of these major byproduct of
superbivectors is the product of a superbivector with its
transpose. The example 2.43 and 2.44 are illustrations of major
byproduct of superbivectors.

Now we proceed onto give an example of a superbivector
with its transpose.

Example 2.45: Let A = A; U A, be a column superbivector. Let
A" be its transpose. The byproduct AA" gives a superbimatrix
which is neither a column superbivector nor a row
superbivector. Given A = A; U A, where

310
-1 1 6
0 1 1
A = 2 10
1 2 3
1 0 1
0 1 0
|1 0 1]
and
21 0 4
1 1 6 0
0 01 1
A,=|1 0 1 1
0 5 2 3
1 1 0 1
2 0 2 1
Now

AT=(ATUA) = AT UA].
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005
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T
5 .

-1 02
6

6
0

3
0

(A] U Az) (A1 ) Az)T
(AU Ay) (AT UA
A AT UA, A

and

0 1
1 0|uv
0 1

1

1
20

—

-1 02
1
6 1

3

— O

0 05 1|0
112 02

1

6
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(10 2 1|71]5 3 1 3
-2 38 7|-1/19 51 5
1 7 2|15 111
7 -1 1|54 21 2
|5 19 5414 4 2 a|°
3 05 124 20 2
1 1 1|12 010
13 5 1|2]4 20 2
21 3|4 6 17 7| 8]
3 38|16 7 17 2|14
4 612 2 5 13
6 712 3 5 2|5
17 175 5 38 8|7
7 211 2 8 3|3
8 143 5 7 3|9

=S U S, =S we see both S; and S, are symmetric
supermatrices thus AA" = S is a symmetric superbimatrix. Thus
this product of a column superbivector with its transpose

w O

.
4

N =

—_
(e
W

— W N W =
O = O =
S = O = O

and
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—— O == N O DN
SN = WO = = W
—_—— N W= O =

1
1
3
1
: 2
0
3
1

ATA = (AJUA)(AJUA))
(AlT - A; ) (ATU Ay)
= A;r A1 |\ A;r A2

Now A A; U A] A, yields a superbimatrix which is always

symmetric.

Example 2.46: Let A = A, U A, be a row superbivector. Now
we find the product of A" with A. Given A = A, U A, where

1 2111 5 2 3 1
A;=10 3|01 1 0

1 3101 01
and

1 1 3 112 0 3]1

2 0 6 111 0 1]1

Azz

311 013 1 210

4 1 0 1|5 2 11
Now

AT=(AlUA)' = ATUAT
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Sl U Sz
A'A = S.
This S is a symmetric superbimatrix.

THEOREM 2.1: Let A = A; U A, be a column superbivector.
Then AA" is a symmetric superbimatrix.

Proof is left as an exercise for the reader.
Hint: Let

be the given column superbivector. Now

AT = (AjUAY)"

= Al UAT
= larfas AL J o [AT AT AL
AAT = (AJUA) (ATUAY)
= (AjUA)(A]UAY)
= AAUAA]
A
1
~ || [Ar A AT AT o
Al
2
[ e 2]
A2
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AT | AT || AT
AJAY | AAY | P AAT

= T s - Y
AL AT [ALAT [ [ ALAT
AAT | AAT || AAT ]
AATT | AAY | AJAY
ALAT [AZAT [ ATAT

We see (AIAT) =AIAI";i=1,2, ..., n.. Also (AA2") =
AiAJ?T , 1 <k, j <n,. Thus we easily see the product AA" gives

a symmetric superbimatrix.

Now we proceed onto define the minor product of semi
superbimatrix, to this end first we define semi superbivector.

DEFINITION 2.18: Let A = A; U A, be any semi supermatrix.
We say A is a semi superbivector if the supermatrix A; (or A3) is
just partitioned only vertically or horizontally ‘or’ in the
mutually exclusive sense. The other matrix may be a square
matrix or a rectangular matrix or a column vector or row
vector.

Example 2.47: Let A=A, U A, where

321051
A1:
1 20 5 6 3

and
3/1 1 0 -1(3 1 1
A=(|1|11 0 1 21 3 0
0(o 11 3|2 51
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A is a semi superbimatrix, because A, happens to be a row
super vector we call A to be a row semi superbimatrix.

Note: Even if A is not a rectangular matrix still we call A to be
only a row semi superbimatrix.

Example 2.48: Let B =B; U B, where

B]Z

—_ = = N
o = N o
—_— 0 O
ORI NCR

and

B2:

S|l—= W Q| = W
N = D NS -
NN — | N W
DNl — O HKl= &

then we call B to be a column semi superbimatrix though B; is
just a 4 x 4 square matrix.

Now we call these row semi superbimatrix and column semi
superbimatrix as semi superbivectors, even if the non super
component is a square matrix or a column vector or a row
vector or a rectangular matrix.

Now we illustrate the minor product of semi superbivector.

Example 2.49: Let A = A, U A, and B = B, U B; be two semi
superbimatrices; where

301 2
A=(1 1 0 1
501 3

and
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A2:

S = W
S =~ N
N = W
— O W
O = =
S ~ B
Do = W

A is the row semi superbivector and B = B; U B, with

N = O W
S = N =

and

—_— W N
—_— O

Bzz

S = N =
—_— O == N

—_
(V)]

be the column semi superbivector. Now

AB = (A1 o A2) (B1 o Bz)
A1 B] o A2 Bz

be the minor product of semi superbivectors.

301 2
A BUAB,=|1 1 0 1
501 3

b o= O W

1
6
1
0
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A; U A, where

Example 2.50: Let A

1
1
1
0

0 1
1 0
1

1

4 213 5 3|5 0 7
5 3|12 6 3

1 0]1

0 1|1 0 5|2 0

A1[1230156]u{
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be a semi superbivector and B = B; U B, with

0
1
2
B =|3
0
1
_5_
and
0 5 1 2
1 2 0 2
1 0 1 0
0 1 0 1
B=|{1 1 1 1
0o -1 0 -1
1 0 1 0
-1 1 -1 1
0 1 1 0]

be a column semi superbivector. Now
AB = (A]UAz) (B]UBQ)
= A1 AzU B, B,

= [1230156]

“h o= o W N = o
C

131



-1

-1

1
1
1
0

s — O -
S O - O
v o— O AN
NN <t n
v O — O
N AN —
N N O —
< n - O

- — O -

S O - O

v — O A

2 24 4 12 6 8 6 8
3 31 5 16 5959
[43]u + +
0 5 1 2 5555
1 2 0 2 6 5 6 5
[43]uv {

29 4 22
1 8 71|
5 6

7 39 10 25
6
6 6

1

132



Clearly AB is only a usual bimatrix and is not a semi
superbimatrix. Thus we see the minor product yields only a
bimatrix, the semi super quality is lost by this product.

Now we proceed on to define the minor product of semi
superbivectors.

DEFINITION 2.19: Let A = A; UA,and B = B; U B, be two semi
superbivectors. The minor product of AB is defined if and only if
in the product AB = (4; U Ay) (B; U By) = A;B; U A5B,, the
usual matrix product A;B; of the A; and B, is defined i.e., if A, is
a m x n matrix then B; must be a n x t matrix and A,B, is
defined only if A; is a row super vector say

A= [ 47| 4|1 4 ]

and B, is a column super vector such that if
B}
B;
B,

2
then each of the product of matrices A’B; is defined fori =1, 2,
..., ny and all of them are of same order, i.e.,

2
Bl

2
Aszz[A12|A22|---|A32] —| = 4B+ 4B} +-+ A’ B}

2
B,
. 2 p2 . . . .
since each A B; is only a ordinary simple matrix and not a

n
supermatrix we see A;B, IZAfo is just a single m; x n,
i=1
matrix. This us see AB = A;B; U A>B; is only a bimatrix.

133



Now we just define major product of semi superbivectors.
We first illustrate it by examples before we go for the abstract
definition.

Example 2.51: Let A= A, U A, and B = B; U B, be two semi
superbivectors where A = A; U A, with

31057210
Ai=10 1 0 1 316
-11 10 1 0 1
and

31 01

1 110

1 1 01

21 20

A=1 0 1 0

1 2 3 1

1 110

01 10

11 0 0 1]

be a column semi superbivector and B = B; U B, with

B1:

0 3 N AW N~
S = O = O = O =
_—0 = O = O = O

and
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1
0 0

1

4 3 0|1
1
230
0 1

1

2
03 O
(A1 VA) (B; U By)
A] B; UAZ B,

Bzz |:
B, be the row superbivector so that B is a row semi

superbivector. Now AB the major product of the two semi

superbivectors is defined as follows

AB

D

_ O - O = O - O -

—_— O - O - O - O

12345678_
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S O —
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— O

—

(ap}
N O
[e)
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519 4|13 11 2|3 4 4 5
216 2|7 1{2 222
505 3]s 3(1 2 3 4
419 4|13 13 1|4 3 4 3
213 2]6 6 0|2 1 2 1
6111 4]12 14 3[4 3 5 4
216 2|7 7 1|22 22
1[4 13 4 1[1 111
3/2 214 4 1|1 1 2 2

Clearly the major product yield a semi superbimatrix which
is not a row or column semi superbivector.

Now we give yet another example before we proceed to
give the abstract definition.

Example 2.52: Let A = A, U A, and B = B, U B; be any two
semi superbivectors given by

2 3 1]
1 20
1 10
315
1 2 0 45 51 7
03110 1 10
A= and A, =
1 2010 0 1 1
31001 1 01
010
1 00
0 0 1
11 1]

A be the column semi superbivector.
B=B,UB;
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-110 2 4

11

1

be the row semi superbivector. AB = (A; U Ay) (B; U B))

AB; U A,;B, where we define the major product of the semi

A1B1 U A2B2

superbivectors. AB

T 1
SO —~ N — O

12345_

l

S O

—_—— O

— O O

2.0 45

1
0
1
3

-110 2 4

11

1

010
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N O

S — N

S n >~

1
3
5

<t -~ —

AN O —

S — AN

1

1

1l

0111 -1
1 011
0101

1160
315
517

0
1

1

|

— AN O

— O A

1

—_ O O

S — O

—_— O -

12
18

5
11

0

5
15 17 28

11

-1
-1
-1
2
12 6 13 2
-1

0

2

5 6
1 3 3

2 2
8 4 9

2 2

1
1 0
2 2 3
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1
1
1

0
5 212
2
210 2
3

1
3

4 8 5|3 3
1

13 5 11

19 7 15

1

2 0 210

2
3

6
6
)

3
1

46
13
9
10
is a semi superbimatrix.
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This major product converts product of semi superbivectors in
to semi superbimatrix where as minor product makes the
product of semi superbivectors into just a bimatrix.

DEFINITION 2.20: Let A = A; WA, and B = B; U B, be two semi
superbivectors. The major product of the two semi
superbivectors A and B is AB, is defined as AB = (4; U A;) (B
UBQ) :A1Bl quBZ lf‘

1. A;B; must be compatible with respect to usual matrix
product that is if Ajis a mxn matrix then B; must be a n
X t matrix.

2. A,B; is defined only if A is a super column vector and
B, is a super row vector such that the number of
columns in A; must be equal to the number of rows in
B,.

Now we find the product of A with AT or A" with A which ever
is compatible where A is a semi superbivector.

Example 2.53: Let A = A; U A, be a semi superbivector given

by
1 01 23
A=[1 1 0 1 2
301 0 1
1 02152110
ul2 1 1010011
530101101
Now
AT=(AUAY)"
= Al UA]
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ATA
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we see A'A is a symmetric semi superbimatrix. This product
helps one to construct any number of symmetric semi
superbimatrices.

Example 2.54: Let A = A UA; be column semi superbivector.
Then we can find AA”. Given

A=A UA,
0 1 2 3]
1 1 0 1
531 2
01 0 1
301 2 3301
1 101 1 200
s 201|703 1 0
01 10 1 010
1 11 1
01 0 1
0110
10 0 1

to be a column semi superbivector.

Now

AT = (AJUAY)"
= AlUA]

3150

01 2 1

= U
1 001
2 110
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1}

1100
0

0

1 5 0]3 1
3213 01

0

1

1

1 010 01 1 1
0/0 0 1

0

2

1

1

(ATUAY) (AU AT
(AU AY) (A UA
A1 A;r UAzA

2)

T
2

1

2 6 0
1
1

v Ao -

_— e O

n O — A

AN - — O

-— O O e

S —~ O —

N o— n O

1
0
0
1

1 00
1
0
1

0
3 213 01
1
0/0 0 1

010 6
1

1
11
]U

1

1 503
1 31
01

1 2

0
1
2
3

1

—

17 8 30 2

14 5 17
3
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1]
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aNa o — O

— e )

33 01
1 2 6 0

0 0

31
1 0

1
2 0

N o — O

—_— e N

S —~ n O

|

3 301
1 2 6 0

|

00

110 0 1]
301

1

1]

0

1

1 00

0 01

1

1
3 01

1

1

1

1

1 0 01

1
3 01

1

0

1

2 330
0

1

0

1

1

0

1

3 301
2 6 0

1

010
1

0

00 0 1

1

0 0
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14 5 17 1
5 3 8 1
"7 8 30 2|

1 1 2 2
(14 4 11 4 14 2 6 4 3 3]
4 3 10 2 3 1 3 21 2
11 10 39 5{26 17|10 6 11 5 4 7
4 2 5 2|4 0 2 211
6 7 26 4|19 3 7 4 3 4
14 3 17 2|9 4112 7 9 2 8 1
5 3 10 3|9 12110 1 4 3 4 0]
2 1 6 03 7|1 2 2 011
6 3 11 2|7 94 2 4 2 22
4 2 5 214 213 0 2 211
31 4 1|3 84 1 2 120
13 2 7 1/4 1[0 1 2 10 2

AA" is a symmetric semi superbimatrix. Thus this major
product when A is multiplied by its transpose where A is only
semi bivector yields a symmetric semi superbimatrix which is
not a bivector.

Like in case of superbimatrices we can easily prove the
following theorem.

THEOREM 2.2: (1) Let A = A; U A, be a column semi
superbivector then AA" is a symmetric semi superbimatrix.

(2) If A = A, U A, is a row semi superbivector then A'A is a
symmetric semi superbimatrix.

The examples 2.53 and 2.54 substantiate the above theorem.
Now we proceed onto define the product of superbimatrices
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which are not superbivectors and semi superbimatrices which

are not semi superbivectors.

= B, U B, be any two

A1 ) A2 and B
superbimatrices we define the byproduct AB of A and B. Given

Example 2.55: Let A

A1UA2

A=

0

1

0

1

0 210

1

0(0 O

1

5 2|2

U

2

1

0

2 410

00

1

and

B1UB2

B=

2

0

0 6|0

215

0

0 0

1

2 4 3

1

0

00

(A] |\ Az) (B] ) Bz)
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1 2(4 3

1

0

0

010

2

0 6|0

215

0

1

0|4 3]

1

0 3

0

2

0

1

1

2 410

0

00

1

0

0 210

1

offt 1 2]

01 0]

0(0 0 1

1

5 212
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0
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214 3

1

1 2(4 3
1 214 3

214 3

1

0 0j0 0 0|0 O

2 0(2 2 4|18 6
0 0/j0 0 0|0 O

0 0/|0 O 0|0 O]+

0 0/]0 0 0|0 O

U

317 2

1

0

0

0

313

00
4 212 4 2|8 8|+

00

00

11

11

5
15

3
1

3 312

1
1

3 213 6

0 2

2 3

1
1

4
4

7

3

3
3 210 2
9 4|0 4
3 4/0 4 3
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2

2

1

3

1

30 3/3 3|6

2 0 2

30 3|2 3|4

303

70 7|5 7|10

4

4

1

1

1

2 2 2|7

316 2|2
012 0|2

1
1

2 2 2|7

1 3|7 2|3

2

4 3 219

31

1

0 6|0

314

5

36 7

4

313 2|3

1

6 3 5|2 8|4

1

4

314 8|2

1

2
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5 7|4 4 6|9 13
8 5(3 4 5 9
4 304 4 7|12 14
4 110 3 1 2
5 513 6 5 19| U
5 211 4 3|6 10
11 5/2 6 4[10 10
4 4|0 5 3 17
12 2|3 1 4|7 4]
(8 8 12|11 35|12]
7 2 8110 617
9 4 6|4 916
8 3 7 (10 5|10
6 2 5|4 103
4 1 519 4
7 1 6 5
13 4 12[18 16|18

Clearly the resultant under the minor product of two
superbimatrices is a superbimatrix.

Thus we see the minor product of two superbimatrices
results in a superbimatrix. We have observed from the example
2.55 that only for the product AB to be compatible we need the
number of columns in A must equal number of rows of B but
also the way the columns of A are partitioned must be identical
with the way the rows of B are partitioned.

Then alone we have the product to be defined. We give yet
another example of a minor product of two superbimatrices
before we proceed on to define them.

Example 2.56: Let A= A, U A, and B = B; U B, be any two
superbimatrices. We will find the minor product AB.
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A, U A, where

Given A

0

4

0

1

0 3/5 4

010

1

2|3

0

1

010

0

2 0 2

3

0(0 O

1

and

1

0

ik

010 1

1

0 3(210

5 2/01 0 2

1

1

2 53

0 0 6|2

B, UB, with

B=

B1:

and
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1
1

2 210
3 410

0 6/{2 0 5

(A] |\ Az) (B] \ Bz)
Al B, v A2 B,

AB

1

0

1

253

1
1

1

0

4

1

1

1

2 210
3 410

4

0 6{2 0 5

1

0

1

0 3/5 4

1

1

213

0

1

00

0

2 0 2

0/0 0

1

1
0
1
1

0

2

1

0

0 2

010 1

1

0 3(2 10

5 2|0 1
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T 1
S —~ n on
—_ o O O

S — A
1

— — N

S A O

4
3 13

1

10

2 4 3|8

3 3 4|11

2 218 2 7|+

1

2 5 4|15 3

4 2 416 2 12
3 2 4|12 4 17
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18 10(4 3 4
9

7

313 0 3

13 7|3 2 3|+
28 16 |6 5 6

5
11

0(0 0 O

0

0

11

14 5

20 10 29|23 9 22

0

1214 2 6

0

10

16 8

6

1

2 0 4

11]3

7
5
7

11

1
11

912 2 4
136 0 14

5
6

2

2

5 5(3 4 4

4 412 3 3
6 6|0 3 3

9 9|5 7 7
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9 22 19|14 5 11
26 22 36|37 12 38 - -
12 16 |6 5 10

5 9 1819 4 14
6 2|3 1 5

17 13 12121 6 14
11 15|15 4 9

10 17 16|16 6 15| v

17 1512 5 7

13 29 24111 7 15
8 16|17 2 16

7 10 12|21 5 16
15 108 7 14
7 1319 4 16 B -

5115 5 19

=S, U S, = AB is once again a superbimatrix.

DEFINITION 2.21: Let A = A; U A, and B = B; U B, be two
superbimatrices. The minor byproduct of the two
superbimatrices AB = (A; U Ay) (B UBy) =A;, B, UA; B, is
defined if and only if the following conditions are satisfied.

1. The number of columns in A; is equal to the number of
rows in By i =1, 2.

2. The partition of A; along the columns is equal or
identical with the partition of B; along the rows i = 1, 2.

We see the minor byproduct of AB when it exists for the
superbimatrices A and B is again a superbimatrix. The examples
2.55 and 2.56 show explicitly how this minor byproduct of any
two superbimatrices are defined resulting in a superbimatrix.
Now we proceed onto first illustrate by examples how the
product of the transpose of a superbimatrix with a superbimatrix
is defined.

Example 2.57: Let A= A, U A, be a superbimatrix where
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0 20
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We see the resultant is a symmetric superbimatrix. We see
by the minor byproduct of superbimatrices with their respective
transposes we can get more and more symmetric
superbimatrices.

Example 2.58: Let A = A, U A, be a superbimatrix where

311 113
110 01
A1:2102
502 111
0[3 0/]0
and
(8 1]3 1]0]
0 0|1 215
1 0/0 110
A2: .
2 112 1|2
5 1/0 0|3
16 0|1 1|0]
AT=(ALUA) =(ATU A))
(810 1 2|5 6]
3 112 510
110 0 1]1 0
1 0|1 2|3
= ul3ll 0 2]0 1
1 0/0 10
112 1 1[0 1
3112 110
0[5 0 2|3 0
AAT = (AJUA) (AT UAY
:(A1UA2)(A1TUA§)
:AIA}-UAzA—;
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(9 316 15]0] [2 0|1 3|3] [9 3|6 3]|0]
1|2 510 0 00 00 3 102 110
214 10/0|+|1 01 2|3|+|6 2|4 2|0
15 510 25]0 3 0(2 516 3 102 110
0 0[O0 010 3 0(3 619 0 0/{0 00
(65|10 8 17|41 48] [10]|5 1 7|0 4]
0(0 0 0[O0 O 5|5 2 4(0 3
U801 56+121101+
1710 2 11 12 714 1 5[0 3
4110 5 11]26 30 0/0 0 0[O0 O
14810 6 1230 36| |4 (3 1 3|0 2]
(0] 0 0 0]0 O]
025 0 10|15 0
0/0 0 0|0 0
0/10 0 4|6 0
015 0 6|9 0
0[O0 0 0[]0 O]
20 6113 21131 7515 9 24141 52
6 214 6lo 5130 2 1415
=13 4|9 14|3|u 2.2 3|5 -
21 6114 3116 24|14 3 14|17 15
3 o0l3 619 41115 5 17 (35 30
L 45213 7 15|30 38]

We see the resultant is symmetric superbimatrix.

DEFINITION 2.22: Let A = A; U A, and B = B; U B; be any two
semi superbimatrices. The minor byproduct AB = (A; U A;) (B;
UB;) = A; B, UA; B is defined if and only if
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1. Number of rows of B; is equal to number of columns in A,
(A; and B are usual matrices).

2. Number of rows of the super matrix A, equal to the
number of columns of B, and the vertical partition of A;
and the horizontal partition of B, are identical; i.e., if in
A; there is a partition between r and (r + 1) column then
in B> we have a partition between r and (r + 1)" row this
is true of any r; 1 < r < number of columns in A, =
number of rows in B,.

Now we illustrate this by the following examples.

Example 2.59: Let A=A, U A, and B =B, U B, be any two
semi superbimatrices. Here

A:A1UA2
) - [3 11201 1 5|0]
9 01 2 3 5
6 01 1 0 0 12
0201 21
1 110 1 1 0 01
=1 0100 1|u
20001 01 01
2101 10
321 01 0 2]0
70 21 21
- - |4 0|21 01 0f1]
1 2 1|2 0]
[0 0 1 1 2] 2 0 2|1 1
1 01 01 0 1 1]0 1
BBBz1010 1 001 O
TEYET 0 0 1] o1 1] o1l
0110 2 1 0 1/0 0
1 0110 1 0 1|1 0
2 1 10 1
AB = (AIUAQ)(BIUBz)
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0

0 0

1

0

1

012 35
1

9

0 2 0

0 0

0

2

1

7 0 2

0
2

1

5

1

00

20

0 0

0

1

0

1

0 210

1

3

0

2 010

4 0|2

9 4 19 15 26

11 10 19

6 4

6

0

2

3 2)(2 0

4

0

6 0)\2 0 2

2 0)\2 0 2

4 0)\2 0 2
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1
—_ o — O O

1]
0]

S — O
_01101_01101
L |
~ R
o= (=)
—_— O S
—_— O —_ o
O - —
N — oS O

— O o e

—_ o - O O

S - O -

|
|

20115
1 10 01

|

—_— O e e -

— o - O O

S - O - -

1 00
01 01O

0 1

|

Il
~—~ —_ —~~
— — —
= S (=]
SN—" ~— N—
N | — |
SO AN |[f— —w | OO —
~ | —m
~—~ —_— —~~
— — —
— — —
N g\l (@]
S ~— N—"
N — |
O AN |~ - OO -
I —

1

1

5 6 5|7

6 12 6|12 0

3 2 3|3

2 4 214 0
7 6 718 2
4 8 418 0

9 4 19 15 26

6 4 11 10 19
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6 3 9]6 3 00 0/]0 O
21 202 1 4 2 2|0 2
11121+21101_
20 11 0 2 1 1]0 1
2 2 4|3 2 00 0/0 O
12 2 3|1 2] (21 1]0 1]

_ - [11 9 14]13 4]
9 4 19 15 26

12 15 10|14 3
4 2 6 1 7

6 4 5 3
31 2 3 2|u

6 5 4 1
21 5 2 8

9 8 11|11 4
6 4 11 10 19
- - |8 11 8|9 3]

is a semi superbimatrix which is not symmetric.

Example 2.60: Let A=A, U A, and B = B; U B, be any two
semi superbimatrices. We find their minor product.

Here
A= A1 |\ A2

—_— o W
S = =
—_ O N
S = W

I
S =)
_ o = o W
I
—_ o = o N
C

S~ = o =
o= =)
_ = = = O
—_ = O O =

—
—_—

—_
—_

S O
S =

I
L
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and

B1UB2

B=

ﬂ

2 3
1
0
2 0

1
0
1
1

33
> o]
11
02‘

1
3 0
3

1
302 2

<t — O© A

= (A] & Az) (B] & Bz)

are the given semi superbimatrices.

AB

A1 B1 UAz Bz

1

?}

2 3
1
0

1
0
1

2 0

1

3 3
2 0
1

1

0 2

1
3 0
1 3
302 2

1

02 30
1
30 2

1

l

1
0
0

1

1

173



)

10
1 20

|

1
0 0

0

17 7 3 7

7
9

4 5 2

3 2 3|u

4 4 4 2

o 2

1
0 0

0

N\ R —
cn O on O [ =)
N — o — N —
— O — O
N ~ - <
—_—— O —— O —_—
— —
n O — S o~
1 1 —
cn O on O n o
N AN N A
| E— | — _3 2_
—_—— O —_—— O —_— —
—
cn O - O = - —
7\ VR TN
— O — O —_— O
S on S on S en
on — on on —
AN — o — A —
S AN S A
N— N—— S N
—_—— D —_— O —_— —
cn O - O = - —

|

1

3021
302 2

1

Y

30 21
1 302 2

0 1
00
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0
3
3
0
3
3
0
3

1
2
2

1

1
3
2

1
1

1
3

33

3 3

5 3

3 3

5 3

3

5

2 710 3 3|11 9(3 7 9

3 002 0f0

1

02 3 0

1
1

0 2 3 0

1 3 0(2 0f0
2 3 4 3

02 3 0

1
1

3 002 0f0

1
2 3 4 3
2 3 4 3

1
1

17 7 3 7

4 5 2

7
9

3 2 3|uv

4 4 4 2

8

11 7 7

0

2

1

0

2

1
1

0

2

1

1 3|2 2
1 3|2 2

14 22|14 14|19 10 4

2

17 15 8

210 2

0

210 2

2

0

5
5

3
3
2
0

2
2
0
0

210 2

0|0 0|0 0 O

0

17 7 3 7

4 5 2

7
9

3 2 3|u

4 4 4 2

8

11 7 7
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19 22 18 17 25[15 23|12 17 13
304 1 5 202 2|1 3 0
32 05 1 4[4 4|2 2 4
15 3 2 3[3 5|2 4 3
5.1 3 4 3(3 1/1 1 1
5 3 6 4 4]6 4|2 3 4
4 5 5 3 6|4 6|3 4 4
6 4 3 6 5(3 3|2 3 1
3 6 4 5 3]5 5[2 5 3

2 3 4 3 1[5 3|1 3 3]

We see the resultant is also a semi superbimatrix. Thus the
minor product of two (compatible under product) semi
superbimatrices is a semi superbimatrix.

Example 2.61: Let A=A, U A, and B = B; U B, be any two
semi superbimatrices. We find the product AB. Here

A:AIUAZ
O 1 2|1 211 01 1| ~ -
02156

1 0 1|12 10 1 0 1
1 01 11

21 0|0 1|1 0 0 1
01010

=15 6|5 6|1 1 2 1|u
21 0 21

1 0 0j0 1|0 1 1 O
4 1 4 01

2 3 1|1 0j1 0 0 1
1 o1 21
1 0 2|1 1]0 1 0 1| -~ -

and B = B; U B, where
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2 0

and B,

1

2

1

3

1

1

013 0

1

2 0]0

1

015 0

B,

AB = (Al |\ Az) (Bl |\ Bz)

U

1

1

013 0

2 010

1

0[5 0

0 0

1
1

1

0 0

1

1

0

2 00
5 6[5 6
0 0/0

1
1

5 6

2
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— S| - — O +
1
o — O = - —_— N —
on o N o— O N — N —
I 1
[\l S (O O —~ A — N — N
| I | E—
1T
— — n O on O AN —~ — | —= O —
(=) 2_1121_ 120_5011
]
1 1 1 1
(=) — o O o~ — —
—_ O —_— O
_1 0_110_ N =
I
S\ ole o — & AN = = o = O

2

—_—— — O

O - O -

50

1 1 0|0
1

0

0 0

0

1

0|2 O

1

0 0
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1 2]1 3 1 1 3 4 5]
1 13 1 1 2 3 5 4
3017 1 3 0 1 1 2
=16 6|8 11 6|+|5 11]23 16 17
1 0(3 0 1 0 13 1 2
5 1(9 4 5 1 1]1 2 1
123 2 1] |1 2|4 3 3]
(1 217 1 2] _ i}
35 7 11 1
2 111 21
11 1 3 3
0 212 11
6 2 2 0
4 21012 2 4|lu
17 3 4
3015 1 2
22 1 11 12
0 212 11
16 2 3 3
12 1 2 1] -
[ 14 8 8] _ )
35 7 11 1
9 8 6
111 3 3
12 3 6
6 2 2 0
=115 19]43 29 27| v
17 3 5 4
4 111 2 5
22 1 11 12
6 4|12 7 7
16 2 3 3
14 5|8 7 5] * -

Clearly AB is again a semi superbimatrix. Thus the minor
product of semi superbimatrices yields a semi superbimatrix.

Now we proceed on to find the minor product of a semi

superbimatrix with its transpose.

Example 2.62: Let A = A, U A, be a semi superbimatrix where

179




200

1

and

0

0 6

0 3 0].

1

02 2 2

0

2 0

2

1

6

A2:

2)

(ATUA) =(ATU A

A'=

and

1

0

5

1
0 2

0 2

20

0 2
6

03 2 0

1

0

T
2

A ATUA, A
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1 00 21

2

0

1

0

5

0

0 2

0 2

20

0 2

03 2 0

1

0

200

1

0

0

0 6

0 310

1

0 2 2|2

2 0

2

1

6

14 5 4 2 8 3

2 2 2 1

1
1

4
2

25 7 2

3

8 8 2 7 31

VR 7\ N
O — O — O —
N—— N—— N ,
—
O — —= N - O —
—_— N O — N O
N\ VR M/~
v O v O v o
— —_— —_ =
— —
~ N Y — N
—_
O - - —_— O —
— N O — N O
N\ VR TN
= S o —
AN — AN — N —
—_— O — O
~ = | <
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S - —_— O —
— N O — N O
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0
2

1

0 3)\(2

0 2 2]0

1

(2 0 10

0 2

1
1

0

—_— o O

S AN AN

— O o

6

1

0
2

oON3 2 0

0 3
0 2 20 2

O3 2 0

1

(2 0 1)

56

2

1

0

N — O

S O~

— N -

6

0

0 3
0 2 2|5 6

(2 0 1)

—~ —~ —_
e S |s
~
o o —|2
= _ _
(@\] (@\ o
= S e
—~
(=] N (=)
=
=) _ _
(e) (e} o
N = =
~~
] (@)l (=)
N

13

8
7

10

4 3

5
5

3 2

8 7 30|37

1

5

2

4 215 3

1

5 10 05 5 25|30

6 13

1

14 5 4 2 8 3

2 2 2 1

1
1

4
2

25 7 2

8 8 2 7 31 3

2 3 2

1
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27 31 7 12 6|3 1 0 1{0 2 1]0
31 37 63 14 6|1 0 0 0|0 0 O0(0
7 5 2 3|4 1 0 1({0 2 1]0
4 2110 6 1(5|{+]/0 0 0|0 O 0O}O
12 14 216 8 2|2 20 2(0 4 20
6 6 3|1 2 2|2 1 0 1({0 2 1]0
3 415 2 2|5 0 0 0|0 0 O0(0
- _ [29 33 8|5 15 12| 9]
4542 83 33 42 7|7 17 16|14
5311 8 1 7la 5 a4ls
= ¢ b2 21 ) 4115 9 6 |13,
2 L2572 15 17 5{9 14 9|9
8 827 313 12 16 4|16 9 28|32
3 b2 3 2] 9 14 5|13 9 3242

We see AA" is a symmetric semi superbimatrix. We give yet
another example.

Example 2.63: Let A = A U A, be a semi superbimatrix where

0 1[2 3[4 1
2 3|4 1[0 0
3 4/10[1 0
Ao |t 1[0 1|03
1 01 0[3 4
0 1]o 1|0 1
1 0[1 01 0
1 1)1 0|0 1]

and
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302 4

6 0 0 2

:

T
VA,

(ATUA) =(A]

A=

1

0

1

1

0 2 3 4

1 0 3|0
0 0 3 4

0

< -
D <
< D
— <
< ~
uTA
<2
<

AT

AUAT A,

T
1

=A

U

302 4
0
1
6 0 0 2
0

l

1 2 6
1
0
1

3
10
2
4
0 2 3 4

1

0 0

2 3|4

1

0(3 4

1

1
2 3|4

0

0

1

1

0

1

0

1

1

0

3 4

1 0 3(0

0 0 3 4]|1

0

1
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51 6 8 26
6 2 2
= U
2 5 8
26 2 8 22

30 22|12 6|6 16]
22 2718 7|8
12 18122 10|12 6

12 12126 16
16 4|16 6|16 26

—_ = O N = N
N O = =N =
—_ =|o = N
— o|~ o|~ o
o ~|lo ~|lo ~

(32 23|14 6| 7 17]
26 23 2919 8|8
19 (24 1013
8 6 8|10 12|12
22 7 8|13 12|27 16
11 6|7 7|16 28

51

[@)}
D DN D
o L N

I

AN

26

Thus we see the resultant of the minor product of A™A is a
symmetric semi superbimatrix. Now we find
AAT = (AJUA) (A UAY)"
(AU A) (AT UAT)

AAT UA AT
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2 6

3
0

20

6 0 0 2

0

1

0 2 3 4

0

3 4

3
4

1

1 0 3|0 1

0

0 0 3 4

1

0 0

0

0

2 314

1

013 4

1

1

0

2 3|4

0

29 7 8 26 7

12 4| v

8 4 9

26 8

12 40 8

1
01

:

—_— N <t —

_0234

|
|

1
3410

0 2 3 4

0 2 3 41
1 3410

—_— O -

S =
1
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2 3 2 3
4 1 4 1
2 41 0 1 0
10[ jlo[
3101 0 1
0 1 0 1
1 0] 1 0]
[0 1] [0 1]
(24101] {o
1 0 1 0
3101 0 1
1 0] |1 0]
T4 17 (4 1]
0 0 0 0
4 0 1 3
1 0 1 0
1 00 3 4
0 3 0 3
13 4] 13 4]
[0 1] [0 1]
4 01 0 3
1 0 1 0
1 00 3 4
10 1) 10 1)
(1 3 4 1 0]1
_ - 13 13 18 11 213
29 7 8 26 7
4 18 25 16 3|4
7 3 4 8 3
1 11 16 17 4|1
8 4 9 12 4|u
0 2 3 4 1|0
26 8 12 40 8
1 3 4 1 0|1
7 3 4 8 3
- - 10 2 3 4 110
15 7 5 1|1
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13 11 2 3 2|3 2 2
11 17 4 1 4|1 4 4
2 4 1 0 10 1 1
31010100+
2 4 1 0 10 1 1
3 1. 01 01 00
2 4 1 0 1]0 1 1
(2 4 1 0 1[0 1 1]
(17 0 4 3 160 4 1]
0 00 0 0|0 00
4 01 0 3|01 0
300 9 123 0 3
16 0 3 12 254 3 4
0 00 3 4]1 01
4 01 0 3|0 10
1 00 3 4]1 0 1]
31 14 10 7 18|14 6 4]
) - |14 30 22 12 4 6 9
29 7 8 26 7
; - 10 22 27 16 4 5 8
7 12 16 27 16|5 4 8
= 4 9 12 4|u
18 6 7 16 27|4 5 6
26 8 12 40 8
4 4 4 5 413 0 2
7 3 4 8 3
- - 6 6 5 4 5|0 3 2
|4 9 8 8 6|2 2 4]

is a symmetric semi superbimatrices. Clearly from this example
2.63 we see AA" # ATA, but both of them are symmetric super
semi bimatrices.
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THEOREM 2.3: Let A = A; U A, be a semi superbimatrix. A" be
the transpose of A. Then AA" and A"A are in general two
distinct symmetric superbimatrices.

The proof is left as an exercise to the reader; however we give a
small hint for the interested reader to work out for the proof of
the theorem.

Hint: Let A=A, U A, be a semi superbimatrix where A; is a m
x n simple matrix and A, is a s x t super matrix.

Now
AT = (A UAY)

= (AJUAY)

. T . . T . .
is such as A| is a n x m matrix and A, is a t x s supermatrix

AAT=B,UB,isa symmetric semi superbimatrix such that B,
is a m x m symmetric simple matrix and B, is a s x s symmetric
supermatrix. Thus AAT = B, U B, is a symmetric semi
superbimatrix.

On the other hand we see ATA = C; U C, where C; is a n x
n symmetric simple matrix and C, is a t x t symmetric
supermatrix. Thus A"A is also a symmetric superbimatrix.

Clearly AA" # A"A in general.

If both A, and A, in A = A; U A, are square matrices we
want to find out what is AA" and A'A in case of semi
superbimatrices. To this end we first given an example before
we proceed to find the general rule.

Example 2.64: Let A = A} U A, be a mixed square semi
superbimatrix where

30 1 1 0]
11011
A=10 01 01
21010
101 0 1

and
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2 3 4|5

0

0 0

1

0

1

213 4 5|0

210

0

2)

UA

T
1

We find AT= (A, UA) =(A

0

1

0

0

1

212
2 3(0 0

4 5|0

0 2

3

= (A] Y Az) (A1 Y Az)T

AAT

2)

(AT U A (A UA

AAT UA A

T
2

0 2

3
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We see the minor product yields a symmetric semi
superbimatrix. Further we see AAT # ATA. The partition of the
supermatrix component in A"A is different from AA”. It is left
as an exercise for the reader to find A"A.
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Chapter Three

SUPER TRIMATRICES AND THEIR
GENERALIZATIONS

In this chapter we introduce the notion of super trimatrices and
give here some of their properties and operations on them.

DEFINITION 3.1: T = T, v T, U T; is defined to be a super
trimatrix if each of the T; is a supermatrix for i = 1, 2, 3. We
demand either each T; must be a distinct matrix or each T; must
have a distinct partition defined on it, T; #T; if i #j, 1 <i, j <3.

Example 3.1: Let T=T, U T, U T; where
T,=(103|11234|013),
T,=(15]|513]32013)

and

T;=(111111]0010]111T1T1);

clearly T is a super trimatrix.

Example 3.2: Let D =D, U D, U D; where
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D1= ,Dzz andD3=

O 00 3 AW N =

N W RO == O = W

D is a super trimatrix.

Example 3.3: Let T=T, U T, U T; where

3 12
T,=|1 0|1},
5 1]3

1 01 1
T2:1012
01 0 1
210 2
and
[0 5|9 7 6]
1 6/8 1 5
T:s=12 76 2 4|;
3 8(5 3 2
4 94 0 1

T is a super trimatrix.

Example 3.4: Let U=U, U U, U U; where
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1

1

3 45 3|2

5

1

4.9 4 2
76 2

3 6

1

1 3 2 8

7

U1:

and

200 1|
0 6 2|

1

U is a super trimatrix.

=V, U V, U V; where

Example 3.5: Let V

V is a super trimatrix.
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We have seen 5 examples of super trimatrices.

DEFINITION 3.2: Let T = T; v T, U T; be a super trimatrix we
call T to be a row super trimatrix if each of the T; is a row
supermatrix; fori =1, 2, 3.

The super trimatrix given in example 3.1 is a row super
trimatrix.

DEFINITION 3.3: Let D = D; v D, U D; where D is a super
trimatrix. If each of the D; is a column supermatrix, i = 1, 2, 3
then we call D to be column super trimatrix.

The super trimatrix given in example 3.2 is a column super
trimatrix.

DEFINITION 3.4: Let V =V, UV, U V; be a super trimatrix. If
each V; is a square supermatrix having a different order then V
is a mixed square super trimatrix.

The super trimatrix given in example 3.3 is a mixed square
super trimatrix.

Note: If in a super trimatrix T = T, U T, U T; if each of the
supermatrix is an m x m square supermatrix then we call T to be
an m x m square super trimatrix.

Example 3.6: Let S =S, U S, U S; be a super trimatrix where

W
Il
W N = O W
N W N = O
SO WD WD =
—_— O W W N
N = Ol Wn W
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1 0 1]0 1
01100

S,=|1 0 1|1 1

01 1|1 0

1.0 1/0 0

and

(9 8|7 6 5]

4 3(2 10
S,=|0 1|2 3 4.

5 6(7 8 9

9 7|5 3 1

Clearly S is a square super trimatrix. This is not a mixed
square supermatrix.

It is in fact clear that S is a 5 x 5 square super trimatrix.
DEFINITION 3.5: Let M; o M, U M; be a super trimatrix. If
each M; is a rectangular supermatrix having a different order
fori=1, 2, 3 then we call M to be a mixed rectangular super
trimatrix.

The example given in 3.4 is a mixed rectangular super trimatrix.

Example 3.7: Let T = T; U T, U T3 be a rectangular super
trimatrix where

3100 11 21

40(1 1020
T, =

6 2/0 1 1 3 1

711300 01
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1 36 9|6 3 5
0 4 7 8|5 2 7
T, =
2 58 714 1 8
1 20 0|1 3 9
and
410 1 1 0 O
51 0 0 0 O
T, = .
2 6/0 1 0 1 1
3 1 01 10

T is a 4 x 7 rectangular super trimatrix which is not a mixed
rectangular super trimatrix.

Example 3.8: Let N =N; U N, U Nj be a super trimatrix where

W = N =
_— W = N

AN L kAW N~
AN L kAW N~

—_ O = O = O == N
_ = RO O = OO W
—_ = O = O D ==

z

[SS]

Il

T
1

S = O =

S = = O

and
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A= W NI O R WD
A= LW NI N OO W

wn NN A N0 O N O
N NN A N[O = =W N
W L NN RN N N~ OB

We see each N; is partitioned only horizontally and never
vertically i.e., each N; is partitioned only along the rows for i =
1,2,3.

Example 3.9: Let C = C; U C, U C; be a super trimatrix; where

1 3/2 1 2|3]1 2 2 3
C,=2 1|1 1 2(3[2 211
3 2031 2(3[21 2 2
211 8|1 2 1 1 4 |1]
12 7|1 8 7 1 =58
C,=[319 3|1 1 8 9 819
516 215 9 1 4 018
0|7 5|3 3 1 7 -1|1]

and

[2 13 4]0 9 3|8 1 2
1311 501 2 711 9 3

Each C; is partitioned only vertically and never horizontally for i

=1,2,3.
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DEFINITION 3.6: Let T = T; T, U T; be a super trimatrix. Of
each T; is only partitioned horizontally i.e., only along the rows
or in between the rows, then we call T to be a column super
trivector.

The super trimatrix given in example 3.8 is a column super
trivector.

DEFINITION 3.7: Let T = T, o T, U T; be a super trimatrix. If
each of T; is only partitioned vertically i.e., only along the
columns or in between the columns, then we call T to be a row
super trivector.

The super trimatrix C given in example 3.9 is a row super
trivector.

Now having defined several types of super trimatrices we
define operations on them. It is important to mention here that
even it is very difficult to define addition of super trimatrices for
if we need to define addition we need not only have the order to
be the same but also the partition defined on them must be
identical otherwise we cannot even define simple addition of
super trimatrices.

Example 3.10: Let
T=T,uT,UT;

3 _ _
- 31 2 4 _ _
1 301 3 5
01 1 1
2 1 2 0 1 1
— 1 1 1 0
=3 v ul0 1 01 0
1 01 1
0 501 01
1 1 1 0
5 1 2 3 4 5
6 01 01 - -

be a super trimatrix and
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stlkJSZUSg

47 - 3
0 0 1 12 0 1 2 3 4]
1 b3 01 2 01
= E U 2031 ul2 1 0 2 1
2 150 1 21 2 2
3 201 300 30
| 13 4 1 1} - -

another super trimatrix. We see in both T and S each T; and S;
are supermatrices of same order with identical partitions defined
on them 1 <1 < 3. Thus addition of S and T or T and S is
defined

T+S = (T/uT,UT3)+(S;1US,+S3)
= (Ti+S) U T2+ Sy) U (Ts+S3)

(3] [4] _ o -
- |= 31 2 4 0O 1 1 2
11 10
01 1 1 1 1 1 3
21 |1
s = 1110|2031
= 31+|2(p Y + U
1 01 1 1 1 50
o |2
1 1 1 Of (1 2 0 1
51 |3
O1 0 1| (3 4 1 1
_6__1_ - - = -
3 0 1 3 51 [0 1 2 3 4]
1 2 0 1 1 01 2 01
O 1 0 1 ofl+2 1 0 2 1
501 0 1 1 21 2 2
1 23 4 5/ (300 3 0]
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7 _ -
- 3236 - -
1 313 69
0 2 2 4
3 1 321 2
z 31 41
=|5| v Vi2 2 0 3 1
2 1 6 1
2 6 2 2 23
2 311
8 4 2 3 75
7 351 2 - -

T + S also happens to be the same type of super trimatrix.
Note: If T=T, U T, UTj; is a super trimatrix then

T+T = (TIUT2UT3)+(T1UT2UT3)
(Ti+ T W (T2 +Ty) L (T +T5)
= 2T1 o 2T2 U 2T3

= 2T

is a super trimatrix. Thus if we take T + T + ... + T(n times) =
nT =nT;u nT,uU nT;.

Example 3.11: Let
T=T,uT,UT;

1 01 1 01
211
211 2 00
01
= 1 v, ul3 1. 3 0 0 0
4 0 4100
211
15 2 5 1 1 0]
be a super trimatrix.
T+T = (T1UT2UT3)+(T1UT2UT3)

(Ti+TH U (T + Tr) U (Ts + Ts)
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2T1 U 2T2 |\ 2T3

It is easily verified 5T, U 5T, U 5T;

10 0 O

5
15

5
20 0 20 5 0 O

10

0 0 0f.

25 10 25 5 5 O

v
(o)
—

10

10| 5

Now we can define product of two super trimatrices in many

ways.

Example 3.12: Let

T1 UT2 U T3

T=
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W NN = W
—_— O = =

AN W
o O

be a super trimatrix and

V:V1UV2UV3

112 4 7|1 10
= U
01 3 5 2|1 01

S = N

be another super trimatrix. Now the product

TV = (TIU T2 UT3) (VIU Vz UV3)

T1V1U T2V2U T3V3

W N = W
—_ O = =

112 47
0135 2

AN W
oS O

206

11
10

—_

—_— e O

010

1

10

S = =

— O

i\

o =

W N

S N DO =

|

N = O

—_ N W o =
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|
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111
|\
21 0 1 0 0 0
1 111 2|21 3
0110 7 5 2
0 2 1]
(3 4 9 17 23] (1 3 9]
1 25 9 9 1 42 3 0 1 2
2 4 4 8 14 1 4 1 0 3
= U U .
9 4 9 17 23 2 212 0 9 9 5
550 5 0 0 0/0 1 10 11 8
6 6 0 6 O] 12 3 4]

Thus we are able to define a product but in all cases we may not
be in a position to define a product of super trimatrices, which is
a column super trimatrix.

Example 3.13: Let A = A;U A, UA; be a super trimatrix where

W N W
e
S NN O

O -
O =
N =

o -
—_ O
O =
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—_— W DN =

S W N

[

T

and

S = N == O ~=lOo DN
N OO == = O = =

which is a column super trivector.
row super trivector where

B, =

1
1
0

21 0 1
B, =
2110

0 1
1 0
11

— O N

and

209

#UJOHI

[ G —

()]

L

S D = === oo N

—_ 0 O O~ O == W

Let B=B, UB,uUB;bea

—_ 0
S W =

1 3 1|2
31 0]1



0 00

1

0(0 2 0

0j2 0 1

1

(Al |\ A2 |\ A3) (Bl v B,uU B3)
A1B1 o A2B2 o A3B3

0(0 0|3 4|u

1

1

—

— O

— O

2}
)/
1

210 1)1 31
2110310

— O on <

— N N

N n O
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T — !
S O —~ Ol O - O |0 o — O
—_ O N | O AN — [ O N —
—_ O - AN O = O O — A
2101_2101_2101_
—

<+ o S = — — — O O
N — — O S O O~
— S = — O O A
N O —_— O — N - O
7 N\
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4 11|v

7

1

1

316 3|16 10

1
3 3 416 4|5 18

316 3|16 10

1

2 2 2|2

02 22 2(0 10

213 2

1
1

0j0 0|3 4

3
4

6

4 4

2

6

12 12 3|9

1

13 7

10 3|7

1

16 8

2
4 2 0 2|2

12 6 3 3

1

6 5 4

1 3|6

4

8

1

12 6 5
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11 8|11 4 9|9 13 12 3
30201 21|11 21
2 3[1 1 2[2 2 3 1
2 0(2 21|22 10
U4 33 3 3[4 4 4 1]
2 3[2 3 2[4 3 2 0
2 0(2 23|54 3 0
2 1[4 1 3|4 5 30
4 3|1 4 1]2 1 2 1

We see the product of a column super trivector with a row super
trivector when defined results in a super trimatrix which is not a
super trivector.

We proceed on to define some more concepts before we define
the product of super trimatrix with its transpose and so on.

DEFINITION 3.8: Let A = A; U A, U Az be a super trimatrix.
Then the transpose of A denoted by A" = (4, U A, U A3)" =
Al U A U Al is again a super trimatrix.

Example 3.14: Let T=T, U T, U T;

311205 7 8
1 6/2 3 4 59
- ulo 12 3 1 1 1
9 1(0 8 7 09
2 4|2 01 5 1]
20100
3021 0
Yl 301 s
415 21
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we see T, and T, are supermatrices where as T; is a
simple(ordinary) matrix. So T is not a trimatrix or a super
trimatrix.

Example 3.15: Let T=T, U T, U T;

(4 1 1] 2 3 1501 21
0 2 3 50 1(01 010
35 4 7 23|13 2120
110/ 2132111 2|
09 5 051|102 3 4
9 2 6 1 6 0|55 7 58
35131510
290 41 7 41
1 82153 32
01 4221 43

We see T, and T; are simple matrices where as T, is a
supermatrix. Thus T is not a super trimatrix or a trimatrix. So
we define a new notion called semi super trimatrix which will
accommodate both examples 3.14 and 3.15.

DEFINITION 3.9: Let T =T, v T, U T;, where some of the T;’s
are supermatrices and some of the T;’s are ordinary matrices 1
<i,j <3. Then we call T to be a semi super trimatrix i.e., a semi
super trimatrix T has at least one of the matrices T; to be a
supermatrix, 1 <i <j <3.

The matrices given in examples 3.14 and 3.15 are semi super
trimatrices. Next consider the following examples.

Example 3.16: T=T, 0T, UT;
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(3 12 3[4 1]

1 0|1 2|3 4

2 1[5 6(7 8

- 13 206 9|8 7]~

4 317 8(2 1

|1 4|8 7|1 4]
1 210 1]3]
2 11 02
0 1[5 71]9
1 0|7 1|2
3219 210

is a mixed square super trimatrix which is a symmetric super
trimatrix.

Thus from this example we see if a super trimatrix is to be a
symmetric super trimatrix then it should either be a square super
trimatrix or a mixed square super trimatrix.

Example 3.17:

V:V1UV2UV3

V is a square super trimatrix. Further we see V,, V, and V; are
symmetrical supermatrices. Hence V is a square super trimatrix
which is a symmetric super trimatrix.
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DEFINITION 3.10: Let S = S; U S, U S5 be a square super
trimatrix or a mixed square super trimatrix. If each of S; is a
symmetric supermatrix then we call S = 8§, U S; U S; to be a
symmetric trimatrix (1 <i <3).

The examples 3.16 and 3.17 are symmetric super trimatrices.

Now having defined the notion of symmetric super trimatrices
we now proceed on to define quasi symmetric super trimatrices.

DEFINITION 3.11: V' = VUV, U V; be a square super trimatrix
or a mixed square super trimatrix or a mixed super trimatrix.
We call V to be a quasi symmetric super trimatrix if at least one
of the supermatrices Vi, V, or V3 is a symmetric supermatrix.

Now we illustrate this by some examples.

Example 3.18: Let T=T, U T, UT;

(3 4|5 6 1
4 1|2 3 4
= u5—2891u

6 3|9 7 2
1 4|1 2 6]

(6 0]9 2]

6 2|1 6

T1]0 9

3 3|9 2|

4 4|18 0

6 3(2 1

T is super trimatrix which is a quasi symmetric super trimatrix
as T, is a symmetric supermatrix but T, and T; are just
supermatrices.
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Example 3.19: Let V=V, U V, U V; where

39 6|4 5
9 2 0|1 2
V=6 0 7|6 5|
41 6|9 2
5 2 5|2 8]
[0 12 3 4 5]|6]
1 4|12 3 4 50
2 206 5 4 3|2
V,=[3 3|5 7 0 1|2
4 414 0 9 0]1
55|31 0 1|3
6 0|12 2 1 3|7
and
(3 1]0 9 6 4[3 2 9]
1 2|11 8 7 6|4 5 3
V,=[2 2|51 4 01 1 2.
5 1(2 3 4 5|6 7 8
17 0|1 0 1 4/0 5 2]

Clearly V is a super trimatrix but V is only a quasi symmetric
super trimatrix as V; and V, are symmetric supermatrices but V;
is only a supermatrix.

Now having seen examples of quasi super trimatrices we
proceed on to define the notion of quasi semi super trimatrices.

DEFINITION 3.12: Let V = V; UV, U V; be a semi super

trimatrix. If Vi, V5 and Vs are square matrices or super square
matrices then we call V to be a mixed square semi super
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trimatrix. If V;, Vy and V3 are n x n square matrices or n x n
supermatrices then we call V to be a square semi super
trimatrix or an n x n semi super rimatrix.

Example 3.20: Let
T= T1 ) T2 U T3

BRI TI

be a semi super trimatrix. Clearly T is a 2 x 2 or square semi
super trimatrix.

Example 3.21: Let V=V, U V, U V; be a semi super trimatrix
where

3215
VI:6789.
75 4 2
01 3 2
(3 1|0 1 2]5]
1 12 0 1]1
0 2/9 2 0|6
V252 103 2 91
5 3(1 0 5/6
1 2[3 4 271
and
3102
Vv,=|0 11
1 01
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Clearly V is a mixed square semi super trimatrix.
Next we define mixed super trimatrix.

DEFINITION 3.13: Let T = T, v T, U T; where some of T; is a
square supermatrix or matrix and the rest are rectangular
supermatrix or matrix then we call T to be a mixed super
trimatrix.

Example 3.22: Let V=V, U V, U V3 where

31 45
V1=7023,
8 4 8 2
9 7 1 0
31257 8 9[1 2
01 2302310
V2510 20 502 0 1]3 1
1110|310|15
and
3 415 6 78
4 2|11 0 5|6
5 6/1 6 23
ViZle 310 1 2|0f
7 113 1 4|5
8 2/0 5 21

V is a semi super trimatrix which is a mixed semi super
trimatrix.

Example 3.23: Let S=S, U S, U S; where
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123456 7 8
S,=[9 1 23 456 7|,
8 9123 456

312 1

1 1]0 2

5513 9|7 5

1 8|6 4

and

3 1]2 5]

1 10 0

9 9(2 2

S,=[2 1|3 5|

1 2[3 4

5 6|7 8

9 1]2 3]

S is a semi super trimatrix which is a mixed semi super
trimatrix.

Example 3.24: Let V=V U V, U V; be a semi super trimatrix
where

1357924638
12 46 8135 7 9/

— W O WO W
—_ == N O N
wn O X l\)ll\) EN

—_— N O = =
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and

1 2 3|4 5]

6 3 1(2 1

7 0 11 1
V, =

8 5 6|0 1

9 7 8|9 2

1 3 4|5 6]

We see the three matrices V;, V, and V; are rectangular
matrices of order 2 x 9, 6 x 4 and 6 x 5 respectively. V is called
or defined as a mixed rectangular semi super trimatrix.

Example 3.25: Let T =T, U T, U T; be a semi super trimatrix
where

3126781
T =0 1 5 6|,
7891230

3
and

0|1 2[3 4 5 6

T3=7‘ 9‘1 2 0

3\01\0125

We see each of the 3 matrices Ty, T, and Tz are 3 x 7 matrices
or 3 x 7 supermatrices. Thus T is a 3 x 7 rectangular semi super
trimatrix.

Example 3.26: Let T =T, U T, U T; be a semi super trimatrix
where
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310 21
T = ,
112 5 3

7 8 9

1 2 3

4 5 6

T, =

31 2

5 6 4

18 9 7]

and
31 23 4 5]1
2 0 110 112
T, = .

1 2 416 8 1|3
0 3 5|7 9 0|5

T is a mixed rectangular semi super trimatrix.

Now we see just a column semi super trimatrix and row semi
super trimatrix.

Example 3.27: Let A = A, U A, U A; where
A =[123456],
A,=[0101]01]01 3]
and

As=[987]6432]10].

A is a semi super trimatrix which we call as simple row semi
super trimatrix or simple row semi super trivector.

Example 3.28: Let V=V, U V, U V; where
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- o
2 3] 1
3 1 2
4 2 3

V, = s , V, = s and V,= 4l
6 6 0
7 1 1
8 o 2

V is a semi super trimatrix which is a simple column semi super
trivector or a simple column semi super trimatrix. We define
dual partition in case of super trimatrices. It is important to
mention here the main difference between a simple row or
column super trimatrix and a row or column super trivector is
that when we say simple column or row super trimatrix each of
its components in T = T, U T, U T; are just a simple 1 x n;, 1 =
1, 2, 3 row matrices or simple m; x 1 column matrices.

We first see how the product is defined.

DEFINITION 3.14: Let T =T, v T, U T; be a simple row semi
super trimatrix, where T, =(af, e afli ) ;1 i <3 I T is
partitioned between rows r andr + 1, s ands + 1 and t and t +
1 and so on. We know

T =(T T, uL) =T T uT/

where

i =1, 2, 3. Now each T' will be partitioned between the

1

columns randr + 1, sands + 1 and t and t + 1 and so on. We
call this type of partition carried on say from a 1 x n; row to any
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n; x 1 column vector to be a dual partition. Thus if a row
supermatrix A=(a, a, ... a,) has some partition and if a

column supermatrix

has the dual partition then we have a well defined product AB.
This we will first illustrate by an example.

Example 3.29: Let T=T, U T, UT; where A, =[230|1547
[20],A,=[1]2345|01]and A;=[1110]12015|01]
be a simple row super trimatrix. Let B =B, U B, U B; where

and B,=

w
Il
—_ W= O N N= O =
W
S
Il
S N = =)

T
L

S I — O = =IO N = W

be a simple column super trimatrix. Then

AB = (A1 ) A2 U A3) (B1 U B2 U B})
A] B; UA282UA3B3
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=:[2 3 0|1 5 4 7|2 0]

—_— W= O N N= D =

[1]2 3 4 5]0 1]

N =l = O O

[l 11 0|1 20150 1]
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5

3
1
[1110]2[12015]

0

N = O = =
—
(e
—
[—
1
S W
| S

=[2 119 | 6]u[0]33|2]u[6 |14 ]0].
Clearly this is a simple row super trimatrix.

Suppose we want to find

BA = (B] uByu B3) (A] U Az U A3)
BiA| UBA, U B3A3.
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S NN m O = =IO N = W

[2 3 0[1 5 4 7|2 0]pu

— W= O NN N= o =

[1]2 3 4 5]0 1]}u

N =l = O NO

[ 1 10[1 201 5[0 1]
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2
{[o][l]M[z 3 4 S]M[o 1]}
5

Jfo

5
0
}kJ

|

1

1416 0
5
5

4
10 [0
2 0
2 0
2 0
228

8
2 4 0 2 10

oft 2 0 1 5]
1
1

1

2

1
1
6

0
222000000

0 00O

10 15 20 25

4

0(0 0 2 10 8 142 0
0

213 0 2 10 8
2(3 00 0 0 O
3330

|

][1 11 0]




We see though we have the compatibility with respect to each
cell, yet the resultant is some new structure which is never
defined for they are not super trimatrices or vector or any
known mathematical structure.

Thus as in case of matrices if AB is defined it may happen
that BA is undefined likewise we see here AB is defined but BA
is undefined.

Now we illustrate by a simple example the minor product of
two super trimatrices.

Example 3.30: Let T=T, U T, UT;and S=S; U S, U S; be
any two super trivectors, where

T:T1UT2UT3

0|1 o1 2 3
=[3 051 0 2|3Ju v
112 6|0 4 5

1 2 3|2
1 1 0]1
11 5]0

B~ 0 O
S O =
N = W
W O N
O =

be a row super trivector and
S= Sl Y Sz Y S3

i\
‘O'—‘
1
1

AW N =
W = N
(O N N =l
— O~ W =N
S N OO N Ww
N = N = B

—_
(e
I
L

C
—_ WO = O =N O =
S == o © ol —~ o
—_ o= o © == o =
©C Ol o = ol = =
—_ —lo = o olo o ~
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be a column super trivector. Now

(T1 ) T2 U T3) (Sl U Sz U S3)
T]S] U TzSz U T3S3

TS =

D

— O N —~ < o | O

_2112341

=[3 0[5 1 0 23]

2 3 4

1

1

2 0 2

0 0
0 0 01
0 0 0

1

0 0

3

1 23
0 45

0

1
2 6

:

@

1 3|2
50 0
510 4 0 7|3 0

1

1
1

1 23120
0

:
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S ~ N

A 0 O

+3[1 0]pu

3 o]ﬁ (1)}[5 10 2]

(LR

AW N =
W A~ = N

_ 1 10 2
23}
2.0 2 1|bu
0 4 5
- 510 2
1 2 371 0 1
1 1 0/l0 1 01 O+
11 520 2 0
1 01 00
1 3 2 1
00010 310 0 11
0 1 +10
1 00 01 1 01 0 1
0 7 30
01 110

= {6 3]+[15 17]+[3 o]ju
lo oo o/l 2 4 e

20 4 4 10
+ U
33 5 8 14
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4 9 1 335 31 7 21 03

I 2 I(+1 1 2 6 O(+/1 0 1 0 1

6 12 1 0 7 7 11 0 9 3 0 0 3
17 7 10 12 5

ul3 2 4 8 2.

21 7 9 19
=[24 20]u
20 11 13 23 4

39 25 12 30

We see the resultant is only a trimatrix. Thus the product TS of
the row super trivector T with a compatible column super
trivector S is only a trimatrix and not a super trimatrix.

Example 3.31: Let T =T, U T, U T; be a row super trivector
and S= S, U S, U S;3 be a column super trivector.

TS = [T1 |\ T2 |\ T3] [Sl \ Sz |\ S3]
T181 U TzSz o T3S3

where

351131 2 42 0
1 06/1 01 0|1 1

o - w
=
o o ~=
— O —
N O =
—_ O —
=
[
o —~ o
C

S = N =
—_ o A~ W
N = =W
S
_0 = O
S = O W
—_ O =
S = O N
—_ O O -

and
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0
1
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|
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15 6 23 26 20
+ + US|+ 0 [+]3|} v
9 19 3 2 2 4
1 10 2

30 1] (3 7 7] 1[4 2 16]
6 0 2 (1 5 2| |1 1
+ +
30 1|1 2 31|10 7
0 0 0] |25 6] |23 1]

10 9 24
40 32 8 6 5
= Ul 4 |U .
14251 5 2 11
4 8 7

We see TS is just a trimatrix which is not a super trimatrix.
Now we find the product of a row super trivector T with its
transpose.

Example 3.32: Let T=T, U T, U Ts

30 4|7 2 31 5|1 2
= )/
1 250101020

N = W
S O
- o O
N = =
[
S = N
—_— = W
S O B~
— N
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1 1 1
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1j1 2
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210
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1 2 3 4|1

21 43
U

501

0 1

be a row super trivector.

Now

(T1 ) Tz U T3)T
T'UT, UT!

1

T" =

2 50

(TUT, UT)(T,UT, UT,)"
(T,UT, UT,)(

T

TT!

)

TTuT T UT?!

T3 T3T

2

2

TTUT, T U
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9 3 6 21 5 55 10 8
31 2|+1 1 5
6 2 4

+/10 3 )
5 5 26 8 2 2
30 28 16 2 53 2 2 50 7 4
28 29 20 1 . 3 3 2 1 N 01 0 2
16 20 30 0 2 2 21 7 0 10 5
2 1 0 1 21 1 1 4 2 5 9
40 31 25 8
66 14 19
118 28 31 33 22 4
= Jll4 5 9 |u .
28 36 25 22 42 6
19 9 32
8 4 6 11

We see the resultant of TT" is a symmetric trimatrix which is
not a super trimatrix.

Example 3.33: Let T =T, U T, U T; be a row super trivector;
to find the product of T with T". Given

T= T]U T2 UT3

31 41(0 1{0 1 0 1 2
= U
0201|251 00 01

S = -
S = O
—_ O —
S N =
S = W
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is a trimatrix which is symmetric, clearly not a super trimatrix.

24 14
14 18

11

27
}+ 11
10

34 9
19 36

243



DEFINITION 3.15: Let T = T, v T, U T; be a super trimatrix, if
every T; is symmetric supermatrix i = 1, 2, 3 then we say T is
symmetric super trimatrix. Clearly if T is a symmetric super
trimatrix then T should be either a mixed square symmetric
super trimatrix or square symmetric super trimatrix.

We illustrate this by the following examples.

Example 3.34: Let T =T, U T, U T; be a super trimatrix where

and

Wesee T=T, U T, U T; is a square symmetric super trimatrix.
Further each T;; 1 <1< 3 are 4 x 4 symmetric super trimatrix.

Example 3.35: Let V=V, U V, UV; where
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2 30

2

1

0 2 3

1

710

2 0|5 0

1

V, =

2 30

1

0

1

0
050
1

2

0 712 0 2

219

0 0 2|0 6 2

and

-1

210 6

-1

=315

2

-112 6

5

be a symmetric super trimatrix. Clearly V is a mixed square

symmetric super trimatrix.

=TTuT,UT; where

Example 3.36: Let T

305

0

1

3

712

50[(7 6 9

T,=[3 2]0 3 7|,
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— = O O W
~N OOl = W N &

W Ol O = N
0 NN © —~ O

AN O|W N = O
N — O =N =

and

o
Il
N Ol W N =
— QN = O N
O =N = W
— QN O
S = W

O o0
AN O

We see each of the matrices T;, T, and T; are symmetric
matrices.

Further they are also supermatrices but T =T, U T, U Ts is
not a symmetric super trimatrix as T, is only a symmetric matrix
but T, is not symmetric supermatrix though T, is a supermatrix.
Thus T is only a super trimatrix which is not symmetric.

From this we see each of the supermatrix which is
symmetric must be partitioned, such that it is a symmetric
supermatrix. Though T, is symmetric it is not symmetric
supermatrix as the partition happens to yield a non symmetric
supermatrix.

Example 3.37: Let T =T, U T, U T; where
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01 2|3 4 5
1 6 01 2 1
T2:207602
31 6|5 1 3
4 2 0|1 7 2
5 1 2(3 2 8]
and
[0 1 2|3 0 1 8]
1 0 1|12 3 0 1
21 7/0 1 2 0
T,=(3 2 0[9 3 1 2
0 3 1|3 6 01
1 0 2|3 6 0 1
8 1 02 1 5 7

We see T is a super trimatrix but it is not a symmetric trimatrix.
Only one of the matrices T, alone is a super symmetric matrix.
It is not even a square super trimatrix. Thus T is only a mixed
super trimatrix.

Example 3.38: Let T =T, U T, U T; where

—_ =
-
—_— N = O O
— O O N
— N~ N W

w N O
AN © O
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4 1 0]2 3 1
1 0 8(9 6 3
0 8 7|1 2 3
T, =
2.9 112 01
36 2|0 5 3
1 3 3|1 3 0]
and
31 0]1 3 1]
1 2 12 3 4
01 5|1 2 3
T, = )
1 2 10 1 2
3321 7 5
1 4 3|2 5 3

T is a mixed square super trimatrix but T is not a symmetric
mixed square super trimatrix. For T; is a supermatrix further T;
is a symmetric matrix but after partition Tz is not a symmetric
super trimatrix. T, is not a symmetric matrix only a supermatrix.
T, is a symmetric supermatrix. Thus T is only a mixed square
super trimatrix.

Example 3.39: Let V=V, U V, U V; where

and



<
Il
AN | WIN —
N AW = O =
A WIND —~[0 —~ DN
W N[ = N~ N W
N~ —IN W A
— A= N W B~ W
W =[N Wk 0

We see T is a mixed square super trimatrix which is also a
mixed square symmetric super trimatrix.

Thus we are interested in studying those super trimatrices T
=T, U T, U T; in which at least one of them is a symmetric
supermatrix. To this end we give the following definition.

DEFINITION 3.16: Let T = T; T, U T; be a super trimatrix we
say T is a quasi symmetric super trimatrix if at least one of the
T; is a symmetric supermatrix 1 <i <3.

1. It may so happen all the 3 matrices are symmetric
matrices; yet all of them are not super symmetric, only
one is a symmetric supermatrix.

2. It may so happen only one of the matrices T; alone is a
super symmetric matrix where as others are rectangular
supermatrices.

3. It may so happen T is a square super trimatrix or a
mixed square super trimatrix where only one of the T; is
a symmetric super rimatrix.

Thus in all these cases also we call T to be a quasi
symmetric super trimatrix. Now we have seen if T is row super
trivector then T. T' the product of T with its transpose yields a
trimatrix which is not a super trimatrix but it is a symmetric
trimatrix. Thus we have a method by which we can generate
symmetric trimatrices, of course it may be square symmetric
trimatrix or a mixed square symmetric trimatrix.
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Now do we have any method of generating symmetric super
trimatrices? The answer is yes and now we proceed on to
generate them by a special product.

Example 3.40: Let T =T, U T, U T; be a super trimatrix where

(o1 2|1 1 1]
10 11 01
T=3|1 00 1 1],
410 21 0 0
512 0/0 1 0
(1 2 3]0 1 2]|5]
01 1|1 0 0]l
T2=1000110
31 0[1 0 110
4 2 1|21 2|1
50 1[0 1 0]1]
and
(111 o1 1]
212 1|0 0
311 0[]0 1
T,=[0|6 1|0 2
1|1 1]0 1
210 1|0 2
0|1 0|1 0]
Now
T =(T,UT,UT,) =T UT, UT,
where
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4 518 3 4 2]
4 813 5 5 2
5 118 5 8 1
8|13 8|41 9 5 6
3 5 4 5 1
4 8 590
2 1 1 0 2]
=S,uS,uUS;=8S.

We see S is a symmetric super trimatrix. Thus using the product
of T with T" we get a symmetric super trimatrix.

Now for the same trimatrix T = T; U T, U Tz we find the
product

TT" = (TUTUT) (TUT,UT,)
= (TTUT/ UTy)(TUT, UT,)

(T'T, T T, UT/T,)

Onl b~ W= O
N[O —O =
Sl o= N
Sf—= o= =
—_ O = O =

OIS == =

_— = =N =] O
—_ O == O =
— = OO =W
S O =N Ok
S — OO N W
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1|1 of1 1] [13]7 2]0 3] [5]1 3|0 5
1{1 01 1| [7|5 2|0 1| [1]38 7|1 13
00 0|0 O|+|2]2 1[0 O[|+|3|7 3|0 5
1|1 0|1 1] ]0[0 0|0 O] |O 0|1 0
(1|1 0|1 1] [3]1 0[]0 1] |[5[13 5|0 9|
_ 52 13 12]11 11 14147
SIS 915 8 4 13 11 9|6 4 13
3p6 291 41 12 9 1213 5 18
:929523U116362
501 5(3 1 2 o4 sla 4
814 21120y 9 305 5 10|12
(411 3122 3 14 13 183 7 12128
(1919 5|1 9]
9144 9|2 15
us|9 4|0 5|=PUP,UP,=P.
12 012
19|15 5|1 11

We see P is also a symmetric super trimatrix. However we see P

and Si.e., TT" and T'T have no re

lation.

Thus for a given super trimatrix T we can obtain two
symmetric super trimatrices. Now we proceed on to define the
notion of semi super trimatrix and the types of semi super

trimatrices.

DEFINITION 3.17: Let T = T, v T, U T;, where at least one of

the T; is a supermatrix and at least one of the T; (i #j) is just a
matrix and not a supermatrix (1 <i, j <3) then we call T to be a

semi super trimatrix.

266




Example 3.41: Let T=T, 0T, U Tswhere T,;=[01234]; T,
=[21|057|1113]andT3=[1103]893(12571].Tis
a semi super trimatrix for T, is just a row vector where as T, and
T; are super row vectors.

Example 3.42: Let S=S, U S, U S; where

3 o
1 2
0 3
S, = | S, =4
| 5
o| L6
and
1
0
1
S,=[1].
1
1
_1_

S is semi super trimatrix as S; and S; are column super vectors
where as S, is just a column vector.

Example 3.43: Let Q = Q; U Q, U Q3 where
Qi =[111110],
Q:=[2304157]
and

Q;=[31|705[1143]0];

Q is a semi super trimatrix for Q; and Q, are just row vectors
where as Qs is a row super vector.

267



Example 3.44: Let V=V, U V, U V; where

and V, =

b

—_— N OO

N = O =
5]
NN —l o = =

V is a semi super trimatrix as V; and V; are just column vectors
where as only V; is a super column vector.

Example 3.45: Let V=V, U V, U V; where

and V, =

—_ N =
—_— o O
S = N

V is a semi super trimatrix as V; and Vj; are just square matrices
where as V, is a square supermatrix.

Example 3.46: Let W =W, U W, U W ; where

1 2 3]
W,=0 1 2|,W,=
56 7]
and
1 0 2
W,=|2 0 1
110
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W is a semi super trimatrix as W; and W; are just square
matrices where as W, is a square supermatrix.

Example 3.47: Let W = W, U W, U W3 where

112 3
2 1
W,=0[1 2|W,=
0 5
516 7
and
1 2|3 4 5]
6 718 9 0
W,=[0 9(8 7 6
5 403 2 1
1 110 1 1

W is a semi super trimatrix as W, is just a matrix where as W,
and W3 are supermatrices.

Example 3.48: Let S= S, U S, U S; where

31 2
3101 1 015
S,=[1 256 0,S,=[3 1 1
367 1 2 111
5 6 7]

and

S_2134567
711 2103 4 819 of

S is semi super trimatrix, as S; is just a rectangular matrix but S,
and S; are rectangular supermatrices.

Example 3.49: Let T =T, U T, U T; where
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and

T is a semi super trimatrix as T; is a square matrix, T, and T; are
supermatrices.

Just as in case of semi superbimatrix we can in case of semi
super trimatrices also define 5 types of semi super trimatrices. If
in the semi super trimatrix T, W T, U T; all the 3 matrices are
just column vectors we call T to be a semi super column vector.

Examples 3.42 and 3.44 are semi super column trimatrices.
If in the row semi super trimatrix V =V, U V, U V3, V;’s are
matrices 1 <1 < 3; some of them super row vector; then we call
V to be a semi super row trivector. The examples 3.41and 3.43
are semi super row trivector. Let V.=V, U V, U V; be a semi
super trimatrix where each of the V; is an n x n square matrices
1 <1< 3, some of which are super square matrices and others
just square matrices. We call V = V; U V, U V; to be a semi
square super trimatrix.

We give the following example.

Example 3.50: Let U= U, U U, U U; where
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—_— = O
S = = O

and

be a semi super trimatrix. U is a 4 x 4 square semi super
trimatrix.

Next we consider a semi super trimatrix T =T, U T, U T;,
where T;’s are square matrices of different order; some of the
square matrices are super square matrices. We call T to be a
mixed semi super square matrix. The examples 3.45 and 3.46
are mixed semi super square trimatrices.

Now we proceed on to define the notion of a mixed semi
super rectangular trimatrix and a semi super rectangular
trimatrix.

Let V=V, U V, U V3 where Vi’s are m x n (m # n)
rectangular matrices some just ordinary and other
supermatrices. Thus we call V to be an m x n rectangular semi
super trimatrix.

We illustrate this by a simple example.

Example 3.51: Let M = M, U M, U M; where

<

Il
— o W
Onl o =
AN — W
N[O
Sl O
Onl o =
Sl = W
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1 210 2 1
M,=0 1 0 1 0 2 1
2 0 2 1 0
and
1 01 1|1 1 0
M,=1 1111 0 O
01 1 1[0 1 1

be a semi super trimatrix. We see M is a 3 x 7 rectangular semi
super trimatrix.

A semi super trimatrix V = V; U V, U V; is said to be a
mixed rectangular semi super trimatrix if V;’s are rectangular
matrices or rectangular supermatrices of different orders. The
semi supermatrices given in the example 3.48 is a mixed
rectangular semi super trimatrix.

A semi super trimatrix W is said to be a mixed semi super
trimatrix if in W = W; U W, U W3 some of the matrices W;’s
are square matrices or square supermatrices and some of the
W;’s are rectangular matrices or rectangular supermatrices.

Example 3.52: Let T =T, U T, U T; where

301 4 71
T,=11 0 2 5 8 4
27 3 6 9 2

and
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4 5 6 7

T is a mixed semi super trimatrix.

= Sl |\ Sz |\ S3 where

Example 3.53: Let S

59213
6 1 01 4
7 1115/
8 1 21 6

1

3
0 2
1

3
2 4

3 5 2]

1

30

025 26

and

T
N A |-

>~ AN on
N OO - O & O
_11_20581
Il
(sal
n

S is a mixed semi super trimatrix.
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Now having seen the 5 types of semi super trimatrices now
we define the notion of semi super trimatrix which is symmetric
and a quasi symmetric semi super trimatrix.

Example 3.54: Let T =T, U T, U T; where T is a semi super
trimatrix. We say T is a symmetric semi super trimatrix if each
of the T; is a symmetric matrix or a symmetric supermatrix.

Example 3.55: Let V=V, U V, U V; where

2 0|1 2 3
0 5|3 21
vi=1 3[7 5 6|,
2 2|5 8 9
13 1]6 9 0
(1 2|3 4 5 6]
2 009 8 75
39(2 7 6 4
V2Zl4 807 31 2
5 7|6 1 7 8
6 5|4 2 8 1
and
1 230
V3:2501
30 7 2
0126

is a symmetric semi super trimatrix as V; and V, are symmetric
supermatrices and V3 is just a symmetric matrix.

Example 3.56: Let T =T, U T, U T; where
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0 -1 1 -1 1
-1 2 0 1 0

T=[1 0 5 1 -1,
11 1 7 0
1 0 -1 0 8

and
0 1 2 3|4 5]
1 20 1]0 1
20 7 5|6 2
T, =
31 5 07 1
4 0 6 7|9 0
51 2 1|0 8]

Here T, and T, are symmetric matrices where as T; is a
symmetric supermatrix. Thus T is a symmetric semi
supermatrix.

Now we proceed on to define the notion of quasi symmetric
semi supermatrix and illustrate it by some simple examples.

DEFINITION 3.18: Let T = T, v T, U T; be a semi super
trimatrix. If one of the T;’s is symmetric supermatrix and one of
the T;’s is a symmetric matrix then we call T to be a quasi
symmetric semi super trimatrix; ie., the other T, can be a
square matrix which is not symmetric or a square supermatrix
which is not symmetric or a rectangular supermatrix or a
rectangular ordinary matrix (1 <i, j, k <3).

Example 3.57: Let T =T, U T, U T; be a semi super trimatrix
where
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1

-1 5

3 0/8 4 5

T, =8 2

and

T is a quasi symmetric super trimatrix.

=V,uU V, U V; where

Example 3.58: Let V

2
3
ik
8

— O >~

0
5
6
3
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<
Il
S = N O = O = = W
—_— = 00 W = W N O =
S W W WL N R NN O
—_— 00 A = = W = L =

and

AN U AW N~
Lhn N (0 O N
O O 0 W
— O Vo 3 &
A LW DI N D
N A~ =l hAs 0

we see V| is a symmetric square matrix. V3 is a symmetric
square supermatrix where as V, is just a rectangular matrix.
Thus V is a quasi symmetric semi super trimatrix.

Example 3.59: Let S =S, U S, U S; where S, is a square matrix
given by

9 8 7 6 4 3
2101 2 3
S=456789
1101 5 2 3]
4 531 01
107 0 3 6 2]
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w2

[S)

Il
n|l— O W O

and

NS = N W

—_ O N A

WO 3 ~= O

—_— W O W

—_— O O

is not a quasi symmetric semi trimatrix as S, is a symmetric as a
matrix but not a symmetric supermatrix because of the partition.
S; is a symmetric matrix and S; just a non symmetric square

matrix.

Example 3.60: Let T =T, U T, U T; where

—
Il
AN © x| o

h © W NN = O

N W kA U N~

NN L — | 0
AW D | O

O © = 3 W N
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(e N N e
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and

2
T,=|1
5

S o0 =
o NN O

T is a quasi symmetric semi super trimatrix.

Now having seen examples of quasi symmetric semi super
trimatrix we now proceed on to define some of its properties.

A matrix T of the form

315
10 1
I
T={2 6 2
01 2
567
3 1 2]

will be known as a special super column vector. Likewise

S=

AN »n kO
w o o =

1
2
3
4

w N O =
AN © n B
S O 0 2
w Nph O =
o O o0

3
1
5
6

is a supermatrix which will be known as the special super row
vector. We see these matrices are partitioned either horizontally
or vertically never both vertically and horizontally.

We see the matrix
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w2

Il
— NN = O~ N
S 0| W = = =W
0 0|k~ = =W M~

is not a column super vector for it is divided both vertically and
horizontally.

Thus a special column super vector is always divided or
partitioned only horizontally and a special super row vector is
always partitioned only vertically. Thus

02|1098|643
P=/1 1|1 3 2 1|3 5 7
2 012 5 9 0]4 3 2

is not a special super row vector.

Now we give conditions under which the product of a
special column super vector is compatible with a special row
super vector and so on.

We define both the minor product as well as the major
product of these supermatrices when specially these
supermatrices are super trimatrices.

DEFINITION 3.19: Let T = T, o T, U T; be a semi super
trimatrix if at least one of the T; is a column super vector and
one of the T;’s is a simple column vector ie., T; is a m x n
matrix with m > n then we call T to be a special column semi
super trimatrix or vector (1 <i, j <3).

We first illustrate this by a simple example before we define
more concepts.

280



Example 3.61: Let T =T, U T, U T; where

31057 9 1[10
Ti=3 0|6 8 101|2 9|

312 51
01 2 3 4
56 7 89
T2:98765
4 3210
1101 1
01 11 0
130 0 2 1]
and
2 1 5]
6 7 8
T3:901‘
2 3 4
6 7 8
9 1 3]

T is a special column semi super trivector. Clearly we see all the
3 matrices need not be an m x n matrix with n > m.

Example 3.62: Let S =S, U S, U S; where
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31 2
01 1
6 1 1
Szz101
1 1 0
3 25
6 7 8
1 3 4]
and
31 2 3 5]
1 0 2 6 1
01 0 7 8
8 7.0 0 7
S,=|1 1 0 8 4|;
1 2 3 4 5
6 7 8 9 0
1 3 01 1
8 1.9 1 0

S is a special semi super column trivector or matrix we see S; is
a square supermatrix but S, is a special column super trivector
and S;is an m x n matrix with m > n.

DEFINITION 3.20: Let P = P ; U P, U P; where at least one of
the P;’s is a special row super vector, at least one of the P;’s is

a special row vector i.e., P;is an m x n matrix in whichn > m. 1
<ij<3.

Then we call P to be a special semi super row trivector.

We illustrate this by the following examples.
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Example 3.63: Let P =P, U P, U P; where

01 2[3[4 56 7|8 9
P,=[1 0 1[2]0 617 6
31 1]0]6 00 1

and

P_317934310
1538681 51 7|

P is a special semi super row trivector.

Example 3.64: Let S =S, U S, U S; where

34680
S, = ,
15791

—_— == W0 O W
—_ Of= O O ==
—_— = O = N O N
_— =W B~ W =W

and
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319 8 7 6|3 4 2 3[4 0 1
S=112345678987
1216 5 4 3|21 0 1|2 3 1

417 8 4 01 2 3 5|1 01

S is a special semi super row trimatrix or trivector, as S, and S;3
are rectangular m x n matrices with m > n.

Now we proceed on to illustrate by examples the products
of semi super trimatrices.

Example 3.65: Let T = T; U T, U T; be a special semi super
row trivector and P = P, U P, U P; a special semi super column
trivector. Here T=T, U T, U T;

— N O

N = W

S = 2

—_ O W

_— O

[ S
C

3 1 2
=5 4 ull
0 1 3

1 3 51110 0 1 1
2 4 0|1]1 0 0 O

is special row trimatrix.
P=P,uP, U P3

S = O

— - |1 01

1 0
010

0 1
— |1 1 1

01 1 2 1
—1 (0 1 2

=1 0 1|ju|l 0|u
1 00

1 10 11
0 1 1

0 1
1 01

20
-~ (0 0O

is a special semi super column trimatrix.



(T1 o T2 Y T3)(P1 Y P2 Y P3)

T1P1 o T2P2 o T3P3

-_—— O

—_— O

O e -

S —~ O

—_— <t —

on n O

D

0110_

0110_

0171 — O — |
_1021102_01110100
T
+ o o 2 —lel= < = <2,
1
—_— O — <
n o — - <
o~ = O e <
v o— oS O
— p—
S AN — -
v O
AN — o
[
on <t
—
L
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10
5 731 4
11
+1[21]+100201
2 0110
2.0
101
1 35 1
u{ }010+H[012]+
2 40 1
111
100
001 10 1 1
1 00 0ff1 01
000
13 4 2 0| [10 5] [18 4
=5 6 99Ul 2|+ 2 1|+|5 O
10 310 |4 2] |1 2
6 8 6] [0 1 2] [1 01
v/ + +
2 4 2,101 2] [10oO
1 3 4] [30 9
799
=5 6 9\v| 8 3|uU
1
10 1] |7 5

We see TP is just a trimatrix which is not a semi super trimatrix.

Example 3.66: Let T = T, U T, U T; be a special semi super

row trimatrix and V = V; U V, U Vj be a special semi super
column trimatrix.

T:T1UT2UT3
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<t N —

2001 1 1{0 0
1

) {
be a special semi super row trimatrix.

0 00 1

0 0O

1

1 010 1 0 1

1

1

010

Viu VU Vs

V:

0 0O

1

0

0 0

1

1

0 00

1

0

be a special semi super column trimatrix. To find

:V1UV2UV3)

T1 U Tz Y T3)(V

(T=

vV

T1V1 ) T2V2 ) T3V3
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1
1

5
2 010 1

1 00

0

0 0

1

0 0

0 0O

1

1 0({0 1

1

0

1

0

1

010
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—_— e O

N O —

—_— o e O

S O — O

— o O O

-_— 0 - O

— - O O

O - OO -

—_— e O

S — — O

—_— O O -

5

0 0

|

1 0
0 0|+|1
1 1

0
0

—_—— O

—_— O

|

S — O
— = —

— on O

-_— O - O

n — — O
L |

_ S O O o~
— o O O
—_ o —~ O
S — O O

—_— O e
S — O
—_ O

—_— o O

N — O AN

v O — -

|

11
0 21
0 1

1
1

|

1 1
0 0|+
1 1

0
1
1

0
1
1

26 11 6
20 8 4|u
3

|

a

20
4 4 0 4|+
0

H

Clearly this is only a mixed trimatrix which is not a semi super

trimatrix.
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Now we proceed on to define the notion of minor product of
special semi super row trivector and a special semi super
column trivector.

DEFINITION 3.21: Let T = T, v T, U T; be any special semi
super row trimatrix and V = V; UV, U V; be another special
semi super column trimatrix. The minor product TV = (T =T, v
T, UTy) (V=V,uV, uV;) =TV, 0TV, U TsV;is defined if
each of the product T;V;, 1 <i <3 is defined.

Note: In the case of minor product of two special semi super
trimatrices the resultant is a only trimatrix and not even a super
trimatrix or a semi super trimatrix.

Example 3.67: Let T = T, U T, U T; be a special semi super
row trivector to find the minor product of TT".
Given T = T1 U T2 Y T3

31025
1010 1
o101 0|
3020 1

1 200 1 3|1 25 0

0 1/2 0 1lo1 0 1]u

3 0/1 101010

1 130 1[0 1 1[0 1]0

201 001 1 0f1 1]1

3101 0[1 011 1]0

0001 1/01 1|1 0ft1

is a special semi super row trivector.
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Tl Y T2 U Tg)T
T OT, UT/

(T=

T" =

on O

O —

— A

(@l

o

0|

1

0 2(uU|3

1

0

0 0

(TUT,UT:) (T UT) UTY)
= TI\TTUTLT UT:T,

Now TT"
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0 2|u
0

1 0 25

3

1101010_
AN o~ O — O —
0131250_
S — O
nn o —
N — O

3
2 01
1 0

|

2 30

1

0

30

{

00

0

2

110

1

0 00

0

S A o
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— o — O

S - O -

— N wn O

I ——
S — O
v o -
N — O
— O
}

—_— o O

AN O -
S — on
| ———
on — O

S AN —

2 30
1
0
1

1
1
3
0
1

30 1
0
1
1

1
0
1
0

1
2
3
0

+ 1
1
—_ o N O AN
— — N - O
— — v A on
e — |
J\|\
O -
| | U
I L | 1
—_— e O
T oo X
O = =
e n O NN O
+
1
o — — o on O O
e —
—_—— O Il
\|\J
S — — =
| E—
1
—_— O = - o
—_— e O - —
S — - O o
L ] —

+
1
U AN — — A
\|LJ
1 —_— o O
o O A
— O e
A N o
N — — A
) |
_326_ +
+ _1012_
 ——
— AN A
46“1
N A
v n o O
S o -
[ N n < —~
N |
rJ\|\
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1 110 00 0O
1221+0101
1 22 1110 0 0 O
011 1 (01 01
39 8 3 14 15 7 6 3
45 7 10
8 3 0 7 10 9 3
= ul7 8 2 .
3 0 2 9 15 3
10 2 13
14 6 0 14 3 3 6

We see the minor product of TT" is a symmetric trimatrix and is
not a super trimatrix. In fact TT' is a mixed symmetric
trimatrix. Thus the minor product of special semi super row
trivector with its transpose yields a symmetric trimatrix.

Example 3.68: Let T = T, U T, U T; be a special semi super
row trivector. To find the product of TT'. Given

1 2(3(]0 1 1 1 1
01 2 3
O 0Oj1|1 0 1 0 1
T=1 2 3 0|y v
2 0|11/0 1 0 1 O
23 10
1 1101 0 O 1 O
1 021 11 1 0|0 10
01 0 2 1]0 0 Of1 114,
221 0 0|1 0 0 1|1
TT = (T1 U T2 UT3)T

= T'UT/UT/
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T
N AN - O O

—_— O - | O -

S — o AN |0 O O|— -

_1021111001
D)

- o~ © — o

N O |- |1 - O — O

S O O — O —

— AN N | o~

AN N —= O

— AN on O

S — AN on

(TMUT,UT)(TUT, UT)
T, TUT, T, UT: T,

N N - O

— N on O

S —~ AN on

on O O

AN N o—

— A N

S — AN

0 2
2 6 0

1

21310 1

1
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0 2

|

0 2|1

0
2

00

2

1
0
0 0|rv
1
0

+

20

0 21

0
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1 1 0]t o 1] [o 1 0
+0 0 100+11{ }1[011]
1 10 0 1] [0 1 1
5 12 2 3
14 8 5
12 36 0 6
=18 14 11|u +
0 4 2
5 11 14
- 3 6 2 2
9 3 3 0] 1[4 2 21
3110+2301
311 0] (20 21
0 00O (1112
7 3 41 [2 0 1] 11 170 00
Wil 6 20+ 0 O|+|1 2 1[+|/0 1 1
429|102 |1 11]]01°1
_ (18 17 7 4
14 8 5 10 4
17 40 1 7
=8 14 11|u ul4 9 4
7 1 7 3
5 11 14 6 4 13
414 7 3 4| -

This is clearly a symmetric trimatrix which is neither semi super
Or super.

Now we proceed on to illustrate major product of semi
super trimatrices.

Example 3.69: Let T = T; U T, U T; be a special semi super

row trivector. V =V, U V, U Vj be a special semi super column
trivector.
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b

|

Vo=

V1UV2 UV3)
1
0

2
0

7 0
1 1

=]

i

1

T1U T2 UT})(V
T

T]V] U Tsz U T3V3

(T

vV

here

}1

0 00

2

1

01 2
V1UV2UV3;

1

1

010 2 1

1

03 450

00

0
1
298

213

0

and
be the special semi super row trivector. V

be the semi super column trivector.



0 0
0 0
0 1

1

0 2]
1
0 0|u

0

1

1
1

0

1

|

5
1

1
1 00
00 2 1

0

1

7 0 2
TV=|1
0 3
0 010
7

|

1
S — O

_011

S — - O -

117

1
1
0

S — O — - O - O
L ]

1
1
0 0 0]l0 O
1
0

03 450
1
1

00

1
0
1
1

213
1
0
1
0

0
1
2
3
0
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S =

— O O

S O o~

S — O

— - O

—_ 0 O -

— o —~ O

_0100_

AN AN —
—
S — A

— o O

S — O

I 1
N - O — O
—_— O - O v

_01230_

— S (e}
N —
(e} — —
n O —
— (e (e}
L S —~ O
T
— (e [e] +
1
S =} — — O I~
v S S — O >
< — — —_— O I~
on S — _OOO_
L
+ /J\|\
— D)
1
o Dt n
(e — - O
el
— 1
(e} S (e}

T N
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01 1 1[0 2 31
1 1 0 2(+/1 1 2 2|ty
1 01 1] 1]2113
1 2 3] [3 4 4] [0 0 0] [7 10 3]
0 2 1| |1 1 1]1]0 0 1] (2 2 2
1 2 1{+|1 2 2|+/0 0 O|+|1 1 o0
0 4 1/ ]0 1 1] 1]0 0 1] (0 2 0
1 0o 1] [1 1 1] |00 0] [3 1 2]
(11 16 10]
14 1 191 [0 7 8 6 3 5 5
=2 1 4ful3 2 3 4|ul3 5 3
4 0 5 399 12 0 7 3
|5 2 4]

Thus the product results only in a usual trimatrix.
Now we give an illustration of the major product.

Example 3.70: Let S = S; U S, U S; be a special semi super
column trivector. V =V, U V, U V3 be another special semi
super row trivector. To find the product SV. Given

101 11
101 2] |o1 0 1 1

) ot o1l 1101 0
1o el [T
S=5100u2101u10101
SR I RIS i O BN B
111 1] {10112
OOy v 10l o101 0
200 1} {311 01

) o201 0
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is a special semi super column trivector. Here

0 0j0 0]1

1

0

3

1

00

1

3
1

0 010

0

012 0

1

0 0

0 0 0(2 00

be the special semi super row trivector.

(Sl |\ SzU S3) (V1 v Vyu V3)
SlVl |\ Ssz |\ S3V3

SV

1 0]0

1

0

1
1 1
0 0j0 0]1

0
2 00
1

0 0

1

2 00
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1
1

3

1 0 0 1
1

0

3
1

0 0]0

012 0

1

00

0 0 0|/2 00

0

1

020

13 5 4

9

1

0 10 15 6 5|y
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—_ o - o o - o|d & — o
S - — o — = 9|l - - o
N - O =) _
— o o N — - o
S — S —~ o~ ()
—_ O - =) o
S~ — - ol - = o
== —. O O | - o o
—_. o O - ©C O~ o o —
© —~ N o — N 9Ol - o
L ]
N — O —_ - O
—_ O O — —

(2 00 1)

0

—_ 0 O

S —~ — O

_— O -

0 2

(2 0 01
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1 0 0 1

3

1

2 00

[ 011 1)1 001 0

1 00

0

0 0
2 00

3
1
1

0

00

1

1 00
0100
00

200
1

-3
1
1

0
0
1

01011
11010

1 0|2 0 O

0

1

0

0

(1 o1 1 1)1 01

—_ O - O
aN o O O

S —~ — O
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01 01
11010
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6
9
0 10 15 6 5|
1
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3
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—_— e O O -

_30121

1o111)
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N o — o N © — ©
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o - — — o — O n o

1

33
2

212 314 2 2

1

4

322 212 23 2 2

22

0
0 320(0 23 0 3
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2 33|17 212 2|7 2
21 1]4 121 13 2

1 216 1 11 1|5 2
32 2(8 122 1|6 3
2 3315 211 2|5 2

1 003 01102 1|
34 4|8 3 2 2 3|8 3

1 00[3 011021
37 5[12 4 2 1 4|11 5
2 0 04 021 0]2 2]

We see the major product yields a semi super trimatrix.
Thus using major product of compatible special semi super
trivector we can get more and more semi super trimatrices
which are not trivectors. We give yet another example of how
the major product is determined.

Example 3.71: Let
T=T,uT,u T3

2 1 5] [3 4]

10 1| |10

51 1] [5 2

01 1| [30

3101 2 1 00 11
-1 101 0/ul0o 1 olull 1
2301 4| |11 0] [21
01 2 3 1

2 10 4 5
31 4| |1 6

00 1] |1 2

be a special semi super column trivector and
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be a special super row trivector.

(T1U T, UT3) (SIU S, U S3)
T181 o TzSz o T3S3

TS =

210
3 01
0 01

0}

1 01 2
1 01
23 01 4

F
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1
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0
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0
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3.1
337 3 7

|

o o o|o o ol © o ©
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3
4

1
1

1
1

1 6|7 6
213 2

1

1

1 2(2 2
1 3|3 3

1

11 25(4 3|3 3 4|7 4 3

9 23|2 5|5 5 2|7 25

910 3|13 3 0(3 0 3

3

10
13

14 325 4(4 4 5|9 5 4

13 2716

We see the resultant is a semi super trimatrix.

Example 3.72: Let

T]UT2UT3

T=

00

0 00

1

-_— O O -

S — — O

-_— O - O

S — — O
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1 00

0

0 0

0

0 0 O

1

1 00

0

be a special semi super column trivector.

T
3

T1U T2 UT3)T
2

T'UT! U

TN = (T
= 1

0 0 1

1

1 0 00

0

1 000

0

2 0/0 01

1

0

1

1

00
0 00
0

3
1

2

0/0 010

1

(T,UT,UTs) (TiuT,UTs)"

TT'
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TUT,UT)(TTUT  UTS
1 2 3

T1 TIT ) T2 TZT U T3 T3T

1
0 0 0

0
1

0

0 0O

1

0

1

2 0100

1

1

0

0

00 1

1

1

1

011

1

1

0 0

0 00

1

0/0 0]0 1

1

0 0

0 00

1

1 00

0

0

0 00

1

03

1 0 0|2 O

0

1
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2

1

1 4 3 3
1 3 2 0

4
2 2

2

1
1
1

0 0 01

2 2

0

(I,

1

1

1

1

1

012 0 2

1

5 413

11

5 6 2|2 0|4

4 2 3|2

3 2 212 0]2

4 4 212 03

1

3

4

3 2 212 0]2
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I

(15 3 3 1|5 4|3 4 2
320 1|3 1210
302 1|1 0]/0 21
1 11 23 01 21
5 31 37 2(3 4 2
4 1 0 02 2|1 11
320 1|3 1210
4 1 2 24 1|1 4 2
2 01 1]2 1[0 2 2]

We see the resultant is a symmetric semi super trimatrix.
Thus the major product of a special semi super column trimatrix
T with its transpose T" yields a symmetric semi super trimatrix.

Example 3.73: Let P = P, U P, U P; be a special semi super
row trimatrix. To find the value of P'P. Given

av}
Il
—_ O = O
—_—_- O = o
R
S OO =
C

—_ O = W
W —_- o =
c o = =
—_ 0 O =
_—_- o o
= o =
—_— = = O
o — o =
—_— O = =
o o o o
—_—0 O

=
S = =
—_— O =
— O —
S = =
—_ O =
o = o
—_— O =
o o ~
S = =
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S - = O
—_— 0 - O
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PT
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(Pl v Pu P3)T (P1 v Pu P3)

PP

(PTUP; UP) (P,UP, UP;)
P'P,u P, P,UP;P/

1

—_— e O

O = -

-_— O v

oS~ O
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110|010
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1

010
0
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1 2 0 2
20
30 2
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1
1

323504
11
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1
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1

4 42 4 2 4 0 4

2

1

0 0({0 O OfO OO0OO0OOO

1

6|4 4
11

410

5 412 2
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21 212 1|2 0 211
12 111 2|1 111 2
21 212 112 0 211
21 212 112 0 211
12111 211112
21 202 120 2 1 1|
01 0(0 1({0 1 0 01
21 212 112 0 2 11
1 1 11 11 0 1 1 1
1 2 11 2|1 111 2

Clearly P'P is again a symmetric semi super trimatrix. Thus the
major product of a transpose of a special semi supermatrix P
with itself yields a symmetric semi supermatrix. Now we
proceed on to define the notion of major product of semi
supermatrices.

Example 3.74: Let P=P, UP, UP;and T=T, U T, UT; be
two semi super trimatrices for which major product PT is
defined. We find this product for P and T.

Given

[1]1 1 03 0 1]

00 1 01 1 1

310 3110 0|1 0 1
P=1202U1001001U

0 163 1{1 0 1[0 0 O
1ooo 01 0 1|0 1 1
1|11 0[1 0 2
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1

0(0 O

1

0 0(0

1

is a semi super trimatrix.

Now

20

20

1 5 31

1
1 0(0
0
1

1
0
1
1

0

010 0 0 1

010 1

1

1

0

(P1 U Pu P3) (T1 uT,u T3)

PT =

PiT,uP, Thu P3T3
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We calculate

0
0 0

1

0 0 O

1103 01

0

0 0
0 0 1

1

1
0
3
1

P2T2 =

):

1
]

(z

2 0

20

1 531

0 0

00

0

0
0

0(0 0 0 1
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Z,=[1/110[301]

0

=) +(110)|[1[+301)

1

S —~ Ol ~ ol

=0)+(1)+(0)=1.

Z,=[1]110]301]

1
=[1][1531]+[110]|0
1

S = O
_—— O

(=

O = o= O = =

531
00 1
1 10
010
1 0 1
111
00 1
+[301]

=[1531]+[1111]+[0304]

~[2946].
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1531
1 0 01
01 10
2132:{0‘101‘011}1010
L oft 0 2]\ o0
1111
1 010
0
=H[1531]+
1
1 00 1 010
101 01 1
0 1 1 0+ 1 1
10} Loz}
1 010 0 00

_OOOO+2011+1112
1 531,11 111 (010 3

(3123
2 7 4 5|
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o]
12
11
o Jojr o 1j0 11
Zi = 0 1
111010 2f]—
0 1
12
_20_
12 0 1
0 101 011
=H[2 o]J{ }11 }12
1 110 10 2
0 1 2.0

Z, Z, Z;

Zilj =12, 2, Zy

Zy Ly, Zi

(112 9 4 6|6 6]

211 3 2 314 4
0|4 16 9 6|9 3
=112 5 4 2|4 1
113 5 4 2|3 3
213 1 2 314 5
112 7 4 5|8 4

In the similar manner ij is also calculated. We see the

major product of two semi super trimatrix yields a semi super
trimatrix provided the product is defined.
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Now having defined this we can also as in case of special
semi super trivectors define the product of a semi super
trimatrix with its transpose.

Example 3.75: Let T =T, U T, U T; be a semi super trimatrix
where

110 1 1 2|3 4
) - |0o]l1 0 0 1]0 1
210 00

1101 0 1]1 0
01 01 0
3(1 01 0f1 1
T={1 0 0 0 1|y
0[1 1 1 0/0 0
01100
1101 0 1]1 1
3010 2
- 4 J1]o0 01 1|10
0{1 0 0 1[0 1]
(1|1 3 1 0|1 0]
210 0 1 1[0 1
01 0 1 1|1 1
ullll1 01 01 1],
110 1 1 0[0 1
0/0 1 0 01 O
311 0 3 1|1 0
2 0 1 0 3]
1 101 0
T"'=10 0 0 1 1
01 000
100 1 0 2]
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1 2|13 4
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010 0
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1

0

0
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5121 6
1 201 0 Z, Z, Z,
=2 0 2 0 5|ul|zZ, Z, Z,|u
110 2 1 zZ, 7., Z.,
6 0 5 1 14]
Z, 7, Zj
Z 7y Zy
7z, 7: 7:

31 32

where the calculations of Z; and Z; will be shown explicitly

and then filled in to form the supermatrix.

1
I

Z,=[110112]34]

B WIN = = O

=[1][1]+[0112]

3
+[3 4] L}

=[1+6+25]=[32]

N == O
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Z, =[110112]34]

—_— O = O O = O
S == o = O -
—_— = O = O =W
—_ ] = O = O =

O OO = = =[O

=[1]101301]+[0112]

- o o =
- o = O
S = o =
O = = =
[ = T )

{0 1 10 1}

[3 4]

1 0101
=[01301]+[23123]+[43707]

=[6711211].
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Z,, =[110112]34]

—_— = O O
_ 0 O =

O ==
— O
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- - o o
—_ 0 O =
+
M
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~
e
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S
S
| |
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[10]+1[32]+[34]=[76].
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0(0 O
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0
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1
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1

311+ |1

1 30

0

0
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0

1

0 0
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010 O

1
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01301
10110
01011
CoJ1jo o 1 110
Z., = 00110
0[1 00 1/0 1
1100 1
01 101
101 0 1
10110
1 001 1]01 011
=| 013017+
0 100 1Jlo 0 1 10
1100 1

+1001101

0 1)1 01 01
01301 (1111101101
= + +
00 0 00O 2 1 11 1) |1 1 01

13513
31 21 2/

=

—_
(=]

. 110 0 1 1|1 O
Zy =
0|1 0 0 1]0 1

O = = = OO
'—‘O"—‘OO'—‘
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| I

I
— A
W =
| I

3216 7 11 2 117
613 1 2 1 211
o 701 4 4 1 43
le Z12 Zl3
| | X 112 4 13 2 5|5
Thus | Z,, Z,, Z,|=
s g 2 (11 2 3 11
o 112 4 5 1 5|3
711 3 5 1 3|4
6131 2 1 21
Now we find the values of Z (1 <1i,j<3).
1 2]
1 0
30
, [1]1 31 0]1 0
73 = 11
2/0 01 1|0 1
0 1
1 0
0 1]
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(0 1 1 0]

1 100

0 0 1 1
, 11 3101 0

7 = 1 110
210 01 1]0 1

1 000

1 1 0 1

1 1 1 0]

S = O =
S = = O
S O = O

1
0
[0110]
0 01 1
1
1 1101
0
01 1 0] 7[2243][t1o01
= + +
0220 (2110|1110
(345 4
34 4 0f
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—_
[\

Z;,=[311 0 3 1]1 0]

O =IO = W
HO"—"—‘OO

[3]+[1 2]+[10 31]

+[1 0] Ll) ﬂ

=[3 6]+[4 4]+[1 0]=[8 10].

S = W =
—_—— O O

Z,=[3]1 0 3 1|1 0]

[l e S e R )
e e B = S« B N
—_— OO = = O
S =lOo O = OO

=[3][0 1 1 0]+[1 0 3 1]

— = O =
S = O =
S = = O
S O = O

ol y Vo
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=[0 3 3 0]+[5 4 3 0]+[1 1 0 1]

=[6 8 6 1].

Zi=[3]1 0 3 1|1 0]

S —=l= W o ~=|lWw

1

=[3][3]+[1 0 3 1] (3) +[1 o]m
1

=[9]+[11]+[1]=[21].

Now

Z, 7,
Zy Iy Z
Z, Z, Zi

(13 3|3 4 5 4138

3 713 4 4 0]10

3 3|54 21
=14 4|14 5 3 1

5 412 3 41

4 01 1 1 2

8 106 8 6 1|21
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Thus

5121 6
1 201 0
TT'=[2 0 2 0 5|u
1102 1
6 0 5 1 14]
(3216 7 11 2 11|7 6]
31 21 2|1 3
1 4 4 1 4(3 1
112 4 13 2 5|5 2
2011 2 3 1|11
112 4 5 1 5|3 2
711 3 5 1 3[4 1
613 1 2 1 2|1 3]
(13 313 4 5 4| 8]
3 713 4 4 0/10
3 3(5 4 21
uld 414 5 3 1
5 4102 3 41
4 01 11 2
8 10/6 8 6 1|21

We see the product gives us a symmetric semi super trimatrix.
The interested reader can find T'T which will give yet another
symmetric semi super trimatrix.

We have given the explicit working of the product, the main
motivation for it is that while calculating for a general case we
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have to give lots of notations and we felt it would only confuse
the reader. It is certainly easy to find the major products using
these illustrations for after all what we are interested is that the
reader should be in a positions to work it out. The theory behind
it is not very difficult but the notational representations is little
cumbersome.
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Chapter Four

SUPER N-MATRICES AND THEIR
PROPERTIES

In this chapter we for the first time introduce the notion of super
n-matrices (n-an integer and n > 3) and give a few of its
properties. When n = 1 we get the supermatrix, n = 2, it is the
superbimatrix studied in chapter two. The study of super tri
matrix has been studied in chapter three, the case when n = 3;
when we say super n-matrix we mean n a positive integer and n
> 3. Here we also define the notion of semi super n-matrices
and show how the product defined using them at times yields
only an ordinary or elementary n-matrix. Further some of the
products induce a symmetric super n-matrix or a quasi
symmetric super n-matrix.

DEFINITION 4.1: Let V =V, UV, U ... UV, (n > 3) denote n
distinct super matrices, i.e., each V; is a super matrix 1 <i <n.
‘W’ is just a symbol. We define V to be a super n-matrix.

Example 4.1: Let V=V, U V, U V; U V, where

V,=[10[234]5],
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sz

N N W= == O N

—_—

|
V3:

N O
| |

and
3 01
1 1|1
V4 =
2 02
5 3|5

V is a super 4-matrix. Here n = 4.
Example 4.2: Let T=T, U T, U T3 U T4 U Ts where

[3 021 5[31
Tl_11207\80’

3/]1 3 4
0j1r 1 0
110 0 1
T2: s
3(1 5 2
112 3 4
9(8 3 1]
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3112 4 5
0 1[0 5 1
Ts=|6 3|7 8 9/,
1 1/0 1 2
2 02 0 3]
8 513 1 2]
1 0[1 1 2
Ts=[8 4]0 3 1
7 1]0 1 1
18 3|8 1 5]
and
Ts=

T is a super 5-matrix. In this case we have n = 5.

Example 4.3: Let T=T, U T, U T; U T, U Ts U T where
T,=[0]101]234],
T,=[1]2345|578|90],
T;=[013]45]78910],
Ts=[6]12]301461],
Ts=[310|22501]

and
Te=[1]231456]7181].
T is a super 6-matrix. We see each of the super matrices T;’s are

row super vectors.
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DEFINITION 4.2: Let T=T, v T, U ... /T, (n > 3) be a super
n-matrix. If each of the T; is a super row vector i = 1, 2, ..., n
then we call T to be a row super n-vector or super row n-vector.

The example 4.3 is a super row 6-vector.

Example 4.4: Let S=S, U S, U S; U S, where

N | —

1
I

—

, Sy = and S, =

(=) WLV, e Y VS T (O N

—ln NIO N B ND= O
w2
w
Il

A O NIW NN

— o =L o v

S is a super 4-matrix or a super 4-column vector.

DEFINITION 4.3: Let T =T, v T, U T;u ... T, be a super n-
matrix (n >3). If each of the T; is a super column vector (1 <i <
n) then we call T to be a super n-column vector or column super
n-vector or column super n-matrix.

Example 4.4 is a super 4-column vector.

Example 4.5: Let V=V, U V, U V3 U V4 U Vswhere

v 21V 11
1_0152_025
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and
(112 0 1]1]
0|1 2 01
Vs=1[1|4 0 13
215 1 211
1316 1 0|0]

V is a super 5-matrix. We see each of the super matrices V;; 1 <
1 < 5 are square super matrices.

DEFINITION 4.4: Let K = K; UK, UK; U ... UK, (n> 3) bea
super n-matrix if each of the K; are t x t square matrices for i =
1, 2, ..., nthen we call K to be a t x t square super n-matrix. If
on the other hand each of K; is a m; X m; square matrix i = 1, 2,
.., N then we call K to be a mixed square super n-matrix.

The example 4.5 is a mixed super square n-matrix (n = 5).

Example 4.6: Let P =P, U P, U P; U P, where
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el
=
<

P is a super 4-matrix. Infact P is a 4 x 4 square super 4-matrix.

Sl USzU S3 |\ S4U S5 where

Example 4.7: Let S

110 9
117 1],
10|88

1

1

0 00

311 0
81:01
1
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2 110 4|7 5
S;=1{3 1|1 9|6 6],

1 1|1 8]4 7

1 7 93]

2 8 8|1

o |30 72

40 6|0

51 5|2

6 2 4|5

and

1117 4 5 1|1 4

2 1(8 3 6 21 0
5713 19 2 7 3|1 8]
416 19 0|1 7

S is a super 5-matrix. We see each of the S;; 1 < i <5 are
rectangular super matrices of different order.

DEFINITION 4.5: Let S =S5, v S, v S; v ... US, (n >3) be a
super n-matrix. If each of the S;’s are rectangular super
matrices of different order then we call S to be a mixed super
rectangular n-matrix or a mixed rectangular super n-matrix.

The super n-matrix given in example 4.7 is a mixed rectangular
n-matrix. If in the super n-matrix S=S;, U S, U ... U S, each of
the Si’s are m x t (m # t) rectangular super matrices then we call
S to be an m X t rectangular n-matrix.

The super n-matrix given in example 4.7 is a mixed
rectangular n-matrix.

DEFINITION4.6: Let T=T, v T, vT; U ... U T, (n > 3) be a
super n-matrix. If some of the T;’s are square supermatrices and
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some of the T;’s are rectangular super matrices (i = j); i <j, i <
n, then we call T to be a mixed super n-matrix.

Example 4.8: Let K = K; U K, U K5 U K4 U Ks be a super 5-
matrix where

3|1 2
K]Z 1(1 O .
0]1

1 6 5/0 1 0]3
27 491 14
Ki=|3 8 3[8 0 6]2
49 217 2 0]1
50 1|6 3 1|5

and
1 113 5 7(9 1|7
K5 = .
0 2|4 6 8|0 4|8
K is a mixed super n-matrix here n= 5.

DEFINITION 4.7: Let T =T, v T, U ... U T, (n >3) be a super
n-matrix we say T is a special super row n-vector if each of the
T:’s is a m; X n; matrix (n; >my); 1 < i < n; with partitions done
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only vertically i.e., only between the columns. No partition is
made between the rows. If P =P, P, U ... UP, (n>3) bea
super n-matrix we say P is a special super column n vector if
each P;is a t; X s; matrix with t; > s; (I <i <n) and each column
matrix is partitioned only in between the rows i.e., horizontally
and never partitioned in between the columns.

Example 4.9: Let S=S, U S, U S; U S; U Ss where
1 3 1|0 3
Sl = s
2 4 1|1 3

3(1 4 71 0|1
S;={11|0

w N o -
S H~ = =
S I \O)
—_ O O W
— = N W
—- o = N
_— = = O
S = 3 =
== NS TR

S4:

N = =
_— = O
—_ = =
wn O N
—_ = W
N =
S O =
_ =N
— N W

and

S5:

S = N =
O = =
E e e SN
— N W
AN A~ W N
S O X
N S
0 N AN W
AN W N -
NS B
—_ W N DN

S is a super 5-matrix which is a special super row 5-matrix.

Example 4.10: Let T=T, U T, U T3 U T4 where
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5 6 7 8
9 10

1

1

le

I
N — |\n 0 O o0

1743
_131576914
Il
o
~
T
S —= > = O
— = (00 N A |— O |—
_23963010
Il
o™
=

and

— o N

— ]

—

on

<t N —

—_ AN O -

-— <t N

—

(==

T4:

358



T is a super 4-matrix which is a special super column 4-matrix.

Sl U Sz U 83 U S4 where

Example 4.11: Let S

213 4

1

9

3

1

2 3|45

1

8

7 0 8

2|15 6

1

S3:

and

2 3

ik

4 2 3

1 503
1 7 2 3

359



Clearly S is a super 4 matrix but S is not a special super column
4 matrix for S; and S; are partitioned vertically also. S; and S;
are only super matrices and are not special super column
vectors.

Example 4.12: Let V =V, U V, U V; U V4 be a super 4-
matrix; where

2 10 1 7 118
V1:01‘14617,

1 1/3 5 8 0|6
02‘46194

1 3|5 i

vl ile s
1 9/3 0 1 8
V=12 8|2 1 29
3 71 2 51

and

EEEREIEEE
V“_z\l 5 1\011‘

V is not a special super row vector for the super matrix V; and
V, are partitioned horizontally also.

Now we can define minor product of special super n-
matrices. We first illustrate it and then define the concept.

Example 4.13: Let T =T, U T, U T; U T4 be a special super
column 4-matrix and V=V, U V, U V3 U V, be a special super

row 4 matrix the minor product TV is defined as follows.

T:T1UT2UT3UT4
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2 3 4

1

1

2

1

1
1
1

1
1

0

2 301

1

00

0

0 0

0

— N

— N

4

81USQUS3U

be the given special super column 4 vector. S

S4

1
)
1 3

1 01
311 1

0 2
1

1

01 0]1

1

0 0]0 O

1

00
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1

0

1

1

1

0 00 0]0

1

0 0 01

1

0 0

1

0(0 O

1
0
0 00
1
1

0(0 0

0/0 0 0 1

be the given special super row 4-vector.

(T1UT2UT3UT4)(81U82U83US4)

T]S] Y TzSz |\ T3S3 |\ T4S4

TS =

1 011
U
1113

3

0 2
1

00

0

1 0 0|]0 O

0 0

2 3 4

1
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1

1

0 00 0(0

0 0

1

0(0 O
1

1

0 0(0
1
1

010 O

0]0 0 O

1

1T 1 —
N o — —
AN — —
- o —~ | = o —

|

1T
—_— O |- O —

2 01

1

2 30

1

1

0

=

0 0

0

 —
1 T 1 —
N = = ol — —
AN - — —
—_— O _1 0_ Ranit
|
1T
1
—_— O = - D —_ o —
— = e = =
— =
—_— O O —_—_0 O —_ o o
S — 1__0 —_— o — -
I —
1 I 1 —
N = - o — —
(@\] — — — — —
—_— O — O —
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1
1

1]
0
1
0 0]

1

1
1 2 3 4

1

|

1
0

1
1

0
0

S - O -

N o o

—_ 0 O -

J

1 1
1 2 3 4

1

S —= < O
— ]

—_— o O

— o — O

S — O O

— o O O

(012 3){

(

T 1
S —~ O O

1000_

T 1
S — O O

1000_

)

1

1
1 2 3 4

S — < O
—_— = =

—_— o e O

-_— O - O

1l
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r _‘ 1
o o e o o e < S o~
S O Sl o o o (eI ] —_— O
S O Sl o —~ o oS O o O
e - Cle = o o |2~ c <
— — S — —
— () —_— O o O
(e on — O S o~
(q\] o\ [ R —_—
ql\ — — O S o~
r I 1
— o o o ol o o S| @ @ <o o
_1 — O = - _1 —_ o — _1 — O 1_
— — S - —
— (e — O oS O
(e on — O S~
N (gl S - —
— . — O S —

S = -

—_— O =

—_— O =

1 2 3 0 1]
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4

11

2

2 8|3 2 3 7

512

3 13|5 3 5

4 1817 4 7 15

6 4/3 5 4|3

1

2 0 2

1

3212 2 2|2

4 312 3 3|2

1
1

2 0 2

3

1

3212 2 2|2

1

1
1

2

1
1

1

1

2 2
2

1
1

33

3 6 4(3 3 3 3 2|0

2 5 213 3 2 22

6|16 6 5 5 4

11

4

3 212 2

1

5 8 513 35 2 2

3 25
3 2 2
6 5 4

2

2

3 33

1
1
1

1

2 0

230

00

00

1

5

1

0

0
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The resultant is a super 4-matrix which is not a special super
row or column n-matrix.

Now we define symmetric super n-matrix and a semi
symmetric super n-matrix.

DEFINITION4.8: Let T=T, vT, v ... VT, (n > 3) be a super
n-matrix. If each of the T; is a symmetric super n-matrix then we
call T to be a symmetric super n-matrix: 1 < i < n,

Example 4.14: Let T=T, 0T, UT; UT4 UTs be a super 5
matrix where

1 2|3

T,=|2 5|7

3 711

and
1 23 4 516
2 01 1 0]1
3 112 7 112
Ts= .

4 1|7 0 315
50|11 3 112
6 1|2 5 2|0

T is a symmetric super 5-matrix.



Thus a symmetric super n-matrix is either a square super n-
matrix or a mixed square super n-matrix. It may so happen that
inasuper n-matrix T=T,U T, UT; U ... UT, (n>3) some of
the Ty’s are symmetric supermatrices some of them just
supermatrices in such case we define T to be a quasi symmetric
super n-matrix

Example 4.15: Let T=T, U T, U T; U T4 U Ts U T¢ be a super
6-matrix where

le 5
(7 8 1 01]
8 1 5 13
3|4
T2=15101,T3=57
01 0 2|5
1 31 5/0
T4: 5
(1 1]1 0 1 0]
1 2/0 1 0 0
1 0[5 3 1 2
T5:
0 1|13 01 7
1 0[1 1 0 1
0 0[2 7 1 0]

and
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1 0|1 35
0 1/2 0 1
Te=|1 2|7 2 5
30(2 1 3
5 1|5 3 0]

Clearly T=T, 0T, UT; UTy UTs U Ts is only a quasi
symmetric super 6-matrix.

DEFINITION4.9: Let T=T, v T, vT; U... UT, (n >3) be an
n-matrix in which some of the T;’s are super matrices and some
of the T;’s are just matrices 1 <i, j <n. Then we call T =T, U
T, U...uT,to be a semi super n-matrix.

Example 4.16: Let T =T, U T, U T3 U T4 where

3 1|2 5 6]
1 3]0 1 1
T.=[2 02 1 0},
5 113 21
6 1|4 5 6]
01 2 4 5
T.=16 7 8 0 1],
301 57
2 1]
T;=1[0 3
1_

and
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T is a semi super 4-matrix

81USQUS3US4U85WhCTC

Example 4.17: Let S

Ss

1

0

3
0

1

2 40

1

3 6 418
6 0 6
4

9

214
1

2 2 6

0

S4:

and
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}

3
S; U S, U S; U SsU Ssis a semi super S-matrix.

1

0 2
2 21
5 6 8 2

1
4
1
1

3
1
1
0

S =

81 U Sg o S3 o S4 where
Sl|:

Example 4.18: Let S

— O |\O

S n AN

(ST il Re)

0 2 8

1

T
N — AN

S — N n
— = == >~ N A —
_3106010_

Il

o

n

and
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S4

S=8S,uU S, U S; U S, is a semi super 4-matrix.

DEFINITION 4.10: Let T=T, T, U ... U T, be a semi super n-
matrix (n > 3). If each T;is a m x p matrix withm < p and 1 <i
< n with some of the T;’s super matrices and some of the T;’s
Jjust matrices then we call T to be a special semi super row n-
vector. If m > p then we call T=T;, o T, U ... U T, to be a
special semi super column n-vector.

We illustrate them by the following examples

Example 4.19: Let V=V, UV, U V3 UV, U Vs be a special
semi super row 5-vector where

31 01 3 2|11
Vi=|0 1 1]0 2 0]2 1],
2 5 1 51
(2 6 0]
VZZ s
157 2 1]
1 0|0 1 6 1]
2 113 4 4 8
V3: 5
3 212 0 5 7
14 3|1 3 2 6
1 0 5 1
Vyu=[1 1 6 2
0 1 3
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and
31|12 3 5 6|7 8
V5 = .
0 1/9 8 7 6|4 3
Example 4.20: Let S=S; U S, U S; U S, U S5 where

o _[3]4 21016
"l1]s5 31 8|9 4

3001 8 1 9|8 1
1 8‘2 6 0 ‘ 2
S, = >
2 7|10 4 3 1
6 ‘l 3 8 5‘3 1
4 0
S; = 5 1 ,
3 4
1|2 6 8 9
S4=1013 7 1 01 7
61 8 0 1

and
1 0 1
Ss = .
2 6 2
S=S,uUS,US;uUS,uU Ssis a semi super S-matrix.

Infact S is a not special semi super row 5-vector as S, is a super
matrix which is divided horizontally also. The row vectors must
be partitioned only vertically and never horizontally.
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T1 U T2 U T3 U T4 where

Example 4.21: Let T

o\ ]
— O

N —
L

on < o~ O

N — O O

— O wn

o~

(@l

T]Z

1
0 00O

1

0 00

1

0 00O

1

000

T3:

and
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16 1 4
10 3 4
410 1
L1

T,=[0 1 0 1
30111
110 1
2.0 7 1
115 3

be a semi super n-matrix (n = 4) but T is not a special semi
super column n-matrix as T, is divided vertically also. If T is to
be special semi super column n-vector each matrix must be
rectangular m X t matrix with m > t with only horizontal
partition of the m X t matrix. If the partition is also vertical even
for a single T; then T is not a special semi super column n-
vector.

Now we illustrate major and minor products of super n-
matrices before we give the abstract definition.

Example 4.22: Let T = TTuT, UT; UT, UT;s and V = Vi
U V, U V3 U V4 U Vs be two special super n matrices (n = 5) to
find the product TV. Given T=T;, U T, U T3 U T4 U Ts where

1 2
T1:ﬂ,
1 2
1 4
(3 0 1]
111
T,=]2 3 1
1 01
|15 2]
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2 3 4

1

2 0

1
—_— e O | e = =

S | — — S | — - O
AN O - - O —_— ] e — O O |l—= O —
— = Ol AN —~ — N | — O o — = O O
| |

Il I

< n

= =

and

V1 UV2UV3

be the special semi column 5-matrix. Given V

U V4 U Vs where

)

1 0 1
1100

3

1
01

1

v

376



|

0

012 1

1
1

1
300(01 01

1

sz
0

1
1
0
0

—_— o O -
S o©O - O
N - - O
<t O — -
S — O
— O — un
Il
>

1
— O O

| —
—_— O —_— O -
o © o - = <
—_— e — —_— O
— O O oS~ O
[ R R— AN - O
-_— O N — O
—_— O —_—— O
[ S — O O
— —_— O -

L 1
— O O |
e — | “
[ >
<
>

el

=)

<

be the special semi row 5-matrix.

(T1UT2UT3UT4UT5)(V1UVzUVgUV4UV5)

T1T1 ) T2V2 U T3 V3 U V4T4 ) T5V5

TV =

D)
D) 1
— e p—]
—
— O
— o O
— O
— ]
e - — © o
— —
- cn O O
N —
_— O -
— O
| | — N O
(A
I
NS < " = =
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on

N o N

—_— O - O |

1 1
01 6 0|v
0j1 0 0 O

0
1
1

—_ O
S — O
AN — O
AN~ O
— - O
— O O
—_— O -
N O
— o O
S O —
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)

1
00

1 0
1

1

— o O

—_— =

— o O

S == -

2 3 42 0

1

o]

(1 2)[0 :

— O
| I——
7\
-— o N
on O n
AN — -
N—
1
on O O

—_— O -

— on O

— o N

cn O n

N —

4]

0
1

(1

0)|0 1

2 3 4
1

0

1
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1

0

1
1

01

01 2
6 00
1
1

0

1

0

1

0

1

01 001

1110

0001

220 1]

1110

3

1

1
1

012)2201

6 00

1

1
1
1

01 0j0 001

0

1

0

0

2 3|3 2

16 3 3|5 8

1

1

1

00

00

1

01 2

6 0 0|0 6 1

0

1

1

00

Ulll 3 6|14 6 2 6

l

3 913 0 3 3

1
1

1
1

513 21

1

715 4
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24 6 1117 3 7 3
6 2 2121 21
6 2 5|3 0 3 2
11 o1l211 1]
6 3 6|4 0 4 3
|11 1]2 1 1 1]
(1 4 3 2|2 3 1]4 12 3 1]
1 3 22|22 13 6 21
01 1 0[{01 0|1 6 1 0
1 21 2|21 12 6 11
2 4 2 3|3 2 2[4 6 3 2|°
1 21 2|21 12 6 11
1 3 22|22 13 6 21
12 4 2 2[4 2 2|4 0 2 2]
(2 8 3|5 5 1 2|3 2]
26 1|1 1 1 2|1 2
6 6 612 12 0 6|6 6
21 12 2 0 2|1 2f.
2 7 203 3 1 2[2 2
1 00/0 0 0 1[0 1
006 1|1 1 1 0|1 0]

We see the minor product of T with V yields a super n-matrix (n
=5). It is not a special semi n-matrix or a special semi column
n-vector or a special semi row n-vector. It is a super n-matrix (n
=5).

Now we study under what conditions is the product defined
and is compatible. We see if T and V are special semi super n-
vectors then both T and V must have n elements i.e., n-matrices
for the product to be defined. Secondly we need in both T;V; is
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compatible with respect to minor productie., T=T, U T, U ...
UT,and V=V, uV,u...UV, 1 <1<n we have T; to be
special column super vector and V; to be special row super
vector such that the number of columns in T; = number of rows
of Vi; 1 <1 < n. Thirdly we see the resultant of the minor
product yields a super n-matrix and not a semi super n-matrix
provided both T and V are special super n-vectors. Now we will
find the major product of a special column super n-matrix with
its transpose.

Example 4.23: Let T=T, U T, U T3 U T4, U Ts be a semi super
column 5-vector. To find the product TT". Given T =T, U T,
Y T3 Y T4 o T5

1

30115
_310_"3401'10521
1200 |1 101 4
(1)‘1‘10102 21010
=111u1101u11010
1100/ °/T 0100
‘1)(1)‘1)1001 0001 1
1101045 1 101 1
. St 102 loo1 00
) oo o1 0]

1 2 1] [3 1 1 1]

11 1] [T o011

1o 1] |1 101

34 0 |2 11 1

ulo 1 1|lull 0 0 1]

11 1] o101

1o 1] o111

2 0 1] o110

1 20| [0 1 0 0]
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Now
TT

(T1 UT2UT3 UT4UT5)T

TlT o T2T o T3T o T4T o TST

01 0 1 1

1

3

— = O A
— O < n
—_ 0 O
— - O O
—_ - O
S — O AN
— N o O
N <F O o~

0

00 0

1

0

1

1

4 0 00

5/(0 0 O

1

1

U

1 113 01 1|2
210(4110]0 2
1 1

1

0 0 00

1

2
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The resultant is a symmetric super 5-matrix.

Now we proceed on to define the product of a special semi
column super n-matrix with its transpose.

Example 4.24: Let S =S, US, US; US, be the given
special semi super column 4-vector. To find the minor product
of S with S™ .

Given

2 1 1] i}
01 2 301 01
T 0 3 4 1 01 0
S= 9 0 1 uis 0 01 1
101 01 1 00
0 1 0 11 0 0 0 1]
(3 2 5 0| _
301 1 2

1 1 0 1
1 101 0

001 0
01 1 1 0

1 0 0 O
1 1 1 00

0 0 0 1
U ul0 01 1 1

01 00
01 01 O

1 1 0 0
01 01 1

00 1 1
01 1 01

1 1 0 1
1 0 0 0 1
100 1, - -

a special semi super column 4-vector.

St = (S;UuS,US;USY!
STus,Tusstus,”
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We see the resultant is a symmetric semi super 4-matrix. One
can by this product obtain several symmetric semi super 4-
matrices.

Thus we can define major product or minor products in case
of super n-matrices, n > 4 as in case of super trimatrices and
super bimatrices. The same type of operations are repeated as in
case of super trimatrices and superbimatrices. This type of super
n-matrices will be helpful in the fuzzy super model applications
when we have a multi expert opinion with multi attributes.
These matrices will be best suited for data storage.
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In this book, the authors introduce
the new notion of superbimatrices
and generalize it to supertrimatrices
and super n-matrices. A study of these
innovative structures is best-suited

to our times, since superbimatrices
find applications in Fuzzy Models,
Leontief Economic Models and
computer data storage.
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