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B pabome ¢popmynupyromcs mpu 2eomempuyeckue akCuoMbl, U3 KOMOopPbIX
0okasbleaemcs, 4Ymo MouwHocmb deticmeumeribHoU rpsimou 6osbwe MmouwHocmu
1106020 8rosiHe yrnopsi004eHHO20 MHOoXecmea. T.e. u3 akcuom credyem, 4mo
KOHMUHYYM CKOJ1b y200HO 00/120 MOXXHO Mpu8oOUMb 8 COCMOsIHUE 8MOJIHE nopsidKa, HO
3Mom npouecc mak u ocmaHemcsi He3agepWwéEHHbIM. M3 akcuom oka3bleaemcs ewé
00HO saxHoe paseHcmeo: 2™° = 2™, OcHoeHble pesynsmambi pabombi
cocpedomoyeHbl CObCMB8eHHO 8 hOPMYynuUpPyeMbIX aKkCUOMaXx.

§1. OnpepeneHue runepnpsamon

1.1. «['unepnpsamon» unu «rmnepaerncTBUTENbLHON NPSAMON» HA30BEM MHOXECTBO
dopmarbHbIX CYMM, UMELWNX @, crnaraembiX. VIMEHHO, C anemMeHTOM rmnepnpsiMon
OTOXOECTBUM Kaxgoe dopmanbHoe TpaHCUHUTHOE BbipaxeHue Buaa: £ (v+X(5,/2")).
OpaunHan v < o 34eCb MOXeT BbITb U HyNém, a p npoberaet, Ha4YMHasA C eANHULbI, a He
C Hynsa, BCe opauHanbl < ®;, NO KOTOPbIM MPOU3BOAUTCA (POpMarnbHOe HEeCYETHoe
CyMMUpOBaHue. §, npuHUmaeT 3HaveHne O unm 1, B 3aBUCUMOCTW OT L. ONEMEHT
rmnepnpsimon Byaem 3anucbiBatb U B 6onee npocTton copme: £ v, 818;... de... , A€
nocriefHsasa Hec4éTHas 3anucb paccMaTpuMBaeTCs Kak [BOWYHAs [AONA  HEeKoero
«rMNepaencTBUTENbLHOrO Yncnar». 3HaK «+» UMM «-» CTaBUTCA TaK Xe, Kak nepen
06bI4HbIMKM Yncnammn. Cpean dopmManbHbIX 3anMcen BBOOUTCS NeKcuKorpadmyeckun
NOpsiAOK, OTpaXkaloLUN eCTECTBEHHbIA reOMeTPUYECKNA MOPALOK PACMONOXEHHbIX Ha
rmneprnpsamMon Toyek. [1na Teopem, KOTOpble HaXOAATCH HUXe, «rnnepaencTBUTENbHbIE
yncna» ygobHO paccMmaTtpuBaTb Kak «MOPSAKOBbIE YMCNa HENPEPBLIBHOMO psaga», Kak
«TMNepAencTBUTENbHbIE KOOPAUHATbLI», HO HE Kak Yncna, CBA3aHHble anrebpanyeckumm
onepauusamu.

MMnepnpsimyto 0603Ha4YMM cumeoniom C.. HwxkHuin mHaekc nocne cumsona C -
opAvHanbHbIN MHAEKC, CBA3aHHbIV C ANUHOM ABOUYHbIX NOCNEeA0BaTENbHOCTEN, HO He C

pa3MepHOCTb0 npocTpaHcTBa. MHoxectBo C. BknovaeT B cebs NOOMHOXECTBO,

KoTopoe Byaem HasbiBaThb (rMneppawumoHanbHon) «6ason». basa o6o3HavaeTcs, kak B n
COAEPXNT BCE BbILLEYNOMSAHYTble 6ECKOHEYHbIE BblpaXXEeHUS, CYMMUPOBAHNE B KOTOPbIX
oOpblBaeTCA Ha KOHEYHOM MMM CYETHOM opauHane. JOTO O3HaA4yaeT, 4YTo ecnm X
npuHaanexuT B n paBeH * v, 81 8z... Oy ... , TO ANA HEKOTOPOTO B < @, ByaeT &g = 11 Va
> 3 6, = 0, nnu xe, cpady nocne 3andaton UAYT OOHWU HYNKW, HO OpAuHanN v He ABNseTcs
npenenbHbIM. Toukn 6a3bl ABASAOTCA aHanoroMm paunoHarnbHbIX TOYEK 4eACTBUTENTbHON
npsmon. Touka u3 B cumtaeTca 3agaHHOM ABYMSI BOUYHBIMU BblpaXeHUAMKU, NOA0OHO
ABOWYHO-paLMOHANbHbIM YMCNaM, 1 NO3TOMY CYMTaETCHa «runeppaumoHansHony». Ecnu
B NEpBOW 3anucu «rmneppauuoHarnibHOro 4ymcra X» fnocre 3ansTon BCTpevarTCs Kak
HYnW, Tak U e4UHULbI, TO B 3anncu, 3agatoLen «rmnepymcno X» yxe BTOpbIM CNocobom,
nesee -oro MecTta Hynn U eguHULbI CTOST B NPEXHEM Nopsiake, 04HaKo, Ha B-M MecTe
CTOWUT HyJb, @ BCE OCTallbHble MecCTa, PacnosiOXXeHHble rnpaBee, 3aHMMaKT eguHULbI.
Ecnn xe, B nepBon 3anncu cpasy nocrie 3andaton nayt OgHWU Hynu, T.e. OHa UMeeT Bug



+ v,000 ... TO BTOpas 3anucb umeet Bua + y, 111..., rae y = v—1, T.e. nocne 3ansaToun

BCTPEYAKTCHA TONbKO €AnHULbLI. TOYKM, HE NpuHaanexawue B, npeactaBuMbl TOMbKO
OJHOW 3anunchbIio.

Cuutaem, 4To «B KOHLAX FMI'IepI'IpFIMDVI» pacnosyioXXeHbl ©eCKOHEe4YHO y,El,aJ'IéHHbIe
anemeHTbl. VIx 0603HauMm Kak +w; U -w;. BeckoHe4Ho y,El,aJ'IéHHbIe 3JIEMEHTbI 6epyT09|
TakK, 4YTO OHU He npuHaarexXat MHOXEeCTBY C.. OnemeHT +wm; BBOAUTCH KaK caMbli
I'IpaBbIl71 (MaKCMMaﬂbelﬁ) No OTHOWEHUO K ToYKaM n3 C., afieMeHT —m; BBOOUTCH KaK

cambli neBbld (MUHMMAnbHBLIA) MO OTHOWEHMI K Toykam u3 C.. 3ameTum, 4TO
neKkcukorpau4ecknin NopsaaoK Ha rmnepnpsaMon ABNAETCA NIMHENHbIM NOPSAKOM.

«HaTypaan0171 nocnenoBaTtesibHOCTbIO» UIMA  «MOCS1eoBaTeSIbHOCTbIO AJINHbI
wp» HAa30BEM MocnenoBaTenbHOCTb, 3fIEMEHTHI KOTOpOl71 npoHymMmepoBaHbl BCEMU
HaTypalibHbIMKA 4YUCITaMU. «TpaHC(bMHMTHOﬁ nocrnegoBartesibHOCTbO  OJIMHbI - 1»
Ha30BEM nocriegoBaTesibHOCTbD, SJIEMEHThI KOTOpOl71 NnpoHyMepoBaHhbl BCEMU
KOHEYHbIMM U CYETHbIMU opavHanamu. Ecnu He caenaHo chneumanbHbIX OroBOpoOK, TO
nocnegoBaTesibHOCTU  «OJINMHbIL - 1» 6y,u,eM Ha3blBaTb TMPOCTO «TpaHC(bMHMTHbIMM».
CunTaeTcs, YTO MOLWHOCTL NOCHEeN0BaTENbHOCTU COBMNagaeT C MOLLHOCTbIO MHOXECTBA
MHOEKCOB, KOTOPbIMU HYMEPYHOTCA 3JIEMEHTbI NocfieoBaTesSIbHOCTU.

Myctb Q u P - To4ku runepnpsamon, u Q < P. NHTepBanom ¢ koHuamm B Q n P
CUNTAETCs MHOXECTBO BCEX TOYEK PacrofioXeHHbIX mexay Q un P, obbeanHEHHOE,
BO3MOXHO, C oAHOW unu obenmn Toukamu m3 napbl Q, P. OTKpbITbIM MHTEpPBaNioM
cynTaeTca UHTepBarn, He BKMOYaloLWmMi CBOM KOHUbI. [lonyoTKpbITbIM cnpaBa (cnesa)
cyuTaeTca UHTepBan, BKMYaLWwmn Touky Q (Bknovawwmm P) n He Bknovarowmmn P (He
BKMovarowun Q). 3amMkHyTbIM ByaeT uHTepBan, BkoYaLwmin oba cBon KoHua.

B kauyecTBe OKpPECTHOCTU SfieMeHTa runepnpssiMon Mbl BO3bMEM nobon
OTKPbITBIN  MHTEpBasn, coAepXawmn 3TOT 3nemeHT. OKpecTHOCTbio OeCKOHEeYHO
yaanéHHoro anemeHTa OygeT nobon OTKPbITbIM MHTEPBan rMNepnpsiMon, TakoW, 4TO
KOHeL nHTepBarna coBnagaeT ¢ 3TUM caMbiM GECKOHEYHO yAanEHHbIM 3f1IEMEHTOM.

Mpepgenom HaTypanbHOM nocnegoBatenibHoCcTM OyaeT anemeHT, B nobown
OKPECTHOCTM  KOTOPOro cogepXaTcsi BCe uNneHbl MocneaoBaTenbHOCTM,  3a
NCKMOYEHNEM, ObiTb MOXET, KOHEeYHOro ux uucna. [llpegenom TpaHCHUHUTHOM
nocrnenoBaTenlbHOCTU ABMSIETCA 3NIEMEHT, B NIOOOM OKPECTHOCTU KOTOPOro coaepkaTtcs
BCE 3NeMeHTbl MNOCNeAoBaTEeNbHOCTU, 3a WCKIIOYEHMEM He 0Oonee 4Yem CYETHOro
KonuyectBa €€ uneHoB. Ecnu nocnegoBaTenbHOCTb MMeeT npegen, TO OHa
Ha3blBaeTCsa «CXOAOSALLENCS.

«To4kon Tuna dc» HA30BEM TaKOW 3MEMEHT rmMnepnpsMomn, KOTOpPbIN ABNAETCS
npegenom nsa CTPoro Bo3pacTalolen nocrnenoBaTesibHOCTU ANMHBL s U ANS CTPOro
ybbiBalOWwen nocrneaoBaTenbHOCTM  OfMHbI .. [locnegoBaTenbHOCTb  CTPOro
BO3pacTaeT, ecrnv Kaxabl nocneayrowmmn eé YneH npasee BCex npeabiayLumx, u cTporo
ybbIBaeT, ecnvm Kaxabli e€ nocnegywwmi YneH neeBee Bcex npeablaylimx. Touku

OZHOro Tuna o6pasyloT MHOXECTBO, KOTOpoe 06o3HavaeTcs kak T(5c).



1.2. N3 naHHbIX onpeaeneHunin n3snekaeTcs:

CsowucTBo . Jllob6oe He nycToe n He 6onee Yem CHETHOE MHOXECTBO ToYeK 6asbl
OrpaHU4YeHO crneBa M crnpaBa Touykamu 6asbl, He NpuHagnexawumm aTomy He Gonee
YyemM CYETHOMY MHOXecTBYy. BecKkoHeYHO yaanéHHble aneMeHTbl €eCTb npeaensbl
HECYETHbIX NOcnegoBaTeNbHOCTEN.

CsouctBo Il. [lyctb L 1 M — He nycTble He Gonee 4Yem CYETHbIE MHOXECTBA,
CoCTaBIieHHblE M3 TOYek Oa3sbl TaK, YTO BCe 3NneMeHTbl L MeHblle Bcex anemMeHToB M.
Torga, HanpgeéTca q € B KOTOpbINM pacrnonoXeH CTPoro Mexay MHoxectsamu L n M, T.e.
nobon anemeHT n3 L Byget < q, a ntobon anemeHT 13 M > q.

CBowucTtBo lll. Hukakas cuyétHas nocnegoBaTeNbHOCTb, COCTaABNEHHAsA U3 TOYEK

6asbl, He CXOoOUTCA K INIEMEHTY B, npu yCIrnoBuun, 4TO BCE 4rieHbl nocnenoBaTtesyibHOCTU
OTJIMYHbI OT npegena.

CsouctBo V. MHOoxecTBO B Bclogy NfOTHO Ha rMNepnpsiMoun, T.e. Ha ntobom
OTKPbLITOM MHTEpBane, nexawem B C., cogepxatcs To4kun 6asbi.

YUTtobbl OOMOJIHUTENIbHO TMOACHUTb MNepevYncrieHHble CBOWCTBA, paccMoTpuMm
aHanorumo mMexay MHOXeCTBOM B n MHOXeCTBOM paunoHanbHbIX Yyncen Q (BMeCTO Q
MOXHO B3ATb TakKXe MHOXEeCTBO AOBOUYHO-paUUNOHallbHbIX 4uUcern, npeacraBJieHHbIX
KOHEeYHbIMW OBOUYHbLIMUA I'IOCJ'Ie,EI,OBaTeJ'IbHOCTFIMM). B camowm gene:

(i) ntoboe He Bonee YeM KOHEYHOE MOAMHOXECTBO Q OrpaHMYEHO, U SNEMEHTDI,
GEeCKOHEYHO YyOanéHHble B OTHOLWUEHWM 4YuUcen [LEWCTBUTENbHOM MPSMOWN, MOXHO
paccmaTpuBaTb Kak npeaeribl HEKOTOPbIX CYETHbLIX NOCneaoBaTENbHOCTEN,;

(i) mexay nobbiMn OBYMSI KOHEYHbIMW MHOXECTBaMW paLMOHANbHbIX Yucen,
PacnonoXeHHbIX Tak, YTO BCE 3MEeMEHTbI OAHOr0 MHOXecTBa 6ornblue BCEX 3NIEMEHTOB
Apyroro, Bceraa HangéTtcs pauuoHanbHOEe YMCIO He pPaBHOE HW OOHOMY M3 4yucen
AaHHbIX MHOXECTB;

(iif) HMKaKas KoOHeYHas nocreaoBaTeNlbHOCTb PaUUOHaNbHbIX YACEN HE CXOOUTCA
K pauuoHanbHOMY 4MuCIly, ecnn BCe 3JIEMEHTbl MNocrnefoBaTeNbHOCTU OTSIMYHbLI OT
npeagnonaraemoro npegena;

(iv) MHOXeCTBO BCexX paumoHarbHbIX YMcen BCOAY MMAOTHO Ha OEeWCTBUTESTbHON
NPAMOMN.

[okasatenbcTtBo cBOMCTB | - IV cBOAUTCA K NPUMUTUBHOMY, HO B TO Xe BpeMs,
AOCTaTOYHO ANMHHOMY pa3bupaTenbCTBY Ha TPAHCHUHUTHBIX MOCNeAoBaTENbHOCTSX, U
npuBoauTbCcs He Byaet. OTnNUUMe OT aHanorMyHoro pasbupaTenbcTBa, HA MHOXeCTBE
HaTyparbHbIX NocneaoBaTenbHOCTEN Hyneh U efuHuL, TONbKO KONMM4ecTBeHHoe (B
TpaHCUHUTHOM Konu4yecTBe LaroB paccyxgeHuns). ObpatHo, csonctea | u Il BnekyT
BO3MOXHOCTb 3aaHus rTMNepKoOHTUHYYMa Yyepes OBOUYHbIE NOoCrefoBaTeNlbHOCTH:



Y1BepxaeHue. [lycTb S - Henycroe 4acTU4YHO YNopsgOYEeHHOE MHOXECTBO,
obnapgatuwee ceonctBamun | n Il. Toraa, B S MOXHO BbIAENUTb NOAMHOXecTBO U,

N30MOpHOE MHOXeCTBY B.

NHaye rosops, n3 ceoucts | u Il crnegyet, 4yto cywectByeT @yHKumsa F,
oTobpaxaroLlasi B3anMHO OJHO3HaYHO BCE 3rieMeHTbl MHOXecTBa U Ha BCe anemeHThI

MHOXecTBa B Tak, yto X <y = F(X) < F(y).

,D,OKGSGTGJ'IbCTBO yTBEPXKAEHUA TaKXe OrnyCcTuMm. OHo npoeoanTCcA MeTogom
YNnoTHEeHUA N3BIIEYEHHDbIX N3 S 3NIEMEHTOB, yepes TpaHC(bMHMTHOG KOJIN4eCTBO LLUaroB.

CeBonctBo V. MouwHocTb MHOXecTBa B paBHa MOLHOCTU KOHTUHYyYyMa

aencTButensHblX Yncen, 1.e. card(B) = card(C.), rae Co - MHOXeCTBO AENCTBUTENbHbIX
yncern.

CowucTtBo VI. MowHocTh rnepnpsivont pasHa 22,

[okaszatenbctBo cBoncte V mn VI. B camom pgene, anemeHTbl MHOXecTBa B
3a4al0TCA CYETHbIMM MHOXECTBaMW Hyrnen U eOuHUL, N 3HAaYEeHUEM MONOXUTENBHOIO
UM oTpuuaTenbHOro opauHana v < o, CTosIwero A0 3andaTonM OBOUYHOW 3anucu.
Kaxxgoe oTMeyeHHOe CYETHOE MHOXEeCTBO 3a4aéTCd MHOXeCTBOM opauHanos M,
MEHbLUNX HEKOTOPOTO B < w;. Mpn doukcmpoBaHHbIX v 1 3 M OAHO3HAYHO COOTBETCTBYET
onpegenéHHomy q € B cnegytowmm obpasom: ecnu o € M, 10 5,=1, ecnm a ¢ M, TO
34=0; q paBeH % v, §;8283 ... 8, ... ; 3Ha4YeHue O paBHO 1; ana a > &, = 0. Otcroaa,
card(B) paBHa KonmyecTBy BCEX COBOKYMHOCTEW Buaa {d.}, rae o <3, NOMHOXEHHOMY
Ha KONUYeCcTBO OpAMHAarnoB B U Ha KOMYECTBO BCEX YKa3aHHbIX v C yY4ETOM 3Haka. T.e.
card(B) = 2™ x 8y x N; x2 =2 [Ina C., cYéTHbIE ABOWYHbLIE 3anNMUCK AOIMKHbLI BbiTb
3aMeHeHbI Ha HeCUETHbIE, KOTOopbIX Beero 271, n noatomy: card(C:) = 2% N x 2 =2N,

YUT06bl NogpobHee onucaTb CTPYKTYPY rMneprnpsiMon, OTMETUM

CBouncteo VII. Toyka runepnpamMon He MOXeT npuHaafexatb pasHbiM TUMNam.
Toukn n3 B npuHagnexat tuny 11. Ha runepnpsmon HeT Todek Tvna 00.

YTBEpXOeHMe MOXHO cdhopMynupoBaTth Tak: T(8'c") N T(dc) = I, ecnn &' # & unu
¢ #0.Bc T(11). T(00) = &.

82. MeTamaTemaTnyeckas TepMuHosmnorus

«KaHoHu4yeckoln aedopmaumen» Ha3oBEM roMeoMopdn3M, UHTEPNPETUPYS Ero
onpenenéHHbiM obpasom. Obnactb onpeneneHnss romMmeomopduaMa TpakTyeTcs Kak
HayarnbHOEe MEeCTO PacrnorioXXeHUss MHOXecTBa, noasepraemMoro gedopmaummn. ObnacTb
3Ha4YeHUl romeomopdn3mMa TpaKTyeM Kak KOHEYHOEe MECTO PacrofioXeHUs TOYEYHOro
MHOXecTBa. [1pOMEeXyTOYHble MOMOXEHUSI TOYEYHOro MHOXECTBa, BO3HMKalLMe B
npouecce AedOPMUPOBAHUS MexXay HayanbHbIM W KOHEYHbIM MOMOXEHUSIMU, He
paccmaTpuBarTCs.



HedopmmnpoBaHHOEe MHOXECTBO, U A0 1 nocrie gecdopmaunmn cynTaeTcs OgHUM r
TeM e 06bEeKkToM, N0JOBGHO TOMy, Kak (bM3mdeckoe Teno ocTaéTcss caMmum cobon npu
narmbax. Ecnu cnegoBaTb 3TOMY MNpu3HaKy B OnNpegenieHMM O TOM, YTO SABMsieTCs
«aedopmaumen», To 4epe3 oTobpaxeHus 3agalOTCa Aaneko He BCe TeopeTUKo-
MHOXECTBEHHblE 00BLEKTbl, MHTYUTUBHO COOTBETCTBYHOLLUME TEPMUHY «aechopmaumnsay.
TepMNUHOM «MHTYULMOHUCTCKME AechopmMaumm», oxapaktepusyem Te pecopmaumn,
KOTOpble OnpedenuMbl Ha KracCcMyYeckoM opmarnbHOM  SA3blke, CyLeCTBOBaHUE
KOTOpPbIX, HA AaHHbIN MOMEHT, HE JOKa3aHOo, N KOTOpble BBOAATCSA Yepe3 akcuombl. Mbl
OGyaem HasbiBaTb MX TakK Xe «MeTaMopdo3amMu» Unn «TpaHcopmaLnsaMm».

Mycte, M - TOYeyHOEe MHOXEeCTBO MoABepraeMoe KaHOHWUYECKOMY Un
WUHTYULMOHUCTCKOMY AedopMupoBaHuto. Nocne agedopmMmpoBaHna MOXHO 0603HaYMTb
ero cHoBa kak M, He CMOTps Ha TO, YTO 3TO MHOXECTBO NepexoamT B HOBOE COCTOSHME.
B Hawem unanoxeHuu, nHoraa yaobHee He MeHsATb 0603HadYeHne ob6bekTa Npu cMeHe
€ero cocTosiHMN. Ho B KakOM MMEHHO COCTOSIHUM HaxoguTcs OOBEKT, Tak UNN UHade
oTMevaeTcsa. [JedopmumpoBaHme, ecnu ero o6o3HaunTb ), TpakTyeTcsl Kak onepaTop,
aencteyrowmnn Ha obbekt M. B pesynbTaTe gedopMuMpoBaHMa OOBLEKT nepexoauT B
cocTosiHne QM.

3aMblkaHVe U BHYTPEHHOCTb TOYEYHOro MHoXecTBa L obosHavatoTcs kak cl(L) n
int(L) cootBeTcTBeHHO. [loa (COBCTBEHHOM) BHYTPEHHOCTbIO OTpe3ka JIMHUKM, He
nepecekarwowero cebs, nogpasymeBaeTCs MHOXECTBO BCeX TOYeK OTpeska, He
coBnagjawwmx € ero KoHuamu. Y nnockom durypbl (cobCTBEHHas) BHYTPEHHOCTb
coBnagaeTt ¢ o6beanHeHNeM BCeX MOAMHOXECTB (OUrypbl FOMEOMOPMdHbIX OTKPbITOMY
€BKNMOOBOMY Kpyry (Kak KpUTeputo OTKPbITOrO MHOXecTBa). [lononHeHne MHoxecTBa
(reomeTpuyeckon durypbl) L B MHOXecTBO (cburypy) M o6o3HauaeTtcs kak M]L. Yepes
| L o6o3HavaeTcst JONONHEHME K MHOXECTBY L «BO BHELLHee NPOCTPaHCTBOY, SICHOE MO
KOHTEKCTY.

§3. OnpepeneHne eBKNMAOBLIX JIMHUNA, YCITOBHO pa3nuyaroimecsi KOHUbI

KOTOPbIX pacnosfioXXeHbl KakK TOYKU 6a3bl B. ¢OpMy.l1VIpOBKa ABYX aKCUOM,
no3ponArlwnx paspewinTb KOHTVIHyyM-I'Ip06.I'IeMy

3.1. B eBknuMaoBoM nMfOCKOCTM, B KOTOPOM BBEAEHbl OPTOroHanbHblE OCKU
KoopauHaT, BO3bMeEM OTKPbITbIA KPYr eAMHUYHOro pagnyca, UMEeKLMA LLeHTP B Havane
koopamHat O. MNyctb obnactb D ABnsieTca nepecevyeHMeM Kpyra ¢ nepBbIM KBaapaHTOM
paccmatpmBaemMon nnockoctn. Cuntaem, yto D coBnagaeT co CBOEN BHYTPEHHOCTLIO:
int(D) = D. Yepe3 C 0b603Haumm Jyry OKPYXXHOCTU — Ty YacTb rpaHuLbl OTMEYEHHOrO
Kpyra, KOTopas NnexuT B NnepBoM KBagpaHTe. Cunutaem, 4To gyra CoaepXXmUT CBOU KOHLbI,
n MoxHo Hanucatb C = gyra XY, rge X - To4ka, pacrnosioXeHHasi Ha NoSIOXUTENbHON
4YacTu OCu X-0B, @ Y - TOYKa Ha MosOXUTENbHON YacTn ocun y-oB (puc. 1).



CocTtaBMM MHOXecTBO H M3 Bcex HenpepbiBHbIX FMHUIA, PAaCnofiOXEHHbIX B
obnactu D Tak, 4TO OOMH KOHEL, KaXKaon U3 aTuX NuHui conagaeT ¢ Todkon O, n cama
NMHNUS HeorpaHMyeHHo npubnuxkaetca Kk gyre C (B 4aCTHOCTM, BTOPOW KOHEL, JIMHUK
MOXEeT coBnagaTb C Kakon-HMbyab Toukom E Ha gyre C), npudém: ecnm Toyka Z
npoberaet nuHuio q U3 H, anuHa otpeska OZ pasHa r, a BennyuHa yrna XOZ pasHa o,
TO NIMHUA OOHO3HAaYHO 3a[aETCA HenpepbIBHON yHKUmMen fq Takon, 4To, ecrim 0 <r < 1,
N Yepes aTy PyHKUMIO onpeenseTcsa 3HaveHve yrna ¢ = fq(r), koTopoMy paspeluaercs
nexatb B uHTepBane 0 < ¢ < n/2. O6bnactu onpeaeneHns N 3Ha4YeHUn QYHKUUN,
3a4aoLWwmx NMMHUK, cogepXaTt TONbKO 0ObIYHbIE AENCTBUTENbHbLIE YMCTA.

Kaxpgas g u3 H genut obnacte D Ha ABe 4acTu, He cogepxalime ToYeK NUHUN.
OTN YacTM HA30BEM «JIEBbIM» N «MNPaBbiM» MHOXECTBAMU B OTHOLLUEHUWN K 3TON NINHUW.
Niobasi Touka neBOro MHOXeCTBa CYMUTAETCA PacrorioXeHHoW nesee (, a nwbas
npaBoro — rnpasee (, ecnv BOosb (, Kak N0 KPUBOMY Jy4y, CMOTPETb MO HanpasBneHuo
oT Toukn O Kk gyre C. B yactHocTu, ato o3HavaeT, yto ecrim W € D & |OW| =1 & vy =
yron XOW, to W neBee q, ecnu vy > ¢ = fy(r), » W npaBsee q, ecnu y < ¢ = fy(r).

Myctb q, p € H. PaccmoTpum nogsuxkHble Toukn U 1 V, koTopble npoberatoT q u
p ot O go ayrm C COOTBETCTBEHHO Tak, YTO BO BpeMsi npobera oHW He 3aHMMalT ABa
pasa ogHoro nonoxeHus. MNMycte U n V ctapTyloT OAHOBPEMEHHO B HYNIEBOM MOMEHT
BpeMeHn 1 Takke gocturaioT C B OOAWH U TOT Xe (PuHanNbHbI MOMEHT BpeMeHu .
Torpga, ecnn, Ha4YMHasi C HEKOTOPOro MOMeHTa T < t; ANA BCEX MOMEHTOB BpeMeHMU,
B3ATbIX C OTKPbLITOro UHTepeana ot t Ao t;, 6yaeTt okasbiBaThes, YTo U nesee p nnm V
npasee (, To 6yaem nucatb: g << p (UnNu p >> Qq ) 1 FOBOPUTbL: «( 3aKaH4YMBaeTCs nesee
p», UM «p 3akaH4yMBaeTcs npasee (g». Ecnm xe nocne momeHTa t Toyka U Bcé
ocTaBLLeecs Ao t; Bpems GyaeTt ABuratbCsa Mo NuHWUM p, unn Todka V byageT asuratbCs
Nno NWHWK [, TO 3TO O3HAYaET, YTO HEKOTOPbIE CErMEHTbI NMMHUI, NPUMbIKaOLLME K ayre
C, coBnagatoT. Toraa roBOpuUM, YTO JIMHUM ( U P «3KBMBASEHTHbI», 1 0603Ha4YaTb 3TO
nonoxeHue Bellen Tak:  ~ p. Bce TpeboBaHMA K OTHOLLUEHUIO 3KBUBANEHTHOCTU Mpu
aTom cobnirogatotesa. Ecnmg<<p 'V q~pV q >>p, TO IMHUM HA30BEM «CPABHUMbBIMUY.
B npoTuBHOM cnyyae, NMMHUM HA30BEM «HECpPaBHMMbIMW». HecpaBHuMbl g 1 p ByayrT,
Hanpumep, Toraa, korga Tovka U B nobor BpeMeHHON OKpeCcTHOCTU MOMeHTa t; 6yaeT
OKa3blBaTbCH KakK fiesee, Tak U npaBee NUHUK p.



Ecnu q 3akaHunBaeTcs nesee nuHuM h, a nMHUA h 3akaH4nBaeTcAa nesee NUHUA
p, TO g 3akaH4ymBaeTcsa nesee p. T.e. g << h n h << p Bne4ér q << p. Kpome Toro,
3aMeHVB NUHUK g, h, p Ha 3KkBMBarneHTHble UM: (', h', p' COOTBETCTBEHHO, NOMYyYUM, YTO

g' << h' << p'. T.e. OTHOLWIEHNE NOpsiAKa Ha NIMHUAX MHOXeCTBa H TPaH3UTUBHO.

3.2. lNMyctb ToukM S n T pacnonoxeHsl Ha ayre C Tak, 4yto yronn YOS mMeHblue
yrna YOT. Torga cumtaeTcs, 4TO «S pacnonoxeHa nesee T», a «T pacnofioxeHa
npaeee S», 0603HavYaeTca S<Twunu T > S.

Mpegnonoxwmm, 4to q << p. Ecnn pacnonoxeHHble Ha ayre C KOHUbI NMMHUA — Q U
P cooTBeTCTBEHHO — pasnuyatoTcs, To yron YOQ gomkeH 6biTb MmeHblwe yrna YOP, T.e.
AOMKHO OblTb Q < P. Ecnu e KoHubl nnHMIKA coBnagakT B Todyke E (puc. 1), 1O
paccMOTpUM OYrn OKPYXHOCTeW, umewwmx ueHTp B O, 3adaHHble ypaBHEHUEM I =
const < 1. OcywectBuM KaHOHMYeckyto pedopmaumio obnactm D Tak, 4TOObI
yKasaHHble Ayrv B pesynbTate gedopmaumm nepewnu kaxaas Ha cebs. MNMycTb kaxaas
TO4Ka obnacTtu, npu 3TOM, B3aMMHO OAHO3HAYHO NEPeExXoauT B APYryto TOUKy obnacTu, a
g W p NyCTb NepexoadaT B NIMHUKU, KOHLbI KOTOPLIX yXXe pasnuyatoTcs Ha C, T. e. nocne
AedopmMmmpoBaHus okasbiBaetcd Q < P (Q u P — KOHUblI edOpPMUPOBAHHbIX FIMHWUN).
Touka E, npn 3TOM, BbITAHETCA B AYyry OKPY>XHOCTM; KOHLaMM 3Ton ayrn OyayT Toukm Q
n P. qwnp nepengyT B NMHUN TOrO e Krnacca H, Tak 4yto q OygeT 3akaH4MBaTbCA nesee
AedopMMpPOBaHHON P. ATOT dpakT MOXHO 3anucaTb KpaTko: ged q << ged p (3anucu
aed g v ged p o3HavaroT, YTO U p paccmaTpmBalroTcs B AepopMMpoBaHHOM BUAeE).

PaccMoTpum Tpu nvHUK: q, b 1 p, ANS KOTOPbLIX M3BECTHO, YTO << b << p.
MycTb KOHLbI BCEX TPEX NMUHUIA, 0603HAaYeHHbIE COOTBETCTBEHHO Q, B 1 P, coBnapatoT.
Torga, Bcerga MOXHO pasBecTM 3TU KOHUbI, MPUMEHSAS MocrefoBaTenibHO [ABe
Aedopmanmmn noaobHble BbILLEONMCAHHBIM, TaK YTO Nocre AedopMaLn OKaXeTCs, YTo
Q<B<P.

Bosbmem, panbliue, CYETHOE KOMMYECTBO NUHUNA () U Py, A€ Kaxabid U3
WHAEKCOB A U . NnpoberaeT BCce HaTyparbHble Yucna, a Q, 1 P, ABRSAOTCA KOHLAMU 3TUX
NMHUIN COOTBETCTBEHHO, coBnagarwmmm B oaHon Touke E Ha gyre C. [ycTb, npu aTom,
O << Qs << Pps1 << py. Toraa, ocyuiectsMMa kaHoHu4eckas gedopmaumsa obnactn D
Ha cebs, nepeBoasLlasl pasHble TOUKM MEPEXOASAT B pasHble BAOMb OKPY>KHOCTEW I =
const < 1, B pesynbtate KOTOPOW, Npy NIOObLIX HAaTyparnbHbIX A U W, KOHLUbI NMHUA ByayT
pasBefeHbl Mexay cobomn, Tak YTO OKaXKETCS:

Q?» < QK+1 < I:)u+1 < Pua

ned q, << ged g1 << ged pu+1 << ged p,.

B camom pene, Ans ocylwecTeBneHus aedopmaumu, pasBOAsLLEN KOHLb
CYETHOrO  KONMMYEcTBa  JIMHWIA,  BOCMOMb3YEMCS  CXOAsiWeWcss  HaTyparnbHoW
nocrnefoBaTeNbHOCTbIO KaHOHMYECKUX AedopMaLmi, OCYLLECTBRSIOLWNX pas3BedeHue
KOHL,OB TOJbKO ABYX NUHUNA.

MNpu nocnegHem gedopMMpoBaHHOM cocTosiHUM obnactu D, nyctb B — Touka
ayrn C, KoTopasa nexvr mexay TodevHbiMn MHoxectBamu {Q} n {P,}, T.e. Q) <B <P,
npu nobbix A 1 p. Toraa, MOXHO NpoBecTn nuHUKO b € H, koHeu koTopow Gyaet
coBnagatb ¢ Toukon B (puc. 1). 1o ByaeT o3HayaTb, 4TO Npu NbbIX A U p ged q, << b

<< ped p.



[okaxem, 4To nNuHMS b cywecTByeT n Toraa, korga ogHo, unu oba MHOXecTBa
{a,} v {p.} KOHEYHBI, K Koraa 0AHO M3 3TUX MHOXKECTB MYCTO.

Ecnn o6a MHOXecTBa KOHEYHbl, TO nNWHWUS b HaxoauTcs TpUBMANbBHO.
PaccmoTpum criywan, korga MHOXeCTBO {p,} KOHEYHO, MHOXEeCTBO {0} CY4ETHO (puC. 2 ).

Qi Qz Q3 QnQnu Qi Q?_ Q3 e Qn QndD:B

Torpa, Hangétca nuHuna p € {p,} Takas, 4yto Ana nbon nnuHun d N3 MHoXecTea
{p.}, oTAnyHOM OT p, 1 Ana nbon NMHUM MHOXecTBa {Q,} okasbiBaeTcs Q; << p << d.
3aMEeHNM Kaxayr JIMHUIO () Ha SKBUBANEHTHYI0 en NMUHUIo (' Tak, YTO Kaxadas Toyka
NYHWK ;' NyCTb pacnonaraeTcs npasee NuHUKM Q' (ecrnu A > 1) n nesee nNuHUM p.
3aTteM, NpoBOAMM MCKOMYHO NMHUIO b Tak, 4ToBbl OHa Nepecekna Kaxayk 13 NMHun q,' n
Kaxkayto gyry r = const B 0QHOM TOYKe, U Kaxgas Tovka u3 b pacnonoxunach 6bl nesee
nuHun p. O4eBMaHO, YTO OKasbiBaeTcs ).’ << b << p, n, cnepgoBaTenbHo, g << b << p.
AHarnorn4Ho ctpoum b B cny4ae, korga KOHeYHO MHOXeCTBO {0.}, a {p.} - CHETHO.

Ecnun xe MHoxecTtBO {Q,} HE NycTo, @ MHOXecCTBO {p,} - NyCTO, TO B KayecTse
OOHO3MEMEHTHOrO MHOXECTBa, 3ameHsLwero MHoxectso {p,}, 6epém MHOXecCTBoO,

coctosdwee un3 oTtpeska OX. Xota OX He BXOAUT B KnacC fUHUMA H, Mbl MOXeM
onepupoBaTtb C HUM TaK Xe, KaK C edVHCTBEHHOW NWHWEN MHOXeCTBa, B OLHOM W3
paccMoTpeHHbIx crydaeB. OTpe3dok OX, TOorga Xe, MOXeT cuuTaTbCsa MnpaBbiM
BGeckoHeYHO yaanéHHbIM 3nemMeHTOM. AHanorMyHo Mbl onepupyem ¢ otpeskom QY,
KOTOPbIA MOXET cuYMTaTbCA IeBbiM 6GEeCKOHEeYHO yAanéHHbIM 3neMeHTOM. Takum
obpasom, ecnvm paccMoTpeTb TONbKO OAHO He Bonee YeM CYETHOe MHOXECTBO, TO OHO
BCeraa MoxeT ObITb OrpaHMYEHO Kak CBEpXy, TaKk U CHU3Y HEKOTOPbIMW JIMHUAMW,
BXOOALMMN B MHOXECTBO H ¥ MOCTPOEHHbIMM aHanorm4Ho nuHum b. OTcioga xe,
MO>HO MOCTPOUTb TPaHCHOPUHUTHBbIE NOCNEeA0BaTENBHOCTU, «CXOAsLWmMecs K 6eCKOHeYHO
yOanéHHbIM aneMmeHTam». [locneaHol «CXxoanmMocTb» Bo3pacTawwen (yobiBatoLien)
TpaHCUMHUTHOW nocnegoBaTtenbHocTU {4} cregyeT MOHUMaTbL B TOM CMbICIiE, YTO
cpean NOCTPOEHHbBIX NMMHUMA He CyLLEeCTBYET P Takou, Y4To VA Oy, << p (VA Q) >> p).



3 BbILLEN3NOXEHHOMO 3aKno4YaeM:

l. Tlo6oe He nyctoe u He Bonee Yem CYETHOE MHOXECTBO M cpaBHUMbIX MeXay
coboi NUHWUIA, B3ATbIX M3 MHOXEecTBa H, orpaHM4YeHO B MOpsSiAKe Ha TNUHUSX, T.€.

CYLLECTBYIOT NMHMM q M p € H Takme, 4To gns nobon m € M okasbiBaeTca g << m << p.
beckoHeyHO yaanéHHble 9nemMeHTbl MOryT cuYuTaTbCsa npegenaMv  HeCYETHbIX
nocnegoBaTenbHOCTEN.

II. Myctb L m M - He nycTble M He ©Gonee 4Yem CYETHblE MHOXECTBA,

COCTaBJIEHHbIE N3 CPaABHUMbIX MeXOy cobor NMHUM MHOoXecTBa H Tak, YTO OKOH4YaHue
nobon nNuUHUM MHoXecTBa L pacnosfioxkeHo neBee OKOHYaHUA nobor nuHumM n3 M.

Torga, Hangétca nuHns h € H, KoTopasa pacnonoxeHa CTPoro Mexay MHoxectsamu L n
M, T.e. ntobon anemeHT n3 L 6yaet << h, a nobown anemeHT n3 M >> h.

CpaBHuBas nocneaHve gBa CBOMCTBA NIMHWUIA CO CBOMCTBaMM ToYek 6asbl | n 1l n3
§1, Buamm nonHoe cosnageHue. OTcoaa, NOMb3yschb BblOEMNEHHbIM yTBEPXAEHNEM 81,

Korma S = H, yCTaHaBJinBaeM B3aMMHO O[OHO3HaA4YHOE COOTBETCTBME MEXAY BCEMU
Toukamn 6asbl 1 HEKOTOPbIM HECYETHBLIM MOLMHOXECTBOM CpaBHUMbIX MeXOy cobon

NUHUA MHoOXecTBa H. 3OTo cootBeTcTBME o0003Haumm F. Te anemeHTbl n3 H, 3a
KOTOpPbIMM 3aKkpensfieHbl TOYKM MHOXecTBa B B yka3aHHOM COOTBETCTBMM, 0OpasytoT
MHOXeCTBO, kKoTopoe 0603Ha4aeTcs ganee kak G. Taknm obpa3om, BepHa

Teopema |. CyuwectByoT MHOXecTBO G < H ¥ B3aMMHO OAHO3Ha4HOE
cooTBeTcTBMEe F wmMexagy BcemMu 3nemeHTamm MHoOxectBa G M BCeMUM TOYKamu
MHOXecTBa B, Tak uto g << p < F(g) =S < T = F(p), rae q n p — Npon3BOJibHbIE
anemMeHTbl MHOXecTBa G, a S n T — To4kun n3 B.

Teopema II. MowHoOCTb MHOXecTBa H paBHa 2%,

HokasatenbcTtBo. JllobGas HenpepbiBHAA NUHUS OAHO3HAYHO (MMEHHO B TOM, YTO
3TO Ta NMHKSA, a He MHasl) 3agaéTcsa OTobpaXXeHMeEM MHOXECTBa pauMOHarnbHbIX YNCeN
B €BKMMAOBY MSIOCKOCTb. MOLJHOCTb MSIOCKOCTU paBHA MOLLUHOCTU OeNCTBUTENbHOMN
npsimon. COBOKYNHOCTb OTOBPaKEeHU CHETHOMO MHOXECTBA B MHOXECTBO MOLLHOCTH
KOHTUHYYM, KaK WM3BECTHO, CaMO MMeeT MOLLHOCTb KOHTMHyyma. OTctofa 3akno4vaem,
4TO NWHWI He Gonblue Yem 2%°. Ho nx u He MeHblue, YeM 2%°, Tak Kak UMEeHHO Takoe
KONMMYEeCTBO, MO MEHbLUEN Mepe, 3aKN4yaeTcss B MHOXECTBE MPAMbIX OTPE3KOB,
coeguHsaowmx Touky O ¢ Toukamum C.

3.3. Cchopmynupyem akcuomy, KOTOpYHO Aarnee eCTeCTBEHHO BbIABUHYTb:

Akcuoma l. CywectByeT TpaHcdopmauus Q, nposogmMmas Boosb Aayr r = const <
1 Hag obnacTbto D, B pe3ynbTraTte KOTOPOM, KOHLbl KaXAbIX ABYX NIMHUA U P, B3ATbIX B
MHOXecTBe G, pasBogatca Ha agyre C. lpu atom, ecnu g << p, TO nocne
TpaHcgopmauum okasbiBaetca QQq << Qp 1 Q < P, rae Q n P — KOHUbI NUHURA,
pacnonoxeHHble Ha ayre QC, nonyyeHHowm B peaynbTaTe TpaHcdopmauuun. Obnactb
QD ocTaétca romeoMopdHON OTKPLITON EBKIMAOBON 06MnacTu.



30ecb cumtaem, 4To Q < P He notomy, yto yron YOQ meHblwe yrna YOP — takune
yrnbl  BOOOLlE HEBO3MOXHO Onpegenutb — a MnoToMy, 4YTO B pe3ynbrarte
TpaHcopmauum Q pgyra C BxoguT B Takoe coctosHue QC, 41O coBnagawolime
noHayany KOHUbl pacrnofnoXeHHblx B D nuHMiA pasBogaTca Ha GeCKOHeYHO Mmanoe
paccTosiHue, wuamMepsiemoe BAonb Ayru. [lopagok Ha nMHMAX nogpasymeBaeTcs
COXpaHMBLUMMCSA nocre TpaHchopMaLunm, NOCKOSbKY, JIeBOE MHOXECTBO MPOM3BOSIbHOM
NNHUKN NepexoauT B IeBOe MHOXECTBO, a NpaBoe — B NpaBoe.

i
Akcrnoma |
puc. 3

B camom pgene, nyctb q << p. F(q) = S < T = F(p) — Touku runepnpsamon. Tak kak
Q < P, TO0 nony4yaem B3aMHO OQHO3HA4YHOE COOTBETCTBUE MEXAY BCEMM TOYKamm H6a3sbl
n Temmn Todkamu ayrmu QC, KOTOpble CYTb KOHLUbI CTaHAAPTHLIX HenpepbiBHbIX NUHUA
MHOXecTBa G. PakTUYeCKn, MOXHO cunTatb, UTO S = Q u T = P, n yto cootBetcteue F
COCTOMT B TOM, YTO Kaxaasa NMHUA  ykasbiBaeT Ha gyre C Touky F(q) B kayecTBe koHLUa
3TON NUHUK. [locTaToYHO e Bnun3kme ToYkmM 6asbl MOryT CYMTATLCSA PACNONOXEHHbIMU
Ha G6EeCKOHEeYHO ManoM pacCTosHMM OpYyr OT Apyra. Takmm obpas3om, MOXHO CuMTaTb,
4YTO rMnepnpsiMasi, B U30rHyTOM U CXaToM Buae, pacnonoxwunack Ha C.

O6nactb D oT npoBeaeHns Q) BXoauT B COCTOSIHME, KOTOpoe 0603HavYaeTcs Kak
QD, 1 3TO cOCTOsIHME, NO-BMAMMOMY, HEMb3s Ha3BaTb OObIYHbIM, O YEM yTBEpPXKAAEeT
crnepyoLlas Teopema.

Teopema Ill. QD He moxeT ObiTb NonyveHa B pe3ynbtate otobpaxeHna D Ha
€BKNnaoBy NIIOCKOCTb U, BOOOLLE, HM Ha KaKyto NSI0OCKOCTb CO CTAaH4APTHON METPUKON.



HokasaTtenbctBo. B coctogHumn QD Ha ayre C MOXHO pacnosioXmnTb HECYETHOE
KONMMYECTBO HenepeceKkallmnxcsa OTPe3KoB. HM Ha Kakom €eBKNMOOBOW IUMHUMK, He
nepecekatowien cebs, atoro cgenatb Hemnb3da. JIobyio eBknMaoBy 006NacTb MOXHO
oToOpa3utb Ha obnacTb Co cTaHAapPTHOM METPUKON, n ecnn 6bl QD oToGpaxkanack Ha

TaKyko obnactb, To QD 0To6pa>|<anaCb Obl Ha €BKIMnAoBY MJIOCKOCTb, HO nocrnegHee
HEBO3MOXXHO.

Bmecte ¢ Tem, coctodHne QD uHTepnpeTupyetca B KaHOHMYECKOM Teopumn
MHOXECTB, B pamMKax OObIYHOrO MaTtemaTU4ecKkoro aHanusa Tem, 4To B obnactu D
onpegenMMmbl OKpecTHOCTU Touvek ayrm C Tak, kak 6yato ata gyra 6bina 6bl rpaHuuen
obnactn QD. B camom gene, nyctb B — popmanbHasa Toyka Ha gyre C, T.e. NyCTb Mbl
cuMTaemM 3Ty TOYKOM PacrnonoXeHHOM Ha rpaHuue obnactm QD, Tak kak B sBnsaetca
KOHLOM HEKOTOpOW nunHun. Ecnv g n p — NpousBosibHbIE NIMHUM MHOXecTBa G Takue,
4YTO KOHUamMu nx Ha QC aBnaTcsa opmarbHble TodkM Q 1 P, n q << p, U Ha rpaHuue
QD pomxHo 6bITb Q < B < P, To obnactb, nexawasa B D, kaxgaa Todka KOTOPOW
pacrnonoxeHa npasee ( U neesee p, cyuTaeTca (opmaribHOM OKPECTHOCTbIO TOYkM B.
Bce TpeboBaHnA kK OKpeCTHOCTAM Npu 3TOM cobntoaatoTcs.

Q) nony4yeHa B pesynbTaTe MHTYULMOHUCTCKM HENPEPLIBHOMO akTa, OAHaKO, Kak
BUOMM, HE MOXeT ObiTb CBedeHa K nepeMeLlleHUt0 TOYeK C MecTa Ha MecTo. Q
OCylLLleCTBieHa B MNYyCTOTE 4epe3 HENpepbiBHOE W3MEHEHWE OTHOLIEHUA MeXay
reomeTpudecknmmn obbektamm obnactu, a He Ha NoASIOXKe CTAaH4APTHOIO KOHTUHYYyMa.
Kpome Toro, MOXXHO cumTaTb, YTO «C) nepeBoanT 06bLEM obnactn D Ha cebs», Tak kak
QD paccmaTpuBaeTca B TOM € MHTYMLUWNOHUCTCKOM ABYMEPHOM OOBbEME, B KOTOPOM
Obina pacnonoxeHa obnactb D B HegedOpMMPOBAHHOM COCTOSIHMM. TOYHO TaKxe,
MOXHO CKasaTb, YTO «(2 NepeBOAUT pasHble To4Yku obnactn D B pasHble TOYKM», B TO
BPeMsi KaK, HUKaKoro B3amMHO OHO3HAYHOIro OTOOpaXeHUs1 He NPoOn3BeaeHO.

Akcuoma ll. Korga obnacte D npuBegeHa B coctosHne QD, ans no6on Touku B,
pacnonoxeHHon Ha gyre QC, KaKk Ha M3OrHYTOW rMnepnpsiMon, MOXHO HaWTU FIMHWUIO
MHOXeCTBa H, nMeloLLyo CBOMM KOHLIOM 3Ty TOYKY B (puc.4).

Qw QW+1---B .
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Akcuroma ll
puc.4



Mycte A u B — Toukn Ha gyre QC, paccmatpMBaemMoun B KadecTBe rpaHuubl QD,
T.€. B KAQ4eCTBe M30rHyTOW rmunepnpsiMon, nocrne npuMeHeHus akcnmomsl |. MNMyctb a n B —
NNHUKN MHOXeCTBa H, KOHUaMu KOTOPbIX ABNATCSA TOYKM A 1 B COOTBETCTBEHHO, N A <
B — no akcnome Il. MHoxecTBO B BClogy nnoTHO Ha runepnpsimon. Moatomy, Bcerga
cywecTBylOT ABe Toukm Q n P € B Takme, 4to A < Q < P < B, n cooTBETCTBEHHO
CYLEeCTBYIOT [BE €BKMNO0BbIE NTMHUK ( U P, B3ATble N3 MHOXecTBa G Tak, 4YTO a << ( <<

p << B Tak Kak g " p pas3nun4yaroTca Kak Krnaccn4yeckme tovyeyHble MHOXeCTBa, TO a U B
pa3findyaroTCAd Kak KitacCnyeckme TodeyHble MHOXeCTBa €BKITMoBOM obnactu D.

Tak kak Toyek Ha runepnpsiMon Bcero 2%, a aTMM Toykam no akcuome ll, kak
KOHLAM pacnofioXeHHbIXx B obnactm D nuHUN, OOHO3HAYHO COOTBETCTBYIOT NUHWUN
MHOXecCTBa H, U pasnuyHbiM TOYKaM COOTBETCTBYHOT pasfNUyHble FUHUW, TO JNUHUK
MHoxecTBa H Bcero 2™, Ho, ¢ apyroii ctopoHbl, no Teopeme lIl, H cogepxuT 2™° AnHwii.
OTctopa BbiTEKAET

Teopema 4. 270 = 2™,

YTBepxgaemoe B Teopeme IV paccmaTtpuarnoch JlyamHbIM B Ka4ecTBe rmnoTesbl.
Tak kak 2% > N;, To paBeHCTBO 2™° = N; (KOHTUHYyM-MNOTe3a) He MOXeT ObiTb
COBMECTHO C paCcCMOTPEHHbLIMWU akCUOMaMMU.

MoxHOo cdopmMmynnpoBaTb TPAHCHPUHUTHYIO CXEMY YTBEPXOEHUWA, B KOTOPOW
Kaxgoe yTBepxaeHue byaet aHanormyHo akcmome | vnm I, Tak 4To, No aton cxeme, C
ByaeT nocneanoBaTenbHO NpeBpallaThest B MNEPKOHTUHYYM MoLHocTh 272 2™ n 1.4,
PasBuBas aTy cxemy B O4E€Hb CUSTbHYKO aKCUOMY, MOXHO JoKa3aTb, YTO BepHa

Teopema V. MoOLWHOCTL AENCTBUTENBHOM MNPAMON MpPEBbILWAET MOLHOCTb
nto60oro BNosnHe ynopsiA0MeHHOro MHOXECTBa.

Teopema V, no kpanHen mepe, siBHbIM obpas3om, He crnenyeT u3 akcuom | u ll,
6e3 oTMeyveHHOon cxembl yTBepXaeHun. OgHako, 3Ty XXe TeopeMY, MOXHO BbIBECTU eLLé
Yyepes OfHY akCMOMY, paccMaTpuBaeMylo aaree.

§4. PopmynuposBka akcmowmsl lll

4.1. PaccMoTpuM, BHOBb, cektop D 1 MHOXecTBO nuHui {A,}, MIHOEKCUPOBAHHbIX
opAuHanamm Tak, 4to p <v = A, << A,. Byaem cuntaTtb, YTO KOHLIbl IMHUI pasnuyaTcs
Ha C TaK, 4yto p<v=1L, <L, n K Touke X Bgonb C cTpemuTcs TpaHCPUHUTHAA
nocrnegoBaTenbHOCTb. T€M CcaMbiM, Mbl yKasblBaeM HadasibHOe — MO OTHOLUEHUH K
HEeKOTOPbIM HaLIMM AanbHENWNM TpaHchopMauusam — coctosiHue cektopa D. MNyctb k —
nyd ¢ Hayanom B O Takon, 4YTO Ha 3TOM Jiyde pacnonoxeH otpesok OX. U3 ykazaHHOro
COCTOSIHMSA, NpoBeaEM TpaHcdopMauuio Q* cektopa D, 3aBucsLwyto ot MHoxecTBa {A,}
Takum obpasom, 4YTo Touka X BbiTAHETCA BAOMb k B 0Tpe3ok S*T*, pacnonoXeHHbI Ha
rpaHuue cektopa Q*D, Touka S* 6yaeTt nexatb Ha C, a Todka T* pacnonoxuTcs mexay
O n S* T.e. BCA BHYTPEHHOCTb paccMmatpmBaemoro o gedopmaumm QF otpeska OX
nepenaéTt BoO BHyTPeHHOCTb oTpe3ka OT™ (puc.5).



Arxcroma Il
puc. 5

Mpu aToMm, Ha nNnockocTn BygeT NpoMcxoauTb crneayloLllee: a) Kaxgasa gyra r =
const nepengéT B NUHUIO, OOUH KOHEL, KOTOpou nexuT BHYyTpu otpeska OY, a BTopoun
BHyTpu oTpe3ka OT*; 6) KOHUbl NWHWA, B KOTOPble nepewsnu Jyrm r = const,
HenpepbIBHO 3anofnHAT kak oTpe3ok OY, Tak u oTpesok OT*; B) kaxgas nNUHUSA
MHOXecTBa {A,} COXpaHUT cBOM KOoHeL Ha C.

TpaHcopmauunio OCyLWeCcTBUM Kak NepeBoAsLLy0 pasHble TOYKU B pasHble U
HenpepbIBHYo B o6nactu (cl(D))1{X}, B TOM CMbICNE, Y4TO €CMM KOHLIbI PacMONOXEHHbIX
BO BHYTPEHHOCTW CeKTopa MUHWIA pasnuyanuck Ao TpaHcdopmauum B (cl(D))1{X} (npu
TOM, 4TO Ha C o TpaHcdopmMauun pacnonoXeHo BMOMHe yNnopsgovYeHHOe, HeCYETHOoe
MHOXeCcTBO oTpe3koB L,L,,;), TO OHM Xe OyayT pasnuuatbCad U MOCMNe Hee,
pacnonarasice B (cl(D))] S*T*, a ecnu Takue KOHLbI COBMaaanu Ao TpaHcdopMaLmm B
(cl(D))1{X}, To oHmn ByayT coBnagaTk nocne TpaHcdopmauum B (cl(D))] S*T*.

OTtpesok S*T* — B 4YucTOM BUAE MHTYUMUMOHUCTCKUNA. OTHOCUTENBHO 3TOro
OoTpes3ka HaM He N3BECTHO, MMEIOT SN ero TOYKU NNOCKNe OTAeNnUMble OKPECTHOCTU. Mbl
NOCTYNMPYeM, YTO Takme OKPECTHOCTU UMEIDTCSH, B creayouien oopme:

Axkcuoma lll. KakoBa 6bl HM Obina annHa nocnegoBaTenbHOCTU {A,}, CyLLECTBYIOT
COOTBETCTBYIOLLAA nocrneaoBaTenibHOCTM TpaHcopmauna Q* n otpesok U*V*, B3aTbIN
OT HEKOTOPOW NMMHMM nnockocT Tak, uto U* e int(Q*D), V* e |cl(Q*D), n U*V*
nepecekaeTt oTpe3ok S*T* B 0AHON U3 BHYTPeHHUX Todek S*T*. Touka P, nexawasn Ha
nepeceyeHnn otpeskoB S*T* n U*V*, eanHCTBEHHa.

PaccmoTpum nuHMio y, npoxogsawyto ctporo BHYTpu Q*D m3 Toukn O B TOuYKy P,
Tak, Yto U*P cogepxutca B paccmatpuBaeMon NHUU. MOXHO cunTaTb, YTO NIUHUS Y
NMoCTpOeHa Tak, 4To Ans nbon nuHuKM A, okasbiBaeTcs y>> A, (Bo Bcakom cnydae,
NcxXoasa 13 NIMHUK vy, BCerga MOXHO NOCTPOUTL JIMHUIO y* Takyto, YTO Vv BEPHO y* >> A,).
Otcioga, ¢ NOMOLUBIO NIMHUKM, aHASNOMMYHbIX ¥, UMEILMX KOHEeL, Ha UHTYULWUOHUCTCKOM
OTpesKe nocrie COOTBETCTBYOLWEN TpaHCHOPMaLMKN, MOXHO NOMONHATL MHOXECTBO {A,}
6e3 orpaHu4eHun ero MowHocTK. Taknum obpasom, n3 akcnomsl Il cnegyet Teopema V.



Akcnome |ll skBuBaneHTHa runotesa O TOM, YTO, B KayeCcTBe€ KaHOHWUYECKOW
Aedopmauun-otobpaxeHns Ha €BKNMAOBY MNNOCKOCTb, NpeActaBMMa MeTamopdosa,
nonyyeHHasa ns Q* Tem, 4to oTpe3ok L1S* cxumaetcs B Touky S* Bgonb C. B camom
aene, N3 Takow runoTesbl HEMeANeHHO BbITEKaeT, YTO NIMHUS y ABNSAETCHA CTaHO4apTHOMU
€BKNMMOOBOW nWHMEN, KoTopas oObHapyxuBaeTca TpuBuanbHo. O6paTHO, ecnu vy
cyliecTByeT, TO CyLleCcTByeT WU HEeKoTopasi NMHUS y' >> vy (He orpaHuynBasi 0bLHOCTY,
MOXHO CYMTaTb, YTO OTHOLLUEHWE nopsigka Mexay NuHusmu cobrirogaetcs). CoxpaHss
ycrioBue y' >> y, N NoMmellas KoHey nvHUM v B X, y' MOXHO 3acTaBWUTb HenpepbiBHO
npoberaTb HEKOTOpPOE, OYEBMAHO AOKa3yemoe, MHOXECTBO NUHWUMA TakK, Y4TO UCKOMas
Aedopmauunsa-otobpaxeHme OKaXeTCsi OCYLEeCTBUMOW MMEHHO MNOTOMY, YTO KOHel
NHUK y' MOXHO ByaeT cuntaTb npoberatownm oTpesok S*T*.

4.2. YKaxkeM Ha eLlé OaMH NonesHbIn 3KBMBanNeHT akcmomsl 1.

Teopema VI. Iycte S 1 S(h, m), npy n, m € N, CcyTb BMNOSIHE YyNOpPSAOYEHHbIE
MHOXeCTBa Takue, 4to vn S(n, m+1) o S(n, m), S = Un,S(n, m), card S = card S(n, m)
> No. Torga, cyulecTByeT CTpOro Bo3pacrarLwas yHKUna m* Takas, 4to ans kaxgon P
e S, npu Bcex goctatoyHo 6onbwmx n € N (3aBucsawmx ot P), S(n, m*(n)) > P.

BepHbl 1 6onee cnoxHble dopmynbl. B 4acTHOCTK, B KOTOPOW BKIOYEHME W
o6begnHeHne NOHMMAKTCA MO MOAYM — C TOYHOCTLIO 4O NPOU3BOSIBHONO MHOXECTBA
CYETHOM MOLIHOCTU. ECnn S — MHOXECTBO BCEX KOHEYHbIX U CYETHbLIX OpAMHanoB, TO
ANS KaXgoro goctaToyHo bonblioro P e S, ona Bcex goctaTtodHo Gonbwmx n € N
(3aBucsawmx ot P) P € S(n, m*(n)).

OTtmeTnm O6LIJ,€3H8‘-IMMOCTb TeopeMbl VI Ha Knacce BMOmHe ynopaao4YeHHbIX
MHOXECTB, U TO, YTO OHa HEe anesyyimpyeT K Tornosiormn4eCKMM OTHOLLEHUAM.

HokasatenbctBo. [na  ¢dyHKUMA oOTOOpaKawWmux HaTypanbHbli  psg B
HaTypanbHbIN PS4 BBEOEM OTHOLWEHME cpaBHeHus -<. Ecnu f n g Takne dyHkumn, TOo
cuntaem, 4to f -< g, ecnn ans Bcex goctatoyHo 6onbwmx n f(n) < g(n). Akcmoma Il
9KBMBasieHTHa yTBEPXOEHUO, YTO Ans noboro MHoXecTBa (PyHKUMA S’ MOLIHOCTM S
cywiecTtByeT pyHKums h Takaq, uyto ana nbon pyHkuumn f n3 S’ f -< h (nposeputb 3Ty
04YeBUOHOCTb MpefocTaBnsaeTcs uyutateno). [Ana kaxgoro P e S, gns Kaxgoro
HaTyparbHOro Ynucra n Hangém HatypanbHoe 4ucrio me(n), 4To ANA Bcex m > mep(n)
anemeHT P cogepxutca B S(n, m). Mo akcuome lll, ana mMHoxecTBa YHKUMA Mp
cywiecTtByeT yHKUmMs h Takada, 4yto mp -< h ana nbon mp. CnegoBaTtenbHO, KakoB Obl
HK BbIn aneMeHT P, anga Bcex goctatoyHo Gonbwwimx n S(n, h(n)) > P. MNonaraem Torga
m* = h. O6paTHO, NycTb M* cywecTsyeT. Toraa n3 ycnoBus, 4To Ans Bcex 4OCTaTO4HO
Gonbwux n S(n, m*(n)) > P, BbiTekaeT, 4YTO ANS Kaxaoh QYHKUUM Mp BEPHO
HEpaBEHCTBO Mp -< M*, Y.T.A4.



4.3. Tenepb HeO6XOOUMO yAenUTb BHUMaHME «napagokcy opaAnHaNbHOro psiaay,
4yTobObl B GOnblien cTeneHn obBOCHOBaTb Hall pe3ynbTaT, MOCKONbKY, Mbl OYEBUAOHO,
cTankneaemcs ¢ NogoGHbLIM e NapagoKcoM NPy NPUMEHEHNN PACCMOTPEHHbBIX aKCUOM.
Byoet nu cywecTtBoBatb UM HET NPOTUBOPeEYME, ycmaTpmBaemoe opmanuctamu B
psge opAuHaNoB, BO MHOMOM 3aBUCUMT OT TOW UNU MHOW Bepbanusauumn, OoT TOW UNu
WHOM (popMasnbHOW CXeMbl, OMUCbIBAKOLLEN UHTYUTUBHbIE MHOXecTBa. Kak MWHUMYM,
MOXXHO W3MOXUTb TEOPUID MHOXECTB Ha TakoM (OOpManbHOM $3blke, YTO HWUKAKOro
npoTmnBopeYnsa Hanth ByaeT Henb3sA. Ho UICTUHHOE pelueHne napagokca, He 3aBucsLuee
OT A3bIKOBbIX MaHUMynAuumM, C MOen TOYKM 3PEeHUsi, COCTOUT B TOM, YTO HUKAKOro
napagokca BoBCe He cyllecTByeT. B cutyauum ¢ opanHanbHbIM pagoMm, U B cUTyauum ¢
KOHTUHYYMOM, KakK 3TO crnegyetr U3 NpensioXeHHbIX akcuoMm, Mbl uMeem [eno C
OGBHEKTUBHLIM CBOWCTBOM pearibHbIX MHOXeCTB. Bo BcAkoMm cnydae, ¢ 06bekTUBHOWM
cuTyauuen. 9TO0 CBOMCTBO COCTOMT B TOM, YTO ONsl CMIMLWIKOM OOMbLUMX MHOXECTB
6eccMbICNEHHO yTBEPXKOAaTb Hannume «BCEX» WUMN «HE BCEX» 3MIEMEHTOB MHOXECTB.
Torga xe, MOXHO oOomTUCb M ©e3 UCNoNb3oBaHWA HEeapUCTOTENEBCKOM JOMUKN,
Bblpa3nB CBOMCTBO BOMbLUMX MHOXECTB, Kak CBOMCTBO NOTEHLMaNbHON 6EeCKOHEYHOCTH,
BCerga npogosmkaeMon, HO HUKOrga He 3aBepluaemoin. AkTyanbHas 6eCKOHEYHOCTb
AOSDKHA COOTBETCTBOBAaTb 3aBepllaeMblM  MHOXeCTBaM. JfieMeHTbl KOHTUHYyyMa,
KOHEYHO, JaHbl «BCE», HO TOMIbKO B €CTECTBEHHOM MOpsiAKe, He HapyLlaemMoM BMOSHe
ynopsiAioYeHHbIM nepebopom.

Bnarogapto g.d.M.H. H. B. BensknHa, O. B. KygnHoBa, 3a nonesHble 3amedaHuns
npu obcyxaeHnn paboTol.
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