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Abstract. In this note, we present a proof of the hyperbolic a Smarandache�s
pedal polygon theorem in the Poincaré disc model of hyperbolic geometry.
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1. Introduction
Hyperbolic Geometry appeared in the �rst half of the 19th century as an attempt

to understand Euclid�s axiomatic basis of Geometry. It is also known as a type of non-
Euclidean Geometry, being in many respects similar to Euclidean Geometry. Hyperbolic
Geometry includes similar concepts as distance and angle. Both these geometries have
many results in common but many are di¤erent.
There are known many models for Hyperbolic Geometry, such as: Poincaré disc

model, Poincaré half-plane, Klein model, Einstein relativistic velocity model, etc. In
this note we choose the Poincaré disc model in order to present the hyperbolic ver-
sion of the Smarandache�s pedal polygon theorem. The Euclidean version of this well-
known theorem states that if the points Mi; i = 1; n are the projections of a point
M on the sides AiAi+1; i = 1; n, where An+1 = A1, of the polygon A1A2:::An; then
M1A

2
1 +M2A

2
2 + :::+MnA

2
n = M1A

2
2 +M2A

2
3 + :::+Mn�1A

2
n +MnA
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1 [1]. This result

has a simple statement but it is of great interest.
We begin with the recall of some basic geometric notions and properties in the Poincaré

disc. Let D denote the unit disc in the complex z - plane, i.e.

D = fz 2 C : jzj < 1g

The most general Möbius transformation of D is

z ! ei�
z0 + z

1 + z0z
= ei�(z0 � z);

which induces the Möbius addition � in D, allowing the Möbius transformation of the
disc to be viewed as a Möbius left gyro-translation

z ! z0 � z =
z0 + z

1 + z0z

followed by a rotation. Here � 2 R is a real number, z; z0 2 D; and z0 is the complex
conjugate of z0: Let Aut(D;�) be the automorphism group of the grupoid (D;�). If we
de�ne

gyr : D �D ! Aut(D;�); gyr[a; b] = a� b
b� a =

1 + ab

1 + ab
;
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then is true gyro-commutative law

a� b = gyr[a; b](b� a):

A gyro-vector space (G;�;
) is a gyro-commutative gyro-group (G;�) that obeys the
following axioms:
(1) gyr[u;v]a� gyr[u;v]b = a � b for all points a;b;u;v 2G:
(2) G admits a scalar multiplication, 
, possessing the following properties. For all

real numbers r; r1; r2 2 R and all points a 2G:
(G1) 1
 a = a
(G2) (r1 + r2)
 a = r1 
 a� r2 
 a
(G3) (r1r2)
 a = r1 
 (r2 
 a)
(G4) jrj
a

kr
ak =
a
kak

(G5) gyr[u;v](r 
 a) = r 
 gyr[u;v]a
(G6) gyr[r1 
 v; r1 
 v] =1
(3) Real vector space structure (kGk ;�;
) for the set kGk of one-dimensional "vec-

tors"
kGk = f�kak : a 2 Gg � R

with vector addition � and scalar multiplication 
; such that for all r 2 R and a;b 2 G;
(G7) kr 
 ak = jrj 
 kak
(G8) ka� bk � kak � kbk

De�nition 1. The hyperbolic distance function in D is de�ned by the equation

d(a; b) = ja	 bj =
���� a� b1� ab

���� :
Here, a	 b = a� (�b); for a; b 2 D:

Theorem 2. (The Möbius Hyperbolic Pythagorean Theorem) Let ABC be a
gyrotriangle in a Möbius gyrovector space (Vs;�;
); with vertices A;B;C 2 Vs, sides
a;b; c 2 Vs and side gyrolenghts a; b; c 2 (�s; s); a = �B � C;b = �C � A; c = �A �
B; a = kak ; b = kbk ; c = kck and with gyroangles �; �; and 
 at the vertices A;B; and
C: If 
 = �=2; then

c2

s
=
a2

s
� b

2

s

(see [2, p 290])
For further details we refer to the recent book of A.Ungar [2].

Main result

In this sections, we present a proof of the hyperbolic a Smarandache�s pedal polygon
theorem in the Poincaré disc model of hyperbolic geometry.
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Theorem 3. Let A1A2:::An be a hyperbolic convex polygon in the Poincaré disc, whose
vertices are the points A1; A2; :::; An of the disc and whose sides (directed counterclock-
wise) are a1= �A1�A2; a2= �A2�A3; :::; an= �An�A1: Let the pointsMi; i = 1; n be
located on the sides a1; a2; :::; an of the hyperbolic convex polygon A1A2:::An respectively.
If the perpendiculars to the sides of the hyperbolic polygon at the points M1;M2;:::; and
Mn are concurrent, then the following holds:

j�A1 �M1j2	j�M1 �A2j2�j�A2 �M2j2	j�M2 �A3j2�:::�j�An �Mnj2	j�Mn �A1j2 = 0

Proof. We assume that perpendiculars meet at a point of A1A2:::An and let denote
this point by M (see Figure). The geodesic segments �A1 �M; �A2 �M; :::; �An �
M;�M1 �M; �M2 �M; :::; �Mn �M split the hyperbolic polygon into 2n right-angled
hyperbolic triangles. We apply the theorem 2 to these 2n right-angled hyperbolic triangles
one by one, and we easily obtain:

j�M �Akj2 = j�Ak �Mkj2 � j�Mk �M j2 ,

for all k from 1 to n, and M0 =Mn.Using equalities

j�M �Akj2 = j�Ak �M j2 ; k = 1; n;

we have

�k = j�Ak �Mkj2 � j�Mk �M j2 = j�M �Mk�1j2 � j�Mk�1 �Akj2 = �
0

k

for all k from 1 to n, and M0 =Mn. This implies

�1 � �2 � :::� �n = �
0

1 � �
0

2 � :::� �
0

n:

Since ((�1; 1);�) is a commutative group, we immediately obtain

j�A1 �M1j2�j�A2 �M2j2�:::�j�An �Mnj2 = j�M1 �A2j2�j�M2 �A3j2�:::�j�Mn �A1j2 ;
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i.e.

j�A1 �M1j2	j�M1 �A2j2�j�A2 �M2j2	j�M2 �A3j2�:::�j�An �Mnj2	j�Mn �A1j2 = 0:
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