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ABSTRACT. In this note, we present a proof of Smarandache’s cevian triangle
hyperbolic theorem in the Einstein relativistic velocity model of hyperbolic geometry.
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1. Introduction

Hyperbolic geometry appeared in the first half of the 19*" century as an attempt to
understand Euclid’s axiomatic basis for geometry. It is also known as a type of non-
Euclidean geometry, being in many respects similar to Euclidean geometry. Hyperbolic
geometry includes such concepts as: distance, angle and both of them have many theorems
in common.There are known many main models for hyperbolic geometry, such as: Poincaré
disc model, Poincaré half-plane, Klein model, Einstein relativistic velocity model, etc.
The hyperbolic geometry is a non-Euclidian geometry. Here, in this study, we present
a proof of Smarandache’s cevian triangle hyperbolic theorem in the Einstein relativistic
velocity model of hyperbolic geometry. Smarandache’s cevian triangle theorem states

that if Ay B,C1 is the cevian triangle of point P with respect to the triangle ABC, then
PA . PB . PC _ ABBC.CA ]
PA, PB; PC;  A1BBCCiA

Let D denote the complex unit disc in complex z - plane, i.e.

D={zeC:|z| <1}
The most general Mobius transformation of D is
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which induces the Mébius addition ¢ in D, allowing the Mébius transformation of the
disc to be viewed as a Mobius left gyrotranslation
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followed by a rotation. Here 6 € R is a real number, z,zy € D, and Z; is the complex
conjugate of zg. Let Aut(D,®) be the automorphism group of the grupoid (D, ®). If we
define _
a®b 1+ab

gyr : D x D — Aut(D,®), gyrla,b] = boa  1xab

then is true gyrocommutative law

a® b= gyr[a,b](b® a).
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A gyrovector space (G, ®,®) is a gyrocommutative gyrogroup (G, ®) that obeys the
following axioms:

(1) gyr[u,v]a- gyr[u,vlb =a-b for all points a,b,u,v €G.

(2) G admits a scalar multiplication, ®, possessing the following properties. For all
real numbers r, 71,75 € R and all points a €G:

(Gl)1®a=a

(G2) (m+m)®a=rnadrna

(G3) (rra)®@a=7r;® (r; ®a)

(G4) fra = a1

(G5) gyr{u,v](r ® a) =r ® gyr[u, v]a

(G6) gyrir @ v,r1 @ v] =1

(3) Real vector space structure (||G|| , @, ®) for the set ||G|| of onedimensional "vectors"

1G] ={£lall:ac G} CR

with vector addition @ and scalar multiplication ®, such that for all r € R and a,b € G,
(G7) |lIr@a| = |r| @ |a]
(G8) [lae bl < [ja]| & ||b]

Theorem 1. (The Hyperbolic Theorem of Ceva in Einstein Gyrovector Space)
Let aj,as, and ag be three non-gyrocollinear points in an Einstein gyrovector space
(Vs, ®, ®). Furthermore, let ajo3 be a point in their gyroplane, which is off the gyrolines
ajag, asag, and azay. If ajajo3 meets asas at ass, etc., then

Yoagars 1981 © a12]| Yoayean, 082 D 223 Yoayeay, 923 D ars]|
Yoasmars 1922 © 12|l Yoas@as, 1023 © 223l Voa,sa,, 1921 © ans|

(here vy, = ﬁ is the gamma factor).
— 2

(see [2, pp 461])

Theorem 2. (The Hyperbolic Theorem of Menelaus in Einstein Gyrovector
Space) Let aj,as, and a3 be three non-gyrocollinear points in an Einstein gyrovector
space (Vs, ®, ®). If a gyroline meets the sides of gyrotriangle a;asag at points ajz, a;3, ag3,
then

Yoay@ar, 931 © a12(| Yoa,aay, 1582 © a23(| Yoaseay, 1083 G a13]
Yoas@ais ”@a2 & 312” Yoasdass ||@a5 @ a23|| Yoa,@ais ”@al 7] alS”

(see [2, pp 463])
For further details we refer to the recent book of A.Ungar [2].

2. Main result

In this section, we present a proof of Smarandache’s cevian triangle hyperbolic theorem
in the Einstein relativistic velocity model of hyperbolic geometry.
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Figure

Theorem 3. If A1B,C, is the cevian gyrotriangle of gyropoint P with respect to the
gyrotriangle ABC, then

VipailPAl ViepIPBl  Vipc POl ViapAB| Vo |BO| " Vioa)|CA|

YipaylPALl YippIPB1l Vipe, |PC ViamlAB1] " Ve, 1BC1 " YV cay |C AL
Proof. If we use a theorem 2 in the gyrotriangle ABC (see Figure), we have
Vacy1ACH] " Vgay|BALl " Y es,10B1] = Viap, |AB1| "V 5oy ) 1BC1 " T ca, | |CA| (1)
If we use a theorem 1 in the gyrotriangle AA; B, cut by the gyroline CCy, we get
Y iac 1ACH " YV sel | BCL " Via, plA1Pl = Y ap AP "V a el 41C) " Ve, | BCL|- (2)
If we use a theorem 1 in the gyrotriangle BB;C, cut by the gyroline AA;, we get
Yipa1BAL " ViealCAL " Y 5, p11BiPL = Vi | BP " Vs, a)|BiAl " Vica, | |CA |- (3)
If we use a theorem 1 in the gyrotriangle CC1 A, cut by the gyroline BB;, we get
Ve1CB1l " VaplABl " Vo plC1P] = ViepICPl " Ve 51101 Bl "V ap, |AB1]: (4)
We divide each relation (2), (3), and (4) by relation (1), and we obtain

YV pallPA| B Y\ Be|IBC| ’Py\BlelBlAl

b
Y ipay|PAL Vga,1BA1l V5, c)|B1C|

VipslPBl Vica)lCA| .7|c1m\ClB|

- b
Y ppy | PB1 Ves1CB1l Vo, a1C1 4]

Y\ pelPC B Y\ap||AB| .’Y\AchAlC\

fy|Pcl||P01| ’Y|A01|IA01‘ 7|A13\\A13|.
Multiplying (5) by (6) and by (7), we have

Yipa|PA| ] 7 \p5||PB| ] Y ipc)| PO

VipaylPALl Y ipp,IPB1l 7V pc, |PC



SMARANDACHE’S CEVIAN TRIANGLE THEOREM IN THE EINSTEIN RELETIVISTIC VELOCITY MODEL OF HYPERBOLIC GEOMETF

ViaplAB| 7\ pc|IBC| " Y ca)|CA| ) VigialBiAl " Vo, sIC1Bl "V 4 11410

Via,51141B] " V5 011B1Cl " Vo allC1Al TV iaym1ALBl T Y 5o |1BiCl T T oy a)1C1 Al
From the relation (1) we have

VipialBiAl " Vo pIC1B] Vs clACl

1, (9)
Viay5lA1B] "V 5yl IB1Cl " Yoy a)1C1A]

SO

V\palPA| ) 7\ p5||PB ) 7\ po|IPC| _ Vias)|AB] "V po||BC| "V cal|CA|

VipalPALl Vps,IPB1l Vpc, |PCi Vap1AB1l " Vigoy|BC1l " Vica, |CA|
|
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