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e ABSTRACT: Using the theory of distributions and Zeta regularization we manage to give
a definition of product for Dirac delta distributions, we show how the fact of one can be
define a coherent and finite product of dDirac delta distributions is related to the

o0
regularization of divergent integrals J‘x”’*sdx a>0 and Fourier series, for a Fourier

a

series making a Taylor substraction we can define a regular part Fmg (u) defined as a

N
function for every ‘u’ plus a dirac delta series ZCiﬁ(’)(u) , which is divergent for u=0,
i=0

we show then how 6”(0) can be regularized using a combination of Euler-Mclaurin

formula and analytic continuation for the series Zik ={(—k)
i=0

PRODUCT OF DIRAC DELTA DISTRIBUTIONS 5™ (x)x 5™ (x)

One of the problems with distributions , as proved by Schartz (see ref [1] ) is that we
can not (in general) define a coherent product of distributions, for example

(§xx)xP(%j=O 5><£5><PGD=0 PGJW]:% | @dx (1)

|x]ze

For the case of the product of a Heaviside step function H(x) with the derivatives of the
Delta function (and its derivatives ) we have to deal with the problem of divergent



quantities, for example according to [2] we can define the product H x5 , with the
aid of a test function ¢(x) e C*(R) as the recurrence

J st (95 () = [ s ™ (1) = -5 O)p0) - [ o™ () 2)

The case m=0is just H x0 = 55 , and comes from considering the Heaviside fucntion

N | —

H(x) to be the derivative of 5(x) , so T dxH (x)5(x) = %(H *(0)—H? (—oo)) =

If we use the ‘Convolution theorem’ [5 ] in a formal sense, so it can be regarded as
valid even for the case that the Fourier transform are defined ONLY as distributions

(27)'i""D"3(@)D"8(w) = F, (x" *x") = 4F, { [ dum(x- t)”} (3)

Here ‘A’ is a normalization (finite) constant that depends on the definition you take for

. . d
the Fourier transform, but it can not be dependent on m orn and D = r Unfortunately
X

(3) makes no sense (even using distribution theory) since the integral over ‘t’ is
DIVERGENT and needs to be regularized, if we use the Binomial theorem on ¢" (x —t)"
for m and n integres

i""D"S(w)D"5(w) = Zn:[Zji’"*kAD”ké(a))(—l)"i”"D”’”‘é(O) (4)

.m+k ©

The problem here is that D""*5(0) = 12 I x""*dx is infinite and would need to be
T —0

regularizad in order to make sense inside (3) or (4) , for m+k being an Odd integer,

o0

using Cauchy’s principal value definition P.v J x"'dx |=0 neN (thisimposes the

condition that only +1 or -1 can appear inside (4) as the ‘i’ on both sides cancel ) , the

problem is that 2 I x”"dx is still divergent , the same problem happened inside (2) where
0

one needs to to regularize expressions 6" (0) in order to define a coherente product

of distributions involving Heaviside step-function and Dirac delta and its derivatives. In
general (4) will be non-commutative so we can in general expect

S (u)x 8" (u) # 8" (u)x 5™ (u) example

Sw)x5Vw)=5.. (00" w) but SVwW)xSw)=5w)s,, " (0)=0 (5)

reg reg



0

The last equality in (5) comes from the fact that i6’(0) = (27r)_1 j xdx is 0 by using

Cauchy’s principal value , the case m=n=0 is just the square of delta function

Ox8=0"= ;5 , this can be obtained from the zeta regularization
T

I dx = 2I dx = (221} =1 as we will see in the next section
—00 0 n=0 reg
o Zeta regularization for divergent integrals:

In our previosu paper [4] we used the Euler-Maclaurin summation formula with
f(x)=x""" 1n order to stablish

J.xm—sdx — mZ_S J.xm—l—sdx_'_é/(s_m)_'_am—s _ka—s
‘ ‘ o aeZ {0} (6)
- By T(m—s+1) (m—2r+1- s).[ x" 7 dx

= 2\ T(m—-2r+2-5s) /

The idea is , given a fixed ‘m’ we define an s sufficiently large so the integral jx””dx

a

and the series {(s—m) = Zi "™ both converge , and then use the analytic continuation
i=0
to extend the definition of the sum as the negative value of the Riemann Zeta
$(—m)= Zi'” , in order to regularize , using (5) the divergent integrals, if ‘m’ is an
i=0

integer we can set a=0 and (5) becomes an easier expression in the limit s — 0

Txmdx _ %]Exm_ldx & (—m)— i B, I'(m+1)
0

0 r=l1

(m—=2r+D)|x">dx (7)
2r)'T(m—-2r+2) '([

The case m-s=-1 inside (6) can not be regularized inmediatly due to the pole

o0

{(1)=)i"' =00, hence to regularize I d

i=0 0x+a

we integrate with respect to ‘a’ to find

C, + jdx log(x +a) , using Euler-Maclaurin summation formula plus the regularization
0

of Hurwitz Zeta function Z log(x+a)=-0,5(0,a) and taking the derivative respect to
n=0

. T odx 1 0°¢0,a) & B, d'( 1
a [o=—5- +3 o®

, X+a 24 0sOa Q) dx” '\ x+a




The first two terms of the recurrence (7) are

1/2=1+§(0)=jdx %{(O)+%+§(—l)zjxdx (9)
0 0
With a, F(m——l—l) an = z B,x being the Bernoulli numbers
['(m—-2r+2) e —1 n!
B,,., =0 , from the definition of our product of Dirac delta distributions given in (4)

. . 1 .
and since we want the identity H xo6 = 55 to be true for every test function , we can

identify 706,,,(0) =1+£(0) 5% (0)=0 and 27[5% '(0) = (£(0)+24(-1))-B,a, ¢ (0)
from the point of view of Zeta regularization.

Although we have used only a definition for distributions on R , it can be generalized to
R" by using the definition of Dirac delta function and Heaviside function in several

variables H§ (x;) HH (x;) ,inany case we have chosen the regularization
j=l J=1

271" 5™ (0) = '[ x"dx for ‘m’ integer odd or even, other definition for the Fourier

—0

transform can make a factor different to 27 appear in (4) for example J. dxe”™ = 5(u)

—0

REGULARIZATION OF FOURIER INTEGRALS USING DISTRIBUTIONS

Let be R", then we can regularize the Fourier transform J. d"ke™* f(k)=F(u) viaa
R”

taylor series substraction with the definition <e"""9 | f(k)> = [d"ke"™ f(k) (see[6])
2

<e"ﬁ"€|f(k) Z (a f)(0)> <’"klzka 0.f) (0)> (10)

la|<N la|<N al

lal=a,+a,+...+a, al=ala,l.a/ 0°=090"...0" isthe multi-index
notation to write down the definition of Taylor series (9)

The Taylor series is finite and is truncated after a given N so j d"kf (k)= A"

pe
(ultraviolet divergence cut-off ) , this allows us to write down a regular part of the
Fourier transform plus a distributional part for the Fourier transform

Fp (1) = fd ke ”‘k[f(k) Z 5 of (0)] Z (a f)(O)[ ]5(14) (11)
(regularized part = function ) (singular part = distribution )



The problem with (10) comes whenever the integral is divergent and we set u=0 , in this
case we should have to evaluate 5" (0) and other divergent quantities, also since two

distributions can not in general be multiplied then F (u) xG (u) can NOT be defined,
only the ‘regular’ parts of both F and G F,, (u)xG,, (u) or F, (u)x3" (u) ,
G, (4)x6" (u) can be defined, here we find the problem of giving a regularized

reg
definition to 5" (u)x st (u) for integers (m,n) , this was discussed in (4) (5) (6) and

(7) and (8) formulae including on how to deal with with the infinite terms ¢ (m) (O) via

Zeta-regularization , an small problem we find here is that depending on the definition
of the Dirac delta function via Fourier transform an extra term proportional to 27 or
similar could appear, this happens because usually the definition of the Fourier
transform 1s not universal (up to a factor proprtional to 27 or square root of 27 ). So
in general depending on the definition for the Fourier transform we should make the
replacement u — 27zu to get the correct results.

PRODUCT OF DISTRIBUTIONS §(u)xp(lj , P(ljxp(lj ,5’(u)xP(lj ,

u u u u

P(LZJXP(%) , Hw)x o™ (1), 6" (u)x H(u)
u

u

Applying the convolution plus the zeta regularization algorithm and the Fourier

.. . K i 1
transform for the Heaviside function J. dxH (x)e™ = mo(u) —iP(—j we can extend our
u

—00

definition of (regularized) product of distribution to include the Principal value

distribution P(lj related to Cauchy’s principal value of the integral
u

1 r . . . .
P(—JM] = pv .[ ) , using again the Fourier transform convolution theorem
u Jox

e Product of &(u)x P(lj : in this case using the convolution definition
u

S(u)x [ﬂé(u) - iP(lD - AF{T dtH (x - z)} =idS8' () +(C(0)+DASw) (12)
u —0

o P(ljx o(u) : using again the Fourier transform for H(x)
u

(7[5(u) - iP(lD x 5 (u) = AF{ T dtH(t)} = (14+£(0)) 45(u)  (13)
u —0



o P(l)x P(lj : this case is a far bit more complicated to obtain this product we
u u

need the identity [ dtH ())H (x~1) = H(0)xH (x) H(0)=1/2

[7[5(14) — lP(lD X (725(11) — lP(lD = AH (0)iznd'(u)+ AH(0)P (sz (14)
u u u

. i§'(u)x[7r§(u)—iP(lD and (ﬂﬁ(u)—iP(lezﬁ'(u) , again using the
u u

appropiate form of the convolution theorem

5”(”)
2

i6"(u)x (ﬂﬁ(u) - ip(lD =—AL5(u) - 4 (15)
u

(72’5(u) - iP(lD xi8'(u) = iAC (05 (w)—1,5u)A  (16)
u

o JS'(u)x P(sz and P(sz x0'(u) : using T dxe ™ H (x)x = mid'(u)+ P(u™)
u u 2

and the convolution theorem we can write down
(72'5'(1/!) + ZP(LZD xid'(u) =i8' () (0)A-1,0(u) (17)
u

1

X (iﬂﬁ'(u) + P[—ZD - —%5"@;),4 —ALS(u) (18)
u

. P[—z)xP(%j : using (14) (17) (18) and the product
u

(m’é'(u) +P(i2j]x[m‘5'(u) + P(%D = AF{T a’tH(x—t)H(t)(x—t)t} (19)
u u 0

The last expression in (19) is just %éﬂ(u) + AP(%) ,again we have used the
u

identity I dtH(t)H (x—t)= H(0)xH (x) together with (4) and (5) in order to give a

2

finite meaning for the product P(Lj X P(%J , note that in expressions (12-18) we
u u

need to evaluate products of the form 6" (u)x 5" (1) which need to be regularized by

(4)



Depending on the order in which convolution is taken we may find H(x-t) or H(t) (x-t)
or simply ‘t’ inside (12-18) , here as always A is a number introduced by the definition

taken for the convolution and 4(0) +4(-1)= dexj =1, 0)+1= (dej are

0 reg 0 reg
finite corrections (regularizations ) for the divergent integrals that appear when we try
to define a correct product of distributions , from these formulae above together with the
Lebiniz formula (considered to be valid at least in a formal sense)

a’(AxB) dA

x B+ Axd—B we can define also o ( ) x P LZ or similar products
du du du’ u

. 5(’")(u)xP(lj and P(ljxd("”(u) for arbitrary ‘m’ , H(u)xP(lj
u u u

5(m+l) (u)l-m+l
m+1
(20)

"5 (1) x [ﬂé‘(u) - iP(lD = AF{ T dtH (x - t)t”’} =Su)(=1)"1, +
u —0

(ﬂ5(u) - P[le "5 (u) = AF{ T di(x —t)mH(t)} = Ai[':] (=1y"* 1 6% (u)
u —o0

k=0
21
Here I, = ( j t’”dtJ these integrals can be regularized via formula (6) or (7) However
reg
if we put m=-1 in order to evaluate H (u)x P(lj inside (20) and (21) we will find
u

several oddities that prevent us from defining a coherent expression , however the
derivative of this product of distribution satisfy

Sl 2o e (o e

Another possibility is to define H (u—a)x P(—j =T, (u) so its derivative
u

( ) (lj = d];;(u) , using the Taylor distributional series given in [2]
u x
i (-a
n=0

1 .
to ‘a’ we can get H (u—a)x P(—j =T, (u) up to some constant C,. Also if we knew
u




how to multiply H (u - a) X P(lj =T (u) for some a>0, (to avoid the singular point
u

u=0 ), using the Taylor distributional series Z (za)” SV w)+Hw)=Hu—-a) (23)
n!

n=1
o Hu)xo" (u), 8" (u)x H(u): To define this we need to use the representation
of Heaviside step function as a Fourier transform involving a sum of 2

distributions H (u) = Jm dxe ™ (5(;) p j also we need the following
—0 X

m—1

Z X" with C,, e R

factorization of difference of powers

plus the property of the Cauchy’s principal value PV J. —— =0, then we have

the following (regularized) products of distributions

m—1

mé‘(m)(u)x H(u) = 5(”’)(1/!) + Z C, ( T dﬁkJ AP (u)im*kﬂ (27[)—' (24)

-m—k+1
1

’”H(u)x5(’”)(u)— 5(’”)( )+Z( j =D A(jdttk IJ 5" P w) (25)

reg
If weset A=1 and m =0we recover our initial equation for the case of the producto of
distribution involving an step function and a Dirac delta function

Hu)xou)= ? =0(u)x H(u), of course as always in the sense of Cauchy’s

principal value P.VI t*'dt=0 ,forn=0,1,2,3,4,..... and the integrals 2I t*"dt canbe
0

rendered finite by our Zeta regularization algorithm.

CONCLUSIONS AND FINAL REMARKS

Using the zeta regularization algorithm (6) (7) we have managed to give a finite (Non-
commutative) product of dirac delta distributions 6 (u)x 5" (u) , and

S (u)x H(u) (among others) , with ‘H’ being the Heaviside step-function , since the
product is non-commutative we should also take care when taking the products
(0" x5M)x 6" = 5™ x (5(") X 5”‘)) so associativity will not always hold , using the

Convolution theorem plus the use of Fourier transform, with the m-th and n-th powers

of ‘x> F (x’” *x" ) = AF [ _[ dt(x—1t)" t’”J A = normalization constant , will allow us to



compute the product 5 x5 up to several divergent quantities 5 (0) , which are

proportional to the divergent integral J. x"dx , this integral can be regularized [4] using
the zeta regularization algorithm in order to ‘substract’ finite quantities proportionals to
¢(-m) m=0,1,2,3,........ . The problem of commutativity and associativity can be

solved if we consider that the following definitions of the Convolution of two
expressions f and g are equivalent

(f*g)=4 j dif ()g(x—1)0 A j dif (x—1)g(t)=(g* /) , then commutativity is
somhow restored, another possibility is to define the product of distributions via the

Fourier transform of convolutlons {( fxg)+(g*f )} so the order will not be

longer important , or the product of the distributions 5" x 5" will depend on what is
the definition of the convolution of (x’” *x”) for integers m,n

A
If the integral of f(x) has some logarithmic divergence so J.dxf (x) =log A , then we
0

may have to regularize the distribution H(x)x' as

<P. f(%)|¢> ~$(0)log & + j P~ ¢(O)d + j (P9 ()

And then ignoring all the divergent terms proportional to loge (via counterterms)

inside (12) so only finite contributions will appear inside .[ dxf (x) .

Why this method should work ? , the justification would be the following , let ¢ (x)
and ¢, (x)a family of smooth function depending on the parameter ‘n’ let us assume
that in the limit as n tends to infinity lime (x)=S(x) , limg (x)=T7(x) with S(x) and

T(x) being distributions, for n finite the convolution theorem will hold so
(P4, ) () = AF{ [ @iF ()0 F (@)(x—r)} @7)

With F ( f (x)) being the Fourier transform of the function f(x) , for finite ‘n’ will give

finite results, in the limit n — o , the integrals inside the convolution will be divergent
and will need to be regularized, for example in the case of the Dirac delta distributions

and its derivatives 6’ (x) , for ‘k’ a natural number , these integrals appear in the form

lim[ j dxx* ) , Zeta regularization can be used to handle the difficulty of divergent

n—>0

integrals and is a powerful method (together with Convolution theorem) to define an
acdequate definition of the product of 2 distributions, as we have shown in equations (



12-25) . For the case of the Zeta regularization algorithm and how it can be applied , we
strongly recommend [3] ,anyway Zeta-regularization can be easily explained in this

way, in the limit n — oo for the series z i* we make the replacement
i=1

S = (k) (k) > E(—k) s {(-kat1)=0 VEeR (28)

However (28) is only true for Re (k) >1 otherwise the last expression is divergent , the
idea of Zeta regularization is to set ¢ (—k,n+1) =0 by imposing analytic continuation

of the Hurwitz Zeta function as n — o , a simpler example is the following , let be
f(s)=0, this function is not continuous (pole) at s=0 , however we can avoid this
singularity by imposing f(0) =1 and the functional equation f(s)= f(—s) , so far for
every ‘s’ we would have f, (s)=0.If we simply put down all the positive powers of n

.. N B )
as n — o, then we would find the trivial result Zik = (k) +ﬁ =0 , which
i=1 +
clearly contradcit the spirit of the Zeta regularization algorithm that gives a finite but
nonzero value to the divergent sums of integer powers. In general the regularized value

[’e]

of the integral Ix’”dx will depend on a linear combination of the values ¢ (—k) for
0
n—1
k=0,1,2,3,....m if we replace the value {(—k) by the discrete sum Z i* and use the
i=1
n nk+1
Euler-Maclaurin summation formula, then the result J-xk dx = Tl
+
0

is recovered , in case we need to evaluate more complicate integrals like the following

for , positive or k=0

'[ (x+a)”’ f(x)dx=F(s) as s > 0, we simply may expand it into a convergent Laurent
0

series for x >0 , z c,(x+a)”" the value i=1 is just the logarithmic divergence of the

integral and can be regularized by setting the value —log(a) , the coefficients i € [0, m]
are the UV (ultraviolet) divergences of the integral, which can be regularized by means

-2
of (6) and (7) and the term Z c,(x+a)™ is a finite part of the integral as s — 0, the

i=—0

idea is to separate the divergent part from the finite part in order to regularize every

divergence . As an example let be the Laurent series for (x2 +a’ )a

o 2a 200-2n
(x*+a*) =) [(a+Da (fj valid for |¥*>a  (29)
ol (m+DI'(a—n+1)\a

Formula (29) can be used to evaluate the integral J. X" (a2 +x° )a dx (m positive) ,
a+l

using expansion (29) valid for x > a then one can isolate the divergent parts

10



J. x" " dx and then use (6) to express these integrals in terms of the values of the
a+l

Riemann Zeta function ¢ (m—s+ 2« —2n)and the logarithm —log(a+1) , the limit
s — 0 1s then taken afterwards . In case o <0 there is an IR (infrared) divergence inside

a+l
the integral J. x" (a2 - xz) dx , using again the Euler-maclaurin summation formula
0

this divergence may be avoided and we would find the (approximate) finite value

a+1(*) Y N (=1-2 v B e
Z(;(az—izﬂe) i’”—(a+) (- : a+ig)’ Z(zr)'a 2r1(x (@’ +ie—x")" )

r=1

a+l

(30)

Here the asterisk (*) means that we have excluded the value i=a from the summation
inside (30) (in case a is a non-integer this problem would not appear) , if ‘m’ were
negative then there is a pole at the point x=0 , and in order to regularize the integral

a+l

. 1 ) T . .
'[ —: we make a change of variable x — — so it becomes j q" *dg m=#1 ,which
0 X 1 (as)”

is now UV divergent. A similar method can be used involving fractional derivatives.

APPENDIX A: HURWITZ ZETA FUNCTION AND THE SUMS 302 (+4) log'(n+a) .

‘=™ n+a

1 r' .
We have studied the regularization of the Harmonic sum Z = —F(a) , the idea

—n+a
is to see if using the definition of Zeta-regularized determinant for the Hurwitz zeta

function [[(n+a)=e“""", from the definition of the Hurwitz Zeta , taking
n=0
logarithm to both sides and taking derivatives we reach to the result

S

31(2)— (logF(Z)) D' T(s)cy(s,2) (A1)

Taking derivatives with respect to ‘s’ inside the Hurwitz Zeta function and using the
definition given in (A.1) gives

= log" (n+a) ek d*¢,(s,a) & logt (n+a) LcdE (=)
nz(; (n+a)’ =D ds" ,72:;‘ (n+a) =1 (F() Fola )j
(A2)

The main problem here is to define for every real ‘s’ the function (-1) =¢™ , a

possibility is to take only the real part of the function cos (zzs) , in order to define for

11



j ~(logI'(2)) , we can use the definition of the Grunwald-
»

Letnikov differintegral replacing the k-th derivative by the (fractional) k-th difference

d’ EETI IR SN I'(s+1) B
e (logl“(z))—lllm mzo( 1) F(m+1)F(s—m+l)logF(Z+(s m)h) (A.3)

If we put an small ‘h’ we can compute an approximate s-th fractional derivative

2 log"(n+a) .
ZL) lsto
=~ n+a

© k k+1
consider the regularized integral j drlog (x+a) =— lo(i Sl)
x+a +

Another possibility to define the regularization of the series

and use the Euler-

Maclaurin summation formula to obtain the finite (regularized ) value a > 0 form the
following formula. (valid for the series)

0

Slog (nta) _log (@) log"(@) < B, o7 (logk(xw)j (A4)

‘=™ n+a 2a (k+1) S @er)'ox™ x+a

In general, for the logarithmic divergences, we must introduce an energy scale u so the

A,
functional determinant of a differential operator A det 4 = H has no dimension , so

i=0 M
for k =1 and for every real ‘k’ (either positive or negative)
@ k k+1 k+1 0
J-dx log"(x+a) _ log"™ (a) N log"™ (1) _[ ~ log log u (A5)
0 xX+a (k+1) (k+1) 0 (x+a)log(x+a) loga

For the case of the logarithmic integral , we can use another trick based on the Padé

. .1
approximants for the square root , for example we write — and use the

T

identity (\/; + 1) (\/; - 1) = x—1 we can approximate the inverse square root by

1 ~P(x)

S O(x)

from this the logarithmic divergent integral becomes

here P(x) and Q(x) are Polyonomials of degree ‘m’ and ‘n’ respectively ,

here ‘¢’ can be chosen

J-P(x d
: Vx0(x)

: P(x) & b
so Q(x) has no roots on the interval [c,oo) , Now we can expand m = Z —;into a
X Jj=—m+n X

Laurent series valid for x >c¢ and use formula (6) to evaluate the divergent integrals

o0

dx . o . .
_[ —77 » since 7j’ is an integer, the pole of the Riemann Zeta at s=1 does not appear
-

c

inside ¢ [ j+ %j , for other functions like log(x+a) a similar method of using Padé

12



P(x+a)

is a Rational function only a finite number
0 (x + a)

approximants could be used ,since

of positive powers of ‘x’ will appear into its Laurent series.

A similar argument should be valid to obtain the Fourier transform of log” (x) , form
the representation of the derivatives for the Dirac delta o(x)

k

27 4 i (im5(m)(u)) = r dxx"e ™ log" (x) evaluated at m=0 (A.6)
dm 0

If we use the result J %= log|x|+C , with C a divergent constant that has to be

regularized and determined , we can express the product of distribution

T dtlog| x| e™ +CS(u) = iP(lj —2iH (u) % P(lj (A.7)
e u u
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